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Abstract

In this work, we apply the idea of composite matrices arising from group rings to derive
a number of different techniques for constructing self-dual codes over finite commutative
Frobenius rings. By applying these techniques over different alphabets, we construct best
known singly-even binary self-dual codes of lengths 80, 84 and 96 as well as doubly-even
binary self-dual codes of length 96 that were not known in the literature before.
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1 Introduction

Self-dual codes form a family of widely studied linear codes which have many interesting
properties and are intimately connected with many mathematical structures such as designs,
lattices, modular forms and sphere packings. In recent history, much work has particularly
been invested in developing techniques to construct extremal and optimal binary self-dual
codes. The most famous of these techniques is quite possibly the pure double circulant
construction, which utilises a generator matrix of the form G = (/,, | A) where I, isthe n x n
identity matrix and A is an n x n circulant matrix. It follows that G is a generator matrix of a
self-dual [2n, n] code if and only if AAT = —1I,,. This technique has since been generalised
by assuming a generator matrix of the form G = (I, | o (v)) where ¢ is an isomorphism
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from a group ring to the ring of matrices which was introduced in [23]. The isomorphism o
is such that G is a generator matrix of a self-dual [2n, n] code if and only if v is unitary (see
Sect. 2.4 for more details). Recent applications of this isomorphism in constructing self-dual
codes can be seen in [1,8,15,16].

In this work, we assume a generator matrix of the form G = (I, | £2(v)) where £2(v) is
a matrix that arises from group rings which we call a composite matrix. It clearly follows
that (I, | £2(v)) is a generator matrix of a self-dual code if and only if QW =-1I,.
The idea of composite matrices was first introduced in [11] as a way of generalising the
structure of o (v). The primary motivation for employing this technique is obtaining codes
whose structures are atypical compared with those of codes constructed by more classical
techniques. The main problem we face when attempting to construct codes with such a
generator matrix is choosing parameters in such a way that allows for structural complexity
of £2(v) while also allowing for a reasonable set of necessary and sufficient conditions for
the satisfaction of £2 (v)2(v)T = —1I,.

Using generator matrices of the form (1, | £2 (v)) for anumber of different composite matri-
ces §2(v), we find many self-dual codes with weight enumerator parameters of previously
unknown values (relative to referenced sources). In total, 361 new codes are found, including
28 singly-even binary self-dual [80, 40, 14] codes, 107 binary self-dual [84, 42, 14] codes,
105 singly-even binary self-dual [96, 48, 16] codes and 121 doubly-even binary self-dual
[96, 48, 16] codes.

The rest of the work is organised as follows. In Sect.2, we give preliminary definitions
on self-dual codes, Gray maps, circulant matrices and the alphabets we use. We also prove a
few results concerning a simple matrix transformation, which we use in two of the composite
matrix definitions. In Sect.3, we define the composite matrices which we utilise in our
constructions and we also prove the necessary and sufficient conditions needed by each
construction to produce a self-dual code. In Sect. 4, we apply the constructions to obtain the
new self-dual codes of length 80, 84 and 96 whose weight enumerator parameter values and
automorphism group orders we detail. We also tabulate the results in this section. We finish
with concluding remarks and discussion of possible expansion on this work.

2 Preliminaries
2.1 Self-dual codes

Let R be a commutative Frobenius ring. We consider codes over Frobenius due to their good
duality properties, which are reflected by the equivalent statements in the following theorem
given in [31].

Theorem 2.1 ( [31]) If R is a finite ring, then the following are equivalent

(1) R is a Frobenius ring,
(ii) As a left module, R = gR,
(iii) As a right module, R = Rpg.
See [5] for afull description of Frobenius rings and codes over Frobenius rings. Throughout
this work, we always assume R has unity. A code C of length n over R is a subset of R"
whose elements are called codewords. If C is a submodule of R", then we say that C is linear.
Let x,y € R" where x = (x1, X2,...,Xx,) andy = (y1, y2, ..., yn). The (Euclidean) dual
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Ct of C is given by
Ct={xeR":(x,y)=0,VyeC},

where (-, -) denotes the Euclidean inner product defined by

n
(X y) =) xiy.
i=1

We say that C is self-orthogonal if C € C* and self-dual if C = C*.

A binary self-dual code C is said to be doubly-even (Type II), if all codewords ¢ € C have
weight w(c) = 0 (mod 4), otherwise C is said to be singly-even (Type I).

An upper bound on the minimum (Hamming) distance of a doubly-even binary self-dual
code was given in [27] and likewise for a singly-even binary self-dual code in [28]. Let dy(n)
and djj(n) be the minimum distance of a singly-even and doubly-even binary self-dual code
of length n, respectively. Then

di(n) <4\n/24| +4
and

4(n/24] +2, n=0(mod24),
di(n) < {4|n/24] +4, n =22 (mod24),
4(n/24] +6, n=22(mod24).

A self-dual code whose minimum distance meets its corresponding bound is called
extremal. A self-dual code with the highest possible minimum distance for its length is
said to be optimal. Extremal codes are necessarily optimal but optimal codes are not nec-
essarily extremal. A best known self-dual code is a self-dual code with the highest known
minimum distance for its length.

2.2 Alphabets

In this paper, we consider the alphabets I, F» 4+ ul, and Fy.
Define

Fs 4+ uFy = {a +bu :a,b € Fa, u> = 0}.

Then F + ulF, is a commutative ring of order 4 and characteristic 2 such that Fp 4+ ulF, =

Falul/ (u?).
We define Fy = I[“z[cu]/(a)2 + w + 1) so that

Fs = {aw+b(1 +w):a,beFsr, 0’ +w+1=0}.
We recall the following Gray maps from [7,13]:

PPy uF, : (F2 + ul2)" — F3"
a+bur (b,a+b), abecl,

yr, : F} —> F3"
aw~+b(1+w) — (a,b), a,b € F;.
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Note that these Gray maps preserve orthogonality in their respective alphabets. The Lee
weight of a codeword is defined to be the Hamming weight of its binary image under any
of the aforementioned Gray maps. A self-dual code in R” where R is equipped with a Gray
map to the binary Hamming space is said to be of Type Il if the Lee weights of all codewords
are multiples of 4, otherwise it is said to be of Type L.

Proposition 2.2 ([7]) Let C be a code over IF> +ul,. If C is self-orthogonal, then ¢, 1,r, (C)
is self-orthogonal. The code C is a Type I (resp. Type II) code over > + ulF, if and only if
©OF,+ul, (C) is a Type I (resp. Type II) code over Fy. The minimum Lee weight of C is equal
to the minimum Hamming weight of ¢F,+ur, (C).

Proposition 2.3 ( [13]) Let C be a code over F4. If C is self-orthogonal, then Y, (C) is self-
orthogonal. The code C is a Type I (resp. Type 1I) code over F4 if and only if Y, (C) is a
Type I (resp. Type 1) code over [Fy. The minimum Lee weight of C is equal to the minimum
Hamming weight of Yrr, (C).

The next two corollaries follow directly from Propositions 2.2 and 2.3, respectively.

Corollary 2.4 LetC be a self-dual code over F2+ulF, of length n and minimum Lee distance d.
Then ¢, 1,¥, (C) is a binary self-dual [2n, n, d] code. Moreover, the Lee weight enumerator
of C is equal to the Hamming weight enumerator of gr,uw,(C). If C is a Type I (resp. Type
II) code, then gr, ¥, (C) is a Type I (resp. Type II) code.

Corollary 2.5 Let C be a self-dual code over Fy of length n and minimum Lee distance d.
Then Yy, (C) is a binary self-dual [2n, n, d] code. Moreover, the Lee weight enumerator of C
is equal to the Hamming weight enumerator of Yy, (C). If C is a Type I (resp. Type II) code,
then Yy, (C) is a Type I (resp. Type II) code.

2.3 Special matrices

We now recall the definitions and properties of some special matrices which we use in our
work. We begin by defining a matrix transformation whose properties we utilise in some of
the composite constructions we consider.

The following proposition is trivial and therefore the proof is omitted.

Proposition 2.6 Let A be n x n matrix over a commutative ring R. Let x : R™*" — R"*" be
the transformation such that A* is defined to be the matrix obtained after circularly shifting
the columns of A to the right by one position. If

_ 01n—]
r= ()

The matrix P as defined in Proposition 2.6 is a permutation matrix and is therefore
orthogonal, i.e. PPT = I,. To see this, we have

r (01
P (100)

which corresponds to P after circularly shifting its columns to the right by n — 2 places and so
by Proposition 2.6 we have PT = P P"~2 = P"~! Clearly, if we circularly shift the columns
of PT = P"~! to the right by one place we obtain I, so that PT P = p"~1p = p" = I,.

then A* = AP.
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New binary self-dual codes of lengths 80, 84 and 96 321

It also follows that (P¥)T = p—%modm for k ¢ N. We can easily prove this by induction
onk € N.The cases k = 0 and k = 1 are trivial. Assume (P¥)T = p—kmodn) Thep we have
(Pk+1)T — (PkP)T — PT(Pk)T — Pn—IP—k (modn) _ Pn—k—l (modn) _ P—(k+1) (mod n)
which concludes our induction step.

We also have the following properties which are easy to prove.

Lemma 2.7 Let A and B be n x n matrices over a commutative ring R where n > 2 and let
* be the transformation defined in Proposition 2.6.

(i) (A+ B)* = A* + B*.
(ii) ABT = A*B*T,

Proof (i) By Proposition 2.6, we have (A + B)* = (A+ B)P = AP + BP = A* + B*.
(ii) By Proposition 2.6 and the fact that P is orthogonal, we have A*B*T = AP(BP)T =
APPTBT = A(I,)BT = ABT. u]

Leta = (ap, ay, ...,a,—1) € R" where R is a commutative ring and let

ap ap az--- ap—1

ap—1 dp ap ---Aap-2
A= ap—2 dp—1 ag * -+ ap-3
ai a asz--- ao

Then A is an n x n matrix called the circulant matrix generated a, denoted by A = circ(a).
If A = circ(ao, ai, ..., an—1), then we see that A = agl, +a1l; + ax(I))* + and S0
on. Using Proposition 2. 6 and the properties of the matrix P, it follows that A = Z 0 a; P'.
Clearly, the sum of any two circulant matrices is also a circulant matrix. If B = circ(b)
where b = (bo, b1, ..., by—1) € R", then AB = YI'_( >~ a;b; P'*I. Since P" = I,

there exist ¢y € R suchthat AB = Zk:o cx P¥ so that AB is also circulant. In fact, it is true

that
Z aibj = X1yx41
li+jli=k
fork € {0, ..., n — 1}, where x; and y; respectively denote the i th row and column of A and

B and [i + j], denotes the smallest non-negative integer such that [i + j], =i + j (mod n).
From this, we can see that circulant matrices commute multiplicatively. We also see that AT
is circulant such that AT = Y"1~ Vai(PHT = S ai P

Lemma 2.8 Let A be an n x n matrix over a commutative ring R where n > 2 and let x be
the transformation defined in Proposition 2.6. Let B be an n x n circulant matrix over R.

(i) BP = PB.
(i) (ABT)* = A*BT.
(iil) (AB*T)* = ABT.

Proof (i) Let B = circ(bg, b1, ..., by—1). Then B can be expressed as B = ) Yp, P and
so it is obvious that BP = P B.

(ii) Since B is circulant, then BT is circulant and so by (i), we have (ABT)* = (ABT)P =
ABTP)=(AP)BT = A*BT.

(iii) Since B is circulant, then BT is circulant and so by (i) and the fact that P is orthogonal,
we have (AB*T)* = (A(BP)T)P = APTBTP = APTPBT = A(1,)BT = ABT. o
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Let J, be an n x n matrix over R whose (i, j)th entry is 1 if i + j = n + 1 and O if
otherwise. Then J,, is called the n x n exchange matrix and corresponds to the row-reversed
(or column-reversed) version of I,,. Note that [i 4+ j], corresponds to the (i + 1, j + 1)th
entry of the matrix J,V where V = circ(n — 1,0, 1,...,n —2) fori, j € {0,...,n — 1}.

Let Ag, Ay, ..., Ar_1 be m x n matrices over R and let

Ap Ap Ay - Ap
Ag—1 Ao Ap - Ap
X = | Ak—2 Ak—1 Ao -+ A3

Ay Ay Az --- A
Then X is an km X kn matrix called the block circulant matrix generated Ag, Ay, ...,
Aj_1, denoted by X = CIRC(Ag, A1, ..., Ar—1).

2.4 Group rings and composite matrices

In this section, we recall the basic definition of a finite group ring and proceed to define the
concept of a composite matrix.

Let G be a finite group order n and let R be a finite commutative Frobenius ring. Let
RG ={}"]_ | ag8i ' ag € R, g € G} and define addition in RG by

n n n
Zagigi + Z:Bgigi = Z(aé’i + ﬂgi)gi
i=1 i=1 i=1

and define multiplication in RG by

n n n
Zagigi : Zﬁgjgj = Z (Zi.j:gig,‘=gk agiﬂgj) s
i=1 j=1 k=1 S

Then RG is called the group ring of G over R and is a ring with respect to the aforemen-
tioned definitions of addition and multiplication.

Let (g1, 82, ..., &n) be a fixed listing of the elements of G with g; = 1 and let v =
7 g8 € RG. Define o(v) to be the n x n matrix whose (i, j)™ entry is oy, Where

g=g 'gjfori,jefl,... ,n}ie.

[ o S S
81 181 g11g2 81 lgn

o -1, o -1 e O 1
8 81 8 &2 8> &n
O,(U) — 2' 2. 2

Yorler Yenler T Yen g

The matrix o (v) was first given in [23] wherein it was proved that ¢ is an isomorphism
from the ring RG to R™*". It follows that o (v)o (v)T = —1I,, if and only if vv* = —1 where
vt = ZLI ag; glfl. When R is of characteristic 2, we see that o (v)o (v)T = I, if and only
if vv* = 1, i.e. v is unitary with respect to the involution .

Suppose now thatn > 1iscomposite and letr be a fixed integer suchthatr |n: 1 <r <n
and let m = n/r. Let {H, Ha, ..., Hy} be a collection of 1 groups of order r. Let H, be a
representative of one of these groups for¢ € {1, ..., n}andlet (.1, hs2, ..., b)) be afixed
listing of the elements of H; with h;.; = 1. Let H' be an m x m matrix whose (y, z)th entry
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ish.",’Z e{l,...,np}fory,z € {l,...,m}andlet P be anm x m matrix whose (y, z)™

is p;’z € F, for y, z € {1, ..., m}. Define the mapping o(y, z,i, j) = g;(;,_l)ng(z,l)H
fory,zef{l,...,m}andi, je{l,...,r}.
Define Z, ; to be the r x r matrix whose (i, /)M entry is given by

entry

Ly,zli,j = %o(y,z,i,j)

and define Z/

th
ry,z )

to be the r x r matrix whose (i, j)™ entry is given by

/ — PR
Zpiyizlinj = %o(y.z,1,Mpy, (i, )))»

where My, (i, j) is the (7, j)‘h entry of the matrix of integers £ € {I,...,r} such that
hie = hphej.
Define £2(v) to be the block matrix whose (y, z)™ block entry is given by

/
o — Zy.z Py, =0,
v,z = / r_
Ziy oy Pye=1

Then £2(v) is an n x n matrix composed of m? blocks of size r x r which we call the
composite (G, Hy, Ha, ..., Hy)-matrix of v € RG with respect to H' and P'. If P' = 0
(i.e. the m x m zero matrix), the matrix £2 (v) reduces to o (v).

The concept of composite matrices defined in this way was first introduced in [11] as a
way of generalising the structure of o (v). See [9,10,26] for recent applications of composite
matrices in constructing binary self-dual codes.

Example2.9 Let G = Dy = (a,b | a* = b?> = 1,bab = a~') with the fixed listing
G = (g4j+i+1) = a'b! fori € {0,...,3} and j € {0, 1}. Then G = (g1, &2, g3, 4 85>
26,87, 83) = (1,a, a2, a3, b, ab, a*b, a’b). We have n = 8 and suppose we letr =4 | n
so that m = n/r = 2. Let {H;, H>} be a collection of groups of order r = 4. Let H} =
Cy x Cy = (c,d | ¢? =d* = 1,cd = dc) with the fixed listing Hj = (h1:2j+i1+1) = c'd/
fori € {0,1} and j € {0, 1}. Then H, = (h1.1, k12, h1:3, h14) = (1, ¢, d, cd). Let Hy =
Caa = (e | €22 = 1) with the fixed listing H» = (h22j+i+1) = e* 1/ fori € {0, 1} and
j €10, 1}. Then Hy = (hy.1, ha, hp3, hoa) = (1, 62, e, 63). Let

, (12
"= (:3)

and let P’ = 1 (i.e. the 2 x 2 matrix of ones). Let v = Z?:l ag g € RG and let £2(v) be
the composite (G, Hy, Hy)-matrix of v € RG with respect to H' and P’. We have

YA A / /
Q) = (wl,l w1,2> Y R P o (Zm,l Zz;1,2)
- - /7 ! - ! ’
@21 @22 Zyy 20 Ly 00 2321 L2,

and we also find that

1234 1234
2143 2143
My =1341o| ad Mm=1,5,
4321 3421
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324 J. Gildea et al.

By definition, the (i, j)™ entry of Z{., | is givenby aio(1.1.1. My, . jy) Whereo(1, 1, 1, M,
.. -1
(0, J)) =81 8Muy,i.j) = &My, (i.j) SO that

Og) Ugy Olgy Olgy
= gy Qg Cgy Ugy
" gy Ugy gy Ugy

gy Ug3 Ugy g
and similarly we find that

Ugs Ugg Ugy Ugg
Zh, = Ogo Xgs Ogs Xer |
’ Ugg Ugy Ugs Ugg
gy Ugg Ugg Ugs
Ugs gy Ugy Ugg
Zh, = Ugg Ugs (gg Ugy
- Qge gy Ugs Ugg
Qg Ugg Ugg Ugs
Ugy Ogy Ugy Uy
1| % Uy Uy Uy
22 Ugs Ugy Ulgy Olgy
gy Ugy gy Og

Therefore, we obtain

Al Ay By B
ARRRZ) Ay Ay BaJy By

Q) = (2111 %212 2 AL By
© <Z§:2,1 122 CCI gz Dy D
2o Ct Dy Dy

where A1 = circ(oy,, ag,), A2 = circ(ag,, og,), By = circ(ags, age), By = circ(ag,, ag),
Cy = circ(ags, ag), Co = circ(ay,, ag) and Dy = circ(ayg, , org,), D2 = circ(ag,, g, ).

3 Composite matrix constructions

In this section, we present our constructions which assume a generator matrix of the form
(I, | $2(v)) where £2(v) is a composite matrix. For each construction, we first define the
structure of the corresponding composite matrix £2 (v) and subsequently prove the conditions
that hold if and only if (I, | £2(v)) is a generator matrix of a self-dual [2n, n] code over R. We
will hereafter assume that R is a finite commutative Frobenius ring of characteristic 2. For each

v=D>7 048 € RGthatwedefine, wedenote v = (vi, v, ..., Us) = (&g, gy, - - -, Ug,)
where v; denotes v; = ay, fori € {1, ..., n}. We also use the following notation
S iy Vig1s Vig2, -5 Vj=1, V), § < ],
i:j — . .
(Vi Vi1, Vim2y oo, Vjg1, V), 1> ],
fori, j € {1,...,n}. We also let circ(u, v) denote circ(ui, us, ..., Uy, v1, V2, ..., vy) for
any u, v € R" such thatu = (uy, up,...,u,) and v= (v, v, ..., vy).

Definition3.1 Let G = Dig = (a,b | ' = b? = 1,bab = a™') with the fixed listing
G = (g10j+i+1) = a'b/ fori € {0,...,9}and j € {0,1}. Let H = D5 = (c,d | o=
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New binary self-dual codes of lengths 80, 84 and 96 325

d* = 1,dcd = ¢! with the fixed listing H = (hs;4i+1) = a'b/ fori € {0,...,4} and
j€{0,1}.Let H =1and P’ =1.Letv = 2?21 og; 8 € RG.If .(2120(1)) is the composite
(G, H)-matrix of v € RG with respect to H' and P’, then

Ay By Ci Dy
B{ A{ Df Cf
Cy Dy Ay By |’
D] Cj B A}

2P =

where A} = circ(vy:5), By = circ(ve;10), C1 = circ(vir:1s5), D1 = circ(vig20), A2 =
cire(vy, vi0:7), By = circ(ve:2), Ca = circ(vyy, v20:17) and Dy = circ(vie:12).

Theorem3.2 Let G = (I | 27°(v)) where £23°(v) is as defined in Definition 3.1. Then G is
a generator matrix of a self-dual code of length 40 over R if and only if

A]A{ + B]BIT +C1C1T +D]D1T = I,
AAY + BB + oY + DoDY = I,
At 4+ B DY + AT + DB =0,

A1Dy+ B1Cy+C1By+ DAy = 0.

Proof We know that G is a generator matrix of a self-dual code of length 40 over R if and
only if 27°(v)27°(w)T = L. We find that

X1 07 1y
aPwedeT = | XN
PR =y y, X, 0 |
Y 0 X,
where
X = AAT + B BT + ¢! + D DT,
Xy = Ay Al + BBY + CC) + D,D)
and

Yy = ACY + B DY + AT + DBT,
Yo =A1Dy+ B1Cy + C1 By + D1 As.
Clearly, ¥; = 0 if and only if ¥ = 0 fori € {1, 2}. Thus, 27°(v)2°(v)T = Ly if and

only if
{Xl =X, =1Is,

Y=Y, =0.

O
Definition3.3 Let G = Cs5 x C4 = (a,b | @® = b* = 1, ab = ba) with the fixed listing
G = (gsj+it1) =a'b/ fori € {0,...,4}and j € {0,...,3}. Let H = Ds = (¢,d | ¢ =
d* = 1,dcd = ¢! with the fixed listing H = (hs;+i+1) = a'b/ fori € {0,...,4} and
je{0,1}. Let H =1and P’ =1.Letv = Zfﬂl og 8 € RG.If .(2220(1)) is the composite
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326 J. Gildea et al.

(G, H)-matrix of v € RG with respect to H' and P’, then

A B C D
BT AT DT cT
C D A B |’
DTCTBTAT

23%0) =

where A = circ(vy.5), B = circ(vg:10), C = circ(vy1:15) and D = circ(vie:20)-

Theorem 3.4 Let G = (I | 22°(v)) where $23°(v) is as defined in Definition 3.3. Then G is
a generator matrix of a self-dual code of length 40 over R if and only if

AAT + BBT + ccT + DDT = Is,
ACT + BDT + cAT + DBT =0.

Proof We know that G is a generator matrix of a self-dual code of length 40 over R if and
only if 23°(v)23°(v)T = I9. We find that

23°W)23P W) = cire(X, 0, Y, 0),
where
X =AAT + BB 4+ cc? + DDT
and
Y =ACT + BDT + cAT + DBT.
Thus, Q%O(v)ﬂzzo(v)T = I if and only if

{les,
Y =0.

m}

Definition3.5 Let G = Dy = (a,b | a®' = b> = 1, bab = a™') with the fixed listing
G = (g21j+i+1) = a'b’ fori € {0,...,20} and j € {0, 1}. Let H = C7 x C3 = (¢, d |
¢! =d® =1,cd = dc) with the fixed listing H = (h7j4iy1) = alb/ fori € {0, ..., 6}
and j € {0,1,2). Let H' = 1and P’ = 1. Let v = Y /2, ag,8 € RG.If 212 (v) is the
composite (G, H)-matrix of v € RG with respect to H and P’, then

Q%) = CIRC(Ay, Az, A3) CIRC(By, Bz, B3)
! CIRC(Cy, C3, C3) CIRC(Dy, D3, D3) )"’

where A} = circ(vy:7), Ay = circ(vs:14), Az = circ(vys:21), By = circ(vang), By =

circ(v29:35), B3 = circ(v3e42), C1 = circ(vaz, v42:37), C2 = circ(v3e:30), C3 = circ(v29:23),
Dy = circ(vy, v21:16), D2 = circ(vis9) and Dy = circ(vs:2).
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Theorem 3.6 Let G = (I | .sz(v)) where .sz(v) is as defined in Definition 3.5. Then G is
a generator matrix of a self-dual code of length 84 over R if and only if

MAT + A AT + AsAT + B BT + ByBY + B3BY = I,
CiC{ 4+ C2C] + C3C + D\ D + D,D] + D3D] = I,
A1AT + AyA] + A3A] + BIB{ + B,B| + B3B] =0,
AIC] + A2C] + AsCY + BID{ + BaD] + B3D =0,
A1C] + A2C{ + A3C + BiD + BaD] + B3D] =0,
A1C] + A2Cy + AsC + BiD] + BaDj + B3D{ =0,
CiC{ + C2Cf + C3C5 + DiDY + DaD{ + D3D; = 0.

Proof We know that G is a generator matrix of a self-dual code of length 84 over R if and
only if .sz(v).sz(v)T = I4p. We find that

2P )22 = (CIRC(XI, Y1, Y{) CIRC(Y, Y3, Ys) ) 7

CIRC(Y] ., Y], Y]) CIRC(X», Y5, YT)
where
Xy = A1 AT + A,AT + A3AT + BBT + B,BY 4 B3BY,
Xy =il + ¢l + ;¢! + Dy DT + DY + Dy DY
and
Yy = AtAD + AT + A3AT + B BT 4 BB + B3BY,
Y2 = A1 CT + AT + AscT + By DT + B,DY + By DY,
Y3 = A1C] + A,CT + AsCT + By DY + BoDT + B3DY,
Y4 = A1CT + A,CT + AsCT + By DY + B.DY + B3 DT,
Ys = C\CY + ¢l + ¢3¢] + DY + D,D] + DsDI.

Clearly, ¥; = 0 if and only if Y = 0 fori e {1,...,5}. Thus, 2{?()2{*()T = Iy if
and only if
{ X1=X, =1,
YiI=Y=Y3=Y,=Y5;=0.
]

Definition3.7 Let G = Dy = (a, b | a®!' = b> = 1, bab = a™') with the fixed listing
G = (g21j+i+1) = a'b’ fori € {0,...,20} and j € {0, 1}. Let H = C3 x C7 = (¢, d |
¢ =b" = 1,ed = dc) with the fixed listing H = (h3j4i41) = c'd/ fori € {0, 1,2}
and j € {0,...,6). Let H = land P’ = 1. Let v = Y /2, 0, ¢i € RG. If 25> (v) is the
composite (G, H)-matrix of v € RG with respect to H and P’, then

Al Ay Az By By B3
A3 Ay Ay B By By
A5 A3 Ay B} B} B
Ci Cr C3 Dy Dy D3 |’
Cg C Cy D:‘; Dy D
C5 C3 Cy D5 D3 Dy

27 (v) =
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where Ay = circ(vyy), Ay = circ(vs:14), A3 = circ(vis1), B = circ(vaang), By =
circ(v29:35), B3 = circ(v3e.42), C1 = circ(vaz, v42:37), C2 = circ(v36:30), C3 = circ(v29:23),
D = circ(vy, V21:16), D2 = circ(vis.9), Dy = circ(vg.2) and « is the transformation defined
in Proposition 2.6.

Theorem 3.8 Let G = (I | 25%(v)) where 25%(v) is as defined in Definition 3.7. Then G is
a generator matrix of a self-dual code of length 84 over R if and only if

ALA] + A AT + A3AT + BB + BoB) + B3B! =1y,
¢l + el + ¢3¢ + by + Dy,DT + D3DT = 1y,
M AT + A3 AT + A AT 4+ BoBT + B3BY + B1B3T =0,
A CT + Ayt + As¢! + 8D + B,DY + B:DT =0,
AT + Asc + A ¢ + B,D! + B3DY + BD}T =0,
AsCT + A3T + A 3T + BsDT + B DT + BoD3T =0,
el + ¢t +¢i¢3” + DoD! + D3DY + DDy = 0.

Proof We know that G is a generator matrix of a self-dual code of length 84 over R if and
only if Q;Q(v)ﬂgz(v)T = I4. Using Lemmas 2.7 and 2.8, we find that

X\ Yoy
Y X v vf n» v
Yty xi vy v
iyl x|
v7 v) vyl X, ¥s
vl vl vl vxv!l x

27 WP W’ =

where
X1 = A1A] + A2AY + A3AT + BBl + BoBY + B3BY,
X, = Ci1Cl + ¢l + ;¢! + D D! + DD} + D3DY

and
Yy = ApAT + A3AT + A A5T + BoBT + B3BY 4 B BT,
Y> = A1CT + AT + AscT + By DT + B,DY + B3 DY,
Y3 = A2C{ + A3C] + A\Cy" + BoD{ + B3D] + B D}’
Yo = ACT + 41037 + A 3T 4 BsDT + BiD3T + BDYT,
Ys = C.CT + ¢3¢l + ¢1¢3T + Do.DT + D3DY + Dy DY
Clearly, Y; = 0 if and only if ¥/ =0, ¥* = 0and Y}" = 0fori € {1,...,5}. Thus,
252252 W)T = Iy, if and only if
X1=X2=1,
{Y1=Y2=Y3=Y4=Y5=0.
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Definition3.9 Let G = Cjp x Cy = (a, b | a'? = b*> = 1, ab = ba) with the fixed listing
G = (g12j+i+1) = a'b/ fori € {0,..., 11} and j € {0,1}. Let H = D3 = {c,d | ¢ =
d* = 1,dcd = c™') with the fixed listing H = (h3j4i41) = c¢'d’ fori € {0, 1,2} and
je{0,1}. Let H =1and P’ =1.Letv = Zizil g gi € RG.If 23*(v) is the composite
(G, H)-matrix of v € RG with respect to H” and P’, then

27*(v) = I ® CIRC(A, B) + J, ® CIRC(C, D),

where ®, I> and J> denote the Kronecker product, 2 x 2 identity matrix and 2 x 2 exchange

matrix, respectively and
= Al Ay 5 By By
Ay A By B

> C & ~ Dy D
C= ( T T>’ D= ( T nT |-
C2 Cl D2 Dl
where Ay = circ(vy3), Ay = circ(v46), By = circ(vyg), By = circ(vip:12), C1 =
circ(vy3:15), C2 = circ(vig:18), D1 = circ(vi9:21) and Dy = circ(v22:24).

Theorem3.10 Let G = (I | 27*(v)) where 27*(v) is as defined in Definition 3.9. Then G
is a generator matrix of a self-dual code of length 48 over R if and only if

M AT + 4,AT + B BT + BBT + 1T + ¢ + DyDT + DyDY = 15,
A1B! + AyBT + B1AT + B,AT + DT + oD 4+ DT + DT =0,
ACT + AxCY + By DT + B.DY + ¢ AT + AT + DB + D2BY =0,
AD] + AyDY + B CT + BT + ¢ Bl + CoBY + D1AT + DAY =0

Proof We know that G is a generator matrix of a self-dual code of length 48 over R if and
only if 27*(v)27*(v)T = Ir4. We find that

Q¥ WRPWT = L ® CIRC(X, Y1) + J, ® CIRC(Y,, 13),

= (X0 = (Y1 0
X_<OX)’ Yl_(o Y1>’
= (12 0 = (Y30
Y2_<0 Yz)’ Y3_<0 Y3>

X = A AT + A0AY + BB] + ByBY 4+ ¢ ¢! + ¢ + Dy DT + DyDI

where

with

and

Yy = AiB] + AyBY + BiAT + B,AY + DT + ¢,DY + DT + Dy,
Y, = AiCT + A, + B D! + B,DY + C1AT + AT + DB + DyBT,
Y3 = A1D] + AyDY + B CT + B¢l + €1 BT + CoBY + D1AT + DrAT.

Thus, 27*(v)27*(v)T = I if and only if
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{ X=X =1,
Yi=Y,=Y;=0.
o

Definition3.11 Let G = Dy = (a,b | a'? = b? = 1, bab = a~') with the fixed listing
G = (g12j4i+1) = a'bl fori € {0,..., 11} and j € {0,1}. Let H = Ca6 = (¢ | *° = 1)
with the fixed listing H = (h¢j4i+1) = ctifori €{0,...,5and j € {0,1}.Let H' =1
and P/ = 1. Letv = Zizil ag 8 € RG. If 9224(1)) is the composite (G, H)-matrix of
v € RG with respect to H' and P’, then

Ay Ay By B>
A% A B} B
24, _ | A3 A1 By Bi
25" () = Ci Co Dy Dy |’
C5 Cy D} D
where A1 = circ(vy), A2 = circ(vy.12), Bi = circ(viz.1g), Bx = circ(vigng), C1 =

circ(vy3, V24:20), C2 = circ(vyg:14), D1 = circ(vy, Vi), D2 = circ(vy:2) and « is the
transformation defined in Proposition 2.6.

Theorem3.12 Let G = (I | 23*(v)) where 23*(v) is as defined in Definition 3.11. Then G
is a generator matrix of a self-dual code of length 48 over R if and only if
AL AT + A, AT + BBl + BaBY = I,
¢, ¢l + ¢l + b D] + D,DI = I,
A]AET + AzA{ + B]BET + BzBlT =0,
Al + Al + B DT + B,DY =0,
A C3T + AxCT + BiD3T + BoDT =0,
a3 + ol + pp3T 4+ DyDT =0

Proof We know that G is a generator matrix of a self-dual code of length 48 over R if and
only if 23*(v)23*(v)T = 4. Using Lemmas 2.7 and 2.8, we find that

Xi Y1 Y
vyl X, Y Y,

22" = YT viT X, v |
Yl vl vl X,
where
X; = A1AT + A,AT + BB + ByBT,
X, = ¢l + ¢l + DD} + D,DY
and

Yy = A AT + AAl + BBy + ByBT
Y> = A1 Cl + Al + B, D] + B,DT,

Y3 = AT + Al + BiD3T + ByDT,
Yy =C1C3T + ¢l + DiD3T + DyDT.
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Clearly, Y; = 0if and only if ¥/ = 0, ¥* = 0 and Y7 = 0 fori € {1,...,4}. Thus,
(2224(v).(2224(v)T = Ip4 if and only if
X1 =X =1I,
{Y] =Y, =Y3=Y4=0.
O

Definition 3.13 Let G = Dy = (a,b | a'? = b? = 1, bab = a~') with the fixed listing
G = (g12j+i+1) = a'b/ fori € {0,..., 11} and j € {0, 1}. Let H = D¢ = (c,d | ¢ =
d* = 1,ded = ¢ with the fixed listing H = (hgjtiy1) = cid’ fori € {0,...,5) and
j€{0,1}.Let H =1and P =1.Letv = Z?il oy, 8 € RG.If .(2324(1)) is the composite
(G, H)-matrix of v € RG with respect to H' and P’, then

Ay Ay B B
T AT pT pT
2w= |2 A%
Ci C; Dy Dy
T ~T NT pT
C, € Dy Dy
where A; = circ(vy;6), Ay = circ(vy.12), By = circ(vi3.18), By = circ(vign4), C; =

circ(vy3, v24:20), C2 = circ(vy9:14), D1 = circ(vy, vi2:8) and Dy = circ(v7:2).

Theorem3.14 Let G = (I | 23*(v)) where 23*(v) is as defined in Definition 3.13. Then G
is a generator matrix of a self-dual code of length 48 over R if and only if

A1AT + A,AT + B BT + BBI = I,
¢l + ¢l + piDT + D,DI = I,
AT + Ayl + BDI + B,DY =0,

A1Cy + A2C1 + B1Dy+ By Dy = 0.

Proof We know that G is a generator matrix of a self-dual code of length 48 over R if and
only if £23*(v)27*(v)" = 4. We find that

X; 0 7, 1
srwaror=| b0,
Yy vr 0 X,
where
X, = AAT + A,AT + BB + ByBT,
X, = ¢l + ¢l + D + DDY
and

Y1 = A]ClT + Azcg + B]DIT + BzDg,
Y, =A1Cy + A2Cy + B1Dy + By Dy
Clearly, Y; = 0if and only if ¥ = 0 fori € {1, 2}. Thus, 23*(v)23*(v)” = D4 if and

only if
{X1 =X, = I,

YI=Y=0.
O
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Table 1 Quaternary notation

F F F Symbol
system for elements of Fp + ulFp 2t ul 4 ymbo
and ]F4 0 0 0

1 1

u w 2

1+u 14+w 3

4 Results

In this section, we apply the theorems given in the previous section to obtain many new best
known binary self-dual codes. In particular, we obtain 28 singly-even [80, 40, 14] codes,
107 [84, 42, 14] codes, 105 singly-even [96, 48, 16] codes and 121 doubly-even [96, 48, 16]
codes.

We search for these codes using MATLAB and determine their properties using Q-
extension [3] and Magma [2]. In MATLAB, we employ an algorithm which randomly
searches for the construction parameters that satisfy the necessary and sufficient conditions
stated in the corresponding theorem. For such parameters, we then build the corresponding
binary generator matrices and print them to text files. We then use Q-extension to read these
text files and determine the minimum distance and partial weight enumerator of each cor-
responding code. Furthermore, we determine the automorphism group order of each code
using Magma. A database of generator matrices of the new codes is given online at [19]. The
database is partitioned into text files (interpretable by Q-extension) corresponding to each
code type. In these files, specific properties of the codes including the construction param-
eters, weight enumerator parameter values and automorphism group order are formatted as
comments above the generator matrices. Partial weight enumerators of the codes are also
formatted as comments below the generator matrices. Table 1 gives the quaternary notation
system we use to represent elements of Fy + ulF, and Fy4.

4.1 New self-dual codes of length 80

The weight enumerator of a singly-even binary self-dual [80, 40, 14] code is given in [33] as
Wgo = 1 + (3200 + 4a)x'* + (47645 — 8o + 2568)x'0 + - - |

where «, B € Z. Previously known («, B8) values for weight enumerator Wgo can be found
online at [30] (see [14,16-18,20,29,33]).

We obtain 28 new best known singly-even binary self-dual codes of length 80 which have
weight enumerator Wy for

B =0and ¢ € {—z : z = 65,80, 120, 125, 130, 135, 140, 145, 150, 155, 165, 175,
190, 195, 205, 210, 215, 230, 235, 250, 270, 275, 280, 360};

B =10and ¢ € {—2z: z = 130, 150, 160, 185}.
Of the 28 new codes, 19 are constructed by applying Theorem 3.2 over F4 (Table 2); 4

are constructed by applying Theorem 3.4 over F; + ulF, (Table 3) and 5 are constructed by
applying Theorem 3.4 over F4 (Table 4).
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Table 2 New singly-even binary self-dual [80, 40, 14] codes from Theorem 3.2 over F4

Cs0,i v a B | Aut(Cg, )|
1 (31223333300320201200) —275 0 2.5

2 (13111130203000233223) —270 0 22.5

3 (00302012331122313103) —250 0 22.5

4 (01332030221111113310) —235 0 22.5

5 (23320213130330103221) —230 0 2.5

6 (22011233231033013100) —-210 0 22.5

7 (11333122033223331212) —205 0 22.5

8 (02222010112332220213) —195 0 2.5

9 (30333313000233100021) —190 0 22.5

10 (00111023231213313321) —175 0 22.5

11 (22310231030332003032) —165 0 22.5

12 (02002030232203221313) —155 0 22.5

13 (03121003232002123332) —150 0 22.5

14 (23200233120101002302) —145 0 22.5

15 (22133232333121133232) —140 0 2.5

16 (31031330230000203122) —135 0 22.5

17 (01103022122003122122) —130 0 22.5

18 (22010203131000112213) —65 0 22.5

19 (02330020210322001303) —260 10 2.5

Table 3 New singly-even binary self-dual [80, 40, 14] codes from Theorem 3.4 over Fp + ulFp

Cgo,i v o B [ Aut(Cgo,i)|
20 (12222331200322021203) —280 2.5

21 (23330310032021331010) —120 2.5

22 (30320122023203322322) —80 2.5

23 (21222311321120112303) —320 10 24.5

4.2 New self-dual codes of length 84

The possible weight enumerators of a binary self-dual [84, 42, 14] code are given in [6,33]

as

Wea,1 = 1+ (4080 — )x'* + 39524x '
+ (247264 + 14a)x'8 + ... |

Wea2 = 1 + (4080 — a)x'* + (28644 + 648)x '
+ (390368 + 140 — 3848)x'8 + .. |

Wea3 = 1+ (4080 — a)x'* + (28644 + 64p)x 0
+ (394464 + 140 — 384B)x "8 + .-,
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Table4 New singly-even binary self-dual [80, 40, 14] codes from Theorem 3.4 over F4

Cs0,i v o B | Aut(Cgo,i)I
24 (31211223330300232332) —360 0 2.5
25 (10201301032322330300) —215 0 22.5
26 (01021003132222203113) —125 0 22.5
27 (31003000101110232322) —-370 10 22.5
28 (11210213102203230313) —300 10 22.5

where «, B € Z. It is unknown whether or not a code with weight enumerator Wg4 3 has been
previously reported.

We obtain 107 new best known binary self-dual codes of length 84 which have weight
enumerator Wg4 3 for

B =0and o € {6z : z = 336,350, 358, 365, 372, 386, 392, 393, 399, 400, 406, 407,
413,414, 420,421,427, 428,434, 435, 441, 442, 448, 449, 455, 456, 462, 463, 469, 470,
476,477,483, 484, 490, 491, 497, 498, 504, 505, 511, 512, 518, 519, 525, 526, 532, 533,
539, 540, 546, 553, 554, 560, 567};

B =2land @ € {6z : z = 413,434,435,441, 442, 449, 455, 456, 462, 463, 469, 470,
476,477,483, 484, 490, 491, 497, 498, 504, 505, 511, 512, 518, 519, 525, 526, 532, 533,
539, 540, 546, 547, 553, 560, 568, 575, 595};

B=42and @ € {6z : z =490, 512, 518, 525, 526, 539, 540, 547, 553, 560, 568};

B =063and o € {6z : z =574, 575}.

Of the 107 new codes, 55 are constructed by applying Theorem 3.6 over [F» (Table 5) and
52 are constructed by applying Theorem 3.8 over [, (Table 6). In Tables 5 and 6, we only
list 10 codes to save space. We refer to Database 2 of [19] for the remaining unlisted codes.

4.3 New self-dual codes of length 96
The possible weight enumerators of a singly-even binary self-dual [96, 48, 16] code are given
in [21] as
Wae 1 = 1+ (o — 5814)x'® + (97280 + 64B)x'®
+ (1784320 — 16a — 3848)x%°
+ (17626112 + 1928)x2 + -,
Wagr = 1 + (& — 5814)x "0 4 (97280 + 648)x '8
+ (1694208 — 160 — 3848 + 4096y )x2°
+ (18969600 + 1928 — 49152y)x%> + - - ,

where «, 8, y € Z. Previously known («, B, y) values for weight enumerator W916’2 can be
found online at [30] (see [21]).

We obtain 105 new best known singly-even binary self-dual codes of length 96 which
have weight enumerator WQI()’2 for

y = 0and (o, B) € {(12z1, —4z2) : (z1,22) = (850,0), (896, 0), (904, 0), (805, 1),
(854, 3), (808, 4), (837, 6), (926, 6), (822, 7), (865, 9), (860, 10), (860, 12), (897, 12),

@ Springer



335

New binary self-dual codes of lengths 80, 84 and 96

L €T 0 cole 3 (OOOTTTTOTOTTOTO00000TOTOOTTTOOTTITOTTOOTTIOT) 01
L €T 0 9¢I¢ € (00000TOOTOTTOOTOOTTOOTOTTITOTTTTIOOTTITOTOTOT) 6
L €T 0 0S1¢ € (OOOTTTOTTOOTTOTTOTOTOOTTIOTTO000TTO00000000) 8
L €T 0 vIIE € (TTTTOTOTOOTOTOTOTTO0000TOOTTO000TOTTTOTOTT) L
L-€°C 0 801¢ € (TOOTO00OTOTTOOTTTIOOTOTOOTTOTOOTTTOTO00TTTT) 9
L-€-C 0 cLOE € (OOTOTOTTOTOOTTTTITOOTOTTIOTTTITOTOTTITIOTOOTOT) S
L €T 0 990¢ € (000TO0TO0000TTOTOTOOTTOTTOOTTOOTOTTTTITTITIOT) 14
L €T 0 0€0¢ € (OTOTTOOOTTTO0000TOTTOTOTTTITOTTOOTTOTTO0TO0) €
L €T 0 ¥20¢€ € (TOOTO00000TOTOO00TOOTOTTOO0O0TTOTTTTIOTTITITTT) 4
L €T 0 886¢C € (TTTTTO0000TOOOTTTO0000TOTTTTOTOOTOTTTO0O0TT) I
[(F78p)my | d 0 e A 189
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L €T 0 00%C € (00000OTOTTTTOTTTOOTTITOOOTTOOTTOOTOOTTOTTTO) <9
L €T 0 Y6€C 9 (TTTOTTTOTTITOTOTOO00TOTTITOTOOTTO0000TT0000) 9
L €T 0 86€T ¢ (TTOOTTTTOTTOTTOTTOTOTTO00000TTO0TO00TOTTO0) €9
L €¢ 0 zseT 3 (TOOOTTTOOTTOTTOTOOTTTOOTO0TOTOTOTTOTOTO0TO) 9
L €T 0 91¢€T ¢ (OOTTTTTOOTOOTTIOTTITTIOTTOOTTOOTTOTO00T000TO0) 19
L €T 0 TeTT € (TOTO00000000TOOTTTTTOTO0O0TOTO00000TTOTTTOT) 09
L €T 0 061¢C € (TO0O000000000TO0000TOOTTOOTOO00TTTOOTTOTOTO) 6S
L €T 0 8YI¢C € (TTOTTOTTTOOOTTTTOOOOTTTOO0OTOTOTOOTO00TTOTO) 8¢S
L €T 0 001¢ 9 (TOOTTOTOO00OTTOTTOOTTOOTOTTITITO0O0TOTOTOOT) LS
L€ 4T 0 9102 ¢ (00TTTTOTTTT0000000000TOTOTO000TOTO0TTOOTTO) 9g
|("¥8p)my | il 0 Fesy A '8y
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Table 7 New singly-even binary self-dual [96, 48, 16] codes from Theorem 3.10 over Fp + ulfp

Che; v Wgé’j o B y \ Aut(Céﬁ’i)l
1 (021111013112231302031321) 2 15336 —240 0 24.3
2 (332030221021223333303031) 2 14664 —144 0 24~3
3 (310201300213103023131203) 2 12456 —120 0 24-3
4 (110330330331133112022003) 2 16608  —432 12 20.3
5 (301201202300231031203031) 2 14712 —336 12 25-3

Table 8 New singly-even binary self-dual [96, 48, 16] codes from Theorem 3.10 over F4 (see Database 3 of
[19] for codes 6;6.16 to 6;6.61)

(256! ; v Wga j o B y \ Aut(Cé()‘ Dl
6 (301220102333222223210331) 2 14448 —208 0 24-3
7 (111322103200321233201211) 2 13776 —184 0  2*.3
8 (333110012302102113330110) 2 11652 —136 0  2*.3
9 (321212110001220122211301) 2 12624 —124 0 23.3
10 (000232332103103311032121) 2 11364  —112 0  23.3
11 (231232002131031220200120) 2 12036 —108 0  23.3
12 (021301113010112220211130) 2 11580 —100 0  23.3
13 (000332130323021220110022) 2 11880  —96 0o 233
14 (001022122300133130333310) 2 11424 —88 0o 233
15 (213121322231133130230323) 2 11256  —84 0o 23.3

(900, 12), (929, 12), (1014, 12), (877, 13), (910, 15), (877, 16), (933, 18), (908, 19),
(938, 21), (952, 22), (957, 24), (990, 24), (965, 25), (1003, 27), (947, 28), (1038, 30),
(1052, 31), (971, 34), (1045, 36), (1222, 36), (1148, 46), (1244, 48), (1260, 48), (1204,
52), (1278, 60)};

y = 6and (o, B) € {(12z1, —422) : (z1,22) = (909, 30), (913, 31), (922, 33), (901,
34), (902, 36), (918, 37), (944, 39), (948, 40), (932, 42), (995, 43), (949, 45), (980, 46),
(1034, 48), (1018, 49), (969, 51), (978, 52), (1120, 64)};

y = 12and (o, B) € {(1221, —422) : (21, 22) = (928, 60), (988, 60), (992, 60), (1048,
60), (1056, 60), (1076, 60), (1096, 60), (1104, 60), (1120, 60), (1148, 60), (1160, 60),
(1168, 60), (1176, 60), (1208, 60), (1216, 60), (1232, 60), (1240, 60), (1264, 60), (1280,
60), (1288, 60), (1320, 60), (1336, 60), (1520, 60), (982, 61), (975, 63), (984, 64), (997,
66), (1133, 66), (1148, 66), (1236, 66), (977, 67), (1075, 69), (1042, 70), (1080, 72),
(1112, 72), (1120, 72), (1137, 72), (1272, 72), (1544, 72), (1036, 73), (1046, 76), (1098,
78), (1121, 78), (1072, 79), (1226, 84), (1352, 84), (1528, 84), (1224, 85), (1332, 100),
(1384, 108)}.

Of'the 105 new codes, 5 are constructed by applying Theorem 3.10 over F, +-ulF, (Table 7);
56 are constructed by applying Theorem 3.10 over F4 (Table 8); 29 are constructed by
applying Theorem 3.12 over [F2 +uF> (Table 9) and 15 are constructed by applying Theorem
3.14 over [F, + ulF, (Table 10). In Tables 8 and 9, we only list 10 codes to save space. We
refer to Database 3 of [19] for the remaining unlisted codes.
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Table9 New singly-even binary self-dual [96, 48, 16] codes from Theorem 3.12 over 5 + ulF; (see Database
1 1
3 of [19] for codes C%A72 to C96 90)

Coei v Woe,; @ p v AuCh )l
62 (222222222220220133213123) 2 14928 —192 0 20.3
63 (222222222220220133211121) 2 15120 —192 0 26-3
64 (222220222011020210021113) 2 12540 —144 0 24.3
65 (222222222011021013011303) 2 11484 —-96 0 24.3
66 (222222222011202110211131) 2 10764 —48 0 24.3
67 (222222222101200131212230) 2 10800 —48 0 25.3
68 (222222222011202110213111) 2 11148 —48 0 24.3
69 (222222220103021223012121) 2 12168 —48 0 24-3
70 (222222222101200131221023) 2 10752 0 0 25.3
71 (222222202121200111221203) 2 10848 0 0 25.3

Table 10 New singly-even binary self-dual [96, 48, 16] codes from Theorem 3.14 over Fp + ulF,

Cosi ¥ W‘;ﬁ, i@ B Y | A“t(céé,i”
91 (222220222111201001210311) 2 1112 —24 o 24.3
92 (222222202111001223010313) 2 16224 -336 12 20.3
93 (222222222011101333122333) 2 18336 —336 12 25.3
94 (222222222101220113212010) 2 15264 288 12 25.3
95 (222220222111221003212111) 2 18528 —288 12 20.3
96 (222220220101211331210113) 2 14832  —264 12 24.3
97 (222220200103211331212113) 2 13776  —240 12 2*.3
98 (222220222111221003212313) 2 13920 —240 12 25.3
99 (222222220021202121211101) 2 14496  —240 12 20.3
100 (222222222113212131201003) 2 14592 —240 12 25.3
101 (222222222011212313201101) 2 14784  —240 12 25.3
102 (222222220021020101011121) 2 14880 —240 12 25.3
103 (222222222113212333201003) 2 15360 —240 12 25.3
104 (222222222011011111002013) 2 15456  —240 12 2.3
105 (222222222211020101021321) 2 16032 —240 12 25.3

The weight enumerator of a doubly-even binary self-dual [96, 48, 16] code is given in
[21] as

Wog = 1+ ax'® + (3217056 — 16a)x> + - -,
where @ € Z. Previously known « values for weight enumerator W9H6 can be found online at
[30] (see [4,6,12,21,22,24,25,32]).

We obtain 121 new best known doubly-even binary self-dual codes of length 96 which
have weight enumerator W9"6 for
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Table11 New doubl{—even binary self-dual [96, 48, 16] codes from Theorem 3.10 over Fp +uF; (see Database
4 of [19] for codes ClL .- to CIL .0)
96,11 96,88

Cot.; v @ | Aut(Cog )
1 (320210300223213323022021) 8514 24.3
2 (122313111112022110302021) 8754 24.3
3 (122123010133300221011031) 8994 24.3
4 (001212011312020203212003) 9042 24.3
5 (122000032021320000301313) 9138 24.3
6 (010220032021103212312322) 9234 24.3
7 (210231130330223123221020) 9282 24.3
8 (032311303332300120032321) 9378 24.3
9 (213201111011203112303130) 9474 24.3
10 (110230310113303323101232) 9618 24.3

Table 12 New doubly-even binary self-dual [96, 48, 16] codes from Theorem 3.10 over [y

Coe.i v « | Aut(C )|
89 (332010230212013330233103) 8274 23.3
90 (121001211131002223313030) 8418 23.3
91 (330222312102031223221213) 8658 2.3
92 (331001322120111003113202) 8838 2.3
93 (322112032202123203331221) 11478 23.3
94 (333003302201123232100313) 11526 2.3
95 (201120113100000113122122) 11742 2.3
96 (000232210010130121123202) 13194 25.3

a € {6z : z = 1379, 1403, 1419, 1443, 1459, 1473, 1499, 1507, 1523, 1539, 1547, 1563,
1579, 1603, 1619, 1627, 1643, 1659, 1667, 1683, 1699, 1707, 1723, 1747, 1759, 1763, 1779,
1787, 1795, 1803, 1811, 1819, 1827, 1835, 1843, 1851, 1859, 1867, 1875, 1879, 1883, 1891,
1899, 1903, 1907, 1913, 1915, 1921, 1923, 1931, 1939, 1947, 1957, 1963, 1971, 1975, 1979,
1987, 1995, 2003, 2007, 2011, 2015, 2019, 2023, 2027, 2031, 2039, 2043, 2055, 2059, 2067,
2071, 2079, 2083, 2087, 2091, 2095, 2103, 2107, 2119, 2127, 2135, 2143, 2147, 2151, 2163,
2167, 2175, 2195, 2199, 2203, 2207, 2211, 2215, 2223, 2231, 2247, 2255, 2259, 2263, 2279,
2283, 2295, 2311, 2359, 2379, 2407, 2423, 2471, 2483, 2503, 2519, 2567, 2599, 2663, 2695,
2711, 2759, 2887, 4751}.

Of the 121 new codes, 88 are constructed by applying Theorem 3.10 over Fp 4+ ulF, (Table
11); 8 are constructed by applying Theorem 3.10 over 4 (Table 12); 13 are constructed
by applying Theorem 3.12 over 2 + ulF; (Table 13) and 12 are constructed by applying
Theorem 3.14 over F, + ulF, (Table 14). In Table 11, we only list 10 codes to save space.
We refer to Database 4 of [19] for the remaining unlisted codes.

@ Springer



340 J. Gildea et al.

Table 13 New doubly-even binary self-dual [96, 48, 16] codes from Theorem 3.12 over [ + ulF»

o ; v a | Aut(Cog )
97 (222222220103200133210030) 10002 24.3
98 (222222220103021003012303) 10098 24.3
99 (222222220103200133212032) 10578 24.3
100 (222222220103021003010123) 10818 24.3
101 (222222220103221203210101) 10866 24.3
102 (222220202013221331211111) 12138 25.3
103 (222222222101122211113131) 12234 26.3
104 (222222222101020131001221) 12522 26.3
105 (222222220103200113212230) 12546 24.3
106 (222222222101201021210101) 12810 26.3
107 (222220222211020212001111) 13290 26.3
108 (222222202013220110213131) 13578 25.3
109 (222222222220222111213123) 28506 28.3.5

Table 14 New doubly-even binary self-dual [96, 48, 16] codes from Theorem 3.14 over I + ulF,

Cot.; v o | Aut(Cog )
110 (222220200103011331010113) 12186 243
111 (222222222011202121201123) 12426 2.3
112 (222222222011211111220213) 12714 25.3
113 (222220220101011331012113) 12762 243
114 (222222222011212313221303) 13002 25.3
115 (222020200101011331012133) 13050 243
116 (222220220101011331012133) 13338 243
117 (222222220211121333100113) 13866 20.3
118 (222222220211121333100131) 14826 26.3
119 (222222222011211311220213) 15978 26.3
120 (222222222011121333100333) 16170 25.3
121 (222222222011121333100311) 16554 25.3

5 Conclusion

In this work, we applied the idea of composite matrices £2(v) to derive a number of tech-
niques assuming a generator matrix of the form (7, | £2(v)) to construct new binary self-dual
codes. We defined each of the composite matrices that were implemented in the techniques
and we proved the necessary conditions required by the techniques to produce self-dual
codes. We applied these techniques directly over [, as well as over the rings F» + uF, and
F4. By so doing, we were able to construct new best known binary self-dual codes with
many different weight enumerator parameter values. In particular, we constructed 28 singly-
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even [80, 40, 14] codes, 107 [84, 42, 14] codes, 105 singly-even [96, 48, 16] codes and 121
doubly-even [96, 48, 16] codes.

The advantage of using composite matrices is that there are many different combinations
of their determining parameters, i.e. the groups G and {H;, H>, ..., H;} and the parameter
matrices H' and P’. This allows for many different forms of the matrices §2 (v) which often
have very unusual structures. For each of the composite matrices we defined, we assumed that
H' =1and P’ = 1. A suggestion for future work could be to investigate different choices
for both H' and P’. Another suggestion would be to use composite matrices determined
by groups G and {H{, Ha, ..., Hy} of different orders. We could also investigate applying
composite matrices over rings other than those used in this work.
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