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Sage — 310 GecruiatHOe U CBOOOJHO PacHpOCTPAHSIEMOE MAaTEMATUYECKOE [TPOrpaMMHOE oOecriedeHHe C OTKPBHITBIMU
HCXOAHBIMUA KOJAMU JIJIS1 MCCJIeOBATE/ILCKOM PabOThl M OOYyUCHHUsI B CAMBIX Pa3JIMUHBIX 00JIACTSAX BKJIIOYAs aureopy,
TeOMETPHIO, TEOPHIO YMCell, KpUNTorpaduio, YMCIeHHbIE BRIYMCIeH s U Apyrue. Kak monesns paspadotku Sage, Tak 1
YCJIOBUSI €10 PACHPOCTPAHEHHSI M UCTIOJIb30BAHMSI BHIOPAHBI B COOTBETCTBUU C MPUHIMIIAMEI OTKPBITOM U COBMECTHOM
paboThI: MBI COOMpaeM MAIIIMHY, a He Tepen3odpeTaeM kosieco. OIHOI M3 OCHOBHBIX Liefieil Sage sIBJsieTcst Co3/aHue
JOCTYIHOM, OECTUIaTHOM M OTKPBITOM ajibTepHaTtiBbl Maple, Matematica, Magma u MATLAB.

Hacrosmuii nokymeHT pacmpocrpansercs no quuen3un Creative Commons Attribution-Share Alike 3.0.

OrnaBneHune 1
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2 OrnaBneHune



rnasA 1

BeeneHue

JlanHoe yuyeOHOe rnocobue — JIydInil criocod MO3HAKOMHTBCS ¢ Sage 3a HECKOJIBKO 4acoB. Bbl MoskeTe MCHoIb30BaTh
ero B HTML wm PDF ¢opmate, a Takke OTKpHITh MHTEPAKTHBHYIO BEPCHIO IS HETIOCPEICTBEHHOM paboTH B Sage
notebook: HaxxmuTe He lp, motom Tutorial. (MHTepakTHBHAS BEPCUS MOXET OBITh HEIOCTYITHA Ha PYCCKOM SI3BIKE,
HO MOXeT ObITh 0OOJICe MOJTHOM M TOUYHEe COOTBETCTBOBATh TEKYIeH Bepcuu Sage.)

Cy1mecTBeHHas1 yacTh Sage HanycaHa Ha si3bIKe IporpamMMupoBanust Python, onHako ero 3HaHue He TpeOyeTcs AjIs uTe-
HUS gaHHOTO TocoOwust. Ecim Bl moskenaete y3HaTh Oosbine o Python (04eHb 271eraHTHBIN S3HIK!), CYIIECTBYEeT MHOTO
MpeKpacHbIX (M OECIUIATHBIX) CTOYHUKOB. PyKoBOACTBO 1151 HaunHaowmx Python [PyB] nmepeuncisier MHOXeCTBO Ba-
puanToB. [IJ1s1 IepBOro e 3HAKOMCTBA ¢ Sage AaHHOE MOCOOUe SBJISETCS] OTIIMYHOM OTIIPABHOM TOUYKOM. MTak:

sage: 2 + 2

4

sage: factor (-2007)
=il ¥ 372 *© 223

sage: A = matrix (4,4, range(l6)); A

[0 1 2 3]
[ 4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

sage: factor (A.charpoly())
x"2 * (x*2 - 30*x — 80)

sage: m = matrix(ZZ,2, range(4))
sage: m[0,0] = m[0,0] - 3

sage: m

[-3 1]

[ 2 3]

sage: E = EllipticCurve([1,2,3,4,5]);

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5
over Rational Field

(mpozioypKaeTesl Ha CileyIomel CTpaHHUIIe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
sage: E.anlist (10)
[OI 1/ ll Or _ll _31 OI _11 _31 _3/ _3]
sage: E.rank()
1

sage: k = 1/(sgrt(3)*I + 3/4 + sqrt(73)*5/9); k
36/ (20*sqrt (73) + 36*I*sqrt(3) + 27)

sage: N (k)
0.165495678130644 — 0.0521492082074256*1
sage: N (k,30) # ToumocTb 30 6HT

0.16549568 — 0.052149208*I
sage: latex (k)
\frac{36}{20 \, \sqrt{73} + 36 i \, \sqrt{3} + 27}

>>> from sage.all import *

>>> Integer(2) + Integer(2)
4

>>> factor (-Integer (2007))

-1 * 372 * 223

>>> A = matrix (Integer(4),Integer(4), range (Integer(16))); A
[0 1 2 3]
[ 4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

>>> factor (A.charpoly())
x"2 * (x*2 - 30*x - 80)

>>> m = matrix (ZZ, Integer (2), range (Integer(4)))

>>> m[Integer (0), Integer(0)] = m[Integer (0),Integer(0)] - Integer (3)
>>> m

[-3 1]

[ 2 3]

>>> E = EllipticCurve([Integer (1), Integer(2), Integer (3), Integer (4),Integer(5)1]);
>>> E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5

over Rational Field

>>> E.anlist (Integer (10))

o, 1, i1, 0, =i, =3, 0, =i, =3, =3, =3]

>>> E.rank ()

1

>>> k = Integer(1l)/ (sqgrt (Integer(3))*I + Integer(3)/Integer (4) +._
—sqgrt (Integer (73)) *Integer (5) /Integer(9)); k
36/ (20*sqrt (73) + 36*I*sqrt(3) + 27)

>>> N (k)
0.165495678130644 — 0.0521492082074256*1I
>>> N (k, Integer (30)) # TounocTb 30 6HT

0.16549568 — 0.052149208*1I
>>> latex (k)
\frac{36}{20 \, \sqgrt{73} + 36 i \, \sqrt{3} + 27}

4 Masa 1. BeBepeHue
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1.1

YctaHoBKa

Ecnu Ha Baniem KOMIbIOTEpe HE YCTaHOBJIEH Sage, M Bbl XOTUTE MONPOOOBaTh HEKOTOPhIe KOMaH/Ibl, BOCIIOJIb3YHTECh
9TOH cchUIKOM: http://sagecell.sagemath.org.

PykoBoacTBO 110 ycTaHOBKE Sage MOKHO IIPOCMOTPETh Ha ITIaBHOM CTpaHUIe Sage B pa3zene JoKyMmeHTarmu: [SA] 3nech
MBI IPUBE/IEM JIMIIIb HECKOJIBKO KOMMEHTapHeERB:

1.

1.2

3arpyxeHHblil (pailn ycraHOBKU Sage fABNIseTCsl caMOAOCTaTO4HBIM. To ecTh, XoTs Sage ucnosb3yer Python,
IPython, PARI, GAP, Singular, Maxima, NTL, GMP u T.4., OTIe/IbHOI YCTAHOBKY BhIIIENIEPEYUCIIEHHBIX TAKETOB
He TpeOyeTcs, Tak KaK OHM Yske BKIoueHbl. OIHaKO, 1JIs UCIIOJIb30BAaHMUS HEKOTOPBIX (DYHKIMIA Sage TaKuX, Kak
Macaulay wiu KASH, Bbl IOJKHBI yCTAaHOBUTD TpeOyromuecs (paiiibl WM UMETh COOTBETCTBYIOILHE TPOTrPAMMBI
Ha BallleM KOMIIbIOTepe.

[penBapuTebHO CKOMIMIIMPOBAHHYIO0 OMHAPHYIO BEPCHUIO Sage, KOTOPYIO TaKKe MOXHO HaWTH Ha BeO-caiite, Oy-
JIeT JIerde yCTaHOBHTh, YeM BEpPCUIO B UICXOJHOM Kojie. IIpocTo pacnakyiite M BHIIOJIHUTE Sage.

. Ecnm BH sxenaete ncnonp3oBath nakeT SageTeX, KOTOPBIi MO3BOJISIET BCTABMATH PE3y/IbTAaThl BEIYMCICHNH Sage B

LaTeX daiin, Tpedyetcs caenarh SageTeX uzBectHsiM Baiieit cucreme TeX. [list aToro usyuure cekumio «Make
SageTeX known to TeX» B PykoBojcTse 1o ycraHoBke Sage (JaHHas CChUIKA BEAET K JIOKAJIBHOMY pa3MeLIeHHIO
KOITMM PYKOBOJICTBA 10 YCTAaHOBKE). DTO JIOBOJBHO MPOCTO; BaM IMOHA/IOOMTCST BCETO JIMIIb CKOITMPOBATh OJMH
(paiin B nupekropuio noucka TeX.

JHokymeHTanmisi o ucrofb3oBanuio SageTeX Haxomures B $SSAGE_ROOT/venv/share/texmf/tex/
latex/sagetex/, rae «SSAGE_ROOT» COOTBETCTBYET AUPEKTOPHH, IJie YCTAHOBJIEH caM Sage, HalpuMep,
/opt/sage-9.6.

Pabota B Sage

Pabora B Sage MOXKET OBbITh OCYHIECTBJICHA HECKOJIbKMMMU IyTAMU:

1.3

Notebook (rpacpuueckuii uHTeppeiic): 3anmycTuTe sage —n jupyter; ynrairte
Jupyter documentation on-line,

HHuTepakTHBHAS KOMaHAHAS CTPOKA: CM. HHmepakxmusHas o0oNouKd,

IIporpaMmmsbI: co31aHIE UHTEPIPETUPYEMBIX M KOMITMIIMPYEMBIX IPpOrpaMM B Sage (cM. 3azpyska u npuxpennenue
daiinos Sage u Cozoanue KOMNUAUPOBAHHO2O KOOQ),

CxpunThbI: co3/1aHHE CAMOCTOSTEIIbHBIX CKPUITOB Ha Python, rcnone3ylonux 6ubnuoreku Sage (cM. Camocmo-
smenvivle ckpunmul Python/Sage).

LLenn Sage

ITose3Hblii: npeamnonaraeMas ayJUTOPHs MOJIb30BaTeNIel Sage — 3TO MIKOIBHUKH CTapIIMX KJIACCOB, CTYIEHTHI,
yuuteJs, npogeccopa 1 MaTeMaTHKU-UCcaeAoBaTe . Llesb: IpeaocTaBUTh IporpaMMHOe oOecreueHre, KoTopoe
ObUIO OBl MOJIE3HO JJISI U3YYEHHUsI U MCCIIE/IOBAHMIA C IIOMOIIIBI0 MaTeMaTUYeCKUX KOHCTPYKIMH B anredpe, reo-
METpPUH, TEOPUH YMCEJl, YUCJIEHHBIX BHIYUCICHUSX U T.JI. Sage yrpolaeT MHTEPaKTHBHOE SKCIIEPUMEHTHPOBaHHE
C TIOMOIIIBI0 MATEMATUYECKUX OOBEKTOB.

d dexTuBHblii: Byapre ObICTPBIMU B BHIYUCETHUSX. Sage UCIOJb3yeT BBICOKOOITUMU3MPOBAHHOE MTPOrPaMM-
Hoe obecrieuenvie, kak GMP, PARI, GAP, and NTL, u nostoMy sIBJIsIeTCS1 O4€Hb OBICTPHIM B OIEpAIIUsIX.

CBOOOIHBIN M OTKPHITHIA: VICXOMHBIN KO JOJIKEH OBITh CBOOOHO JOCTYITHBIM, TEM CaMBIM IPEJOCTABIISIS ITOJTb-
30BaTEJISIM BO3MOXKHOCTD ITOHSATH, YTO MMEHHO BBITOJIHAETCA CUCTEMOM, M JIETKO JOIIOJIHATH ee. Tak Xke, Kak U

1.1. YcraHoBKa 5
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MaTeMaTUKH MpuodpeTtaioT Gosee NyOoKoe IIOHUMaHKUe TeOpeMbl, YIIIyOJIssCh B ee JOKa3aTeJbCTBO, JIOAH, Bbl-
TIOJTHAIOIIME BBIYMCIIEHUS, B CUJIaX MOHATh, KaK 3TH BBIYMCIEHUs TPOM3BOAATCSA, IOUNTAB JOKYMEHTHPOBAHHBIN
UCXOIHBII KoJ. Eci BBl MCTIONIB3yeTe BHIYMCIEHHS Sage B CBOMX MyOJIMKAIMsX, BBl MOKETE ObITh YBEPEHBI, UTO
BaIllM YMTaTEU OyIyT BCEra MMETh JJOCTYII K Sage ¥ BCeMY MCXOAHOMY Kofy. BbI Takske MokeTe apXMBHpOBaTh
¥ TIepepacrpeaeaTh UCIOIb3yeMyIo BEpCHIo Sage.

¢ Jlerko KOMIWINPYEMBIil: Sage NOJKHO OBITh JIETKO CKOMITMIIMPOBATH U3 KCXOAHBIX KozoB rog GNU/Linux, OS
X 1 Windows. DTO npeI0oCcTaBUT MOJIb30BATENsIM BO3MOXHOCTh MOAUDUIIMPOBATh U ONTUMU3UPOBATH CUCTEMY
TIO/I CBOM MIPEJIITIOYTEHHSI.

* B3aumopeiictBue: OGecreunTsh NPOCTbIE M HAJIKHBIE MHTEP(EHCHI JIIsI MHOTMX APYTHX CUCTEM KOMIIBIOTEPHOR
anreOpsl, Bkmoyasi PARI, GAP, Singular, Maxima, KASH, Magma, Maple, and Mathematica. Sage co3puan ajis
0O0BbEeUHEHUS U PACIIMPEHUs] BOBMOXHOCTEH CYIECTBYIOIIEro MaTeMAaTUIECKOTO TPOrPAMMHOTO O0eCeUeHHUsI.

¢ Xopomo JOKYMEHTHPOBAHHBIM: Bbl MeeTe OCTYI K yIYeOHOMY MOCOOUIO, PYKOBOJACTBY MO MPOTPaMMHUPO-
BaHMIO, CIIPABOYHOMY PYKOBOJICTBY U how-to, BKJTOUatommye B ceOsl MHOTOUNCIICHHBIE TIPUMEPHI U 00CYK/IeHUE
MaTeMaTHYECKOM MOIOTIICKH.

* Pacmmpsiemplii: OObsBIISIATE HOBBIE TUIIBI IAHHBIX WM PACIIMPSIATE BCTPOESHHBIE, MCIOJIb3YHTE KOJI, HAITUCAH-
HBII BO MHOXECTBE SI3BIKOB.

¢ JIpy:kecTBeHHBIil: Bam Oyner jierko NoHUMaTh (PYHKIIMOHAILHOCTH JTIDOOT0 0OBEKTA, a TAaKkKe MPOCMATPUBATh
JOKYMEHTAIMIO ¥ UCXOHBINA KoJ. Takke MMeliTe B BULY BHICOKUI YPOBEHD IOIEPKKY MOTb30BATEICH.

6 Masa 1. BeBepeHue



FMABA 2

Typ no Sage

JlaHHBIA pa3aen NOKaXeT, 4To JOCTYIHO B Sage. 171 Apyrux npuMepoB cM. «Sage Constructions», Tie HAXOAATCS OTBETHI
Ha JacTo 3a/iaBaeMble Bonpockl. Takxke cM. «CrpaBouHOE pyKOBOACTBO Sage», B KOTOPOM MOXXHO HAalTH THICSUH JIPYTHX
npumepoB. C TaHHOM SKCKypcrel MOXHO paboTaTh MHTEPaKTUBHO, eciv 3amycTuTh Sage Notebook 1 HaxaTh Ha CChUIKY
Help.

(Ecmm ypoku nipocmarpusatotes B Sage Notebook, Haxkmute shift—enter s Toro, 4To0b BHIYUCIHUTS JIIOOYIO STICH-
Ky BBOJa. [lo HaxkaTus coyeTaHus KiIaBuil shift—-enter MOXHO peJaKTHPOBATh TEKCT BBOJA.)

2.1 MNpucesauBaHue, cpaBHeHUe N apudmeTrKa

C HEKOTOPBIMU MCKJTIOUEHUSIMU Sage UCTIONb3YeT sI3BIK MporpaMMupoBanus Python, moatomy MHOrMe KHUTH, 3HAKOMsI-
e ¢ Python, momoryT B u3y4enun Sage.

Sage ucnob3yeT = AJs1 IPUCBauBaHUs. ==, <=, >=, < U > UCIOJb3YIOTCS AJIs CPABHEHMUSI:
sage: a = 5
sage: a

5

sage: 2 == 2
True

sage: 2 == 3
False

sage: 2 < 3
True

sage: a == 5
True

>>> from sage.all import *

>>> a = Integer (5)

>>> a

5

>>> Integer (2) == Integer(2)

(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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(TTpofioJXeHue ¢ MpeabIIyLIer CTPAHHUIIbI)

True

>>> Integer (2) == Integer (3)

False

>>> Integer (2) < Integer (3)

True

>>> a == Integer (5)

True

Sage nmonnepxkuBaet Bce 6a30Bble MATEMATUYECKUE OTIEPALIUH:

sage: 2**3 # ** oB3HavaeT BO3BEeNEeHHE B CTENeHb
8
sage: 273 # B Sage " um ** cuHOHHMEI (B oTaHuHe oOT Python)

8
sage: 10 & 3 #  ngng pgenelx ypcesn % o3HauvaerT mod, T.e. B34THE OCTATKa
1

sage: 10/4

5/2

sage: 10//4 # Ogng penelx uyHcen // o3HadaeT LEeNOUYHCIEHHOE YacTHOoe
2

sage: 4 * (10 // 4) + 10 % 4 == 10

True

sage: 372*4 + 2%5

38

>>> from sage.all import *

>>> Integer (2) **Integer (3) # ** osHayvaeT BO3BeLeHHE B CTEIEeHb

8

>>> Integer (2) **Integer (3) # B Sage ~ um ** CHHOHHMEI (B OTIHYHE OT Python)

8

>>> Integer (10) % Integer (3) # Oad genelx 4YHCEel % o3HauvaeT mod, T.e. B3d4dTHE OocCTaTka
1

>>> Integer (10) /Integer (4)

5/2

>>> Integer (10)//Integer (4) # Ond Lenelx yHcen // o3HadaeT LEelOUYHCIEHHOE YacTHOEe

2

>>> Integer (4) * (Integer (10) // Integer(4)) + Integer(10) % Integer (4) == Integer (10)
True

>>> Integer (3) **Integer (2) *Integer (4) + Integer (2)%Integer(5)

38

Brruncnienne BHIpakeHHs], TAKOTO Kak 3°2*4 + 2%5, MPOU3BOJNTCS B COOTBETCTBUH CO CTAPIIMHCTBOM OIEPAITHid,
KakK OImucaHo B [Ipuopumem OUHAPHBIX apuUMEmu1eckux onepamopos.

Sage Takke MOLIEPKUBAET MHOTUE MaTeMaTHUECKUE (DYHKIIMH:

sage: sqrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqrt (3)

>>> from sage.all import *
>>> sqgrt (RealNumber ('3.4"'))
1.84390889145858

(TIpoosKaeTcs Ha Cleyomel CTpaHHIIe)

8 naBa 2. Typ no Sage
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
>>> sin(RealNumber ('5.135"))
-0.912021158525540
>>> sin (pi/Integer (3))
1/2*sqrt (3)

Kaxk mokaspiBaeT mocieaHuil mpiuMep, HEKOTOpble MaTeMaTHIECKIe BRIPaXKEeHNs BO3BPAIIAIOT ,,TOYHbIE™ BEJIMYNHBI, HO
HE YHUCJIeHHbIe TPUOIMKeHus. [Ijig TOro, 4toObl MOMYYUTh YUCIEHHOE MPUOJIMKEHHE, UCTIOb3yiHTe (DYHKIMIO N WA
MeTon n (00a MMeIoT OoJiee JJIMHHBIE Ha3BaHUS - numerical_approx; ¢GyHKIUsA N - 3TO TO e caMoe, YTO U n).
OHM IPUHUMAIOT He0Os3aTeIbHBIC APTYMEHTHI prec, KOTOPbIHA ONpeesseT KOJMIeCTBO OUTOB TOUHOCTH, 1 digits,
KOTOPBII OIpeieNsieT KOMMIEeCTBO JeCATHYHBIX i p TouHOCTH. [lo yMomdaHmIo, IpuMeHsieTcss 53 6iTa TOYHOCTH.

sage: exp(2)

en2

sage: n(exp(2))

7.38905609893065

sage: sqgrt (pi) .numerical_approx ()
1.77245385090552

sage: sin(10) .n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx (pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

>>> from sage.all import *

>>> exp (Integer (2))

er2

>>> n(exp (Integer(2)))

7.38905609893065

>>> sqgrt (pi) .numerical_approx ()
1.77245385090552

>>> sin(Integer (10)) .n(digits=Integer (5))
-0.54402

>>> N(sin(Integer (10)),digits=Integer (10))
-0.5440211109

>>> numerical_approx(pi, prec=Integer (200))
3.1415926535897932384626433832795028841971693993751058209749

Python HNMEECT ILI/IHaMI/l‘leCKI/lf/i KOHTPOJIb TUIIOB, TaK 4YTO 3HAYCHUE, Ha KOTOPOE CChLIACTCA NEPEMEHHAA, UMECT THUII,
CBSI3AHHBIA C HUM. O)lHaKO, JaHHaA MEpeEMEHHasdA MOXKET COACPIKATb 3HAYCHUE JII00Oro TUIIA U3 SI3bIKA PythOl’lI

sage: a = 5 # a — pgemoe 4YHCIO

sage: type(a)

<class 'sage.rings.integer.Integer'>

sage: a = 5/3 # remepr a — pagHOHATbHOE UYHCIO
sage: type(a)

<class 'sage.rings.rational.Rational'>

sage: a = 'hello' # Temepr a — cTpoxa
sage: type(a)
<... 'str'>

>>> from sage.all import *

>>> a = Integer (5) # a — gemoe UYHCIO
>>> type(a)

<class 'sage.rings.integer.Integer'>

(mpopoypKaeTes Ha CileyIomel CTpaHHUIIe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
>>> a = Integer (5)/Integer(3) # remepp a — payHOHAIbHOE YHCIIO
>>> type (a)
<class 'sage.rings.rational.Rational'>
>>> a = 'hello' # remepr a — crpoka
>>> type (a)
€ooo 'BEEYE

S3pIK C, KOTOpLIIjl HAMEET CTAaTUYECKUI KOHTPOJIb TUIIOB, CYIIECTBEHHO OTJIMYACTCS; IEPEMCHHAS, 00bSBJIEHHAS KaK e-
JIO€ YUCJIO, MOKET COAEPIKATH TOJIbKO LEJI0C YUCIIO.

2.2 ony4yeHue noMoLUHU

B Sage ectb ncuepnbiBaoIasi BCTPOEHHAs JJOKYMEHTAIMs, K KOTOPOH MOKHO IOJIy4UThb JOCTYII, HareyaTas uMs (pyHK-
LM WJIA KOHCTAHTBHI C MOCJIEIYIOIIMM BOIPOCUTEILHBIM 3HAKOM:

sage: tan?

Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )
Docstring:

The tangent function

EXAMPLES :
sage: tan (pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)

1
sage: tan(1/2)
tan(1/2)

sage: RR(tan(1/2))
0.546302489843790
sage: log2?

Type: <class 'sage.functions.constants.Log2'>
Definition: 1log2( [noargspec] )
Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float (log2)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: 1 = (1-1log2)/ (1+log2); 1

(IpoJoJIKaeTCs Ha CeAyIoIel CTpaHuLe)
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(TTpofioJXeHue ¢ MpeabIIyLIer CTPAHHUIIbI)
(1 - log(2))/(log(2) + 1)
sage: R(1)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima (log2)

log(2)

sage: maxima (log2) .float ()

.6931471805599453

sage: gp(log2)

0.6931471805599453094172321215 # 32-bit

0.69314718055994530941723212145817656807 # 64-bit
sage: sudoku?

File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>

Definition: sudoku (A)

Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE :

sage: A = matrix(zz,9,[(5,0,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,
@,3,0, 0,6,7, 3,0,0, 0,0,4, 1,5,0, 0,0,0, 0,0,0, ©,0,0, 2,0,8, 0,0,0,
60,0,0, 0,0,0, 0,2,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,
©,0,0, 4,9,0, 0,5,0, 0,0,3]1)

sage: A

[5000 800 4 9]

[0005000 3 0]

[0 6730000 1]

[1 5000000 0]

[000 20800 0]

[00O0O0O0O0O01 8]

[7 0000415 0]

[0 3000200 0]

[4 9005000 3]

sage: sudoku (A)

[51 368724 9]

[84 95216 3 7]

[2 673 4958 1]

[1 58406 397 2]

[97 42183 6 5]

[32 6 79541 8]

[7 82 93415 6]

[6 3517 28 9 4]

[4 91856 72 3]

>>> from sage.all import *
>>> tan?

Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )
Docstring:

The tangent function

EXAMPLES :
>>> tan (pi)
0
>>> tan (RealNumber ('3.1415"))

(pooIIKaeTCst Ha CISAYIOIIEH CTPAHHULIE)
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(IPOJOJIKEHHE C MPEbIIYIIEH CTPaHULIBI)

-0.0000926535900581913

>>> tan (RealNumber ('3.1415") /Integer (4))
0.999953674278156

>>> tan (pi/Integer (4))
1

>>> tan (Integer (1) /Integer(2))
tan(1/2)

>>> RR(tan (Integer (1) /Integer(2)))
0.546302489843790

>>> log2?

Type: <class 'sage.functions.constants.Log2'>
Definition: 1log2( [noargspec] )
Docstring:

The natural logarithm of the real number 2.

EXAMPLES :
>>> log2
log2
>>> float (log2)
0.69314718055994529
>>> RR(log2)
0.693147180559945
>>> R = RealField(Integer (200)); R
Real Field with 200 bits of precision
>>> R(log2)
0.69314718055994530941723212145817656807550013436025525412068
>>> 1 = (Integer(l)-log2)/(Integer(1l)+log2); 1
(1 - log(2))/(log(2) + 1)
>>> R (1)
0.18123221829928249948761381864650311423330609774776013488056
>>> maxima (log2)
log(2)
>>> maxima (log2) .float ()
.6931471805599453
>>> gp (log2)
0.6931471805599453094172321215 # 32-bit
0.69314718055994530941723212145817656807 # 64-bit
>>> sudoku?

File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>

Definition: sudoku (A)

Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE :
>>> A = matrix (ZZ, Integer (9), [Integer (5), Integer(0), Integer(0), Integer(0),Integer(8),
—Integer(0), Integer(0),Integer(4),Integer(9), Integer(0),Integer (0),Integer(0),_
—Integer (5), Integer (0), Integer (0)

) 4
°,3,0, 0,6,7, 3,0,0, 0,0,4, i1,5,0, ©,0,0, 0,0,0, ©,0,0, 2,0,8, 0,0,0,
0,0,0, 0,0,0, 0,21,8, 7,0,0, 0,0,4, 1,5,0, ©,3,0, 0,0,2,
0,0,0, 4,9,0, 0,5,0, 0,0,31)
>>> A

[5 000800 4 9]

[000O5000 3 0]

[06 73 0000 1]

(IpoJoJKaeTCs Ha CeAyIOIIer CTpPaHULEe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

[L 5000000 0]
[000 20800 0]
[000O0O0O0O01 8]
[7 0000415 0]
[03000200 0]
[4 9005000 3]
>>> sudoku (A)
[51 36872 409]
[84 95216 3 7]
[2 67 34958 1]
[1 5846 397 2]
[9 742 18 3 6 5]
[326 79541 8]
[7 82 934105 6]
[6 351 7 2 89 4]
[4 91856 72 3]

Sage Takxke MpeoCcTaBisieT BOZMOXHOCTD ,, ABTO3aBEpILICHH: HalleyaTanTe HECKOJIBbKO MepBbIX OYKB Ha3BaHUs (PYHK-
uu 1 HaxMuTe TAB. Hampumep, eciu HamevataTh ta U Haxath TAB, Sage BeiBedeT tachyon, tan, tanh,
taylor. [laHHas (DyHKIMS SIBJISIETCSA XOPOIIMM CIOCOOOM MOMCKA MMeH (DYHKIIA WM APYTUX KOHCTPYKIMI B Sage.

2.3 DYHKUMKU, OTCTYMNbI U CYUETYUKUN

J171s1 TOTO, YTOOBI ONpEeNenTh (PYHKLIMIO B Sage, UCNoNb3yiiTe KoMaHy de £ ¥ JBOETOUHME ITOCIIe CITUCKA UMEH TlepeMeH-
HBIX:

sage: def is_even(n):
e return n%2 ==
sage: is_even (2)

sage: is_even(3)

>>> from sage.all import *
>>> def is_even(n):

o o return n%Integer (2) == Integer (0)

>>> is_even (Integer (2))

True

>>> is_even (Integer (3))

False

3ameTka: B 3aBucuMocT# ot BEepcuun y'ICGHOFO nocodus Ha BTOpOﬁ CTPOKE ITOro npumepa MOKHO YyBUICTb . . . . :. He

revaTamnTe HUX, TaK KaK OHU CJIYXKaT JIMIIb 4] TOro, 4TOOBI IIOKA3aTh OTCTYIIbI B KOZE.

He ompenensiite TUNOB aprymMeHToB. MOKHO ONpPEAEIUTh HECKOJIBKO BUIOB BBOJA, apTYMEHTHI KOTOPBIX MOT'YT UMETh
3HAYeHH 110 yMordanuo. Hamprvep, (byHKIMSA B ClieIyIoleM MpuMepe UCoib3yeT divisor=2, ecmm divisor He
3aJaH.

sage: def is_divisible_by (number, divisor=2):
et return number%divisor ==

sage: is_divisible_by (6,2)

sage: is_divisible_by (6)

(IpoJoJIKaeTcs Ha CeAyIOIIel CTpPaHULEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
sage: is_divisible_by (6, 5)
False

>>> from sage.all import *
>>> def is_divisible_by (number, divisor=Integer (2)):

.. return number%divisor == Integer (0)
>>> is_divisible_by (Integer (6), Integer (2))
True

>>> is_divisible_by (Integer (6))

True

>>> is_divisible_by (Integer (6), Integer(5))
False

Tax:ke MOXHO 3a/laBaTb BBOAHBIC JAHHBIC B ABHOM BHUJE IIPU BbI3OBC (l)yHKLlI/II/I. Ecmm 3a/JaBaTb NapaMeTpbl ABHO, TO
TMOPAOOK HE BaXKEH:

sage: is_divisible_by (6, divisor=5)

False

sage: is_divisible_by (divisor=2, number=6)
True

>>> from sage.all import *

>>> is_divisible_by (Integer (6), divisor=Integer (5))

False

>>> is_divisible_by (divisor=Integer (2), number=Integer (6))
True

B Python 6;10k1 Ko He OTAEIAIOTCS (DU pHBIMU CKOOKaMU WM APYTUMHU 0003HAYEHUAMH, KaK B APYTUX sA3bIKax. Bme-
CTO 3TOTr0 UCHOJB3YIOTCSA OTCTYNBL. Hampumep, ciefyroiee BbIAACT CHHTAKCUYECKYIO OIIMOKY, TaK Kak Iepe] return
HET TaKOTo ke KOJMYECTBA OTCTYIOB, KaK B MPEAbIAYIIIX CTPOKaX.

sage: def even (n):
50008 v = []
e for i in range(3,n):
5000 & if i $ 2 == 0:
5000 v.append (i)
50008 return v
Syntax Error:

return v

>>> from sage.all import *
>>> def even(n):
v = []
for i in range (Integer(3),n):
if i $ Integer(2) == Integer(0):
v.append (1)
. return v
Syntax Error:
return v

Ecnu noGaButh OTCTYIIBI, (PYHKIMS OyaeT paboTath:

sage: def even (n):
5000 & v = []
e for i in range(3,n):
(IpoJoJIKaeTCs Ha CeAyIOIIel CTpPaHULEe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
e if i & 2 ==
e v.append (i)
50008 return v
sage: even(10)
[4, 6, 8]

>>> from sage.all import *
>>> def even(n):

v = []

for i in range (Integer(3),n):

if 1 % Integer(2) == Integer(0):
v.append (i)

.. return v
>>> even (Integer (10))
[4, 6, 8]

Toukw ¢ 3ansaToN He HYXHbI Ha KOHIIaX CTPOK. Moxuo PacCroJIOKUTh HECKOJIbKO yTBep)K,I[CHI/Iﬁ Ha OHHOﬁ CTPOKE, OTAEC-
JICHHBIX TOUKAMM C 3aIISITOM:

sage: a = 5; b=a + 3; ¢c = Db"2; c
64

>>> from sage.all import *
>>> a = Integer(5); b = a + Integer(3); c
64

b**Integer(2); c

Ecnm tpebyeTcst pacnoyioXUTh CTPOKY KOJa Ha HECKOJIBKUX CTPOKAX, MCTIONB3YHTE \:

>>> from sage.all import *
>>> Integer (2) + Integer (3)
5

B Sage cuyeTunky MPOM3BOIAT UTEPALIUH TT0 MHTEPBAITY LIeJbIX uncest. Hanprmep, nepBast CTpoUKa B IpUMeEpe O3HAYAeT
TO e caMoe, 4to for (1=0; 1<3; i++) B C++ uwmm Java:

sage: for i in range(3):
e print (i)

>>> from sage.all import *
>>> for i in range (Integer(3)):
print (i)

[EN

IlepBas crpouka B cieayoLIeM IpUMepe SKBUBAJIEHTHA for (1=2; 1<5;i++).

2.3. DYHKUMKU, OTCTYMbI U CHETYUKN 15




Sage Tutorial in Russian, Bbeinyck 10.5

sage: for i in range(2,5):
e print (i)

>>> from sage.all import *
>>> for i1 in range (Integer (2), Integer(5)) :
print (1)

Tpetuii aprymeHT 3agaet mar. Ciiegyioliee SKBUBANEHTHO for (1=1;1<6; 1+=2).

sage: for i in range(1,6,2):
e print (i)

>>> from sage.all import *
>>> for i in range (Integer (l),Integer (6),Integer(2)):
print (i)

w

Yacro TpebyeTcst co3math TaOIUIL UIs BHIBOJA YKCEN, IOCYUTAHHBIX B Sage. JIerkuii croco6 — HCoab30Bate (op-
MaTupoBaHue cTpok. Hirke co3maercst Tabauua ¢ Tpemsi CToI0LamMu [HPUHON 6, cofepikaiias Tabiuily KBagpaToB U
KyOOB:

sage: for i in range(5):

print ('%6s 26s $6s' % (i, 172, 173))
0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

>>> from sage.all import *
>>> for i in range (Integer(5)):
print ('%6s %6s %6s' % (i, 1**Integer(2), i**Integer(3)))

0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

CambIM 6a30BBIM THIIOM JAaHHBIX B Sage ABJIACTCA CITUCOK — Ha6op Ppas3IMYHbIX 0OBEKTOB. HaanMep, KOMaHJa range
CO31acCT CIIMCOK:

sage: list (range(2,10))
(2, 3, 4, 5, 6, 7, 8, 9]

16 Maea 2. Typ no Sage




Sage Tutorial in Russian, Bbinyck 10.5

>>> from sage.all import *
>>> list (range (Integer(2),Integer (10)))
(2, 3, 4, 5, 6, 7, 8, 9]

Janee nokasaH npumep 0oJiee CI0KHOTO CITHCKA:

sage: v = [1, "hello", 2/3, sin(x"3)]
sage: Vv
[1, 'hello', 2/3, sin(x"3)]

>>> from sage.all import *

>>> v = [Integer(l), "hello", Integer(2)/Integer(3), sin(x**Integer (3))]
>>> v

[1, 'hello', 2/3, sin(x"3)]

I/IHHCKCLI B CIIMCKE HAYMHAIOTCA C HYJIA, KaK BO MHOT'UX fA3BbIKAX MPOrpaMMHUPOBAHUA.

sage: v[0]

1
sage: Vv[3]
sin (x"3)

>>> from sage.all import *
>>> v[Integer (0)]

1

>>> v[Integer (3)]

sin (x"3)

Hcrnonp3yiite len (v) Ui TOro, YTOOBI MOJMYYUTh JIMHY V; v .append (ob7j) Ui TOro, YroObl J0OABUTH HOBBIN
OOBEKT K KOHIly v,udel v[i], 4TOOBI YIQIUTD - SJIEMEHT U3 V:

sage: len (v)

4
sage: v.append(1.5)
sage: v

[1, 'hello', 2/3, sin(x”3), 1.50000000000000]
sage: del v[1]

sage: v

[1, 2/3, sin(x"3), 1.50000000000000]

>>> from sage.all import *
>>> len (v)

>>> v.append(RealNumber ('1.5"))

>>> v

[1, 'hello', 2/3, sin(x"3), 1.50000000000000]
>>> del v[Integer (1)]

>>> v

[1, 2/3, sin(x”3), 1.50000000000000]

Jlpyro¥i oueHb BaXKHBII TUI JaHHBIX — CJIOBaph (WJIM acCOIMATUBHBINA MaccuB). OH paboTaeT, KaK CIHCOK, HO MOXKET
OBITh MH/IEKCUPOBAH MOYTHU JIIOOBIM 0OBEKTOM (MHAEKCHI JOJKHBI OBITh HEM3MEHUMbIMH):

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']
=2

(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
sage: dle]
pi

>>> from sage.all import *

>>> d = {'hi':-Integer(2), Integer (3) /Integer (8) :pi, e:pi}
>>> d['hi']

=2

>>> d[e]

pi

Takke MOXXHO ONpeIeSITh HOBBIH THIT JAHHBIX C MCTIOJIb30BAaHNEM KJIacCOB. MIHKarncyIMpoBaHie MaTeMaTHIeCKUX 00b-
€KTOB B KJIaCCaX — 3TO MOIIHAsA TEXHUKA, KOTOpas MOKET IIOMOYb YIIPOCTUTh U OPraHU30BaTh IPOrpaMMEl B Sage.
Huxe nokasan rpumep Kijiacca, KOTOPbIA COCTOUT U3 CIMCKA MOJIOKUTENIBHBIX YETHBIX LIEJIBIX YKCEN JI0 15 OH MOJIyueH
13 BCTPOEHHOIO THMa 1ist.

sage: class Evens(list):

e def _ init_ (self, n):

50008 self.n = n

e list.__init__ (self, range(2, n+l, 2))
e def _ repr (self):

50008 return "Even positive numbers up to n."

>>> from sage.all import *
>>> class Evens (list):

def _ init_ (self, n):

self.n = n

list.__init__ (self, range(Integer(2), n+Integer(l), Integer(2)))
def _ repr (self):

return "Even positive numbers up to n."

Meton ___init__ BbI3bIBAETCS /AJIs1 UHUIMAIM3AIMU OOBEKTA IPH €ro CO3[AHUN; METO/l ___repr__ BHIBEJET BCe 00b-
eKTbl. KOHCTpYKTOp CrMcKa BbI3bIBAETCSI BO BTOPOU CTpoYKe Metosia ___init_ . OObekT kiacca Evens co3aercs B
CJIeAyIOIIEM BUJIE:

sage: e = Evens (10)
sage: e
Even positive numbers up to n.

>>> from sage.all import *
>>> e = Evens (Integer (10))

>>> e

Even positive numbers up to n.

3ameTbTe, YTO € BHIBOJMTCS C IOMOIIBIO METO/la __ repr
ucnosbp3yiTe pyHKIMIo 1ist:

, KOTOPBIH ObLT 3a1aH HaMu. IJ1s1 IpOCMOTpa CIMCKa YHCeT

sage: list (e)
[2, 4, 6, 8, 10]

>>> from sage.all import *
>>> list (e)
[2, 4, 6, 8, 10]

MoxHo 06paTI/IT]>CH K anI/I6yTy N WM UCIIOJIb30BaTh € KakK CIIMCOK.
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sage: e.n
10
sage: e[2]

>>> from sage.all import *
>>> e.n

10

>>> e[Integer(2)]

6

2.4 basoBas anrebpa u BblUMCIEHUS

Sage MOKeT OCyIIEeCTBIIATh BHIUMCIIEHHS TaKue, KaK MOUCK pelleHuil ypaBHeHuH, quddepeHIrpoBaHue, UHTETpUpoBa-
HUe 1 npeodpaszoBanus Jlarutaca. Cm. Sage Constructions , rae cofepkaTcst IpuMepél.

2.4.1 PeweHune ypaBHEHUN

TouHoe pelueHMe ypaBHEeHUN

Oynkima solve pemaer ypaBHeHUs. 111 ee NCTIONB30BaHMS CHavYajla HY)KHO OINPEENIUTh HEKOTOPBIE TIEPEMEHHBIE;
aprymMeHTamu Ui solve OyAyT ypaBHeHHe (WM CHCTEMa ypaBHEHWH) U MEepeMeHHbIe, 7Sl KOTOPbIX HyXKHO HaWTH
peleHue:

sage: x = var('x"')
sage: solve(x"2 + 3*x + 2, x)
[x == -2, x == -1]

>>> from sage.all import *

>>> x = var('x")

>>> solve (x**Integer (2) + Integer(3)*x + Integer(2), Xx)
[x == -2, x == -1]

Mo3kHO pelath ypaBHEHHs J1J1s1 OJHOW IepeMEHHON uepe3 Apyrue:

sage: x, b, ¢c = var('x b c¢'")
sage: solve([x"2 + b*x + ¢ == 0], x)
[x == -1/2*b - 1/2*sqrt (b"2 - 4*c), x == -1/2%b + 1/2*sqrt (b"2 - 4*c)]

>>> from sage.all import *

>>> x, b, ¢ = var('x b c¢")

>>> solve ([x**Integer(2) + b*x + c == Integer(0)],x)

[x == -1/2*b - 1/2*sqrt (b"2 - 4*c), x == -1/2*b + 1/2*sqgrt (b"2 - 4*c)]

Takke MOXHO peliaTh ypaBHEHUS C HECKOJIbKAMHU IIEPEMEHHBIMU:

sage: x, y = var('x, y'")
sage: solve([xty==6, x-y==4], X, y)
[[x == 5, y == 1]]
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>>> from sage.all import *

>>> %, y = var('x, y')
>>> solve ([xt+ty==Integer (6), x-y==Integer(4)], %, V)
[[x == 5, v == 1]]

CJ'ICIIYIOH_II/Iﬁ IIPUMEDP NMOKA3bIBACT, KaK Sage pemacT CUCTEMY HEJIMHEHHBIX ypaBHeHHﬁ. 15 Havana cucrema pemacTcs
CHMBOJIBHO:

sage: var('x y p q')

(2, ¥, P, 9

sage: eql = ptg==

sage: eq2 = q*ytp*x==-6
sage: eg3 = gq*y 2+p*x"2==24

sage: solve([egl,eq2,eq3,p==1]1,p,q,X%,Y)
[[p ==1, g ==8, x == -4/3*sqrt (10) - 2/3, y == 1/6*sqrt(10) - 2/31, [p == 1, g == §,
— X == 4/3*sqrt (10) - 2/3, y == —-1/6*sqrt (10) - 2/3]]

>>> from sage.all import *

>>> var('x y p q')

(%, vy, Py 9@

>>> eql = ptg==Integer (9)

>>> eq2 = g*ytp*x==-Integer (6)

>>> eg3 = g*y**Integer (2)+p*x**Integer (2)==Integer (24)

>>> solve([eqgl,eq2,eq3,p==Integer(1l)],p,d9,%,Y)

[[p == 1, g == 8, x == -4/3*sqrt(10) - 2/3, y == 1/6*sqrt(10) - 2/3], [p == 1, g == 8,
— x == 4/3*sqrt (10) - 2/3, y == -1/6*sqrt (10) - 2/3]1]

,H.IIS[ l'IpI/I6J'[I/I)KeHHI)IX 3HAYEHUI peuieHu A MOXKHO UCTIOJIb30BATh:

sage: solns = solve([eqgl,eq2,eq3,p==11,p,d,%x,y, solution_dict=True)
sage: [[s[p].n(30), s[g]l.n(30), s[x].n(30), s[yl.n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.139620391,

[1.0000000, 8.0000000, 3.5497035, -1.19371291]

>>> from sage.all import *

>>> solns = solve([eql,eq2,eq3,p==Integer(1l)],p,d,%X,y, solution_dict=True)
>>> [[s[p].n(Integer(30)), slgl].n(Integer(30)), s[x].n(Integer(30)), sly].
—n (Integer(30))] for s in solns]

[[1.0000000, 8.0000000, —-4.8830369, -0.13962039],
[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

(®yHKIMS n BRIBEIET MPUOMMKEHHOE 3HAYCHHE. APTYMEHTOM TSI JAHHOM (DYHKIIUH SIBIISIETCS KOJTMIECTBO OMTOB TOY-
HOCTH)

YucneHHoe pelueHne ypaBHeHUN

Bo mHorux ciy4asix ¢pyHKIMsA solve He CocoOHA HAUTH TOYHOE pellieHue ypaBHeHus. BMecTo Hee MOXHO UCHOJTb-
30Bath (pyHKIMIO find_root IS HaXOXIEHUSA YMCIEHHOro pemieHus. Hanmpumep, solve He BO3BpaIaeT HHYEro
CYILIECTBEHHOTO IS CJIEAYIOLIETO YPABHEHUS:

sage: theta = var('theta')
sage: solve(cos (theta)==sin(theta), theta)
[sin(theta) == cos(theta)]
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>>> from sage.all import *

>>> theta = var('theta')

>>> solve (cos (theta)==sin(theta), theta)
[sin (theta) == cos(theta)]

C npyroii cTopons! (pyHKIMA £ind_root MOKET UCIOJb30BATHCSA [JIsl PEIIEHMs] BBILIEYKA3aHHOTO TIPUMEpPA B UHTEP-
Bane 0 < ¢ < 7/2:

sage: phi = var('phi')
sage: find_root (cos (phi)==sin(phi),0,pi/2)
0.785398163397448...

>>> from sage.all import *

>>> phi = var('phi')

>>> find_root (cos (phi)==sin (phi), Integer (0),pi/Integer (2))
0.785398163397448. ..

2.4.2 OndppepeHumnpoBsaHue, MUHTEerpuposaHume U T.4.

Sage ymeer nuddepeHInpoBaTh U HHTErpupoBaTh MHOrke (pyHKIwU. Harpumep, uist Toro, 4to0s! mpoauddepeHimpo-
BaTh sin(u) MO MepeMeHHOM u, TpedyeTcst:

sage: u = var('u')
sage: diff (sin(u), u)
cos (u)

>>> from sage.all import *

>>> u = var('u')
>>> diff (sin(u), u)
cos (u)

Jl1s mojicueTa YeTBEPTOi MPOM3BOAHOM pyHKIMY sin(x?) Ha1o:

sage: diff (sin(x"2), x, 4)
16*x"4*sin (x"2) — 48*x"2*cos (x"2) - 12*sin(x"2)

>>> from sage.all import *
>>> diff (sin(x**Integer(2)), x, Integer(4))
16*x"4*sin (x"2) - 48*x"2*cos (x"2) - 12*sin(x"2)

JI1 HaxOk/IEHUs YaCTHBIX TIPOM3BO/IHBIX, KAk, Harpumep, s GyHkimu 2 + 17y 1o = 1 y COOTBETCTBEHHO:

sage: x, y = var('x,y")
sage: f = x"2 + 17*y"2
sage: f.diff (x)

2752

sage: f.diff (y)

34*y

>>> from sage.all import *

>>> x, y = var('x,y'")

>>> f = x**Integer(2) + Integer(1l7)*y**Integer (2)
>>> f.diff (x)

2% 5%

(poJoJIKaeTcs Ha CeAyIolel CTpaHuLEe)

2.4. basoBag anrebpa n BblUNC/IEHUSA 21




Sage Tutorial in Russian, Bbeinyck 10.5

(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

>>> f.diff (y)
34*y

o .. . 1
Tenepb HaiifIéM MHTErPAIbL: ¥ OLIPe/e/eHHbIe, 1 HeonpeaeenHsie. Hanpumep, [z sin(z?) dz u fo m de

sage: integral (x*sin(x"2), x)
-1/2*cos (x"2)

sage: integral (x/(x"2+1), x, 0, 1)
1/2*1log(2)

>>> from sage.all import *

>>> integral (x*sin (x**Integer (2)), x)

-1/2*cos (x"2)

>>> integral (x/ (x**Integer (2) +Integer (1)), x, Integer(0), Integer(l))
1/2*1og(2)

T HaXOKJIeHUsI Pas3JIoXKeHUsI Ha MTPOCThIe APOOU JUTst ﬁ HYXHO CIIeJIaTh ClleIytomee:

sage: f = 1/ ((1+x)*(x-1))
sage: f.partial_fraction (x)
-1/2/(x + 1) + 1/2/(x - 1)

>>> from sage.all import *

>>> f = Integer(1l)/((Integer (1)+x)* (x-Integer(1l)))
>>> f.partial_fraction (x)

-1/2/(x + 1) + 1/2/(x - 1)

2.4.3 PeweHune pudphepeHumanbHbIX ypaBHEHUN

Sage MOXET UCIIOJIB30BATCS IS peleHus auddepeHIraIbHbIX ypaBHenuid. s pemenus ypasuenus ©’ +x — 1 = 0
ClIeIaeM ClIeTyIoLIee:

sage: t = var('t"') # ompenenenue NEepPeMeHHOH t Oad CHMBOJbHBEIX BBIUHCIEHHH
sage: x = function('x') (t) # ompeneneHHe (QYHKIHH X 3aBHCHIEH OT t

sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + e”t)*e” (-t)

>>> from sage.all import *

>>> t = var('t') # omnpeneneHHe MNEepPEeMeHHOH t nad CHMBOIbHBIX BBEIUHCIEHHH
>>> x = function('x') (t) # onpeneneHHe (QYHKIOHH X 3aBHCIHmEH OT t

>>> DE = diff(x, t) + x - Integer(l)

>>> desolve (DE, [x,t])

(_C + e”t)*e”(-t)

Ilnst 3TOrO MCnoJb3yercss uHtepderic Maxima [Max], mo3TOMy pe3y/IbTaT MOXKET OBbITh BBIBEICH B BHJE, OTIMYHOM OT
00BIYHOTO BBIBOJIA Sage. B maHHOM ciiydae ofliee pelieHue JUist JaHHOro auddepeHIaibHoro ypapeHus - x(t) =
e (et + O).

Tpeobpaszopanus Jlammaca Takke MOTyT ObITh BhrumcieHbl. [IpeoOpasoBanue Jlamaca mis t2e! — sin(¢) Beraucsercs
CIIe oMM 00pa3oM:
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sage: s = var("s")

sage: t var ("t")

sage: f = t"2%exp(t) - sin(t)
f
2

sage: .laplace(t, s)
-1/(s”2 + 1) + 2/(s - 1)"3

>>> from sage.all import *

>>> s = var("s")
>>> t = var("t")
>>> f = t**Integer (2)*exp(t) - sin(t)

>>> f.laplace (t,s)
-1/(s"2 + 1) + 2/(s - 1)"3

IMpuBenem Gonee cnoxHbN MpuMep. OTKIOHEHUE OT MOJIOKEHHUsT PABHOBECHUSI JUIsl TAPbl MIPYXKUH, IPUKPEIUICHHBIX K
CTEHE ClleBa,

[—————= \N/\/\/\/\-——|maccal|-——-\/\/\/\/\/-———|macca2 |

npyxuHal NpyXuHa?z2

MOJKET OBITh IPEACTaBJICHO B BUIE ,HI/Iq)(i)epCHIII/IEUILHbIX ypaBHeHI/Iﬁ BTOPOT'0O MOpAIAKa
maxy + (ki + ka)z1 — kawa =0
mgwg + kQ(iL’Q — 1'1) = 0,

e m; - 9T0 Macca O0BEKTa i, T; - TO OTKJIOHEHHE OT MOJIOKEHUSI PaBHOBECUSI MacCHl 7, a k; - 9TO KOHCTaHTa IS
IIPYKUHBI i.

Ipumep: Ucnoss3yiite Sage JUist BbIIEYKA3aHHOTO TpuMepa ¢ my = 2, mg = 1, k1 = 4, ko = 2, 21(0) = 3,
21(0) =0, 22(0) = 3, 25(0) = 0.

Pemenne: Hago Haiitu npeoOpasosanue Jlaruiaca nepBoro ypaBHeHHs (C yCIIOBHEM & = T1, Y = X2):

sage: del = maxima ("2*diff(x(t),t, 2) + 6*x(t) — 2*y(t)")

sage: ldel = del.laplace("t","s"); ldel.sage()

2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -
< 2*D[0] (x) (0)

>>> from sage.all import *

>>> del = maxima ("2*diff(x(t),t, 2) + 6*x(t) — 2*y(t)")
>>> 1ldel = del.laplace("t","s"); ldel.sage()
2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -

— 2*D[0] (x) (0)

JlaHHBIH pe3yJIbTaT TSKEJIO YMTaeM, OJHAKO JTOJDKEH OBITb MIOHAT KaK
—22'(0) + 2% - X(s) — 252(0) — 2Y'(5) +6X(s) =0

Haiinem npeo6paszoBanue Jlaruiaca 11t BTOpOro ypaBHEHHSI:

sage: t,s = SR.var('t,s'")

sage: x = function('x')

sage: y = function('y')

sage: f = 2*x(t).diff(t,2) + 6*x(t) - 2*y(t)

sage: f.laplace(t,s)

2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -

— 2*D[0] (x) (0)
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>>> from sage.all import *

>>> t,s = SR.var('t,s"')

>>> x = function('x")

>>> y = function('y"')

>>> f = Integer (2)*x(t).diff (t,Integer(2)) + Integer (6)*x(t) - Integer(2)*y(t)

>>> f.laplace(t, s)

2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -
— 2*D[0] (x) (0)

Pesynprar:
~Y'(0) + s?Y (s) + 2Y(s) — 2X (s) — sy(0) = 0.

Bcrasum HavanbHble yenoeust st (0), 2(0), y(0) u ¢/ (0), n petnm ypaBeHust:

sage: var('s X Y')

(s, X, Y)
sage: eqns = [(2*s"2+6) *X-2*Y == 6*s, —-2*X +(s"2+2)*Y == 3*s]
sage: solve(egns, X,Y)
[[X == 3*(s"3 + 3*s)/(s"4 + 5*s72 + 4),
Y == 3*(s"3 + 5*s) /(s + 5*s72 + 4)]]

>>> from sage.all import *
>>> var('s X Y')
(s, X, Y)
>>> eqns = [(Integer (2)*s**Integer (2)+Integer (6))*X-Integer(2)*Y == Integer(6)*s, -
—Integer (2) *X +(s**Integer (2)+Integer (2))*Y == Integer (3) *s]
>>> solve (eqgns, X,Y)
[[X == 3*(s"3 + 3*s)/(5%4 + 5*s"2 + 4),

Y == 3*(s"3 + 5*s)/ (s + 5*s72 + 4)]]

Tenepb HPOI/I3BC)léM O6paTHOC npeo6pa3OBaHHe Jlannaca 11 HaXOXJIeHUsT OTBETA:

sage: var('s t')

(s, t)

sage: inverse_laplace((3*s”3 + 9*s)/(s”4 + 5*s"2 + 4),s,t)
cos (2*t) + 2*cos (t)

sage: inverse_laplace((3*s"3 + 15*s)/(s”4 + 5*s"2 + 4),s,t)
—cos (2*t) + 4*cos(t)

>>> from sage.all import *

>>> var('s t')

(s, t)

>>> inverse_laplace ((Integer (3) *s**Integer (3) + Integer(9)*s)/(s**Integer (4) +._
—Integer (5) *s**Integer(2) + Integer(4)),s,t)

cos (2*t) + 2*cos (t)

>>> inverse_laplace ((Integer (3) *s**Integer (3) + Integer (15)*s)/(s**Integer (4) +_
—Integer (5) *s**Integer(2) + Integer(4)),s,t)

—cos (2*t) + 4*cos (t)

Hrak, oTBeT:
x1(t) = cos(2t) + 2cos(t), xo(t) = 4cos(t) — cos(2t).

Fpa(pm( JJ1 OTBETA MOXET OBITH TMOCTPOCH MapaMETPUICCKU, UCTIOIb3YyA
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sage: t = var('t"')

sage: P = parametric_plot ((cos(2*t) + 2*cos(t), 4*cos(t) - cos(2*t) ),
e (t, 0, 2*pi), rgbcolor=hue(0.9))

sage: show (P)

>>> from sage.all import *
>>> t = var('t"')
>>> P = parametric_plot ((cos(Integer(2)*t) + Integer (2)*cos(t), Integer(4)*cos(t) —.
—cos (Integer (2) *t) ),
(t, Integer (0), Integer(2)*pi), rgbcolor=hue (RealNumber ('0.9")))
>>> show (P)

FpaCI)I/IKI/I MOryT OBITh TOCTPOCHBI U JId OTACJIbHBIX KOMIIOHEHTOB!

sage: t = var('t")
sage: pl plot (cos (2*t) + 2*cos(t), (t,0, 2*pi), rgbcolor=hue(0.3))
sage: p2 plot (4*cos(t) - cos(2*t), (t,0, 2*pi), rgbcolor=hue(0.6))
sage: show(pl + p2)

>>> from sage.all import *

>>> t = var('t')

>>> pl = plot (cos(Integer(2)*t) + Integer(2)*cos(t), (t,Integer(0), Integer(2)*pi),.
—rgbcolor=hue (RealNumber ('0.3")))

>>> p2 = plot (Integer(4) *cos(t) - cos(Integer(2)*t), (t,Integer(0), Integer(2)*pi),_
—rgbcolor=hue (RealNumber ('0.6")))

>>> show (pl + p2)

st Gosee ucuepnpiBaonied uHgopmalmu no rpadukam cMm. [locmpoenue zpagburxos. Takke cM. ceKimio 5.5 u3
[NagleEtA12004] most yrny6aeHHon uHbopManuu no qudgepeHIManbHbIM YPaBHEHUSIM.

2.4.4 MeTopn dunepa ans peweHus cuctem gucpcpepeHumanbHbIX ypaBHEHUN

B crenylomemM npumMepe nokasaH metof Diiepa Wi auddepeHIraIbHbIX ypaBHEHUI IEPBOrO U BTOPOTO MOPSIKOB.
CHayasa BCIOMHHM, UTO JieJIaeTcsl Ul ypaBHEHUI NepBoro rnopsijaka. [laHa 3aaua ¢ HauaJbHBIMU YCJIOBHSIMU B BUJIE

!/
y = [flz,y), yl)=c,
TpeOyeTcst HaWTH NPUOJIM3UTENIBHOE 3HAUEHNE pelleHnsi pu © = bu b > a.

U3 onpepenennst mpon3BOAHON CIIEAYET, UTO

oy Y@+ h) —yx)
y(@)m =

rne i > 0 naHo u sBastercs HeGombmmM. 1o U auddepenimansaoe ypasuenne paor f(z,y(z)) ~ 2
Tenepsb Hamo pemwts 11s y(x + h):

(z+h)—y(z)
7 .

yle+h) ~y(@) +h- flz,y(r)).

Ecnu Hassath i f(x, y()) «IOMPABOYHBIM 3JIEMEHTOM», () «IIPEKHUM 3HAYEHUEM ¥» a Y (T +h) «<HOBBIM 3HAYEHUEM
Yy», TOrJa IAHHOE MPUOJINKEHHE MOXKET OBITh BBIPAXKEHO B BHJIC

Ynew =~ Yold +h- f(LL’, yold)-

Ecnu pa3outs nHTEpBaN MEXKIY @ ¥ b Ha 1 4acTew, YTo0bl h = b*Ta, TOrJJa MOKHO 3anucaTh UH(GOPMAIUIO JIJIs1 TAHHOTO
METO[Ia B TAOJIHILY.
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a c h- f(a,c)
a+h c+h- fa,c)
a+ 2h

b=a+nh 277

Llenbio siBJIsSIETCS 3AMOJHUTH BCE IMYCTOTH B TaOJIMIE MO OJHOMY psifly 32 pa3 JO MOMEHTa AOCTWKEHHs 3arucy ?77,
KOTOpasi U sIBISIETCS PUOIIMKEHHBIM 3HaUeHreM MeToza Dittepa ms y(b).

Pemenvie cucrem nuddepeHnmanbHbIX ypaBHEHUH MOX0XKe Ha pellieHre 0ObIYHbIX Au(depeHInaIbHbIX YpaBHEHUI.

Ipumep: Haiimte uncieHHoe MprOIM3HTENbHOE 3HaUeHHe IS z(t) mpu ¢ = 1, ucnons3ys 4 mara Metoaa Jiltepa,
e 2’ +t2' + 2 =0,2(0) =1, 2(0) = 0.

Tpebyetcs npusecty quddepeHIaIbHOE YpaBHEHHE 210 TTOPsIKA K CHCTeMe IBYX AuddepeHIaIbHbIX ypaBHEHUH Nep-
BOTO MOpsiAKa (MCIONb3ysl & = z, Y = 2’) U IPUMEHUTh MeTO1 Dilsiepa:

sage: t,x,y = PolynomialRing(RealField(10),3,"txy") .gens ()

sage: f =y; g=-x -y *t
sage: eulers_method_2x2(f,g, 0, 1, 0, 1/4, 1)
t X h*f (t, x,Vvy) y h*g (t, x,Vv)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

>>> from sage.all import *

>>> t,x,y = PolynomialRing (RealField(Integer (10)),Integer(3),"txy") .gens ()

>> f =y; g=-x -y *t

>>> eulers_method_2x2 (f,g, Integer(0), Integer(l), Integer(0), Integer(l)/Integer (4),.
—Integer (1))

t X h*f (t,x,v) y h*g (t, x,Vv)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

Hrak, z(1) ~ 0.75.

MOKHO MOCTpOMTh TpadMK I TOYeK (,y), YTOOBl TMONYYUTh MPUONMBHTENbHBIA BHI KpHUBOW. DYHKIHS
eulers_method_2x2_plot BHNOJHUT JaHHYIO 33jady; AJS 9TOTO HAAO ONpeleauTh (PyHKIMU f U g, apryMeHT
KOTOPBIX UMEET TPU KOOPAMHATHL: (T, T, V).

sage: f = lambda z: z[2] # f(t,x,y) =y
sage: g = lambda z: -sin(z[1]) # g(t,x,y) -sin(x)
sage: P = eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

>>> from sage.all import *

>>> f = lambda z: z[Integer(2)] # f(t,x,y) =y
>>> g = lambda z: -sin(z[Integer(1l)]) # g(t,x,y) = —-sin(x)
>>> P = eulers_method_2x2_plot (f,g, RealNumber ('0.0"), RealNumber ('0.75'), RealNumber (

—'0.0"), RealNumber ('0.1"), RealNumber ('1.0"))
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B aTOT MOMeEHT P coziepxuT B ceOe aBa rpacuka: P [0] - rpaduk xz mo t u P [1] - rpacduk y no t. Oba 3tu rpaduka
MOT'YT OBbITh BBIBEJICHBI CJIEAYIOIIUM 00Pa3oM:

[sage: show (P[0] + P[1]) ]

>>> from sage.all import *
>>> show (P[Integer (0)] + P[Integer(1)])

2.4.5 CneumnanbHble PYHKLUU

Hecko1bKko OpTOrOHaJIBHBIX MOJIMHOMOB U CIIEUUAIbHBIX (PYHKIIMI ocyliecTBiieHsl ¢ noMolbio PARI [GAP] u Maxima
[Max].

sage: x = polygen(QQ, 'x')

sage: chebyshev_U (2, x)

4*x~2 — 1

sage: bessel_TI(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel_I(1,1).n()

0.565159103992485

sage: bessel_TI(2,1.1).n()

0.167089499251049

>>> from sage.all import *

>>> x = polygen(QQ, 'x'")

>>> chebyshev_U (Integer(2), x)

4*x~2 — 1

>>> bessel_TI(Integer(l),Integer (1)) .n(Integer (250))
0.56515910399248502720769602760986330732889962162109200948029448947925564096

>>> pbessel_TI(Integer(l),Integer (1)) .n()
0.565159103992485
>>> pbessel_I(Integer(2),RealNumber('1.1")) .n()

0.167089499251049

Ha nanHslil MOMeHT Sage paccMaTpuBaeT AaHHbIE (DYHKIIMM TOJIBKO Il YMCIEHHOTO IpuMeHeHus. 1 CUMBOJIBHOTO
UCTIOJIb30BaHUsl HY’KHO HaIIPSIMYIO UCTIOIb30BaTh MHTepdeiic Maxima, Kak OMUCaHO HUXE:

sage: maxima.eval ("f:bessel y (v, w)")
'bessel_y (v, w)'

sage: maxima.eval ("diff (f£,w)")

' (bessel_y (v-1,w)-bessel_y (v+l,w)) /2"

>>> from sage.all import *

>>> maxima.eval ("f:bessel_y (v, w)")
'bessel_y (v, w)'

>>> maxima.eval ("diff (f,w)")

' (bessel_y (v-1,w)-bessel_y (v+l,w)) /2"
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2.5 MNMocTpoeHue rpacoukos

Sage MOKeT CTpPOUTD IByMEPHbIE U TPeXMEpPHBbIE IpahuKu.

2.5.1 [lBymepHble rpadouku

B nBymepHOM IpocTpaHCTBE Sage MOKET OTPHUCOBBIBATH KPYTH, JIMHUM U MHOTOYTOJIbHUKY; rpapuku (pyHKIUH B 1e-
KapTOBBIX KOOPJMHATAX; TaKKe rpachKu B MOJISIPHBIX KOOPIAMHATAX, KOHTYPHBIC rpauKu U U300paKeHUsT BEKTOPHBIX
nosiedi. Hexotopeie mpumeps! OyayT moka3ansl Hioke. [[ist 6osiee ucueprpiBaoel HHGOPMAIUK 10 TIOCTPOSHHIO Tpa-
puKoB cM. Pewienue ougpgpeperyuanvhvix ypasrenuii u Maxima, a Takxke JokyMmeHTauuio Sage Constructions.

HaHHaH KOMaH/[la IIOCTPOUT KEJITYIO OKPYKHOCTb painyca lc HEHTPOM B HA4YaJIC:

sage: circle((0,0), 1, rgbcolor=(1,1,0))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> circle((Integer (0),Integer(0)), Integer(l), rgbcolor=(Integer(l),Integer(l),
—Integer (0)))

Graphics object consisting of 1 graphics primitive

Takke MOXHO OCTPOUTH KPYT:

sage: circle((0,0), 1, rgbcolor=(1,1,0), fill=True)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> circle((Integer(0),Integer(0)), Integer(l), rgbcolor=(Integer(l),Integer(l),
—Integer(0)), fill=True)

Graphics object consisting of 1 graphics primitive

MoxHO co3/iaBaTh OKPYXKHOCTb U 33/1aBaTh €€ Kakoh-1M00 nepeMeHHOH. [JaHHBIA npuMep He OyAeT CTPOUTh OKPYX-
HOCTB!

[sage: c = circle((0,0), 1, rgbcolor=(1,1,0))

>>> from sage.all import *
>>> ¢ = circle((Integer(0),Integer(0)), Integer(l), rgbcolor=(Integer(l),Integer(l),
—Integer (0)))

Y1005 TIOCTPOUTH €€, chonb3yﬁTe c.show () nm show (c):

[sage: c.show ()

>>> from sage.all import *
>>> c.show ()

c.save ('filename.png') coxpaHuT rpaduk B (aii.

Tenepb 311 ,,0KPYKHOCTU OOJIbILIE TOXOKHU HA SJUTUIICHI, TAK KAK OCH UMEIOT Pa3HbIid MaciiTad. T0 MOXHO UCIIPABUTD
CJIe Ty oM 00pa3oM:

[sage: c.show (aspect_ratio=1)
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>>> from sage.all import *
>>> c.show(aspect_ratio=Integer (1))

Komanga show (c, aspect_ratio=1) BBIIOJHUT TO ke camoe. COXpaHUTh KAPTUHKY MOXXHO C HOMOIIBIO C .
save ('filename.png', aspect_ratio=1).

Crpouts rpaduku 6a30BbIX (PYHKIIMIA JIETKO:

sage: plot(cos, (-5,5))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> plot (cos, (—-Integer (5),Integer(5)))
Graphics object consisting of 1 graphics primitive

Kak ToipKO MM$ TepeMeHHOM ONpeAesIeHo, MOKHO CO3/1aTh MapaMeTPUIeCKHi rpaduk:

sage: x = var('x")
sage: parametric_plot ((cos(x),sin(x)"3), (x,0,2*pi), rgbcolor=hue (0.6))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> x = var('x")

>>> parametric_plot ((cos(x),sin(x)**Integer (3)), (x,Integer (0),Integer (2) *pi),
—rgbcolor=hue (RealNumber ('0.6")))

Graphics object consisting of 1 graphics primitive

Baxno OTMETUTD, YTO OCHU rpa(bm(a 6y}1yT NEPECCKaThCA JIUIIb B TOM CJIy4dae, KOra Ha4aJl0 KOOPAUHAT HAXOAUTCH B
MOJIE 3pEHUS rpa(pm(a, M 9TO K JOCTATOYHO OOJIBIIIMM 3HAYEHUSIM MOKHO NIPUMEHUTHL HAYIHOE 0003HaUYEHHE:

sage: plot (x"2, (x,300,500))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> plot (x**Integer (2), (x, Integer (300), Integer (500)))
Graphics object consisting of 1 graphics primitive

MoKHO 00BEUHSATD TOCTPOESHHU S, T00ABISSI UX OPYT IPYyTy:

sage: x = var('x"')

sage: pl = parametric_plot ((cos(x),sin(x)), (x,0,2*pi),rgbcolor=hue(0.2))
sage: p2 = parametric_plot ((cos(x),sin(x)"2), (x,0,2*pi),rgbcolor=hue(0.4))
sage: p3 = parametric_plot ((cos(x),sin(x)"3), (x,0,2*pi),rgbcolor=hue (0.6))
sage: show (pl+p2+p3, axes=false)

>>> from sage.all import *

>>> x = var('x")

>>> pl = parametric_plot ((cos(x),sin(x)), (x,Integer(0), Integer(2) *pi),
—rgbcolor=hue (RealNumber ('0.2")))

>>> p2 = parametric_plot ((cos (x),sin(x)**Integer(2)), (x,Integer(0), Integer(2) *pi),
—rgbcolor=hue (RealNumber ('0.4")))

>>> p3 = parametric_plot ((cos(x),sin(x)**Integer(3)), (x,Integer(0), Integer(2) *pi),

—rgbcolor=hue (RealNumber ('0.6")))
>>> show (pl+p2+p3, axes=false)

Xopotruit cnocod co3aaHuUs 3aMONTHEHHbIX (PUTYp — CO3[aHKe CIUCKa Touek (L B CIIeMyIIeM MprMepe), a 3aTeM Uc-
MOJIK30BaHME KOMaH/Ibl polygon [Jisl MOCTPOeHUs (PUIyphl C TPAHUIIAME, OOPa30BAHHBIMU 3aJaHHBIMU TOuKamu. K
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MIpUMeEpY, CO3/1aIUM 3€JICHBIH IeTbTONI;

sage: L = [[-1+cos(pi*i/100)* (1+cos(pi*i/100)),

hoook 2*sin(pi*1/100) * (1-cos(pi*1/100))] for i in range (200)]
sage: p = polygon (L, rgbcolor=(1/8,3/4,1/2))

sage: p

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> L = [[-Integer(l)+cos(pi*i/Integer (100))* (Integer (1l)+cos(pi*i/Integer (100))),

. Integer (2) *sin(pi*i/Integer (100)) * (Integer (1) —cos (pi*i/Integer (100)))] for i.
—in range (Integer (200)) ]

>>> p = polygon (L, rgbcolor=(Integer(l)/Integer(8),Integer(3)/Integer (4),Integer(l)/
—Integer(2)))

>>> p

Graphics object consisting of 1 graphics primitive

Hameuaraiite show (p, axes=false), 4ToOBl He MMOKA3bIBaTh OCEH Ha rpacduke.

MoXHO 100aBHUTH TEKCT Ha IpauK:

sage: L = [[6*cos(pi*i/100)+5*cos ((6/2)*pi*i/100),

e oo 6*sin (pi*1/100)-5*sin ((6/2)*pi*1i/100)] for i in range (200) ]
sage: p = polygon (L, rgbcolor=(1/8,1/4,1/2))

sage: t = text ("hypotrochoid", (5,4), rgbcolor=(1,0,0))

sage: show (ptt)

>>> from sage.all import *

>>> L = [[Integer (6) *cos(pi*i/Integer (100))+Integer (5) *cos ((Integer (6)/

—Integer(2)) *pi*i/Integer (100)),

.. Integer (6) *sin (pi*i/Integer (100))-Integer (5) *sin((Integer (6) /Integer (2)) *pi*i/
—Integer (100))] for i in range (Integer (200)) ]

>>> p = polygon (L, rgbcolor=(Integer(l)/Integer(8),Integer(l)/Integer (4),Integer(l)/
—Integer(2)))

>>> t = text ("hypotrochoid", (Integer(5),Integer(4)), rgbcolor=(Integer(l),Integer(0),
—Integer (0)))

>>> show (p+t)

YuuTtenss MaTeMaTHKN 4acTO PHUCYIOT CIeLyIoNMi rpaduK Ha JTOCKe: He OAHY BETBb arcsin, a HECKOJIBKO, T.e. rpaduk
dbyskumn y = sin(z) aisa x Mexay —27 U 27, MepeBepHyTHIA [0 OTHOIIEHHUIO K JIMHUK B 45 rpagycos. Creayomas
KOMaH[1a Sage IOCTPOUT BhIIlIeyKa3aHHOE:

sage: v = [(sin(x),x) for x in srange(-2*float (pi),2*float(pi),0.1)]
sage: line(v)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> v = [(sin(x),x) for x in srange (-Integer (2)*float (pi), Integer (2)*float (pi),
—RealNumber ('0.1"))]

>>> line (v)

Graphics object consisting of 1 graphics primitive

Tak kak (pyHKLIMS TAHTeHCa UMeeT OOJIBLIMI UHTEPBAJ, YeM CUHYC, TIPH KCIIOJIb30BAHUHU TOH e TEXHUKH IS IepeBep-
THIBaHUsI TAaHT€HCa TPeOyeTCs] UBMEHUTh MUHHUMAJILHOE U MaKCUMaJIbHOE 3HAUeHUsT KOOPAMHAT ISl OCH X:

sage: v = [(tan(x),x) for x in srange(-2*float (pi),2*float (pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)
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>>> from sage.all import *

>>> v = [(tan(x),x) for x in srange (-Integer (2)*float (pi), Integer (2) *float (pi),
—RealNumber ('0.01"))]
>>> show(line(v), xmin=-Integer (20), xmax=Integer (20))

Sage Takke MOXET CTPOUTh TpapUKy B TOJISIPHBIX KOOPAMHATAX, KOHTYPHBIE IOCTPOSHUS U N300paKeHUsI BEKTOPHBIX
noJsel (A4 crenuaibHbeIX BUAOB (pbyHKIuiN). [lanee cieayeT npuMep KOHTYPHOIO YepTexa:

sage: f = lambda x,y: cos(x*y)
sage: contour_plot (£, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> f = lambda x,y: CcoOs(x*y)

>>> contour_plot (f, (-Integer(4), Integer(4)), (—-Integer(4), Integer(4)))
Graphics object consisting of 1 graphics primitive

2.5.2 TpexmepHble rpachukm

Sage Takxke MOKeT ObITh HCIIOJIb30BaH [IsI CO3/IaHUsI TPEXMEPHBIX IPadHKOB. DTU rpapvKU CTPOSITCS C TOMOIIBIO NaKeTa
[Three]S], koTOpBIi OIEPKUBAET TIOBOPOT U MPUOIMKEHNE KAPTHHKYU C TIOMOIIIBIO MBIIIIH.

Hcnonb3yiite plot 3d, aro6sl moctpouthb rpacduk (yHKwmu Ghopmsl f(x,y) = z:

sage: x, y = var('x,y")
sage: plot3d(x"2 + y"2, (x,-2,2), (y,-2,2))
Graphics3d Object

>>> from sage.all import *

>>> x, y = var('x,y'")

>>> plot3d(x**Integer (2) + y**Integer(2), (x,-Integer(2),Integer(2)), (y,-Integer(2),
—Integer(2)))

Graphics3d Object

Emme MoxHoO ncrnons3oBath parametric_plot3d ms nocrpoeHus rpaMKoB MapaMeTprUuecKuX MOBEPXHOCTEH, Iie
KaXABli U3 T, y, 2 onpeensieTcs yHKIMeH OAHON WM ABYX IepeMEHHBIX ([TapaMeTphl; 00bIYHO U U v). [Ipeaptymuii
rpauK MOXeT ObITh BhIpaKeH NapaMETPUUECKH B CIIEYIOIIEM BUJIE:

sage: u, v = var('u, v')
sage: f_x(u, v) =u

sage: f_y(u, v) = v

sage: f_z(u, v) = u"2 + v"2

sage: parametric_plot3d([f_x, f_y, f_zl, (u, -2, 2), (v, -2, 2))
Graphics3d Object

>>> from sage.all import *

>>> u, v = var('u, v')

>>> _ tmp__ =var ("u,v"); f_x = symbolic_expression(u).function (u,v)

>>> _ tmp_ _=var("u,v"); f_y = symbolic_expression (v).function (u,v)

>>> _ tmp_ =var ("u,v"); f_z = symbolic_expression (u**Integer(2) + v**Integer(2)).
—function (u,v)

>>> parametric_plot3d([f_x, f_y, f_z], (u, -Integer(2), Integer(2)), (v, -Integer(2),.

—Integer(2)))
Graphics3d Object
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Tperuii ciocod MOCTPOUTH TPEXMEPHYIO MOBEPXHOCTh B Sage - UCMoJb30BaHue implicit_plot3d, KOTOpBIi CTPOUT
KOHTYDbI rpapmkoB GyHKIwmiL, Kak f(x,y, z) = 0. YToObI MOCTPOUTH chepy, BOMOIb3yeMCs KIACCHYECKOi (DOPMYIIOi:

sage: x, y, z = var('x, vy, z'")
sage: implicit_plot3d(x"2 + y"2 + z"2 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))
Graphics3d Object

>>> from sage.all import *

>>> x, y, z = var('x, y, z")

>>> implicit_plot3d(x**Integer(2) + y**Integer(2) + z**Integer(2) - Integer(4), (x,-
—Integer (2), Integer(2)), (y,-Integer(2), Integer(2)), (z,-Integer(2), Integer(2)))
Graphics3d Object

Huxe noka3aHbl HECKOJIBKO IPUMEPOB:

CkpelneHHbIN Koutmak (OJIM3KUIA POACTBEHHHUK IIMPOKO U3BECTHOrO Jicta MEbuyca):

sage: u, v = var('u,v'")

sage: fx = (l+cos(v)) *cos (u)

sage: fy = (l+cos(v)) *sin (u)

sage: fz = -tanh((2/3)* (u-pi)) *sin(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),
e frame=False, color="red")
Graphics3d Object

>>> from sage.all import *

>>> u, v = var('u,v")

>>> fx = (Integer (l)+cos(v)) *cos (u)

>>> fy = (Integer(l)+cos(v)) *sin (u)

>>> fz = —-tanh((Integer(2)/Integer(3))* (u-pi)) *sin (v)

>>> parametric_plot3d([fx, fy, fz], (u, Integer(0), Integer(2)*pi), (v, Integer(0),.
—~Integer (2) *pi),

. frame=False, color="red")

Graphics3d Object

Kpyuenstit Toponn;

sage: u, v = var('u,v')

sage: fx = (3+sin(v)+cos(u)) *cos (2*v)
sage: fy = (3+sin(v)+cos(u)) *sin(2*v)
sage: fz = sin(u)+2*cos(v)

sage: parametric_plot3d([fx, fy, fzl, (u, 0, 2*pi), (v, 0, 2*pi),
e frame=False, color="red")
Graphics3d Object

>>> from sage.all import *

>>> u, v = var('u,v'")

>>> fx = (Integer (3)+sin(v)+cos(u)) *cos (Integer (2)*v)
>>> fy = (Integer (3)+sin(v)+cos(u)) *sin(Integer (2)*v)
>>> fz = sin(u)+Integer(2) *cos (v)

>>> parametric_plot3d([fx, fy, fz], (u, Integer(0), Integer(2)*pi), (v, Integer(0),._
—Integer (2) *pi),

. frame=False, color="red")

Graphics3d Object

JlemHuckara:
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sage: x, y, z = var('x,y,z")

sage: f(x, y, 2z) = 4*x"2 * (xX"2 + y*2 + 272 + z) + y*"2 * (y"2 + z72 - 1)
sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
Graphics3d Object

>>> from sage.all import *

>>> x, y, z = var('x,y,z")

>>> _ tmp_ =var("x,vy,z"); £ = symbolic_expression(Integer (4)*x**Integer (2) *._

— (x**Integer (2) + y**Integer(2) + z**Integer(2) + z) + y**Integer(2) *.

— (y**Integer (2) + z**Integer(2) - Integer(l))).function(x,y,z)

>>> implicit_plot3d(f, (x, —-RealNumber ('0.5"'"), RealNumber ('0.5")), (y, —-Integer(l),.

—Integer(l)), (z, —-Integer(l), Integer(l)))
Graphics3d Object

2.6 PacnpoctpaHéHHble npobnembl ¢ hyHKLUAMUN

Hexotopsle acniekTsl onpeaeneHus pyHKIUA (Hanpumep, 11 AudgepeHInpoBaHusA WM NOCTPOeHUs rpaduKa) MOryT
OBbITH He SICHBL. B 3TOM pasnesne Mbl oOpalaeM BHUMaHME Ha HEKOTOpBIe HanboJee pacripocTpaHeHHbIE TPOOIEMBI.

Jlanee MMOKa3aHbl HECKOJIBKO CIIOCOO0B OoIpeneieHust Toro, 4YTo0 MOXHO Ha3BaThb <<(byHKHHCﬁ>>Z

1. Onpepenute pynknumio Python, kak ornucaHo B pazuene @yrkuuis, omemynsl u cuenyuxi. [11s TaKUX (PYHKIIH MOKHO
MOCTPOUTH rpacduku, HO poaucepeHITUPOBATh WU IPOUHTETPUPOBATh UX HEJb3.

sage: def f(z): return z"2
sage: type (f)

<... 'function'>

sage: f(3)

9

sage: plot(f, 0, 2)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> def f(z): return z**Integer(2)

>>> type (f)

<... 'function'>

>>> f (Integer (3))

9

>>> plot (f, Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive

OOpatuTe BHUMaHNe HAa CHHTAKCUC B TIOCHeqHer cTpodke. plot (£ (z), 0, 2) BBIACT OMMOKY, TaK KaK z - 3TO
nepeMeHHasi-00JIBaHKA B ONpejieNieHun £, KoTopasi He orpe/ielieHa BHY TP JaHHO# KOHCTpyKimu. [Ipocto £ (z) Bo3Bpa-
it omoKy. Criefyioiiee OyeT paboTaTh B JaAHHOM KOHTEKCTE, OJJHAKO, B OOIIIEM, BO3HUKHYT HEKOTOPbIE 3aTPYTHEHHUS,
HO OHU MOTYT OBITh TPOUTHOPUPOBAHBI (CM. MYHKT 4).

sage: var('z") # ompeneneHHe NEPEeMeHHOH Z 08 CHMBOJJIbHBIX BEIUHCIEHHH
z

sage: f(z)

z"2

sage: plot(f(z), 0, 2)

Graphics object consisting of 1 graphics primitive
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>>> from sage.all import *

>>> var('z") # ompeneneHHe NEPEMEHHOH Z OO CHMBOJIbHBIX BBIYHCIIEHHEH
Z

>>> f(z)

z"2

>>> plot (f(z), Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive

B aTOM ciydae £ (z) - 3TO CUMBOJIBHOE BBIPAKEHUE.

2. OmipesiesiM «BBI3BIBAEMOE CUMBOJIBHOE BbIpaskeHne». OHO MOXeT ObITh poauddepeHIIPOBaHO, TPONHTErPHPOBaA-
HO, a TaK)ke MOKHO MIOCTPOUTB €ro Tpacuk.

sage: g(x) = x"2

sage: g # g orobpaxaer x B x"2
X |-—> x"2

sage: g (3)

9

sage: Dg = g.derivative(); Dg

X |-—> 2*x

sage: Dg(3)

6

sage: type (g)

<class 'sage.symbolic.expression.Expression'>
sage: plot(g, 0, 2)

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> _ tmp_ =var("x"); g = symbolic_expression (x**Integer (2)) .function (x)
>>> g # g orobpaxaer x B x"2

X |=-—> x"2

>>> g (Integer (3))

9

>>> Dg = g.derivative(); Dg

X |==—> 2*x

>>> Dg(Integer (3))

6

>>> type(g)

<class 'sage.symbolic.expression.Expression'>

>>> plot (g, Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive

Ecmi g — 3T0 BBI3BIBaEMOE CUMBOJIbHOE BBIpAKEHHUE, g (X) — 3TO CBSA3SIHHBIM C HUM OOBEKT, HO JIPYTOTo BHUAA, IS
KOTOPOT'O MOHO MOCTPOUTH rpaprK U KOTOPHIN MOKHO Iu(phepeHIIMIpPOBaTh U T.J.

sage: g (x)

x"2

sage: type (g(x))

<class 'sage.symbolic.expression.Expression'>
sage: g(x).derivative ()

25K

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> g (x)
xX"2

(IpoJoJIKaeTcs Ha CeAyIoIel CTpPaHuLEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
>>> type (g (x))
<class 'sage.symbolic.expression.Expression'>
>>> g (x).derivative ()
2*%x
>>> plot (g(x), Integer(0), Integer(2))
Graphics object consisting of 1 graphics primitive

3. M0O’HO MCIOIB30BaTh YKe ONpeesIeHHYI0 (DyHKIMIO Sage — ,,(pyHKIHMIO ncuncinenus . 11 Hee MOXkeT ObITh OCTPO-
eH rpaduk, oHa MOXeT ObITh TpoaudGepeHIMPOBaHA U IPOMHTETPHPOBaHA.

sage: type (sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot (sin, 0, 2)

Graphics object consisting of 1 graphics primitive
sage: type(sin(x))

<class 'sage.symbolic.expression.Expression'>
sage: plot(sin(x), 0, 2)

Graphics object consisting of 1 graphics primitive

>>> from sage.all import *

>>> type (sin)

<class 'sage.functions.trig.Function_sin'>

>>> plot (sin, Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive
>>> type (sin(x))

<class 'sage.symbolic.expression.Expression'>

>>> plot (sin(x), Integer(0), Integer(2))

Graphics object consisting of 1 graphics primitive

Cama 1o cebe (pyHKIHMs sin He MOXeT ObITh poauddepeHIIpoBaHa, O KpaliHel Mepe, He MOXKET IIPOU3BECTH COS.

sage: f = sin
sage: f.derivative()
Traceback (most recent call last):

AttributeError:

>>> from sage.all import *

>>> f = sin

>>> f.derivative ()

Traceback (most recent call last):

AttributeError:

Hcnonb3oBanme £ = sin (x) BMeCTO sin paboTaeT, HO JIydile MCIoJb30BaTh £ (x) = sin (x) Jyis TOTO, YTOOBI
OIIPEIENIUTD BBI3HIBAEMOE CUMBOJIBHOE BBIPAKEHHE.

sage: S(x) = sin|(x)
sage: S.derivative ()
X |——> cos(x)

>>> from sage.all import *

>>> _ tmp_ =var("x"); S = symbolic_expression(sin(x)) .function (x)
>>> S.derivative ()
X |——> cos(x)

2.6. PacnpocTpaHéHHble Npobnembl ¢ PyHKLMAMU 35




Sage Tutorial in Russian, Bbeinyck 10.5

[asiee cieyoT HEKOTophie 00IIke MPOOIeMbl ¢ 0ObSICHEHHUEM:

4. CnyyaiiHasi OIleHKa.

sage: def h(x):

cel if x<2:

et return 0
e else:

et return x-2

>>> from sage.all import *
>>> def h(x):
if x<Integer(2):
return Integer (0)
else:
return x-Integer (2)

IMpo6aema: plot (h(x), 0, 4) nocrpout KpuByio y = x — 2. [Ipuumna: B komanze plot (h(x), 0, 4)
CHayaJia OLEHNUBAaeTCs h (x ), YTO O3HAYaeT MOACTABKY X B (DYHKLMIO h M OLIEHKY X <2.

sage: type (x<2)
<class 'sage.symbolic.expression.Expression'>

>>> from sage.all import *
>>> type (x<Integer (2))
<class 'sage.symbolic.expression.Expression'>

Pemenne: He ucnonesyiite plot (h(x), 0, 4);ucnomns3yiire:

sage: plot(h, 0, 4)
Graphics object consisting of 1 graphics primitive

>>> from sage.all import *
>>> plot (h, Integer(0), Integer(4))
Graphics object consisting of 1 graphics primitive

5. OumboYHOe CO3/1aHNe KOHCTAHTBI BMECTO (DYHKIIUH.

sage: f = x

sage: g = f.derivative()
sage: g
1

>>> from sage.all import *

>>> f = x

>>> g = f.derivative()
>>> g

1

[po6aema: g (3), HampUMep, BO3BPATUT OMMOKY ¢ coolinenneM «ValueError: the number of arguments must be less
than or equal to 0.»

sage: type (f)
<class 'sage.symbolic.expression.Expression'>
sage: type (9)
<class 'sage.symbolic.expression.Expression'>
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>>> from sage.all import *

>>> type (f)

<class 'sage.symbolic.expression.Expression'>
>>> type (g)

<class 'sage.symbolic.expression.Expression'>

g HEC ABJIACTCA Q)YHKHHCIZ, 9TO KOHCTAHTa, NO3TOMY OHAa HE MMECT NEPEMEHHBIX, 1 Bbl MOKETE BCTABJIATH YTO YTOAHO B
HEC.

Perienne: ecte HECKOJIBKO BO3MOKHBIX ITyTEH.

® OHPCHCHI/ITB f M3HAYaJIbHO KaK CUMBOJILHOE BbIpaXK€HHE.

sage: f(x) = x # BMecTO 'f = X'
sage: g = f.derivative()

sage: g

X |-—> 1

sage: g (3)

1

sage: type (g)
<class 'sage.symbolic.expression.Expression'>

>>> from sage.all import *

>>> _ tmp_ =var ("x"); f = symbolic_expression (x ) . function (x) # BmMecrOo 'f = x'
>>> g = f.derivative()

>>> g

X |-——> 1

>>> g (Integer(3))

1

>>> type (g)
<class 'sage.symbolic.expression.Expression'>

* JIu6o BMecte ¢ £, oIpe/ie/IeHHOM BHIIIIE, ONPENEIUTh § Kak CUMBOJIbHOE BBIPAKEHHUE.

sage: f = x

sage: g(x) = f.derivative () # BMecTOo 'g = f.derivative()'
sage: g

X |-—> 1

sage: g (3)

1

sage: type(g)
<class 'sage.symbolic.expression.Expression'>

>>> from sage.all import *

>>> f = x

>>> _ tmp_ _=var("x"); g = symbolic_expression (f.derivative () ) .function (x) # BMecTO
—'g = f.derivative()'

>>> g

x |=——> 1

>>> g (Integer(3))

1

>>> type (g)
<class 'sage.symbolic.expression.Expression'>

e JIuboc fu g, 3aJaHHbIMHU, KaK IMOKAa3aHO BbILIE, CO3AaTh IEPEMEHHY10, 110 KOTOPYIO NOACTABJIAIOTCSA 3HAUYCHUA.
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sage: f = x

sage: g = f.derivative()

sage: g

1

sage: g(x=3) # BmMecTO 'g(3)'
1

>>> from sage.all import *
>>> f = x

>>> g = f.derivative ()

>>> g

1

>>> g(x=Integer(3)) # BmMecTtOo 'g(3)'

1

Ecrtb eniie oiuH crioco0, Kak onpeesuTh pa3inuie Mexay Npou3BoaHbpiMu £ = xu f (X) = x
sage: f(x) = x

sage: g = f.derivative()

sage: g.variables () # IepeMeHHble, KOTOphle NPHCYTCTBYIOT B g

(0)

sage: g.arguments() # apryMeHTb, KOTOPEIE MOI'YT ObITb HOLCTABIEHEl B g
(%,)

sage: f = x

sage: h = f.derivative()

sage: h.variables|()

0)

sage: h.arguments ()

0)

>>> from sage.all import *

>>> _ tmp_ =var("x"); f = symbolic_expression (x).function (x)

>>> g = f.derivative ()

>>> g.variables () # IepeMeHHble, KOTOphle NPHCYTCTBYIOT B g

0)

>>> g.arguments () # apryMeHTbl, KOTOpPEIE MOIr'yT ObITH MNOLCTABIEHBEl B J
(x,)

>>> f = x

>>> h = f.derivative()

>>> h.variables ()

()

>>> h.arguments ()

()

Kak rokaspiBaeT JaHHBIA puMep, h He IPUHIMAET apryMeHTOB, MO3TOMY h (3) BepHET OIIMOKY.
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2.7 OCHOBHbIe Konbua

HpI/I 00BbIBJICHAN MaTpull, BEKTOPOB WX MOJUMHOMOB UIA HUX MHOTAA IMOJIE3HO, 4 UHOTAA U HCO6XOHI/IMO OIpeaeIATb
«KOJIbLIa», HA KOTOPBIX OHU OIIPEAEJICHBI. KOflbL{O - 9TO MaTEMATHUYCCKask KOHCTPYKI U, B KOTOpOfI CYHIECTBYIOT OIlpeJie-
JICHHBIC ITIOHATUS CYMMbI U ITPOU3BCACHUA. Ecmu Bo HUKOI'Ja O HUX HE CJIbIIIAJIN, TO BaM, BEPOATHO, JOCTATOYHO 3HATh
00 3THX YETBIPEX YaCTO MCIOJIb3YEMBIX KOJIbIIAX!:

* nesie uicna {..., —1,0,1,2, ...}, Ha3bIBaeMble ZZ B Sage.

* palMOHAIIbHBIE YUCTIA — HAIIPUMED, JPOOH MIIM OTHOIICHUS IIEJIbIX YHCel —, Ha3biBaeMble QQ B Sage.
* BEILECTBEHHBIE YMCJIA, Ha3bIBaeMble RR B Sage.

* KOMILJIEKCHBIE UnClia, Ha3biBaeMble CC B Sage.

3HaHMe pa3IMuuil MeXy JaHHBIMU KOJIbI[AMU OYEHb Ba)XHO, TaK KaK OJVH U TOT e MOJIMHOM, OIPE/ICJICHHBII B pa3-
HBIX KOJIBIIAX, MOKET BECTH ceOsl mo-pasHoMy. Hampumep, mommuom 2 — 2 UMeeT JBa KOPHA: 4-1/2. DTH KOpHH He
SIBJISIIOTCS] PALIMOHAIBHBIMU YMCJIAMU, [TO3TOMY €CJIM Bbl paboTaeTe ¢ MOJMHOMAMU C PALMOHAIBHBIMU KO3(ULIeH-
TaMH, TO MOJMHOM He OyJeT pasniarathcsi Ha MHOxwuTe . C BelecTBeHHbIME Kod(duimentamun — Oyner. [Toatomy
CTOUT ONPEJEIUTh KOJIbILIO, YTOObI OBITh YBEPEHHBIM, UTO MOJIYYEHHBIH pe3yibTaT OyaeT npaBwibHbIM. Clieyiomiye 1Be
KOMaH/Ibl 33/1a10T MHOKECTBA MOJMHOMOB C PAalJMOHANBHBIMU KO3(h(PULIMEHTaMU U BEeLeCTBEHHbIMU KO3 duLneHTamMu
COOTBETCTBEHHO. MHOXecTBa Ha3BaHbl «ratpoly» u «realpoly», HO 3TO He CTOJIb BaXXHO B JAHHOM KOHTEKCTE, OJIHAKO
CHUMBOJIbHBIE COUETAHUS «.<t>» U «.<Z>» SBIISIOTCS HA3BAHUSIMU NIEPEMEHHBIX, UCIIOJIB30BAHHBIX B ABYX CIyyasXx.

sage: ratpoly.<t> = PolynomialRing (QQ)
sage: realpoly.<z> = PolynomialRing (RR)

>>> from sage.all import *
>>> ratpoly = PolynomialRing(QQ, names=('t',)); (t,) = ratpoly._first_ngens (1)
>>> realpoly = PolynomialRing (RR, names=('z',)); (z,) = realpoly._first_ngens (1)

daxropusupyem 2 — 2:

sage: factor(t"2-2)

tr"2 - 2

sage: factor(z"2-2)

(z — 1.41421356237310) * (z + 1.41421356237310)

>>> from sage.all import *

>>> factor (t**Integer (2)-Integer(2))

th"2 - 2

>>> factor (z**Integer (2) —Integer(2))

(z — 1.41421356237310) * (z + 1.41421356237310)

CumBoI I 0603HAYaeT KBaJIpaTHLIﬁ KOpPEHb U3 — ].; i — 370 TO XK€ camoe, uTo 1. KOHG‘IHO, 9TO HE pallMOHAJIbHOE YUCJIO:

sage: 1 # kxBagpaTHEIH KOpeHb H3 —1
I

sage: i in QQ

False

>>> from sage.all import *

>>> 1 # xBagpaTHbIE KOpPeHb H3 —1
I

>>> i in QQ

False
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3amerka: BblllieonucaHHbIi KO MOXKET paboTaTh He TaK, KaK 3a/1yMbIBAJIOCh, €CJIU EPEMEHHOI 1 ObLIO 3a[]aHO JIpyroe
3HaYeHHe, HAIIPUMep, €CJIM OHO OBbLJIO UCIIOIb30BAHO, KaK CYETUHMK JJIS IUKJIA. B TakoM cityyae BBeauTe

[sage: reset ('i'")

>>> from sage.all import *
>>> reset ('i')

JJ1d TOro, YTOOBI TMOJYYUThb N3HAYAJIbHOE KOMITJIEKCHOE 3HAYEHHE i.

EcTb 0Ha TOHKOCTh B 33/laHUM KOMIUIEKCHBIX YMCEJI: KaK ONKMCAHO BbIlE, CAMBOJ 1 MpPEACTaBJIsET KBaAPATHBIA KO-
peHb U3 —1, HO 3TO KOpeHb U3 —1 kak anre6pa1/1qecxoe yucio. Bekoe CC (1) wm CC.gen (0) wm CC.0 BEpHET
KOMN1eKCHbII KBaAPATHBIA KOpeHb n3 — 1.

sage: i = CC(1) # KOMIIIEKCHOE UYHCJIO C MNAaBapnmed 3amdToH
sage: i == CC.0

True

sage: a, b = 4/3, 2/3

sage: z = a + b*i

sage: z

1.33333333333333 + 0.666666666666667*1

sage: z.imag /() # MHHMAd UYACTH

0.666666666666667

sage: z.real() == a # aBrToMarHYeCKoe HNpPHBENEHHE THIOB Nepel CPAaBHEHHEM
True

sage: a + b

2

sage: 2*b == a

True

sage: parent (2/3)

Rational Field

sage: parent (4/2)

Rational Field

sage: 2/3 + 0.1 # aBrToMarTHUeckoe NPHBENEHHE THIOB [Iepeln CIOXEHHEM
0.766666666666667

sage: 0.1 + 2/3 # npuBemeHWe THHOOB B Sage CHMMETPHUHO
0.766666666666667

>>> from sage.all import *

>>> 1 = CC(1) # KOMINIEKCHOEe UYHCIO C NiaaBabmeHd 3andToil
>>> i == CC.gen(0)

True

>>> a, b = Integer(4)/Integer(3), Integer(2)/Integer (3)
>>> z = a + b*i

>>> 7z

1.33333333333333 + 0.666666666666667*1T

>>> z.imag () # MHHMad dYacThb

0.666666666666667

>>> z.real () == a # aBTOMaATHYECKOE NPHBENEHHE THIOB [Iepel CPABHEHHEM
True

>>> a + Db

2

>>> Integer(2)*b == a

True

>>> parent (Integer (2) /Integer (3))
Rational Field
>>> parent (Integer (4) /Integer (2))

(IpoJoJIKASTCS Ha CJIEAYIOIeN CTPaHULEe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
Rational Field
>>> Integer (2) /Integer (3) + RealNumber ('0.1") # aBTOMATHUYECKOE IIPHBENEHHE THIIOB.
—rIepen CIOXEeHHEM
0.766666666666667
>>> RealNumber ('0.1'") + Integer (2)/Integer (3) # ODpHBemeHHe THIOB B Sage CHMMETPHUHO
0.766666666666667

Haree crenyioT nmpuMepsl 0a30BBIX KoJjell B Sage. Kak oTMeueHO BhIIie, KOJBIO PAIIOHATBHBIX YHCcesl 0003HAYaeTC s
Kak QQ, a Takxke Kak RationalField () (nose - 3TO KOJIBIIO, B KOTOPOM MPOU3BE/ICHHUE SIBJISETCS KOMMYTATUBHBIM
Y B KOTOPOM KaX/Iblil HEHYJICBOM 3JIEMEHT MMeeT OOpaTHYIO BEIMYUHY B 9TOM KOJIblie (PallMOHANIBHBIC YHCTIA SIBIISIOTCS
TOJIEM, a IIEJIbIE - HET):

sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

>>> from sage.all import *

>>> RationalField()

Rational Field

>>> QQ

Rational Field

>>> Integer (1) /Integer(2) in QQ
True

HCCHTI/I‘IHOC qucio 1.2 paccMaTpruBacTCA Kak QQ: IecATUYHBIE YUCIIA, KOTOPBIE TaKKE ABJIAIOTCA pallMOHAJIbHBIMU,
MOryT OBITH «IIPUBEACHBD> K pallMOHAJIbHBIM YHCJIAM. Yucna ™ u \/5 HE SABJIAIOTCA pallMOHAJIbHBIMU:

sage: 1.2 in QQ
True

sage: pi in QQ
False

sage: pi in RR

True

sage: sqgrt(2) in QQ
False

sage: sqgrt(2) in CC
True

>>> from sage.all import *
>>> RealNumber ('1.2') in QQ
True

>>> pi in QQ

False

>>> pi in RR

True

>>> sqgrt (Integer (2)) in QQ
False

>>> sqgrt (Integer (2)) in CC
True

,HJISI HCIIOJIb30BaHUsI B BBICIIIEH MaTeMaTHKe Sage TaKX€ MOJKET BBIIIOJHATDH OIl€paliviy C JPYIruMHU KOJIbIIaMH, KaK KOHEY-
HBIC I10JIA, p-aAUYCCKUE YrCJia, KOJIBLO aJII e6pay1qecx1/1x quces1, TOJTMHOMHAJIbHBIE KOJIblIa U MATPUYHLIE KOJIbIIA. Ilanee
TMOKa3aHbl HEKOTOPBLIC U3 HUX:
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sage: GF (3)
Finite Field of size 3
sage: GF (27, 'a') # ecnu mone He ImpocToe, HYXHO 3alaTh HMS IeHeparopa

Finite Field in a of size 3”73

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqgrt (3) in QQbar # amrebpamueckoe 3ameikakue Q0
True

>>> from sage.all import *

>>> GF (Integer (3))

Finite Field of size 3

>>> GF (Integer (27), 'a') # ecnm mome He OpoCcToe, HYXHO 3amaTh HMI FeHepaTopa
Finite Field in a of size 3”73

>>> Zp (Integer (5))

5-adic Ring with capped relative precision 20

>>> sqgrt (Integer (3)) in QQbar # anrebpanueckoe sameikakue QQ

True

2.8 JlnHenHasn anre6bpa

Sage nonjiepKMBaeT CTaHIAPTHbIE KOHCTPYKLMU U3 JIMHEHHOW areOpbl, KaK XapaKTepPUCTHUYECKUE TIOJIMHOMBI, CTYIIEH-
yaTsle (pOpPMBI, CyMMBI 3IEMEHTOB [VIABHOM IMArOHAIM MaTpPULbl, PA3JI0KEHU.

CO3HaBaTI) U MEPEMHOXKATh MATPHUIIbI JIETKO:

sage: A = Matrix([[1,2,31,[3,2,11,1(01,12,111)

sage: w = vector([1,1,-4])

sage: w*A

(0, 0, 0)

sage: A*w

(=9, 1, =2)

sage: kernel (A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]

>>> from sage.all import *

>>> A = Matrix ([[Integer(l),Integer(2),Integer(3)], [Integer(3),Integer(2),Integer(l)],
— [Integer(l),Integer(1l),Integer(1)1]11])

>>> w = vector ([Integer(l),Integer(l), -Integer(4)])
>>> WXA

(0, 0, 0)

>>> A*w

(=9, i, =2)

>>> kernel (A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]

PelieHrie MaTpUUHbBIX YpaBHEHUI TakKe BHIONHsIETCs O3 3aTpyIHEHHUH, UCIOJIb3Yysi MeToll solve_right. Beuncie-
Hue A.solve_right (Y) BO3BpaTuT MaTpuily (uiu Bektop) X Takow, uto AX =Y
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= vector ([0, -4, —-11)
A.solve_right (Y)

(]
[\
Q
(1)

XX
II

(=2, 1, 0)
sage: A * X # HmpoBepka...
(Ol 74! 71)

>>> from sage.all import *

>>> Y = vector ([Integer(0), —-Integer(4), —-Integer(l)])
>>> X = A.solve_right (Y)

>>> X

(-2, 1, 0)

>>> A * X # nposepka. ..

(0, -4, -1)

Ecnn penieHust He cyIiecTByeT, TO Sage BEPHET OIINOKY:

sage: A.solve_right (w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

>>> from sage.all import *
>>> A.solve_right (w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

HUcnonb3yiite A.solve_left (Y), uroOs Haiitu X B X A = Y. Sage MOKET HAXOAUTh COOCTBEHHOE YHCIIO U COO-
CTBEHHBIN BEKTOD:

sage: A = matrix([[O0, 4], [-1, 0]1)
sage: A.eigenvalues ()

[=2%L, 2%1]

sage: B = matrix([[1, 3], [3, 1]11)
sage: B.eigenvectors_left ()

[(4, [

(1, 1)

1, L), (=2, [

>>> from sage.all import *

>>> A = matrix([[Integer(0), Integer(4)], [-Integer(l), Integer(0)]])
>>> A.eigenvalues ()

[=2%1, 2%IL]

>>> B = matrix([[Integer(l), Integer(3)], [Integer(3), Integer(1l)]])
>>> B.eigenvectors_left ()

[(4, [

(1, 1)

I, )y, (=2, [

(1, -1)

I, D]

(PesymbpraT eigenvectors_left - 3TO CUCOK TpoeK: (COOCTBEHHOE YMCIIO, COOCTBEHHBIN BEKTOP, MHOrooOpasue).)
CoOCTBeHHBIE YHCIa M BEKTOpa TS QQ WM RR TakKe MOTYT OBITh BBIYKCIICHHI ¢ ToMoIIpio Maxima (cMm. Maximay).
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Kak yka3zano B pazjuene OcHogHble Konblid, KONbLO, B KOTOPOM OIpeesieHa MaTpuIia, BIUIET Ha HEKOTOPbIE €€ CBOWCTBA.
B crenyroliieM npuMepe MepBblil apryMeHT KOMaH/Ipl mat rix coobmaer Sage, YToObl MAaTPHIIA PaCCMATPUBAIACh Kak
MAaTpHIIA [EJTbIX Yrcelt (CIyYad ¢ Z7), KaK MaTpuIla paliMOHAIBHBIX Yuce (QQ) WM KaK MaTpHIIA BEIECTBEHHBIX YKCET
(RR):

sage: AZ = matrix(Zz, [[2,0], [0,1]11)
sage: AQ matrix (QQ, [[2,01, [0,111)
sage: AR = matrix(RR, [[2,0], [0,1]1])
sage: AZ.echelon_form()

[2 0]

[0 1]

sage: AQ.echelon_form()

[1 0]

[0 1]

sage: AR.echelon_form()

[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

>>> from sage.all import *

>>> AZ = matrix (ZZ, [[Integer(2),Integer(0)], [Integer(0),Integer(1l)]]
>>> AQ = matrix(QQ, [[Integer(2),Integer(0)], [Integer(0),Integer(l)]])
>>> AR = matrix (RR, [[Integer(2),Integer(0)], [Integer(0),Integer(l)]])
>>> AZ.echelon_form/()

[2 0]

[0 1]

>>> AQ.echelon_form()

[1 0]

[0 1]

>>> AR.echelon_form/()

[ 1.00000000000000 0.000000000000000]

[0.000000000000000 1.00000000000000]

L7151 BBIYKMCIICHUS] COOCTBEHHbBIX 3HAYEHUI U COOCTBEHHBIX BEKTOPOB MATPHIIL JEHCTBUTEIbHBIX MM KOMILIEKCHBIX YHCET
C IUTaBAIOIIel TOUKOM, MAaTpUIa OKHA ObiTh onpesenena Hajg RDEF (Real Double Field) unu CDF (Complex Double
Field), cootBercTBeHHO. Eciu KOJMBIIO HE yKa3aHO, M B MaTpUIle MCHOIb3YIOTCS ACHCTBUTENbHbIE WM KOMIUIEKCHbIE
KOHCTaHTBI C TIIaBaIOIIEH TOUKOM, TO (110 YMOJYaHUIO) OHA OMpejiesieHa HaJl He BCera MOoJJIEPKUBAIOIIMMU TaKUe BbI-
YUCIIEHUs MTOJIIMHU RR u CC, COOTBETCTBEHHO:

sage: ARDF = matrix (RDF, [[1.2, 2], [2, 311)

sage: ARDF.eigenvalues () # rel tol 8e-16

[-0.09317121994613098, 4.293171219946131]

sage: ACDF = matrix (CDF, [[1.2, I], [2, 311)

sage: ACDF.eigenvectors_right () # rel tol 3e-15

[(0.8818456983293743 - 0.8209140653434135*T, [(0.7505608183809549, -0.616145932704589..
—+ 0.2387941530333261*1)], 1),

(3.3181543016706256 + 0.8209140653434133*I, [(0.14559469829270957 + O.
—3756690858502104*T, 0.9152458258662108) ], 1)]

>>> from sage.all import *
>>> ARDF = matrix (RDF, [[RealNumber('1.2'"), Integer(2)], I[Integer(2), Integer(3)]11])
>>> ARDF.eigenvalues () # rel tol 8e-16
[-0.09317121994613098, 4.293171219946131]
>>> ACDF = matrix (CDF, [[RealNumber('1.2"), I], [Integer(2), Integer(3)]1])
>>> ACDF.eigenvectors_right () # rel tol 3e-15
[(0.8818456983293743 - 0.8209140653434135*I, [(0.7505608183809549, -0.616145932704589..
—+ 0.2387941530333261*I1)]1, 1),
(3.3181543016706256 + 0.8209140653434133*I, [(0.14559469829270957 + O.
(poJoJKaeTcs Ha CeyIoIel CTpPaHuLEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
{<ﬂ3756690858502104*1, 0.9152458258662108) 1, 1)]

2.8.1 MarpuyHoe NpocTpaHCTBO

Cosnaaum mpocTpaHcTBo Mats . 5(Q), cocrosiinee U3 MaTpuil 3 X 3 ¢ 37IeMEHTAMH U3 PALMOHAJIBHBIX IHCEN:

sage: M = MatrixSpace (QQ, 3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

>>> from sage.all import *
>>> M = MatrixSpace (QQ, Integer (3))
>>> M

Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(Ons Toro, 4ToOBI CO3aTh MPOCTPAHCTBO M3 MaTpull 3 Ha 4, Ucmojb3yiite MatrixSpace (QQ, 3, 4). Ecim uwmc-
JIO CTOJIOLIOB HE YKa3aHo, 10 YMOJIYaHHUI0 OHO 6yneT PaBHO 4YHMCITy CTpPOK (MatrixSpace (QQ, 3) 3KBUBaJCHTHO
MatrixSpace (QQ, 3, 3).) MaTpu4HOe MPOCTPAHCTBO CHAGKEHO €ro KAHOHMUYECKOMN Oa30ii:

sage: B = M.basis ()
sage: len (B)

9

sage: B[0,1]

[0 1 0]

[0 0 0]

[0 0 0]

>>> from sage.all import *
>>> B = M.basis ()

>>> len (B)

9

>>> B[Integer (0), Integer (1) ]
[0 1 0]

[0 0 0]

[0 0 0]

Cozganum MaTpuily Kak 3JeMeHT M.

sage: A = M(range(9)); A
[0 1 2]
[3 4 5]

]

[6 7 8

>>> from sage.all import *

>>> A = M(range (Integer(9))); A
[0 1 2]

[3 4 5]

[6 7 8]

Jlanee TMOKaXXEM BbIYUCJICHUE MATPULL, ONPEACICHHBIX B KOHEUYHBIX MOJIAX:

sage: M = MatrixSpace (GF (2),4
sage: A m((1,1,0,0, 1,1,1,12, 0,12,0,0, 1,0,1,1,

(mpozioyKaeTesl Ha CileyIolel CTpaHHUIIe)
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50008 0,0,1,0, L,1,0,1, 0,0,1,1, L,1,1,0])

sage: A

[1 100111 1]
[01 00101 1]
[0O0O1 0110 1]
[00 11111 0]
sage: rows = A.rows ()

sage: A.columns ()
(¢, o, o, 0o, (, 1, 0, 0), (0, 0, 1, 1), (0, 0, 0, 1),
(x, 1, 1, 1), (1, O, 1, 1), (1, %, O, 1), (1, 1, 1, 0)]

>>> from sage.all import *

>>> M = MatrixSpace (GF (Integer (2)),Integer (4), Integer(8))

>>> A = M([Integer(l),Integer(l),Integer(0),Integer(0), Integer(l),Integer(l),
—Integer(1l),Integer (1), Integer(0),Integer(l),Integer(0),Integer(0), Integer(l),
—Integer (0), Integer (1), Integer (1),

Ce . Integer (0), Integer (0),Integer (1), Integer(0), Integer(l),Integer(l),
—Integer (0),Integer (1), Integer(0),Integer(0),Integer(l),Integer(l), Integer(l),
—Integer (1), Integer (1), Integer (0)])

>>> A

[1 1200111 1]
[0O1 001011]
[0O0O1 0110 1]
[0OO0O 1 1111 0]
>>> rows = A.rows ()

>>> A.columns ()
c¢iL, ©, ©, 0y, (1, 41, ©, @y, (©, 0, 4, 1), (©, 0, 0, i),
(i, 4, 4, 4y, @1, 0, 41, 1), (4, 1, ©, i), (1, 1, L, 0)]
>>> rows
rt, 1, 0, 0, 4, 4, 4, 4y, (O, 1, ©, ©, 4, 0, 1, i),
(o, o0, 4, ©, 41, 1, 0, 4), (O, 0, 41, 41, 41, 4, 4, 0)]

Co3paaum noanpoctpancTBo B Fo, oxBaThIBalolee BhIIETIepEeUMCIEHHbIE CTPOKH.

sage: V = VectorSpace (GF (2),8)

sage: S = V.subspace (rows)

sage: S

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:

[1 00001 0 0]
[0O1 00101 1]
[0O0O1 0110 1]
[0O0OO0 1001 1]
sage: A.echelon_form()
[1 000010 0]
[01 00101 1]
[0O0O1 0110 1]
[0O0OO0 1001 1]

>>> from sage.all import *
>>> V = VectorSpace (GF (Integer (2)),Integer(8))
>>> S = V.subspace (rows)
>>> S
(IpoJoJIKaeTCs Ha CAeAyIOIIel CTpPaHuLEe)
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Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:

[1 000010 0]
[01 00101 1]
[00 10110 1]
[00 01001 1]
>>> A.echelon_form()
[1 000010 0]
[01 00101 1]
[00 10110 1]
[0001001 1]

2.8.2 Pa3pexeHHasi nuHenHas anrebpa

Sage monep;kUBaeT pa3pekeHHYIO JIMHEHHYIO anreopy.

sage: M = MatrixSpace (QQ, 100, sparse=True)
sage: A = M.random_element (density = 0.05)
sage: E = A.echelon_form()

>>> from sage.all import *

>>> M = MatrixSpace (QQ, Integer(100), sparse=True)

>>> A M.random_element (density = RealNumber ('0.05"))
>>> E A.echelon_form()

MyJIbTUMO/1Y IbHBIN 2ITOPUTM B Sage paboTaeT XOPOLIO 151 KBAIPATHBIX MATPHUI] (HO HE TaK XOPOLLO st HEKBAJAPATHBIX
MaTpHuIL):

sage: M = MatrixSpace (QQ, 50, 100, sparse=True)
sage: A = M.random_element (density = 0.05)

sage: E = A.echelon_form()

sage: M = MatrixSpace (GF (2), 20, 40, sparse=True)
sage: A = M.random_element ()

sage: E = A.echelon_form()

>>> from sage.all import *

>>> M = MatrixSpace (QQ, Integer (50), Integer(100), sparse=True)

>>> A = M.random_element (density = RealNumber ('0.05"))

>>> E = A.echelon_form()

>>> M = MatrixSpace (GF (Integer(2)), Integer(20), Integer (40), sparse=True)
>>> A = M.random_element ()

>>> E = A.echelon_form()

3ameTsbTe, uTo B Python Mcrosp30BaHue 3arIaBHBIX OYKB UIPAeT POJIb:

sage: M = MatrixSpace (QQ, 10,10, Sparse=True)
Traceback (most recent call last):

TypeError: ..._ _init__ () got an unexpected keyword argument 'Sparse'

>>> from sage.all import *
>>> M = MatrixSpace (QQ, Integer (10),Integer(10), Sparse=True)
Traceback (most recent call last):
(IpoJoJIKaeTCs Ha CIeAyIOIer CTpaHuLe)
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TypeError: ...__init__ () got an unexpected keyword argument 'Sparse'

2.9 NMonuHoOMBI

JlaHHBIA pa3fien coepKUT HH(POPMALIMIO O TOM, KaK CO3/1aBaTh U UCIIOIb30BaTh TOJMHOMBI B Sage.

2.9.1 NonnHoMbl OAHOW NepeMeHHOoM

Ectp Tpr crocoda CO3/JaHUA ITIOJTMHOMUAJIBHBIX KOJICII.

sage: R = PolynomialRing(QQ, 't')
sage: R
Univariate Polynomial Ring in t over Rational Field

>>> from sage.all import *
>>> R = PolynomialRing(QQ, 't')
>>> R

Univariate Polynomial Ring in t over Rational Field

JlaHHBIA CITOCOO CO3/ACT MOJTMHOMHUAIBHOE KOJIBIIO U YKaXeT Sage MCIO0JIb30BaTh CTPOKY ,t*“ B KAUeCTBE HEU3BECTHOTO
MIpU BBIBOJIE Ha 9KpaH. OHAKO, 9TO HE OMpeessieT CUMBOJ t JUIsl UCTIOJIb30BaHMS B Sage, Tak UTo HeJib3sl IIPY MOMOIIIH
HEero BBECTH IOJIMHOM (Kak t2 + 1), MpUHAAJIEKAIIU R.

Hpyroii crioco6:

sage: S = QQ['t']
sage: S == R
True

>>> from sage.all import *
>>> S = QQ['t']
>>> § ==

True

10T cnocod UMeeT Ty XK€ HpOGJ’IGMy 110 OTHOLIIEHHUIO K t.

Tpetuii crioco6 Gosnee ymoOHbIH

[sage: R.<t> = PolynomialRing (QQ)

>>> from sage.all import *
>>> R = PolynomialRing (QQ, names=('t',)); (t,) = R._first_ngens(l)

i

[sage: R.<t> = QQ['t"]

>>> from sage.all import *
>>> R = QQ['t']; (t,) = R._first_ngens (1)

WM JaxXe
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[sage: R.<t> = QQ[]

>>> from sage.all import *
>>> R = QQ['t"'"]; (t,) = R._first_ngens (1)

10T crocob BieyeT 3a coOol 0ObsBIEHNE IEPEMEHHON t KaK HEU3BECTHOIO B MOJIMHOMUATIBHOM KOJIBLIE TAK, YTO €€
MOXKHO HCIIOJIb30BaTh NIPH CO3JJaHUM JIEMEHTOB R, KaK OIMcaHo Hike. (3aMeTbTe, YTO TPETHH CIIOCO0 TOX0X Ha 000-
3HaYeHHe KOHCTpyKTopa B Magma, H, kak B Magma, OH MOXeT OBbITh UCIIOJIb30BaH VIS LIMPOKOTo Habopa 0OBEKTOB. )

sage: poly = (t+1l) * (t+2); poly
th2 + 3*t + 2

sage: poly in R

True

>>> from sage.all import *

>>> poly = (t+Integer(l)) * (t+Integer(2)); poly
th2 + 3*t + 2

>>> poly in R

True

Kaxoii GBI Croco® HH HCTIONb30BAICS ISl 3aHKS MOMMHOMHUAILHOTO KOJIbIIA, MOKHO BHIUICHATh HEM3BECTHOE B BHJIE
0" renepatopa:

sage: R = PolynomialRing(QQ, 't')
sage: t = R.0

sage: t in R

True

>>> from sage.all import *

>>> R = PolynomialRing(QQ, 't')
>>> t = R.gen(0)

>>> t in R

True

Iloxoxas KOHCTPYKIUA UCHOJIB3YETCA U1 KOMITJIEKCHBIX YUCEJI: KOMIUIEKCHBIE YUCIa MOTYT OBITH PacCMOTPEHBI KakK
T€HEPUPOBAHHBIE U3 BEIIECTBEHHBIX YHCEJI C UCIIOJIb30BAHUEM CUMBOJIA i; U3 3TOrO CJIEAYyeT:

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # 0O-om remeparop CC
1.00000000000000*I

>>> from sage.all import *

>>> CC

Complex Field with 53 bits of precision
>>> CC.gen(0) # O-on remeparop CC
1.00000000000000*I

,HJ'[H TMOJIMHOMUAJIBHBIX KOJIEH MOJKHO MOJYYUTb U KOJIBLIO, U €r0 FEHEPATOP, U IIPOCTO I'€HEPATOP BO BPEMS CO3AaHUA
KOJIbLIA:

sage: R, t = QQ['t'].objgen()
sage: t = QQ['t'].gen()
sage: R, t = objgen(QQ['t'])
sage: t = gen(QQ['t"])
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>>> from sage.all import *
>>> R, t = QQ['t'].objgen()

>>> t = QQ['t"'].gen()
>>> R, t = objgen(QQ['t'])
>>> t = gen(QQ['t"'])

HakoHer, MOXHO COBEpIIHMTH HEKOTOpBIE aprdMeTHdecKkue onpeparun B Q[t].

sage: R, t = QQ['t'].objgen ()

sage: f = 2*t"7 + 3*t"2 - 15/19

sage: f*2

4*t~14 + 12*t"~9 - 60/19*t~7 + 9*t~4 - 90/19*t"2 + 225/361

sage: cyclo = R.cyclotomic_polynomial (7); cyclo

t?6 + t"5 + £t74 + t°3 + £t°2 + t + 1

sage: g = 7 * cyclo * t£75 * (£”5 + 10*t + 2)

sage: g

T*EM16 + T7*EN15 + 7*tN14 4+ 7FeM13 + 77*tEN12 + 91*t~11 4+ 91*t~10 + 84*tN9
+ 84*t"8 + 84*t"7 + 84*t”6 + 14*t"5

sage: F = factor(g); F

(7) * €75 * (£75 + 10*t + 2) * (76 + t"5 + t"4 + t°3 + t"2 + t + 1)

sage: F.unit ()

7

sage: list (F)

[(£, 5), (£*5 + 10*t + 2, 1), (t"6 + t~5 + t"4 + t°3 + t72 + t + 1, 1)]

>>> from sage.all import *
>>> R, t = QQ['t'"'].objgen ()
>>> f = Integer (2)*t**Integer(7) + Integer(3)*t**Integer(2) - Integer (15)/Integer(19)
>>> f**Integer (2)
4*£~14 4+ 12*t79 - 60/19*t”~7 + 9*t~4 - 90/19*t"2 + 225/361
>>> cyclo = R.cyclotomic_polynomial (Integer(7)); cyclo
t?6 + t°5 + t™ 4+ £33 + 72 + &t + 1
>>> g = Integer(7) * cyclo * t**Integer(5) * (t**Integer(5) + Integer(10)*t +_
—Integer(2))
>>> g
T*tr16 + 7*t”15 + T7*eN14 4+ 7*FeN13 + 77212 + 91*t~11 4+ 91*t~10 + 84*t”9
+ 84*t"8 + 84*t”7 + 84*t”6 + 14*t"5
>>> F = factor(g); F
(7) * €75 * (£75 4+ 10*t + 2) * (%6 + t"5 + t™4 + t°3 + t"2 + t + 1)
>>> F.unit ()
7
>>> list (F)
[(t, 5), (£"5 + 10*t + 2, 1), (t”6 + t"5 + t™4 + t"3 + t*2 + t + 1, 1)]

JenieHue IByX MOJIMHOMOB CO3/IACT JIEMEHT B JPOOHOM I0JIe, YTO OY/IeT CAeNaHo Sage aBTOMATUYECKH.

sage: x = QQ['x'].0

sage: f = x"3 + 1; g = x"2 - 17

sage: h = f/g; h

(x"3 + 1)/ (x"2 = 17)

sage: h.parent ()

Fraction Field of Univariate Polynomial Ring in x over Rational Field

>>> from sage.all import *
>>> x = QQ['x'].gen(0)
>>> f = x**Integer(3) + Integer(l); g = x**Integer(2) - Integer(1l7)
>>> h = f/g; h
(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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(x"3 + 1)/ (x*2 - 17)
>>> h.parent ()
Fraction Field of Univariate Polynomial Ring in x over Rational Field

HUcrone3ys psiapt JlopaHa, MOKHO ITOCYATATH pa3iokKeHHE B PsiA B APOOHOM 1oJie QQ [x ] :

sage: R.<x> = LaurentSeriesRing(QQ); R

Laurent Series Ring in x over Rational Field

sage: 1/(1-x) + O(x"10)

1 + x 4+ x™2 + x*3 + x™M + x"5 + x*6 + x*7 + x*8 + x99 + 0(x710)

>>> from sage.all import *

>>> R = LaurentSeriesRing (QQ, names=('x',)); (x,) = R._first_ngens(l); R
Laurent Series Ring in x over Rational Field

>>> Integer (1) / (Integer(l)-x) + O(x**Integer (10))

1 4+ x 4+ x72 + x*3 + XM + x"5 + x*6 + x*7 + x*8 + x*9 + 0(x"10)

Ecnu na3zBaTh NEPEMEHHYIO IO-APYIroOMY, MOKHO IMOJYYUTb APYro€ OJHOMEPHOEC IMOJIUMHOMHUAIBHOE KOJIbLIO.

sage: R.<x> = PolynomialRing (QQ)
sage: S.<y> = PolynomialRing (QQ)

sage: x ==y
False

sage: R == S
False

sage: R(y)

X

sage: R(y"2 - 17)
x"2 — 17

>>> from sage.all import *

>>> R = PolynomialRing (QQ, names=('x',)); (x,) = R._first_ngens(1l)
>>> S = PolynomialRing (QQ, names=('y',)); (y,) = S._first_ngens (1)
>>> ==y

False

>>> R == §

False

>>> R(y)

X

>>> R(y**Integer (2) - Integer(17))

x"2 — 17

Kosb1io onpenensetcs nepemenHoi. O6parite BHUMaHUe, YTO CO3/IAHUE ellE OJJHOTO KOJIbLIA C IEPEMEHHOM X He BEPHET
JIPYroro KoJblia.

sage: R = PolynomialRing (QQ, "x")
sage: T = PolynomialRing(QQ, "x")

sage: R == T
True

sage: R is T
True

sage: R.0 == T.0
True
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>>> from sage.all import *

>>> R = PolynomialRing (QQ, "x")
>>> T = PolynomialRing(QQ, "x")
>> R == T

True

>>> R is T

True

>>> R.gen(0) == T.gen(0)

True

Sage noepKUBAET KOJIbLIA CTEIIEHHBIX PsANOB U psiioB JIopana juist moGoro 6a3ucHOro Koublia. B ciienyomem npuvepe
coznaaum snemenT u3 Fr[[T]] u nogenum, uto6e co3narts anement u3 F7 (7).

sage: R.<T> = PowerSeriesRing(GF (7)); R
Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3*T*"2 + T"3 + O(T"4)

sage: f£"3
T"3 + 2*T"4 + 2*T~5 + O(T"6)
sage: 1/f

T*~1 + 4 + T + O(T"2)
sage: parent (1/f)
Laurent Series Ring in T over Finite Field of size 7

>>> from sage.all import *

>>> R = PowerSeriesRing (GF (Integer (7)), names=('T',)); (T,) = R._first_ngens(l); R
Power Series Ring in T over Finite Field of size 7

>>> f = T + Integer(3)*T**Integer(2) + T**Integer(3) + O(T**Integer (4))

>>> f**Integer (3)

T3 + 2*T"4 + 2*T"5 + O(T"6)

>>> Integer (1) /f

T*~1 + 4 + T + O(T"2)

>>> parent (Integer (1) /f)

Laurent Series Ring in T over Finite Field of size 7

Tax:ke MOXHO CO31aBaTh KOJIblla CTCTIICHHBIX PANOB, UCIIOJIb3Yy A HBOﬁHbIC CKOOKH:

sage: GF(7)[['T']]
Power Series Ring in T over Finite Field of size 7

>>> from sage.all import *
>>> GF (Integer (7)) [['T']]
Power Series Ring in T over Finite Field of size 7

2.9.2 NMonnHOMbI HECKONIbKUX NepeMeHHbIX

,HIISI pa60TLI C NIOJIMHOMaMHU € HECKOJIbKMMHU IIEPEMECHHBIMUA, CHA4YaJ1a HA/10 00BSABUTH MTOJTMHOMHUAILHOE KOJIbLIO U Mepe-
MCHHBIC.

sage: R = PolynomialRing (GF(5),3,"z") # 3mecb 3 — 5TO UHCIO MNEPEMEHHBIX
sage: R
Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

>>> from sage.all import *
>>> R = PolynomialRing (GF (Integer (5)),Integer(3),"z") # 3mecr 3 — 5TO UYHCIO HNEPEMEHHBIX

(mpozoypKaeTesl Ha CileyIolel CTpaHHUIIe)
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>>> R
Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

Tak ke, Kak 1 1Jis1 OTHOMEPHBIX MOJIMHOMOB, CYITIECTBYET HECKOJILKO MyTEH:

sage: GF (5)['z0, zl1l, z2']

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R

Multivariate Polynomial Ring in z0, zl1, z2 over Finite Field of size 5

>>> from sage.all import *

>>> GF (Integer(5))['z0, zl1, z2']

Multivariate Polynomial Ring in z0, z1l, z2 over Finite Field of size 5

>>> R = GF (Integer(5))['z0, zl1, z2']l; (z0, z1, z2,) = R._first_ngens(3); R
Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

YroObl MMEHa TIEPEMEHHBIX COCTOSUTH U3 OYKB, HAJI0 UCTIONIB30BaTh CleAyoIlee:

sage: PolynomialRing(GF (5), 'x, vy, z')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

>>> from sage.all import *
>>> PolynomialRing (GF (Integer (5)), 'x, vy, z'")
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

Hemnoro apudmernxu:

sage: z = GF(5)['z0, z1, z2'].gens()

sage: z

(z0, zl1, z2)

sage: (z[0]+z[1l]+z[2])"2

z0"2 + 2*z0*z1 4+ z172 + 2*z0*z2 + 2*zl1l*z2 + z2"2

>>> from sage.all import *

>>> z = GF (Integer(5))['z0, z1, z2'].gens()

>>> 7z

(z0, z1, z2)

>>> (z[Integer(0)]+z[Integer(l)]+z[Integer(2)])**Integer (2)
202 ¢ 29B0=5zdl 15 22 aF 2En0SR2 G AWl R ap A2

MoHO MCIOJIb30BaTh 00Jiee MaTeMaTHUECKOe O603H3.‘-IGHI/IC, YTOOBI MOCTPOUTH IMMOJIMHOMUAJIBHOE KOJIBIIO.

sage: R = GF(5)['x,y,z"]

sage: x,y,z = R.gens()

sage: QQ['x"]

Univariate Polynomial Ring in x over Rational Field

sage: QQ['x,y'].gens ()

(2, ¥)

sage: QQ['x'].objgens()

(Univariate Polynomial Ring in x over Rational Field, (x,))

>>> from sage.all import *

>>> R = GF (Integer(5))['x,v,z"]
>>> x,y,2z = R.gens()

>>> Q0['x"]

(poJoJKaeTcs Ha CeAyIoIel CTpPaHuLEe)
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Univariate Polynomial Ring in x over Rational Field
>>> 00['x,vy'].gens ()
(2, v¥)
>>> QQ['x'].objgens ()
(Univariate Polynomial Ring in x over Rational Field, (x,))

MHoromepHble MOJIMHOMBI BHEAPEHHI B Sage ¢ UCMoJIb30BaHUeM ciioBapeil Python. Sage ncnons3yer Singular [Si] s
Beranciiennii HOJI u 6a3uca ['pébHepa upeanos.

sage: R, (x, y) = PolynomialRing(RationalField(), 'x, vy').objgens/()
sage: f = (x"3 + 2*y"2*x)"2

sage: g = x"2*y"2

sage: f.gcd(g)

xX"2

>>> from sage.all import *

>>> R, (x, y) = PolynomialRing(RationalField(), 'x, vy').objgens/()
>>> f = (x**Integer(3) + Integer (2)*y**Integer (2)*x)**Integer (2)
>>> g = x**Integer (2)*y**Integer (2)

>>> f.gcd(9g)

xX"2

Cospanum upean (f, g), reHepupoBaHHbiii u3 f U f ymHO)eHueM (£, g) Ha R.

sage: I = (f, g)*R; I

Ideal (x76 + 4*x"4*yr2 + 4*x"2*y~4, x"2*y”2) of Multivariate Polynomial
Ring in x, y over Rational Field

sage: B = I.groebner_basis(); B

[x76, x"2*y"2]

sage: x"2 in I

False

>>> from sage.all import *

>> 1 = (£, g)*R; I

Ideal (x76 + 4*x"4*yr2 + 4*x"2*y~4, x"2*y”2) of Multivariate Polynomial
Ring in x, y over Rational Field

>>> B = I.groebner_basis(); B

[x76, x"2*y"2]

>>> x**Integer (2) in I

False

Kcraru, 6a3uc I'pébHepa siBiisieTcst He CITUCKOM, a HEM3MEeHSIEMOH 10CIIeJOBATEIbHOCTBIO. ITO O3HAYAET, YTO y HETO €CTh
YHUBEPCYM, POAUTEINb M YTO OH HE MOXET ObITh M3MEHEH (YTO XOpOIIO, MOCKOJIBKY M3MEHeHHe 6a3uca HapyHmiIo Obl
Jpyrue orneparuu, ucrosb3yomue 6a3uc ['péoHepa).

sage: B.universe ()

Multivariate Polynomial Ring in x, y over Rational Field
sage: B[1l] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

>>> from sage.all import *
>>> B.universe ()
Multivariate Polynomial Ring in x, y over Rational Field
(IpoJoJIKaeTCs Ha CeAyIOIIel CTpPaHULEe)
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>>> B[Integer(l)] = x
Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

Hekoropast komMyTaTuBHas1 anredpa JocTynHa B Sage v BHepeHa ¢ omotibio Singular. K npumepy, MOXHO HOCUUTATD
NPUMapHOE Pa3IoKeHHUe U MPOCThle COOTBETCTBYIOIIME 115 1

sage: I.primary_decomposition ()
[Ideal (x"2) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y"2, x76) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated_primes ()
[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

>>> from sage.all import *
>>> T.primary_decomposition ()
[Ideal (x"2) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y"2, x76) of Multivariate Polynomial Ring in x, y over Rational Field]
>>> T.associated_primes()
[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

2.10 KoHeuHble rpynnbl, AbeneBbl rpynnbl

Sage nmopiepkUBaeT BEIYUCIICHHS € TPYIIAMU MIEPECTAHOBOK, KOHEYHBIMH KJIACCHUYECKUMU TPyNIaMy (Kak, HalpuMep,
SU(n, q)), KOHEYHBIMHA MATPUYHBIMK rpynnaMu (¢ coOOCTBEHHBIMHU IeHepaTopamMu) U rpymmamu Abesst (qaxe ¢ 6ecko-
HEYHBIMHU ). MHOTO€ 13 3TOr0 OCYIIECTBISIETCS MocpecTBOM uHTepdeiica k GAP.

Hanpumep, 4ToObI TOCTPOUTH IPYIIITY NEPECTAHOBOK, HAJIO 3aJJaTh CITUCOK T€HEPAaTOPOB:

sage: G = PermutationGroup(['(1,2,3) (4,5)"', '"(3,4)'])
sage: G

Permutation Group with generators [(3,4), (1,2,3) (4,5)]
sage: G.order ()

120

sage: G.is_abelian()

False

sage: G.derived_series|() # random output
[Permutation Group with generators [(1,2,3) (4,5), (3,4)1,

Permutation Group with generators [(1,5) (3,4), (1,5)(2,4), (1,3,5)1]
sage: G.center()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
—5)1)

sage: G.random_element () # random output

(1,5,3) (2,4)

sage: print (latex(G))
\langle (3,4), (1,2,3) (4,5) \rangle

>>> from sage.all import *

>>> G = PermutationGroup (['(1,2,3) (4,5)', "(3,4)'])
>>> G
Permutation Group with generators [(3,4), (1,2,3) (4,5)]

(mpozioypKaeTesl Ha cileyIomel CTpaHHuIIe)
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>>> G.order ()

120

>>> G.1is_abelian()

False

>>> G.derived_series () # random output
[Permutation Group with generators [ (1,2,3) (4,5), (3,4)],

Permutation Group with generators [(1,5) (3,4), (1,5)(2,4), (1,3,5)]1]
>>> G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
—5)1)

>>> G.random_element () # random output

(1,5,3) (2,4)

>>> print (latex (G))
\langle (3,4), (1,2,3)(4,5) \rangle

Takske MOKXHO TIOJIyYUTh CUMBOJIBHYIO Ta0Ouily B (popmate LaTeX:

sage: G = PermutationGroup ([[(1,2), (3,4)], [(1,2,3)]1])
sage: latex(G.character_table())

\left (\begin{array}{rrrr}

1 &1 &1 &1 \\

1 & —\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & —-\zeta_{3} - 1 & 1 \\

3&0%&0 & -1

\end{array}\right)

>>> from sage.all import *

>>> G = PermutationGroup([[ (Integer(l),Integer(2)), (Integer(3),Integer(4))],-
— [ (Integer(l),Integer(2),Integer(3))11)

>>> latex (G.character_table())

\left (\begin{array}{rrrr}

1 &1 &1 &1 \\

1 & —\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & —-\zeta_{3} - 1 & 1 \\

3&0¢&0 & -1

\end{array}\right)

Sage TaK:Ke BKJIIOUAET B Ce0sI KJIACCUUECKUE U MATpPUYHbIE I'PYIIIBI 111 KOHEYHbIX MoJei:

sage: MS = MatrixSpace (GF (7), 2)

sage: gens = [MS([[1,0],([-1,1]]),Ms([[1,1],([0,1]1])]

sage: G = MatrixGroup (gens)

sage: G.conjugacy_classes_representatives ()

(

(1 0] [0 6] [0 4] [6 0] [0 6] [0 4] [0 6] [0 6] [0 6] [4 0]
to 11, [t 51, [5 51, [O 6], (1 2], [5 2], [1 O], [1 4], [1 31, [O 2],

[5 0]
[0 3]
)
sage: G = Sp(4,GF (7))

sage: G

Symplectic Group of degree 4 over Finite Field of size 7
sage: G.random_element () # random output

[5 5 5 1]

[0 2 6 3]

(poJoJIKaeTcs Ha CeyIoliel CTpaHuLe)
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[5 01 0]
[4 6 3 4]
sage: G.order ()
276595200

>>> from sage.all import *

>>> MS = MatrixSpace (GF (Integer (7)), Integer(2))

>>> gens = [MS([[Integer(l),Integer(0)], [-Integer(l),Integer(l)]]),MS([[Integer (1),
—Integer(1l)], [Integer (0), Integer(1)11)]1

>>> G = MatrixGroup (gens)

>>> G.conjugacy_classes_representatives ()

(

[1 0] [0 6] [0 4] [6 0] [0 6] [0 4] [0 6] [0 6] [0 6] [4 0]

(o 11, 1 si1, 5 5], [0 6], [1 2], [5 2], [1 O], [1 4], [1 3], [0 2],

<BLANKLINE>

[5 0]

[0 3]

)
>>> G = Sp(Integer(4),GF (Integer(7)))

>>> G

Symplectic Group of degree 4 over Finite Field of size 7
>>> G.random_element () # random output

[5 55 1]

[0 2 6 3]

[50 1 0]

[4 6 3 4]

>>> G.order ()

276595200

Taxoxe MOXXHO NPOM3BOJUTD BBIUKCIIEHHS C rpyniiaMu AGess (KOHEUHBIMU U GECKOHEUHBIMH):

sage: F = AbelianGroup (5, [5,5,7,8,9], names='"abcde')

sage: (a, b, ¢, d, e) = F.gens|()
sage: d * b**2 * c**3
b 2*c”3*d

sage: F = AbelianGroup (3, [2]1*3); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H

Multiplicative Abelian group isomorphic to C2 x C3

sage: AbelianGroup (5)

Multiplicative Abelian group isomorphic to Z x Z X Z X Z X Z
sage: AbelianGroup (5) .order ()

+Infinity

>>> from sage.all import *
>>> F = AbelianGroup (Integer (5), [Integer (5),Integer(5),Integer(7),Integer(8),
—Integer(9)], names='abcde')

>>> (a, b, ¢, d, e) = F.gens()
>>> d * b**Integer(2) * c**Integer (3)
br2*c”3*d

>>> F = AbelianGroup (Integer (3), [Integer(2)]*Integer(3)); F
Multiplicative Abelian group isomorphic to C2 x C2 x C2
>>> H = AbelianGroup([Integer(2),Integer(3)], names="xy"); H
Multiplicative Abelian group isomorphic to C2 x C3
>>> AbelianGroup (Integer (5))
Multiplicative Abelian group isomorphic to Z x Z X Z x Z X Z
(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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>>> AbelianGroup (Integer (5)) .order ()
+Infinity

(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

2.11 Teopwus uucen

Sage umeeT oOMMPHYO (PYHKIIMOHAIBLHOCTH B IJIaHE TeOpHHK urce1. Hanpumep, MOKHO POU3BOAUTD aprpMeTHUECKIEe

onepauuu B Z/NZ:

sage: R = IntegerModRing (97)
sage: a = R(2) / R(3)

sage: a

33

sage: a.rational_reconstruction ()
2/3

sage: b = R(47)
sage: b"20052005

50

sage: b.modulus ()
97

sage: b.is_square ()
True

>>> from sage.all import *

>>> R = IntegerModRing (Integer (97))
>>> a = R(Integer(2)) / R(Integer(3))
>>> a

33

>>> a.rational_reconstruction ()

2/3

>>> b = R(Integer(47))

>>> pb**Integer (20052005)

50

>>> b.modulus ()

97

>>> b.is_square ()

True

Sage conepxuT crangapTHble (pyHKIMK Teopun uurcelst. Hanpumep,

sage: gcd(515,2005)

5

sage: factor (2005)

5 * 401

sage: c = factorial (25); c

15511210043330985984000000

sage: [valuation(c,p) for p in prime_range (2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]

sage: next_prime (2005)

2011

sage: previous_prime (2005)

2003

sage: divisors (28); sum(divisors(28)); 2*28

(1, 2, 4, 7, 14, 28]

(IpoJoJIKaeTCs Ha CeAYIOIIel CTpaHuLEe)

58

Maea 2. Typ no Sage




Sage Tutorial in Russian, Bbinyck 10.5

(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

56
56

>>> from sage.all import *

>>> gcd(Integer (515), Integer (2005))

5

>>> factor (Integer (2005))

5 * 401

>>> ¢ = factorial (Integer (25)); c

15511210043330985984000000

>>> [valuation(c,p) for p in prime_range (Integer (2), Integer (23))]
[22, 10, 6, 3, 2, 1, 1, 1]

>>> next_prime (Integer (2005))

2011

>>> previous_prime (Integer (2005))

2003

>>> divisors (Integer (28)); sum(divisors (Integer (28))); Integer (2)*Integer (28)
(1, 2, 4, 7, 14, 28]

56

56

OtmaHO!

$ynkima sigma (n, k) B Sage cymmupyer k-e cTeneHu JeuTeNei n:

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6

56

1050

>>> from sage.all import *

>>> sigma (Integer (28),Integer (0)); sigma (Integer(28),Integer(l)); sigma (Integer (28),
—Integer(2))

6

56

1050

Jlanee mokaxem aaroput™ DBKIKIA, ¢-DYHKIHUIO Diliepa U KUTAHCKYI0 TeopeMy 00 OCTaTKax:

sage: d,u,v = xgcd(12,15)
sage: d == u*12 + v*15
True

sage: n = 2005

sage: inverse_mod(3,n)

1337

sage: 3 * 1337

4011

sage: prime_divisors (n)

[5, 401]

sage: phi = n*prod([l1 - 1/p for p in prime_divisors(n)]); phi
1600

sage: euler_phi (n)

1600

sage: prime_to_m_part (n, 5)
401
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>>> from sage.all import *
>>> d,u,v = xgcd(Integer(12),Integer(15))

>>> d == u*Integer(12) + v*Integer (15)
True

>>> n = Integer (2005)

>>> inverse_mod (Integer (3),n)

1337

>>> Integer(3) * Integer (1337)
4011

>>> prime_divisors (n)

[5, 401]

>>> phi = n*prod([Integer(l) - Integer(l)/p for p in prime_divisors(n)]); phi
1600

>>> euler_phi (n)

1600

>>> prime_to_m_part (n, Integer(5))
401

Vacaum koe-uto mid 3n + 1.

sage: n = 2005

sage: for i in range (1000):

..... n = 3*odd_part (n) + 1
..... if odd_part(n)==1:

..... print (i)

..... break

38

>>> from sage.all import *

>>> n = Integer (2005)

>>> for i in range (Integer (1000))

Integer (3) *odd_part (n)
1

n = + Integer (1)
if odd_part (n)==Integer (1) :

print (1)

break

38

Kwuraiickas Teopema 00 ocTaTkax:

sage: x = crt(2, 1, 3, 5); x

11

sage: x $ 3 # x mod 3 = 2

2

sage: x $ 5 # x mod 5 = 1

1

sage: [binomial (13,m) for m in range(14)]

(1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial (13,m)%2 for m in range(14)]

1, 1, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0, 1, 1]
sage: [kronecker (m,13) for m in range(1,13)]
[lr _17 lr 1/ _17 _11 _11 _17 1! 1/ _ll 1]

sage: n = 10000; sum([moebius(m) for m in range(l,n)])

-23

sage: Partitions (4).list ()

(41, s, 1, 1z, 21, 2, 1, 11, 1, 1, 1, 111
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>>> from sage.all import *
>>> x = crt(Integer(2), Integer(l), Integer(3), Integer(5)); x

11

>>> x % Integer (3) # x mod 3 = 2
2

>>> x % Integer (5) # x mod 5 = 1
1

>>> [binomial (Integer (13),m) for m in range (Integer (14))]

(1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
>>> [binomial (Integer (13),m)%Integer (2) for m in range (Integer (14)) ]
{1+, 12, o, o, 12, 12, 0, 0, 1, 1, 0, 0, 1, 1]

>>> [kronecker (m, Integer (13)) for m in range (Integer (1), Integer (13))]
[11 _ll 1! 1/ _11 _ll _11 _11 1/ 1/ _11 1]

>>> n = Integer (10000); sum([moebius(m) for m in range (Integer(l),n)])
-23

>>> Partitions (Integer(4)) .list ()
(41, s, 11, 1z, 21, (2, 1, 11, [, 1, 1, 11]

2.11.1 p—apmnyeckue umcna

[Mosne p-aguyeckux yKces peain3oBaHo B Sage. OOpaTute BHUMaHKeE: KaK TOJIBKO MOJIe P-aJuIeCKUX YUCeIT CO3/IaHO, ero
TOYHOCTb HE MOXKET OBbITb U3MEHEHA.

sage: K = Qp(11); K

ll-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 + 4*11 + 1172 + 7*1173 + 9*1175 + 5*1176 + 4*11~7 + 8*1178 + 7*11"9
+ 9%11710 + 3*11711 + 10*11712 + 11713 + 5*11714 + 6*11715 + 2*11716
+ 3*11717 + 11718 + 7*11719 + O(11720)

sage: b = K(3211/11"2); b

10*11%-2 + 5*117-1 + 4 + 2*11 + 0(11~18)

>>> from sage.all import *

>>> K = Qp(Integer(11)); K

l1l-adic Field with capped relative precision 20

>>> a = K(Integer (211)/Integer(1l7)); a

4 + 4*11 + 1172 + 7*11~3 + 9*11~5 + 5*11°6 + 4*11~7 + 8*11~8 + 7*11"9
+ 9*¥11710 + 3*11711 + 10*11712 + 11713 + 5*11714 + 6*11715 + 2*11716
+ 3*11717 + 11718 + 7*11719 + 0(11720)

>>> b = K(Integer (3211)/Integer(11)**Integer(2)); b

10*¥114-2 + 5*112-1 + 4 + 2*11 + 0(11718)

Bosbioe konmecTBo MeTo10B BCTpoeHo s Kiacca NumberField.

sage: R.<x> = PolynomialRing (QQ)

sage: K = NumberField(x"3 + x"2 - 2*x + 8, 'a')
sage: K.integral_basis ()

[1, 1/2*a”2 + 1/2*a, a”2]

>>> from sage.all import *

>>> R = PolynomialRing (QQ, names=('x',)); (x,) = R._first_ngens (1)

>>> K = NumberField(x**Integer(3) + x**Integer (2) - Integer(2)*x + Integer(8), 'a')
>>> K.integral_basis ()

[1, 1/2*a”2 + 1/2*a, a"2]
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sage: K.galois_group ()
Galois group 3T2 (S3) with order 6 of x"3 + x"2 - 2*x + 8

>>> from sage.all import *
>>> K.galois_group ()
Galois group 3T2 (S3) with order 6 of x73 + x"2 - 2*x + 8

sage: K.polynomial quotient_ring/()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
X3 + x"2 - 2*x + 8

sage: K.units()

(=3*a*2 = 13*a = 13,)

sage: K.discriminant ()

-503

sage: K.class_group ()

Class group of order 1 of Number Field in a with
defining polynomial x*3 + x"2 - 2*x + 8

sage: K.class_number ()

1

>>> from sage.all import *

>>> K.polynomial_quotient_ring()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
X3 + x"2 - 2*x + 8

>>> K.units ()

(-3*a”2 - 13*a - 13,)

>>> K.discriminant ()

-503

>>> K.class_group ()

Class group of order 1 of Number Field in a with
defining polynomial x*3 + x"2 - 2*x + 8

>>> K.class_number ()

1

2.12 HeMHOro BbicLle MaTeMaTUKH

2.12.1 Anrebpanuyeckas reomeTpums

Sage no3BossieT co3aaBarth JioOble anredpanyeckue MHOrooOpasusi, HO MHOTJa (PYHKIMOHAIBHOCTh OrPaHUYMBAETCS
KoJibliamMu Q Wi KOHEeUYHbIMH mosisiMu. Hampumep, Haiinem oObelHEeHHe IBYX MIOCKUX KPHUBBIX, & 3aTeM BBIWICHUM
KPHUBBIE KAK HECOKPATHMBIE COCTABIISIONIHE OObEIMHEHHS.

sage: x, y = AffineSpace (2, 00, 'xy') .gens()

sage: C2 = Curve(x"2 + y*2 - 1)
sage: C3 = Curve(x"3 + y"3 - 1)
sage: D = C2 + C3

sage: D

Affine Plane Curve over Rational Field defined by
X5 4+ x"3*y"2 + x"2*y"3 + y*5 - x°3 - y*"3 - x"2 - y*2 + 1
sage: D.irreducible_components ()
[
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"2 + yr2 - 1,
(IpoJoJKaeTCs Ha CeAyIOIel CTpPaHuLEe)
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Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"3 + y*3 - 1

>>> from sage.all import *
>>> x, y = AffineSpace(Integer(2), QQ, 'xy').gens()

>>> C2 = Curve (x**Integer (2) + y**Integer(2) - Integer(l))
>>> C3 = Curve (x**Integer (3) + y**Integer(3) - Integer(l))
>>> D = C2 + C3

>>> D

Affine Plane Curve over Rational Field defined by
X5 4+ x"3*y"2 4+ x"2*y"3 + y*5 - x*3 - y*"3 - x"2 - y*2 + 1

>>> D.irreducible_components ()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"2 + yr2 - 1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x*"3 + y*"3 - 1

Takke MOXKHO HaliTH BCe TOUKH MIEPECEeUEHUs ABYX KPUBbIX.

sage: V = C2.intersection(C3)
sage: V.irreducible_components ()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:

Yr
x -1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y_ll
XI

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x +y + 2,
2*y"~2 + 4*y + 3

>>> from sage.all import *
>>> V = C2.intersection (C3)
>>> V.irreducible_components ()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:

Yr
x -1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y_ll
Xy

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
X +vy + 2,
2*y~2 + 4*y + 3

Takum o6pasom Touku (1,0) u (0, 1) HaxoAATCST HA OOEMX KPUBBIX, & KOOPAMHATHI [0 OCH Y YAOBJIETBOPSIOT (QyHKIAK
2y? +4y +3=0.

Sage MOJKET BbIYUCIIUTH TOpOI/II[aHLHBIﬁ nacal HEILJIOCKOM KpI/IBOfI TPETLETO NOPpAIKA:
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sage: R.<a,b,c,d> = PolynomialRing (QQ, 4)

sage: I = ideal (b"2-a*c, c”2-b*d, a*d-b*c)

sage: F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b*"2 - a*c, c”2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, ¢, d over Rational Field

sage: F.reduced_groebner_bases ()

[[-c*2 + b*d, -b*c + a*d, -b"2 + a*c],
[-b*c + a*d, -c¢c”2 + b*d, b"2 - a*c],
[-¢c*3 + a*d"2, -c¢"2 + b*d, b*c - a*d, b*"2 - a*c],
[-c*2 + b*d, b"2 - a*c, b*c - a*d, c¢"3 - a*d*2],
[-b*c + a*d, -b"2 + a*c, c¢c”2 - b*d],
[-b*3 + a”2*d, -b"2 + a*c, c¢c”2 - b*d, b*c - a*d],
[-b*2 + a*c, c”2 - b*d, b*c - a*d, b"3 - a*2*d],

[c"2 - b*d, b*c - a*d, b"2 - a*c]]
sage: F.polyhedralfan ()
Polyhedral fan in 4 dimensions of dimension 4

>>> from sage.all import *

>>> R = PolynomialRing(QQ, Integer (4), names=('a', 'b', 'c', 'd',)); (a, b, c, d,) =_
—R._first_ngens (4)

>>> I = ideal (b**Integer(2)-a*c, c**Integer (2)-b*d, a*d-b*c)

>>> F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b*"2 - a*c, c”2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, ¢, d over Rational Field

>>> F.reduced_groebner_bases ()

[[-¢"2 + b*d, -b*c + a*d, -b"2 + a*c],

[=lo*e 4+ a¥el, =e*2 + b¥el, 1872 = ave],

=e*3 + a¥el”2, =e72 + lb¥el, lo¥e = a*dl, 182 = are],
[-c*2 + b*d, b"2 - a*c, b*c - a*d, c"3 - a*d"2],
[=lo*e 4 a¥el, =1*2 + a*g, €2 = b¥d],

=973 + ar2%e, =172 + a*e, e 2 = lb*¥dl, lb¥ae = a¥el],
[=ls*2 + a*g, e*2 = b¥e, lb¥e = a¥e, 1B°3 = a*2%dl,

(@2 = love, b*e = a*d, B2 = a*el]
>>> F.polyhedralfan ()
Polyhedral fan in 4 dimensions of dimension 4

2.12.2 Annuntuyeckune Kpueble

DYHKIMOHATBHOCTD SJUIMITHYECKHX KPHMBBIX BKJIIOYAeT B ceOst OomblIyio yacTh (pyHKumoHanbHocTd PARI, moctym k
nHpopmanuu B oHnaitH tabmuiax Cremona (4to TpeOyeT JOMOJHUTENbHBIA MakeT 6a3 AaHHBIX), (PYHKIIMOHATLHOCTD
mwrank, anroputM SEA, BBIUHCIIEHNE BCeX M30T€HMI, MHOTO HOBOTO Koja it Q U HeKoTopylo (hyHKIMOHATIBHOCTD
nporpaMmHoro odecrieueHust Denis Simon.

Komanma E11ipticCurve Ui CO30aHUSA JUMIITHIECKIX KPUBBIX IMEEeT MHOTO (hopM:

* EllipticCurve([ay, a2, a3, a4, ag]): BO3BpaTUT 3JUTMNTHYECKYIO KPUBYIO

y2 + a1y +asy = x> + a2x2 + aqx + ag,

* EllipticCurve([ay4, ag]): To *ke, 9To U BHIIIIE, HO a1 = az = a3 = 0.

* EllipticCurve(label): Beprer syumuntudeckyio KpuByio 13 6a3bl faHHbIx Cremona ¢ 3a/laHHbIM sipibikoM Cremona.
SApabIk - 3T0 CTpOKa, Harpumep, "11a" or "37b2".

* EllipticCurve(j): BepHeT anmmnTuyeckyio KpUBYIO C MIHBAPUAHTOH j.
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 EllipticCurve(R, [a1, a2, as, a4, ag]): CO3AACT JUTMNTHYECKYIO KPUBYIO U3 KOJIbIa R C 3aJaHHBIMU a; ‘MH, KaK
OBLIO YKA3aHO BbIIIE.

HUcnonb3oBaHKe Kaxa0ro KOHCTPYKTOpa:

sage: EllipticCurve([0,0,1,-1,01)
Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field

sage: EllipticCurve ([GF (5) (0),0,1,-1,01])

Elliptic Curve defined by y"2 + yv = x"3 + 4*x over Finite Field of size 5
sage: EllipticCurve([1,2])

Elliptic Curve defined by y*"2 = x"3 + x + 2 over Rational Field

sage: EllipticCurve('37a')
Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field

sage: EllipticCurve_from_7j (1)
Elliptic Curve defined by y"2 + x*y = x”3 + 36*x + 3455 over Rational Field

sage: EllipticCurve (GF(5), [0,0,1,-1,01])
Elliptic Curve defined by y"2 + yv = x"3 + 4*x over Finite Field of size 5

>>> from sage.all import *
>>> EllipticCurve ([Integer (0), Integer (0), Integer(l), -Integer(l), Integer(0)])
Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field

>>> EllipticCurve ([GF (Integer (5)) (Integer (0)), Integer (0), Integer (1), -Integer(l),
—Integer(0)1])
Elliptic Curve defined by y"2 + y = x"3 + 4*x over Finite Field of size 5

>>> EllipticCurve ([Integer (1), Integer(2)])
Elliptic Curve defined by y*"2 = x"3 + x + 2 over Rational Field

>>> EllipticCurve('37a')
Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field

>>> EllipticCurve_from_j (Integer (1))
Elliptic Curve defined by y*2 + x*y = x*3 + 36*x + 3455 over Rational Field

>>> EllipticCurve (GF (Integer (5)), [Integer(0),Integer(0),Integer(l),-Integer(l),
—Integer(0)])
Elliptic Curve defined by y"2 + yv = x"3 + 4*x over Finite Field of size 5

IMapa (0, 0) - 370 TOYKA Ha IUIUNTAYECKON KprBoil F, 3anaHHOl (pyHKIIMEl y2 +y = 2% — . JInst co30aHus 3TOM TOUKN

B Sage HarevaTaiite E ([0, 0] ). Sage MOXeT J00aBUTh TOUYKH Ha TAKYIO SJUTMIITHYECKYIO KPUBYIO:

sage: E = EllipticCurve([0,0,1,-1,01)
sage: E
Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field
sage: P = E([0,0])
sage: P + P
(1 : 0 : 1)
sage: 10*P
(161/16 : -2065/64 : 1)
sage: 20*P
(683916417/264517696 : —-18784454671297/4302115807744 : 1)
sage: E.conductor ()
(poJoJIKaeTcs Ha CeAyIolel CTpaHuLEe)
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37

>>> from sage.all import *

>>> E = EllipticCurve ([Integer (0), Integer(0), Integer (1), Integer(l),Integer (0)])
>>> E

Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field
>>> P = E([Integer(0),Integer(0)])

>>> P + P

(1 : 0 : 1)

>>> Integer (10) *P

(161/16 : —-2065/64 : 1)

>>> Integer (20) *P

(683916417/264517696 : —-18784454671297/4302115807744 : 1)

>>> E.conductor ()

37

DIIMNTHYECKUE KPUBbIE [J151 KOMIUIEKCHBIX YMCEIT 33/1aI0TCsI IapaMeTPaMy MHBAPUAHTHI j. Sage BHIYUCIUT UHBAPUAHTY
7

sage: E = EllipticCurve([0,0,0,-4,2]); E
Elliptic Curve defined by y"2 = x*3 - 4*x + 2 over Rational Field
sage: E.conductor ()

2368
sage: E.j_invariant ()
110592/37

>>> from sage.all import *

>>> E = EllipticCurve ([Integer (0),Integer (0), Integer (0), -Integer (4),Integer(2)]); E
Elliptic Curve defined by y"2 = x*3 - 4*x + 2 over Rational Field

>>> E.conductor ()

2368

>>> E.j_invariant ()

110592/37

Eciu MBI co31a1MM KpHBYIO € TOH e UHBApUaHTOH j, Kak 1y F/, oHa He JosnkHa ObITh 3oMopdHoii E. B cnenyomem
NpUMepe KpUBble He N30MOP(HBI, TAK KAK UX KOHIYKTOPBI Pa3JIAIHbI.

sage: F = EllipticCurve_from_3j(110592/37)
sage: F.conductor ()
37

>>> from sage.all import *

>>> F = EllipticCurve_from_j (Integer (110592)/Integer (37))
>>> F.conductor ()

37

OpHako kpydeHue F' Ha 2 1acT 130MOpQHYIO KPHUBYIO.

sage: G = F.quadratic_twist(2); G
Elliptic Curve defined by y"2 = x
sage: G.conductor ()

"3 - 4*x + 2 over Rational Field

2368
sage: G.j_invariant ()
110592/37
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>>> from sage.all import *

>>> G = F.quadratic_twist (Integer(2)); G

Elliptic Curve defined by y"2 = x*3 - 4*x + 2 over Rational Field
>>> G.conductor ()

2368

>>> G.j_invariant ()

110592/37

o 00 n o
MosxHo nocunTath K03 OUIMEHTH a,, psna L i MomyasapHoi GopMsl )~ a4, g™, IPUKPEILICHHO# K SJUIMNTHYE-
CKOH KpuBO#. [laHHOE BbIUKCIIEHUE HCcnosb3yeT oudmoreky PARI:

sage: E = EllipticCurve([0,0,1,-1,01)

sage: E.anlist (30)

to, 12, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3, 10, 2, 0, -1, 4, -9, -2, 6, —-12]

sage: v = E.anlist (10000)

>>> from sage.all import *
>>> E = EllipticCurve ([Integer (0), Integer(0), Integer (1), -Integer (l),Integer (0)])
>>> E.anlist (Integer (30))
o, 1, =2, =3, 2, =2, 6, =i, 0, 6, 4, =5, =6, =2, 2, 6, =4, 0, =12, 0, =4,
3, 10, 2, 0, =i, 4, =9, =2, 6, =12]
>>> v = E.anlist (Integer (10000))

3aiiMeT JIUIIb CeKYHIY [UTS TOACYETa BCEX a,, I 1 < 10°:

sage: Stime v = E.anlist (100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

>>> from sage.all import *

>>> Stime v = E.anlist (Integer (100000))

CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

DIUTUIITHYECKIE KPHUBBIC MOT'YT OBITh TOCTPOCHLI C MOMOMLIBIO UX APJILIKOB Cremona.

sage: E = EllipticCurve ("37b2")

sage: E

Elliptic Curve defined by y*"2 + y = x*3 + x72 - 1873*x - 31833 over Rational
Field

sage: E = EllipticCurve ("389a")

sage: E

Elliptic Curve defined by y"2 + y = x*3 + x"2 - 2*x over Rational Field
sage: E.rank()

2

sage: E = EllipticCurve ("5077a")

sage: E.rank()

3

>>> from sage.all import *
>>> E = EllipticCurve ("37b2")
>>> E
Elliptic Curve defined by y"2 + y = x°3 + x*2 - 1873*x - 31833 over Rational
Field
>>> E = EllipticCurve ("389a")
(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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>>> E
Elliptic Curve defined by y*"2 + y = x*3 + x"2 - 2*x over Rational Field
>>> E.rank ()
2
>>> E = EllipticCurve ("5077a")
>>> E.rank ()
3

Takxke ectb g0CTyI K 0a3e manHbix Cremona.

sage: db = sage.databases.cremona.CremonaDatabase ()

sage: db.curves (37)

{'a1': [[O, O, 21, -1, O], 21, 11, 'b1': [[O, 1, 1, -23, -50], O, 31}
sage: db.allcurves (37)

{'al': [[0, O, 1, -1, 01, 1, 11,

'b1': [[0, 1, 1, -23, -50], 0, 31,
'b2': [[0, 1, 1, -1873, -318331, 0, 1],
'p3': [[0, 1, 1, -3, 1], O, 31}

>>> from sage.all import *

>>> db = sage.databases.cremona.CremonaDatabase ()
>>> db.curves (Integer (37))
{'at': ([0, O, 21, -1, O], %1, 1], 'b1': [[O, 1, 1, -23, -50], O, 31}

>>> db.allcurves (Integer (37))
{'al': [[0, O, 21, -1, 0], 1, 11,

Ulpll's [[Q, 1L, 1, =23, =501, ©, 31,
'b2': [[0, 21, 1, -1873, -31833], 0, 11,
'b3': [[OI 1/ 1! _31 1]/ OI 3}}

OOBeKTHI, BO3BpAIlleHHbIe M3 0a3bl JaHHBIX, He MPUHAYIekAT TiIy E11ipticCurve. D10 3/1eMEeHTH 0a3bl JaHHBIX,
umeroiue napy noseit. CymecTByeT Manast Bepcusi 6a3bl gaHHbIX Cremona, KOTopasi €CTh [0 YMOJIYaHUio B Sage u
COZACPKUT OrpPaHUYEHHYI0 MH(OPMALIMIO O SJUTUINTHYECKUX KPHUBHIX ¢ KoHAYKTOpoM < 10000. Takxke cyiiecTByeT 1o-
TIOJIHUTEIbHAST OOJIbILAsT BEPCHUSI, KOTOPAsi COAECPIKUT UCUEPIIBIBAIOIIYI0 MH(POPMALIUIO O BCEX KPUBBIX C KOHIYKTOPOM JIO
120000 (OxTs16ps 2005). Erme oauu poronautenbHb nakeT (2GB) mist Sage copepkuT COTHN MIJUTIOHOB 3JUIMIITHYE-
CKMX KpHBBIX B 0a3e maHHBIX Stein-Watkins.

2.12.3 Cumeonbl Oupuxne

Cumeon [Jupuxae - 310 pacumperue romomopdusma (Z/NZ)* — R* s komsuia Rk Z — R.

sage: G = DirichletGroup(12)
sage: G.list ()

[Dirichlet character modulo 12 of conductor 1 mapping 7 |-—> 1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |-—> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |-—> -1, 5 |-—> -1]
sage: G.gens ()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |[-—> -1)
sage: len (G)

4

>>> from sage.all import *
>>> G = DirichletGroup (Integer (12))
(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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>>> G.list ()

[Dirichlet character modulo 12 of conductor 1 mapping 7 |[--> 1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--—> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |-—> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |-—-> -1, 5 |[-—> -1]
>>> G.gens ()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |[-—-> -1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |-—-> -1)
>>> len (G)

4

Co3paB rpymiy, Hy)HO CO3JaTh JIEMEHT U C €ro TIOMOIIBIO IIOCYUTATb.

sage: G = DirichletGroup(21)

sage: chi = G.1; chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zetab

sage: chi.values ()

[0, 1, zeta6 - 1, 0, -zeta6b, —-zeta6 + 1, 0, O, 1, 0, zeta6, -zetao, 0, -1,
0, 0, zeta6b - 1, zeta6, 0, -zeta6 + 1, -1]

sage: chi.conductor ()

.
sage: chi.modulus ()
21

sage: chi.order ()

6

sage: chi(19)
-zetab + 1
sage: chi (40)
-zetab + 1

>>> from sage.all import *

>>> G = DirichletGroup (Integer (21))

>>> chi = G.gen(l); chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zetab

>>> chi.values()

[0, 1, zeta6 - 1, 0, -zeta6, -zeta6 + 1, 0, 0, 1, 0, zeta6, -zetao6, 0, -1,
0, 0, zeta6 - 1, zeta6, 0, —-zeta6 + 1, -1]

>>> chi.conductor ()

5

>>> chi.modulus ()

21

>>> chi.order ()

6

>>> chi (Integer(19))

-zetab + 1

>>> chi (Integer (40))

-zetab + 1

Takke BO3MOXHO nocunTtath aedcteue rpymst Fanya Gal(Q(()/Q) Ha 9TH CUMBOJIBL

sage: chi.galois_orbit ()
[Dirichlet character modulo 21 of conductor 7 mapping 8 |-—> 1, 10 |--> -zetab + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |[--> 1, 10 |-—-> zetab]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in go]

(poJoJKaeTcs Ha CeAyIoliel CTpaHuLe)
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sage: G.decomposition ()

[

Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and.
—degree 2,

Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and.
—degree 2

]

>>> from sage.all import *

>>> chi.galois_orbit ()

[Dirichlet character modulo 21 of conductor 7 mapping 8 |-—> 1, 10 |--> —-zetab + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zetab]

>>> go = G.galois_orbits()
>>> [len(orbit) for orbit in go]
1, 2, 2, 1, 1, 2, 2, 1]

>>> G.decomposition ()

[

Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and.
—degree 2,

Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and.
—degree 2

]

[asiee HajI0 MOCTPOUTH TPyIILy CUMBOJIOB [upuxiie o Mojymo 20, HO co 3HaueHusamu ¢ Q(i):

sage: K.<i> = NumberField (x"2+1)

sage: G = DirichletGroup (20,K)

sage: G

Group of Dirichlet characters modulo 20 with values in Number Field in i with.
—defining polynomial x"2 + 1

>>> from sage.all import *

>>> K = NumberField(x**Integer (2)+Integer(l), names=("'i',)); (i,) = K._first_ngens (1)
>>> G = DirichletGroup (Integer (20),K)
>>> G

Group of Dirichlet characters modulo 20 with values in Number Field in i with.
—defining polynomial x"2 + 1

Temneps MocunTaeM HECKOJIBKO MHBAPUAHT G:

sage: G.gens ()
(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 |--> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 [--> 1, 17 |-—-> 1)

sage: G.unit_gens()
(11, 17)

sage: G.zeta()

i

sage: G.zeta_order ()
4
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>>> from sage.all import *

>>> G.gens ()

(Dirichlet character modulo 20 of conductor 4 mapping 11 |[--> -1, 17 |--—> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 |--> 1, 17 |--> 1)

>>> G.unit_gens ()
(11, 17)

>>> G.zetal()

i

>>> G.zeta_order ()
4

B manHOM mpmmepe, cuMBOIIBI upuxiie CO3AAIOTCS CO 3HAUEHUSMU B UYKCIOBOM I10JIE, SIBHO 3aJlaeTcsl BHIOOP KOPHS
00beIMHEeHUS] TPEThUM aprymeHToM DirichletGroup.

sage: x = polygen(QQ, 'x'")

sage: K = NumberField(x"4 + 1, 'a'); a = K.0
sage: b = K.gen(); a ==

True

sage: K

Number Field in a with defining polynomial x*4 + 1

sage: G = DirichletGroup(5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated.
—by a in Number Field in a with defining polynomial x"4 + 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a”2

sage: [(chi”i) (2) for i in range (4)]

[1, a*2, -1, -a"2]

>>> from sage.all import *
>>> x = polygen(QQ, 'x'")

>>> K = NumberField (x**Integer (4) + Integer(l), 'a'); a = K.gen(0)
>>> b = K.gen(); a ==

True

>>> K

Number Field in a with defining polynomial x*4 + 1

>>> G = DirichletGroup (Integer(5), K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated.
—by a in Number Field in a with defining polynomial x"4 + 1

>>> chi = G.gen(0); chi
Dirichlet character modulo 5 of conductor 5 mapping 2 |[--> a”2
>>> [(chi**i) (Integer(2)) for i in range (Integer(4))]

i, a*2, =i, =a*2]

3nech NumberField (x”4 + 1, 'a') roBopur Sage HCHOJIB30BATh CUMBOJI «a» IUIs IIEYaTH TOTO, YeM SIBJIETCS
K (44CJI0BOE MOJIe ¢ ONpeensiomuM nojuHoMom 't + 1). HazBanue «a» He 0ObABIEHO Ha JaHHbIA MomeHT. Korna a
= K.O (9kBUBaJIeHTHO @ = K.gen () ) OyJeT OlleHeHO, CUMBOJI «a» MPEICTABIISET KOPEHb IMOJIMTHOMA ot + 1.

2.12. HemHoro BbicLLen MaTeMaTukKu 71




Sage Tutorial in Russian, Bbeinyck 10.5

2.12.4 MopaynsipHbie oOpMbli
Sage MOJKET BbIITOJIHATH BBIYMCIICHUSA, CBA3AHHBIE C MOAYJIAPHBIMHA Q)OpMaMI/I, BKJIIOYasA UBMEPEHN A, BbIYUCIICHUE MOY-
JIAPHBIX CUMBOJIOB, OIIEPATOPOB I'ekke u Ppas3JIoKEHUA.

Cy1mecTByeT HECKOJIBKO HOCTYITHBIX (DYHKIIMI JUTsl BBIYMCIICHNSI M3MEPEHHI TPOCTPaHCTB MOAYISIpHBIX hopM. Hanpu-
Mmep,

sage: from sage.modular.dims import dimension_cusp_forms
sage: dimension_cusp_forms (GammaO (11),2)

1

sage: dimension_cusp_forms (GammaO (1),12)
1

sage: dimension_cusp_forms (Gammal (389),2)
6112

>>> from sage.all import *
>>> from sage.modular.dims import dimension_cusp_forms
>>> dimension_cusp_forms (GammaO (Integer (11)), Integer (2))

1

>>> dimension_cusp_forms (GammaO (Integer (1)), Integer (12))
1

>>> dimension_cusp_forms (Gammal (Integer (389)), Integer (2))
6112

Janee nokasaHbl BEIYMCIEHUSA ONEPATOPOB I eKKe B IPOCTpaHCTBE MOAYJIIPHBIX CUMBOJIOB YPOBHA 1 1 Beca 12.

sage: M = ModularSymbols(1,12)

sage: M.basis ()

([X~8*Y"2, (0,0)], [X"9*Y, (0,0)], [X"10, (0,0)1])

sage: t2 = M.T(2)

sage: t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0 (1)
of weight 12 with sign 0 over Rational Field

sage: t2.matrix()

[ —24 0 0]
[ 0 -24 0]
[4860 0 2049]

sage: £ = t2.charpoly('x"); £

x"3 - 2001*x"2 - 97776*x — 1180224
sage: factor (f)

(x — 2049) * (x + 24)"2

sage: M.T(11) .charpoly('x").factor ()
(x — 285311670612) * (x — 534612)"2

>>> from sage.all import *

>>> M = ModularSymbols (Integer (1), Integer(12))

>>> M.basis ()

([X~8*Y"*2, (0,0)], [X*9*Y, (0,0)], [X~10, (0,0)])

>>> t2 = M.T (Integer(2))

>>> t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0 (1)
of weight 12 with sign 0 over Rational Field

>>> t2.matrix ()

[ -24 0 0]
[ 0 -24 0]
[4860 0 2049]

(IpoJoJIKaeTcs Ha CeyIoIel CTpaHuLe)
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>>> f = t2.charpoly('x"'); £
x"3 - 2001*x72 - 97776*x - 1180224
>>> factor (f)
(x — 2049) * (x + 24)"2
>>> M.T (Integer(11)) .charpoly('x"').factor()
(x — 285311670612) * (x — 534612)"2

Takske MOXKHO co3zaaBath rpocrpanctso st I'o(N) u 'y (V).

sage: ModularSymbols (11, 2)

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols (Gammal (11),2)

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with

sign 0 over Rational Field

>>> from sage.all import *

>>> ModularSymbols (Integer (11), Integer (2))

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

>>> ModularSymbols (Gammal (Integer (11)), Integer(2))

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with

sign 0 over Rational Field

Boeruncimm HEKOTOPbIE XaPAKTECPUCTUYICCKHUE NOJIMHOMBI U ¢-Pa3JIOKCHUA.

sage: M = ModularSymbols (Gammal (11),2)
sage: M.T(2) .charpoly('x")
x~11 - 8*x710 + 20*x"9 + 10*x"8 — 145*x~7 + 229*x76 + 58*x"5 - 360*x"4
+ 70*x~3 - 515*x72 + 1804*x — 1452
sage: M.T(2) .charpoly('x"') .factor ()
(x — 3) * (x + 2)72 * (x4 - 7*x"3 + 19*x"2 - 23*x + 11)
* (x™M - 2*x"3 + 4*x"2 + 2*x + 11)
sage: S = M.cuspidal_submodule ()
sage: S.T(2) .matrix()
[-2 0]
[ 0 -2]
sage: S.g_expansion_basis (10)
[
q - 2*g”"2 - g"3 + 2*g™4 + g5 + 2*g"6 - 2*g”7 - 2*g”9 + 0O(g”1l0)

>>> from sage.all import *
>>> M = ModularSymbols (Gammal (Integer (11)), Integer (2))
>>> M.T (Integer (2)) .charpoly ('x")
x"11 - 8*x710 + 20*x79 + 10*x"8 — 145*x"7 + 229*x"6 + 58*x"5 - 360*x"4
+ 70*x73 - 515*x72 + 1804*x — 1452
>>> M.T (Integer (2)) .charpoly('x"') .factor ()
(x — 3) * (x + 2)72 * (x4 - 7*x"3 + 19*x"2 - 23*x + 11)
* (x4 - 2*x”3 4+ 4*x"2 + 2*x + 11)
>>> S = M.cuspidal_submodule ()

>>> S.T(Integer (2)) .matrix()
-2 0]
[ 0 -2]

>>> S.g_expansion_basis (Integer (10))

(poJoJKaeTcs Ha CeAyIoIIel CTpaHuLEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
qg - 2*gq"2 - g*"3 + 2*gq™4 + g"5 + 2*g"6 - 2*g"7 - 2*g”9 + 0(g”10)

Takoke BO3MOKHBI BBIYMCIIEHHUS IIPOCTPAHCTB MOJLYJISIPHBIX CUMBOJIOB C OYKBaMHu.

sage: G = DirichletGroup (13)

sage: e = G.0"2

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character
[zetab], sign 0, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2) .charpoly('x"') .factor()

(X — zeta6 - 2) * (x — 2*zeta6 - 1) * (X + zeta6 + 1)"2

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of
dimension 4 and level 13, weight 2, character [zetab], sign 0, over
Cyclotomic Field of order 6 and degree 2

sage: S.T(2) .charpoly('x").factor ()

(x + zetab + 1)"2

sage: S.g_expansion_basis (10)

[
g

H(szeta6 = 1)xg’
+ )

2*zeta6b - 2)*g” zetab*g™4 + (-2*zetab + 1)*g"5
(-2*zetaob + 4 )

2 + 3+
*gq"6 + (2%zeta6 - 1)*qg"8 - zeta6*g"9 + 0(g~10)

>>> from sage.all import *

>>> G = DirichletGroup (Integer (13))

>>> e = G.gen(0) **Integer (2)

>>> M = ModularSymbols (e, Integer(2)); M

Modular Symbols space of dimension 4 and level 13, weight 2, character
[zetab6], sign 0, over Cyclotomic Field of order 6 and degree 2

>>> M.T (Integer (2)) .charpoly('x"').factor ()

(X — zeta6 - 2) * (x - 2*zeta6 - 1) * (x + zeta6 + 1)"2

>>> S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of
dimension 4 and level 13, weight 2, character [zeta6], sign 0, over
Cyclotomic Field of order 6 and degree 2

>>> S.T(Integer(2)) .charpoly('x"').factor ()

(x + zeta6b + 1)"2

>>> S.qg_expansion_basis (Integer (10))

[

g t+ (—zeta6 — 1)*g"2 + (2*zetab - 2)*g"3 + zetab*g™4 + (-2*zetab + 1)*g">
+ (-2*zetab + 4)*g”"6 + (2*zeta6b - 1)*g"8 - zeta6*g”9 + 0(g”10)

ITpumep Toro, Kak Sage MOXET BBIYMCIISATH ACHCTBUS onepaTopoB [ eKke Ha MPOCTPaHCTBO MOAYJISAPHBIX (DOPM.

sage: T = ModularForms (GammaO (11),2)

sage: T

Modular Forms space of dimension 2 for Congruence Subgroup GammaO (11) of
weight 2 over Rational Field

sage: T.degree()

2

sage: T.level()

11

sage: T.group ()

Congruence Subgroup GammaO (11)

(poJoJIKaeTcs Ha CeAyIOIIel CTpPaHuLEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)
sage: T.dimension ()
2
sage: T.cuspidal_subspace ()
Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup GammaO (11) of weight 2 over Rational Field
sage: T.eisenstein_subspace ()
Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO (11) of weight 2 over Rational Field
sage: M = ModularSymbols (11); M
Modular Symbols space of dimension 3 for Gamma_0(11l) of weight 2 with sign
0 over Rational Field
sage: M.weight ()
2
sage: M.basis ()
((1,0), (1,8), (1,9))
sage: M.sign ()
0

>>> from sage.all import *

>>> T = ModularForms (GammaO (Integer (11)), Integer (2))

>>> T

Modular Forms space of dimension 2 for Congruence Subgroup GammaO (11) of
weight 2 over Rational Field

>>> T.degree ()

2

>>> T.level ()

11

>>> T.group ()

Congruence Subgroup GammaO (11)

>>> T.dimension ()

2

>>> T.cuspidal_subspace ()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup GammaO (11) of weight 2 over Rational Field

>>> T.eisenstein_subspace ()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO (11) of weight 2 over Rational Field

>>> M = ModularSymbols (Integer (11)); M

Modular Symbols space of dimension 3 for Gamma_0(11l) of weight 2 with sign
0 over Rational Field

>>> M.weight ()

2

>>> M.basis ()

((1,0), (1,8), (1,9))

>>> M.sign ()

0

Homnyctnm, T}, — 3To 06bruHbIi onepatop I'ekke (p mpoctoe). Kak onepatopst I'ekke 15, T3, T BeayT ce0s B IPOCTpaH-
CTBE MOAYJISIPHBIX CUMBOJIOB?

sage: M.T(2) .matrix()

[ 3 0 -1]
[ 0 -2 0]
[ 0 0 -2]
sage: M.T(3) .matrix ()
[ 4 0 -1)]

(IpoJoJIKaeTCs Ha CIEAYIOIIel CTpPaHULEe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

[ 0 -1 0]
[ 0 0 -1]
sage: M.T(5) .matrix()
[ 6 0 -1]
[ 0 1 0]
[ 0 0 1]

>>> from sage.all import *

>>> M.T (Integer (2)) .matrix()
[ 3 0 -1]
[ 0 -2 0]
[ O 0 -2]
>>> M.T (Integer(3)) .matrix()
[ 4 0 -1]
[ 0O -1 0]
[ 0O 0 -1]
>>> M.T (Integer (5)) .matrix()
[ 6 0 —-1]
[ 0O 1 0]
[ O 0 1]
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FMABA 3

NHTepakTmBHas obonoyka

IMourtn Bcerna B 3TOM PYKOBOJCTBE MBI ITpeAIosaraeM, YTo HHTepIpeTaTop Sage ObUI 3arylleH KOMaHaol sage. OHa
3aIyCTUT CrIennajIbHyIo Bepcuio KoHcomu [Python m mMmoprupyer MHOeCTBO (hyHKIIMI M KJIaccOB, TAK YTO OHU T0O-
TOBBI /ISl MICTIOJIB30BAHUSI B KOMAHAHOW CTpoKe. Bojee TOHKasi HaCTpOMKa MpPOW3BOIUTCS peJaKTHpOBaHHEM (paiiia
$SAGE_ROOT/ipythonrc. [Ipu 3anycke Sage Bbl yBUIUTE BBIBO, IOXOKHIA Ha CJI€YIOTITHIA:

T

| SsageMath version 9.7, Release Date: 2022-01-10
| Using Python 3.10.4. Type "help ()" for help.
|

sage:

YroOw! BeiiiTt U3 Sage, Haxmute Ctrl-D wnu BBeauTe quit wim exit.

sage: quit
Exiting Sage (CPU time Om0.00s, Wall time Om0.89s)

>>> from sage.all import *
>>> quit
Exiting Sage (CPU time Om0.00s, Wall time OmO0.89s)

Wall time — 370 mpomeariee BpeMs. IT0 3HaYEHUE BEpHO, MOTOMY Kak B «CPU time» He BXOIUT BpeMsi, MCTIOJIB30-

BaHHOe cybmporeccamu Bpojae GAP wmm Singular.

(Tlocrapaiitech He youBaTh Hporiecc Sage KoMaH0i k111 —9 U3 TepMHUHANIA, IOTOMY YTO Sage MOKeT He YOUTh 1o4ep-
HHe TPOILIECChl, TakKe Kak Maple, WM MOXET He OYUCTUTh BpeMeHHbIe (paiiibl U3 qupekTopun SHOME / . sage/tmp.)
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3.1 Bawa ceccusa Sage

Ceccust — 3T0 NOC/IEI0BATEIEHOCTS BBOJIOB U BHIBOJIOB HAUMHAS C 3AITyCKa POrPAMMBbI M 3aKaHYMBAsI BBIXOZIOM M3 Hee.
Sage 3aHOCHUT BCIO MCTOPUIO BBOJOB B log-chaiin, ucnons3ys IPython. Eciu Bbl UCTIONB3yeTe MHTEPAKTUBHYIO 000JIOYUKY
(ue BeO-unTeperic Notebook), To BbI MOXeTe BBeCTH %$hist, 4TOOBl BBIBECTH CIIMCOK BCEX BBEJECHHBIX KOMaHI. Bbi
MOXeTe BBECTH ? B KOMaH/IHOI cTpoke Sage, 4ToObl oayuuTh Oosbine nHpopmanun o IPython, Hanpumep, «IPython
NPeJIOCTaBIIseT TPOHYMEPOBaHHBIE KOMaHJHbBIE CTPOKH. .. C KEIIMPOBAaHWEM BBOJIA U BbIBOJA. Bce BBe/leHHbIE TaHHbIE
COXPAHSIOTCSI K MOTYT OBITh MCIIOJIb30BaHBI KaK NIepeMeHHbIe (TOMUMO OOBIYHOTO BBI30BA C OMOLIBIO CTpesiok). Crieny-
Io1IHe [T00AIbHBIE NIepEMEHHbIE TPUCYTCTBYIOT BCEra (He Mepe3anuchBaiTe ux ! )»:

previous input (interactive shell and notebook)
next previous input (interactive shell only)
_oh : list of all inputs (interactive shell only)

[Tpumep:

sage: factor (100)

_1 =272 * 572

sage: kronecker_symbol (3, 5)
2 = -1

sage: %hist # PaforaeT TONbKO B HHTEPAKTHUBHOH obonouke, HO He B Sage notebook.
1: factor (100)

2: kronecker_symbol (3, 5)

3: %hist

sage: _oh

_4 = {1: 272 * 572, 2: -1}
sage: _il

5 = '"factor (zZzZ(100))\n"
sage: eval(_i1)

_6 = 272 * 572

sage: %hist

factor (100)
kronecker_symbol (3, 5)
$hist

_oh

_i1

eval (_1i1)

$hist

~ o U b W N

>>> from sage.all import *
>>> factor (Integer (100))
1 = 272 * 572
>>> kronecker_symbol (Integer (3), Integer (5))
2 = -1
>>> Shist # PaboTaeT TONLKO B HHTEPaAKTHBHOM obonouke, HO He B Sage notebook.
1: factor (100)
2: kronecker_symbol (3, 5)

3: %hist
>>> oh
_4 = {1: 272 * 52, 2: -1}
>>> i1
5 = '"factor (zz(100))\n"

>>> eval (_il)
_6 = 272 * 572
>>> %hist

1: factor (100)

(mpozoyDKaeTes Ha CileyIomel CTpaHHUIIe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

kronecker_symbol (3, 5)
$hist

_oh

_i1

eval (_1i1)

$hist

~ o U b W N

MB&I He BKJIIOYAEM HOMEpA CTPOK B 9TOM Y4eOHOM MOCOOMH U B APYroil JOKyMeHTaln Sage.

Br1 Takxe MoxeTe XPaHUTB CITMCOK BBEACHHBIX KOMaH/] CECCUU B BUE MaKpoca JJis CECCUU.

sage: E = EllipticCurve([1,2,3,4,5])
sage: M = ModularSymbols (37)
sage: %hist

1: E = EllipticCurve([1,2,3,4,5])
2: M = ModularSymbols (37)
3: %hist

sage: Smacro em 1-2
Macro "em’ created. To execute, type its name (without quotes).

>>> from sage.all import *

>>> E = EllipticCurve ([Integer (1), Integer(2), Integer(3), Integer (4), Integer(5)])
>>> M = ModularSymbols (Integer (37))

>>> Shist

1: E = EllipticCurve([1,2,3,4,5])

2: M = ModularSymbols (37)

3: %hist

>>> %macro em Integer (l)-Integer (2)

Macro “em’ created. To execute, type its name (without quotes).

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

sage: E = 5

sage: M = None

sage: em
Executing Macro...
sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

>>> from sage.all import *

>>> E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

>>> E = Integer (5)
>>> M = None
>>> em

Executing Macro...

>>> E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

IMpu ucnob30BaHUK UHTEPAKTUBHOM 0000uky Sage, o6as UNIX-koman1a MOXeT ObITh 3aMyllieHa ¢ OMOIIBIO TIpe-
(pukca !. Hammpumep
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sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex

>>> from sage.all import *
>>> l1s
auto example.sage glossary.tex t tmp tut.log tut.tex

BO3BpAILlAET COJEepKAHUE TEKYILEH TUPEKTOPUH.

IMepemenHast PATH COXEpKUT AUPEKTOPHIO bin (GuHapHbIE (haiiibl) B CAMOM Hauasle, TaK YTO €CJIM BbI 3aMycKaeTe gp,
gap, singular, maxima, 4 T.A. BB IOJyJaeTe BEPCUH, BKITIOUYECHHBIE B Sage.

sage: !gp
Reading GPRC: /etc/gprc ...Done.
GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (1x86/GMP-4.1.4 kernel) 32-bit version
sage: !singular
SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<

by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

>>> from sage.all import *

>>> lgp
Reading GPRC: /etc/gprc ...Done.

GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version

>>> Isingular

SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<
by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005
FB Mathematik der Universitaet, D-67653 Kaiserslautern \

3.2 XypHanupoBaHue BBO4a U BbiBOAA

JKypHanupoBaHHUe ceccry Sage 3TO He TO ke caMoe, UTO COXpHaHeHue ceccu (cM. Coxparerue u 3azpy3Kka NOAHbIX cec-
cuii 1yt 3Toro). 17 sKypHaIMpoBaHUs BBOIA (¥, ONIIMOHAIBHO, BRIBOJIA), MCIIONB3YiTe KOMaHAy logstart. Beeaute
logstart ? i nogpodHocTel. Bbl MOKETe HCIONb30BATh 9TY KOMAHNY [UIsl KYPHAJIMPOBAHMSI BCETO, UTO Bbl BBOJUTE,
BCEro BBIBOJIA, U JJake MOXKETe BOCIIPOM3BECTH BBE/ICHHBIC JaHHbIC B Oyayien ceccuu (IpoCcTo 3arpy3uB log-chaiin).

was@form:~$ sage

I
| SageMath version 9.7, Release Date: 2022-01-10
| Using Python 3.10.4. Type "help ()" for help.

l

sage: logstart setup
Activating auto-logging. Current session state plus future input saved.

(poJoJIKaeTcs Ha CeAyIolel CTpaHuLEe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

Filename . setup

Mode : backup

Output logging : False

Timestamping : False

State : active

sage: E = EllipticCurve([1,2,3,4,5]) .minimal_model ()
sage: F = Q0”3

sage: x,y = Q0['x,y"'].gens()

sage: G = E.gens|()

sage:

Exiting Sage (CPU time Om0.61ls, Wall time Om50.39s) .
was@form:~$ sage

I

| SageMath version 9.7, Release Date: 2022-01-10
| Using Python 3.10.4. Type "help ()" for help.
l

sage: load("setup")
Loading log file <setup> one line at a time...
Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y"2 + x*y = x"3 - x"2 + 4*x + 3 over Rational
Field

sage: x*y

XXy

sage: G

[(2 ¢+ 3 : 1)]

Ecmm Bol ncnosnb3yete Sage B konsole — tepmunane cpeasl KDE B GNU/Linux — Torna Bel MOXeTe COXPaHUTh
CECCHIO CIIeAYIOIMM 00pa3oM: Moce 3ammycka Sage B konsole, BbIOepuTe «settings», MOToM «history...», TOTOM «set
unlimited». Korna Bbl rOTOBBI COXpaHUTh ceccuio, BhiOepute «edit» U «save history as...» u BBeaute uMsl (aiiia s
coxpaHeHust. [Tocie 3Toro Bbl MOXKeTe BOCIOJIb30BATHCSI JTIOOBIM TEKCTOBBIM PEIAKTOPOM, HAIPHUMED Xemacs, s YTeHUsI
(aitna.

3.3 BcraBka urHopupyet npurnawieHuve

JomycTuM, Bbl UMTaeTe CeccHIo Sage Wiy Beruucienus Python, u xotute ckonuposarts ux B Sage. Ho ectb ofHa mpodiiema:
3HaKU >>> WM sage :. Ha camoM Jiesie Bbl MOXeTe KOIMPOBAaTh U BCTABJIATH IPUMEPDI, KOTOPHIE BKJIIOYAIOT 3TH 3HAKMU.
Jpryumu cioBaMu, Sage UTHOPUPYET CUMBOJIBL >>> WM sage : Nepel oTnpaBkoil komaHy B Python. Hanpumep,

sage: 2710

1024

sage: sage: sage: 2710
1024

sage: >>> 2710

1024

>>> from sage.all import *
>>> Integer (2) **Integer (10)

1024

>>> sage: sage: Integer(2)**Integer (10)
1024

>>> >>> Integer (2) **Integer (10)

1024
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3.4 KomaHabl U3aMepeHnst BpeMeHuU

Ecnn BBl BBesieTe KOMaHy $time B Hayaje CTPOKHM BBOJA, TO BpeMsl, 3aTpaueHHOE Ha BBINOJHEHHUE Ollepalyi, Oysier
BBIBE/ICHO Ha 9KpaH. Hanprmep, BBl MOeTe U3MEPUTh BpeMsl BBIIOJIHEHHS! ONIepallii BO3BEICHHS B CTEIIeHb HECKOJIb-
KkuMu nyTsMu. [TokasaHust Hike OyOyT OTIMYAThCS OT BAIIMX; OHM MOTYT OTJIMYAThCS Jake B Pa3HBIX BepcHsx Sage.
Yucrtsrii Python:

sage: Stime a = int (1938)7int (99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

>>> from sage.all import *

>>> Stime a = int (Integer (1938)) **int (Integer (99484))
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

Iro o3Havaet uTo .66 cekyH ObUIO 3aTpayeHo B cymme, a « Wall time», (mporrearee BpeMst), Toxe 0.66 cekynn. Eciu
Balll KOMITHIOTEp CHJIBHO 3arpyXeH IpyruMu Ipolieccamu, To « Wall time» MOXeT CHIIBHO OTIYATHCS OT IIPOLIECCOPHOTO
BPEMEHH.

Jasiee Mbl IoCcUMTaeM BpeMsi BO3BEIEHHUsI B CTETICHb C KCIOJIb30BAHMEM BCTPOSHHOTO B Sage LeJIOUYMCIEHHOTO THIIA
JaHHBIX, peamu3oBanHoro (B Cython) ¢ ucrnons3oBanviem 6ubmoreku GMP:

sage: Stime a = 1938799484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

>>> from sage.all import *

>>> Stime a = Integer (1938) **Integer (99484)

CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

HUcnounb3ys untepdeiic PARI u3 6ubnmuorexku C:

sage: %time a = pari(1938) "pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

>>> from sage.all import *

>>> Stime a = pari(Integer(1938)) **pari (Integer (99484))
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMP Bepier cebs Jydliie, HO TOJBKO HEMHOTO (KaK U OKMIaJIoch, Belb Bepcust PARI, BcTpoeHHast B Sage, UCTIONB3yeT
GMP yist pabOTHI C TIEJTBIMUA YHACTAMHU ).

Br1 Takxe MoxeTe 3aMEpPUTh BPEM S BbIITIOJIHCHU A O11oKa KOMaHJI C TIOMOIIBI0 cput ime, KaK MOKa3aHO HUXKE:

sage: t = cputime ()

sage: a = int (1938)"int (99484)

sage: b = 1938799484

sage: ¢ = pari(1938) “pari(99484)

sage: cputime (t) # random output
0.64
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>>> from sage.all import *
>>> t = cputime ()
>>> a = int (Integer (1938)) **int (Integer (99484))
>>> b = Integer (1938)**Integer (99484)
>>> ¢ = pari(Integer (1938)) **pari (Integer (99484))
>>> cputime (t) # random output
0.64
sage: cputime?
Return the time in CPU second since Sage started, or with optional
argument t, return the time since time t.
INPUT:
t —— (optional) float, time in CPU seconds
OUTPUT:
float —- time in CPU seconds
>>> from sage.all import *
>>> cputime?

Return the time in CPU second since Sage started,

argument t, return the time since time t.

INPUT:

t —— (optional) float, time in CPU seconds
OUTPUT:

float —— time in CPU seconds

or with optional

Komannma wallt ime Bener ceOs Tak ke, Kak cputime, HO OHa U3MepsieT HACTOsIIee BpeMsl.

MBei TaK ke MOXKeM BO3BECTH YKCIIO B CTEIIeHb, HCIIOJIb3Y 1 CUCTEMbI KOMITBIOTEPHOU anreOpsbl, BKIIOUYEHHbBIE B Sage. B kaxk-
JIOM CJTy4ae MbI 3aITyCKaeM MPOCTYI0 KOMaH/y B CHCTeMe YTOObI 3aITyCTUTh CepBep JJIsi 3TOM nporpammsl. Camoe TouHoe
- BpeMst 3T0 Wall time. OnHako, eciiv CyIecTBYeT CyleCTBEHHAs] pa3HULIA MEXy STUM 3HAY€HUEM U MPOLIECCOPHBIM
BpemeHeM (CPU time), TO, BO3MOXHO, €CTh CMBICJT IPOBEPUTh CUCTEMY Ha HAJIMYKE MTPOOIEM POU3BOIUTEIBHOCTH.

sage: time 1938799484;
CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01
sage: gp(0)
0
sage: time g = gp('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: maxima (0)
0
sage: time g = maxima ('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.30
sage: kash (0)
0
sage: time g = kash('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: mathematica (0)
0
sage: time g = mathematica('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03
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sage: maple (0)
0
sage: time g = maple('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.11

sage: libgap (0)

0

sage: time g = libgap.eval('1938799484;")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 1.02

.00

.00

(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

>>> from sage.all import *
>>> time Integer (1938)**Integer (99484);

CPU times: user 0.01 s, sys: 0.00 s, total:

Wall time: 0.01

>>> gp (Integer (0))

0

>>> time g = gp('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.04

>>> maxima (Integer (0))

0

>>> time g = maxima('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.30

>>> kash (Integer (0))

0

>>> time g = kash('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.04
>>> mathematica (Integer (0))
0
>>> time g = mathematica('1938799484

)

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.03

>>> maple (Integer (0))

0

>>> time g = maple('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.11

>>> libgap (Integer (0))

0

>>> time g = libgap.eval ('1938799484;")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 1.02

.01

.00

.00

.00

.00

.00

.00

3amersbte, uto GAP 1 Maxima sIBJISIOTCS CaMbIMK MEJJIEHHBIME B 9TOM TecTe (TecT ObUT TPOBE/IeH Ha MAIllMHE Sage .
math.washington.edu). Tak kak OHM PaGOTalOT ¢ JPYrUM UHTEP(ENRCOM, HAICTPOCHHBIM Hajl HUMH, CYIHTh 00

a0COMIOTHOM MMPONU3BOAUTEIILHOCTU 9TUX CUCTEM HE CTOMT.
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3.5 OWMbKM N UCKIYeHns

Korna uTo-To nzer He Tak, OOBIYHO MOXHO YBUAETh HcKimodeHrne Python (Python «exception»). Python nase mombita-
€TCs1 IPEATIOJIOKHUTh, YTO BBI3BAJIO OMMOKY. YacTo BBl MOKeTe BUJIETh M1 NCKJIIOUEHH S, HArIpuMep, NameError uim
ValueError (cMm. Python Library Reference [PyLR] mnst mosiHOro cnvicka uckmodeHnit). Hanpumep,

sage: 3_2
File "<console>", line 1
ZZ(3)_2

SyntaxError: invalid
sage: EllipticCurve ([0,infinity])

Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

>>> from sage.all import *
>>> Integer (3_2)

File "<console>", line 1
77 (3)_2

SyntaxError: invalid
>>> EllipticCurve ([Integer (0),infinity])

Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

VHTepakTHBHBIN OTVIAJYMK MOXET ObITh TOJIE3HBIM JIJIs1 IOHUMAst TOTO, YTO MOILUIO He Tak. OTIaJuuK MOKHO BKJIIOYATh
WM BBIKJTIOYATh KOMaHAOH $pdb (110 yMOTYaHHIO OH BhIKJIOUEH). [Ipurnamenne koMaHAHOM CTPOKK 1pdb> MosBis-
eTCsl Ha 9KpaHe, eCJIM CIYYMIOCh UCKITIOYCHUE M OTIaJuiK ObUT BKJIOUEH. M3 oT1aqurKa Bl MOXeETe BHIBECTH Ha 9KpaH
COCTOsIHME JIIOOOH JIOKAJIbHOM MepeMEeHHO U IBUTaThCsl BBEPX M BHU3 IO CTEKy (execution stack). Hanpumep,

sage: S5pdb
Automatic pdb calling has been turned ON
sage: EllipticCurve([1,infinity])

<class Dexceptions.TypeError'> Traceback (most recent call last)

ipdb>

>>> from sage.all import *

>>> Spdb

Automatic pdb calling has been turned ON
>>> EllipticCurve ([Integer (l),infinity])

<class Dexceptions.TypeError'> Traceback (most recent call last)

ipdb>
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Jl1s1 oty deHus CIMCKa KOMaH| OT/IaTYMKa BBEIUTE ? B KOMAHAHOW CTpoKe 1ipdb>:

ipdb> ?

Documented commands (type help <topic>):

EOF break commands debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u

alias ¢ cont down ignore n pinfo return wunalias
args cl continue enable J next pp S up

b clear d exit jump o) q step W

whatis where

Miscellaneous help topics:

exec pdb

Undocumented commands:

retval rv

Haxwmure Ctrl-D nm BBeute quit 4ToOB BEPHYTHCS B Sage.

3.6 O6paTHbIN NOUCK U aBTOAOMNOJIHEHME

CHauasa co3aiuM TpeXMepHOe BEKTOPHOE MpocTpaHcTBo V = Q2 ciiemyommum o6pasom:

sage: V = VectorSpace (QQ, 3)
sage: V
Vector space of dimension 3 over Rational Field

>>> from sage.all import *
>>> V = VectorSpace (QQ, Integer (3))
>>> V

Vector space of dimension 3 over Rational Field

MOoXHO UCTIONB30BATh COKpalll€eHHOE 0003HaYEHHE:

[sage: V = Q0”3

>>> from sage.all import *
>>> V = QQ**Integer (3)

Beenute Hayano KOMaH[pI, MOTOM HaXMHUTe Ctrl—p (WIM MPOCTO HAXKMUTE CTPEJIKYy BBEPX Ha KJIABUATYpe) YTOOBI
BEPHYThCS K JIIOOOW U3 CTPOK, KOTOPhIE BbI BBOVIIM, HAUMHAIOIIEHCS C TAKUX ke CUMBOJIOB. DTO padoTaeT Jaxe eciu
BBI TIOJTHOCTB BHIIIDTH U3 Sage ¥ Mepe3anmyCTIIIN ero Mo3xe. MoXHO HUCIOb30BaTh M OOPATHBIH MTOKCK MO UCTOPHUHU KO-
MaHj1 ¢ moMoliipio Ct r1—r. Bce 3TH BO3ZMOXHOCTH UCHOJB3YIOT MaKeT readline KOTOPHIHA JAOCTYIIEH MOYTH HA BCEX
pasaoBuaHOCTAX GNU/Linux.

MOXkHO € JIETKOCTBIO BHIBECTH CITUCOK BeeX (pyHKUMH 111 V', ucnonw3ys aBTogonoiHeHue. [Ipocto BBeauTe V., MOTOM
HaxMuTe [TAB] Ha CBOell KJlaBUaType:

sage: V. [tab key]
V._VectorSpace_generic__base_field

(IpoJoJIKaeTcs Ha CeAyIOIIel CTpPaHULEe)
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.ambient_space
.base_field
.base_ring
.basis
.coordinates

<< < <<

S

.zero_vector

>>> from sage.all import *
>>> V. [tab key]
V._VectorSpace_generic__base_field

.ambient_space
.base_field
.base_ring
.basis
.coordinates

< << <<

V.zero_vector

Ecnu BB BBEJIETE NEpBBIE HECKOJIBKO CHMBOJIOB KOMAH/IBl,  TOTOM HaxkMéETe [TAB], BB MOMy4nTe (DYHKIMH, KOTOPbIE
HAYMHAIOTCS C 9TUX CUMBOJIOB.

sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

>>> from sage.all import *
>>> V.i[tab key]
V.is_ambient V.is_dense V.is_full V.1is_sparse

Eciu Bam MHTEpecHO, UTO Aenaer Kakas-HuOyap (pyHKuus, Haripumep coordinates, BBequre V. coordinates? s
MOJTyYeHHUsI CIIPABKHU WK V . coordinates? ? s HOJy4YeHUs] UCXOTHOTo Kojia (00bSICHSIETCS B CIICAYIONIEM pa3ielic).

3.7 BcTpoeHHasi cnpaBo4YHasi cuctema

Sage ob:1aiaeT BCTPOEHHOM CIIPaBOYHOM cucTeMol. BBeauTe HazBaHMe (DYHKIIMH CO 3HAKOM ? [UIsI IOCTYIA K JOKYMEH-
TaIWX 110 3TOH (DyHKIMK.

sage: V = Q0”3
sage: V.coordinates?

Type: instancemethod

Base Class: <class 'instancemethod'>

String Form: <bound method FreeModule_ambient_field.coordinates of Vector
space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates (self, v)

Docstring:

Write v in terms of the basis for self.
Returns a list c¢ such that if B is the basis for self, then

(IpoJoJIKaeTCs Ha CJeAyIoIel CTpaHuLEe)
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sum c_1i B_i = wv.
If v is not in self, raises an ArithmeticError exception.

EXAMPLES :
sage: M = FreeModule (IntegerRing (), 2); MO,M1=M.gens ()
sage: W = M.submodule ([MO + M1, MO - 2*M1])
sage: W.coordinates (2*M0-M1)
(2, -11

>>> from sage.all import *
>>> V = QQ**Integer (3)
>>> V.coordinates?

Type: instancemethod

Base Class: <class 'instancemethod'>

String Form: <bound method FreeModule_ambient_field.coordinates of Vector
space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates (self, v)

Docstring:

Write v in terms of the basis for self.
Returns a list c¢ such that if B is the basis for self, then
sum c_1 B_1 = wv.
If v is not in self, raises an ArithmeticError exception.
EXAMPLES:
>>> M = FreeModule (IntegerRing(), Integer(2)); MO0,M1=M.gens ()
>>> W = M.submodule ([MO + M1, MO - Integer(2)*M1])

>>> W.coordinates (Integer (2) *M0O-M1)
(2, -11

Kak noka3zaHo Bblllie, BLIBOJI IOKA3bIBAET TUI 00BEKTA, (haiiyi, B KOTOPOM OH OMpe/esieH 1 MoJIe3HOe ONUcaHue (PyHKINN
C MpUMepamMH, KOTOpble MOKHO BCTaBUTh B Ballly TEKYIIYI0 ceccuio. [TouTH Bce mpuMepsl MOABEPraloTCs PeryisipHOM
ABTOMATHUYECKOM MPOBEPKE Ha MPeMET PabOTOCIIOCOOHOCTH M HAJTMYUS TPEOYeMOro MOBEICHUS.

Jpyrast BO3MOXHOCTb XOPOILO OTpaKaeT JyX OTKPBITOTO MPOrpaMMHOro odecriedeHus: ecim £ 31o pyHkims Python’a,
1O £?? BBIBEAET UCXOIHBIA KOA, KOTOPBIN onpexensier £. Harmpumep,

sage: V = Q0”3
sage: V.coordinates??
Type: instancemethod

Source:

def coordinates (self, v):
mmwn

Write $v$ in terms of the basis for self.

nun

return self.coordinate_vector (v) .list ()

{>>> from sage.all import *
(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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>>> V = QQ**Integer (3)
>>> V.coordinates??
Type: instancemethod

Source:
def coordinates (self, v):
mmon

Write $v$ in terms of the basis for self.

nun

return self.coordinate_vector (v).list ()

OTcroa MBI 3HaeM, 4TO Bce, 4TO JejiaeT (pyHKIusA coordinates, 310 BbI30B (hyHKIMKM coordinate_vector u
MpeBpaIiaeT pe3yJsbTaT B ciucok. Uro menaer pyHKImMsA coordinate_vector?

sage: V = Q0”3
sage: V.coordinate_vector??

def coordinate_vector (self, v):

return self.ambient_vector_space () (v)

>>> from sage.all import *
>>> V = QQ**Integer (3)
>>> V.coordinate_vector??

def coordinate_vector (self, v):

return self.ambient_vector_space () (v)

OyHKIMA coordinate_vector yaepkuBaeT BBe/IeHHbIC 3HAUCHHS BO BHEIIHEM IIPOCTPAHCTBE, UTO MO3BOJISET JI0-
OUTBCS TaKOTO e 3(peKTa, KaK MpH BHIUMCICHUN BEKTOpa KO3(P(PUIIMEHTOB ITepeMeHHON v ¢ Touku 3penus V. IIpo-
CTpaHCTBO V' yXe BHEIIHee, TaK KaK OHO SIBJISeTCS Q3. CymectByeT Takke (QyHKIMs coordinate_vector mis
MOANPOCTPAHCTB, U OHA BefIeT ce0s1 O-UHOMY. MbI CO3IUM MOANIPOCTPAHCTBO M MOCMOTPHM:

sage: V = Q0"3; W = V.span_of_basis([V.0, V.1])
sage: W.coordinate_vector??

def coordinate_vector(self, v):
nmmn

nun

# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate_vector (v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user _matrix ()

return T.linear_combination_of_rows (w)

>>> from sage.all import *
>>> V = QQ**Integer(3); W = V.span_of_basis([V.gen(0), V.gen(l)])
>>> W.coordinate_vector??

def coordinate_vector (self, v):
mmwn

(IpoJoJIKaeTcs Ha CeAyIoIIel CTpPaHULEe)
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# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate_vector (v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user_matrix()

return T.linear_combination_of_rows (w)

(Ecnu BBI cunTaeTe, 9TO CyHIeCTBYIONIAs peanu3aiys Hea(pheKTHBHA, TTOXKaTyICTa, 3apeTUCTPHUPYNTECH U IIOMOTHTE OII-
TUMU3UPOBATh JIMHEHHYIO anreopy.)

Bbl Takke MoxeTe BBecTH he 1p (uMd_xoMaHnu!) WiMhelp (kmacc) A NOTyd4eHUs CIPaBKU O Kj1accax UK (PyHK-
LIAAX B CTWIE Man-CTPAHULI.

sage: help (VectorSpace)
Help on function VectorSpace in module sage.modules.free_module:

VectorSpace (K, dimension_or_basis_keys=None, sparse=False, inner_product_matrix=None, .
%*,
with_basis='standard', dimension=None, basis_keys=None, **args)

EXAMPLES:

The base can be complicated, as long as it is a field.

sage: V = VectorSpace (FractionField (PolynomialRing (2%, 'x"')),3)

sage: V

Vector space of dimension 3 over Fraction Field of Univariate Polynomial Ring in x
over Integer Ring

sage: V.basis()

[

(1, 0, 0),
(0, 1, 0),
——More——

>>> from sage.all import *
>>> help (VectorSpace)
Help on function VectorSpace in module sage.modules.free_module:

VectorSpace (K, dimension_or_basis_keys=None, sparse=False, inner_product_matrix=None, .
*
ox,

with_basis='standard', dimension=None, basis_keys=None, **args)
EXAMPLES:

The base can be complicated, as long as it is a field.

>>> V = VectorSpace (FractionField (PolynomialRing(ZZ, 'x")),Integer (3))
>>> V

Vector space of dimension 3 over Fraction Field of Univariate Polynomial Ring in x

over Integer Ring
>>> V.basis ()

[

(i, 0, @),

(rpooIKaeTCst Ha CISAYIOIIEl CTPAHHULIE)
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(0, 1, 0),
—=More-=

Korna BbI BBOAUTE ISl BHIXOJA U3 CIIPABOYHOM CUCTEMBI, Ballla CECCHsl HAXOAUTCS B TOM € COCTOSTHUM, 4TO U JIO
storo. CripaBka He 3axJlamJIsIeT Balll 9KpaH, B OTIMUMe OT opMbl function_name?, KOTOpas MHOTJA MOXET OCTaB-
JIATh MH(OPMALIMIO B Balled CECCUU. Oco0eHHO TI0JIe3HO UCIOJIb30BaTh help (module_name). Hanpumep, Bek-
TOPHBIE IIPOCTPAHCTBA OMMUCAHH B sage .modules. free_module, no3ToMy BBeOuTe help (sage.modules.
free_module) aus JoKkymeHTanuu 060 BceM MoayJie. Korma Bel mpocMaTprBaeTe JOKYMEHTAIMIO B CIIPABOYHOM CH-
cTeMe, Bbl MOXKETE OCYILECTBIISITh ITOUCK C TIOMOIIBI0 / ¥ B 0OPaTHOM TOPSIIKE C IOMOIIBIO ?.

3.8 CoxpaHeHue u 3arpy3Ka oTaeNibHbiX 06 bEKTOB

JlomycTM BBl BBIYMCIIMIIM MAaTPHILy UM Xy3Ke: CJIOXKHOE MPOCTPAHCTBO MOYJISIPHBIX CUMBOJIOB, U XOTHUTE COXPAHUTD €ro
Juts1 paboTel B 6yayniem. Kak ato caenarb? EcTh HECKOIBKO CIOCOOOB, KOTOPHIMU KOMIIBIOTEPHBIE areOphl MOJIb3YI0TCS
IUIs1 COXpaHEeHUs1 OOBEKTOB.

1. Coxpanutb urpy: IognepxuBaeTcs coxpaHeHre U 3arpy3Ka TOJIBKO MOJHBIX ceccuid (Hanpumep, GAP, Magma).

2. YHu(UIIPOBAHHBIA BBO/BBIBOA: BbiBO 0OBEKTOB Ha 9KPaH B TAKOM BH[E, B KOTOPOM OHU MOTYT OBbITh CUH-
tanbl o3xe. (GP/PARI).

3. Eval: Jlerkwuii crioco® 3arycka Jiio60ro kojaa B uHTeprperartope (Hanpumep, Singular, PARI).

Tak kak Sage moctpoeH Ha Python’e, OH MCIOJIb3yeT UHOW MOJAXO/: KAXIbI OOBbEKT MOXKET ObITh PEBPAIleH B CTPOKY,
U3 KOTOPOW B MOCJEICTBMU MOKHO BOCCTAaHOBHUTH 00BbeKT. Criocod X0k CO crocodoM yHU(pUKAIMK BBOJA U BBIBOJA,
kak B PARI, Ho B ciyuae ¢ Sage HeT HEOOXOAUMOCTHY BHIBOAUTh OOBEKT Ha SKpaH B caMoll HeynoOHou hopme. Takke,
MOJIEPXKKA COXPAHEHHsI U 3arpy3KH (B OOJIBIIIMHCTBE CIIyYaeB) MOJTHOCTIO ABTOMATHYHA, HE TPEOYET AOMOTHUTETHHOTO
MPOrPaMMHPOBAHHSI; ITO MPOCTO BO3MOKHOCTh Python’a, koTopast Gbia BKJIIOUEHA B A3BIK C CAMOTO Havaa.

3133

IMouru 110601 0OBEKT X MOXKET OBITH COXPAHEH B CKaToi (hopMe Ha JIMCK TPH MOMOILIM KOMaH/IH ,,“save(x, filename)
(W1 BO MHOTHUX Cilydasx ,,“x.save(filename)“

(2113

). st 3arpy3ku oObekTa BBeauTe ,,“load(filename)“*.

sage: A = MatrixSpace (QQ, 3) (range (9)) "2

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

sage: save (A, 'A'")

>>> from sage.all import *

>>> A MatrixSpace (QQ, Integer (3)) (range (Integer (9))) **Integer (2)
>>> A

[ 15 18 21
[ 42 54 66
[ 69 90 111
>>> save (4,

]
]
]

A')

Temneps BeIiIUTE U3 Sage U nepe3anmyctute. Tereps BH MOKeTe MOJYIHUTh ,, “A““ 06paTHO:

sage: A = load('A'")

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]
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>>> from sage.all import *
>>> A = load('A")

>>> A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

To e caMoe MOXHO JIeJIaTh U C 0oJiee CIOKHBIMUA OOBEKTAMH, HATIPUMED JUTUNTHIECKUMH K pUBBIMA. Best naopMaris
00 00BbeKTe (KOTOpast HAXOJMTCSI B Kellle) COXpaHsieTcst BMecTe ¢ o0bekToM. Hampumep,

sage: E = EllipticCurve('lla')

sage: v = E.anlist (100000) # Tpebyer HEKOTOPOrO BPEMEHH. . .
sage: save(E, 'E')

sage: quit

>>> from sage.all import *

>>> E = EllipticCurve('lla')

>>> v = E.anlist (Integer (100000)) # Tpebyer HEKOTOPOIrO BPEMEHH. . .
>>> save (E, 'E')

>>> quit

CoxpaneHHast Bepcusi E 3anumaer 153 kusobura, Tak Kak B HeM copepxkarcs nepsbie 100000 a, .

~/tmp$ 1ls -1 E.sobj

-rw-r——-r—-— 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]

sage: E = load('E")

sage: v = E.anlist (100000) # MoMmeHTanbHO!

(B Python, coxpaHeHue M 3arpy3ka ocymecTsisiercss MoayteM cPickle. O6bekT Sage x MOXET OBITh COXpaHEH C
nomoripio cPickle.dumps (x, 2).00parure BHUMaHKe Ha 2!)

Sage He MOKET COXPaHsTh U 3arpyKaTh OOBEKTHI, CO3IAHHBIC B IPYTHX CUCTEMaX KOMIBIOTEPHOHN ajireOphl, TAKMX Kak
GAP, Singular, Maxima u nip. OHu 3arpy:KaioTcsi B COCTOSTHIM, KOTOpPOe NMoMeueHo Kak «invalid». Xots, B GAP MHorue
0OBEKTHI BHIBOIATCS B (pOpPMeE, 3 KOTOPOU MX IIOTOM MOXHO BOCCTAaHOBHTH, HO MHOTHE He BBHIBOIISATCS B TaKOH (popme,
MOSTOMY X BOCCTAHOBJICHHE U3 TAKOTO BH/Ia HAPOUHO 3aIpelleHo.

sage: a = libgap(2)

sage: a.save('a')

sage: load('a')

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer
running.

>>> from sage.all import *

>>> a = libgap (Integer(2))

>>> a.save('a')

>>> load('a'")

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer
running.

O6bextel GP/PARI MOryT ObITH COXpaHEHBI M 3arpyKEHbI, TAK KaK UX BUJ [TPU BBIBOJIC HA SKPAH JIOCTATOYEH IS BOC-
CTaHOBJIEHUsI OOBEKTA.
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sage: a.sav
sage: load(
2

sage: a = gp
e

>>> from sage.all import *
>>> a = gp(Integer(2))

>>> a.save('a'")

>>> load('a')

CoxpaHeHHbIe 0OBEKTBI MOTYT OBITh 3arpy’KeHbl MO3Ke HAa KOMIIBIOTEPaX C APYroil apXUTEKTYPOW WIIM ONepaliiOHHON
CHCTEMOH, HAllpUMep, Bbl MOXKETE COXPaHUTh OrpOMHYI0 Marpuiy B 32-6utHoit OS X m 3arpy3uth ee B 64-OMTHYIO
GNU/Linux, mpuBeCTH K CTYNEHYaTOl (hopMe U IepeMeCcTUTh 00paTHO. Takke BO MHOTHX CITy4yasX BBl MOXETe 3arpy-
’KaTh 0OBEKTHI B BEPCHHU Sage, OTIIMYHbIE OT BEPCHHU, HA KOTOPOU OHU ObUTH COXpaHeHbl. Bee aTpulyThl 00beKTa COXpaHsi-
I0TCS1 BMECTe C KJIACCOM (HO He BKJIIOYasi ICXOIHBIN KOJ1), KOTOPBIH onuchiBaeT 00beKT. Ecim ki1acc Gosiee He cyIuecTByeT
B HOBOM BepcuM Sage, Torna o0beKT He MOXET OBbITh 3arpyXeH B 9Ty HOBYI0 Bepcuio. Ho eciti BbI 3arpysure ee Ha BEpCHIo
HIKE, TTOJyYHTe CIIOBaph OOBEKTOB (C IIOMOMIBIO X . dict__ ) M COXpaHWTE CIOBaph, TO CMOXKETE 3arpy3UTh €ro B
HOBYIO BEPCHIO.

3.8.1 CoxpaHeHue B BUpe Tekcra

BbI Takke MoxeTe coxpaHaTh 00beKThl B Buie Habopa ASCII cMMBOJIOB B ITPOCTON TEKCTOBBIN (haidsl MPOCTBIM OTKPbI-
THeM (hailyia ¥ COXpaHEeHHEM CTPOKH, KOTOpas BhIpakaeT (OMKCHBAET) OObEKT (BB MOXKETE 3aIUCHIBATh HECKOJIBKO 00b-
extoB). He 3a6yapTe 3aKkphITh (hafis mocse 100aBIeHNs JaHHBIX.

sage: R.<x,y> = PolynomialRing (QQ, 2)
sage: f = (xty)"7

sage: o = open('file.txt','w")

sage: o.write(str (f))

sage: o.close()

>>> from sage.all import *
>>> R = PolynomialRing (QQ, Integer (2), names=('x', 'yv',)); (x, y,) = R._first_ngens(2)
>>> f = (x+y)**Integer (7)
>>> o0 = open('file.txt','w")
>>> o.write(str (f))
o)

>>> .close ()

3.9 CoxpaHeHuMe u 3arpy3Ka NoNHbIX Ceccum

Sage O6HaHaCT OYeHb TMOKMMHU BO3MOXKHOCTSMU COXPaHEHMA U 3arpy3KH IOJIHBIX CeCCHH.

Komanma save_session (sessionname) cOXpaHseT Bce IepeMEHHbIE, KOTOPHIE BB 3aJaJIH B TEKYIIECH CECCHU B
BU/IE CIIOBapsI B 331aHHOM ses s ionname. (B peskom ciydae, koria 00beKT He HOIEPKUBAET COXPAHEHHsI, OH IPOCTO
He OyJeT BKJIIOUEeH B cioBapb.) B pesysbrate Oyner co3naH ¢aiii ¢ pacliMpeHHeM . SobT M MOXET ObITh 3arpyxeH
Kak JIloOo# pyroi oobekT. Koria Bel 3arpykaere COXpaHeHHbIe OOBEKThI B CECCHIO, BbI MOJIyYaeTe CJIOBaph, KIIOUYAMU
KOTOPOTO SIBJISTIOTCS] UMEHA ITEPEMEHHBIX, & 3HAUCHUSIMUA — OOBEKTHI.

Bbl MOXeTe UCronp30BaTh KOMaHay load_session (sessionname), 4To0bl 3arpy3UTh MIEPEMEHHbIE, OIMCAHHbIE
B sessionname, B TEKYIIYIO CECCHIO. 3aMEThTE, UTO ITO HE yAAISET epeMeHHbIe, 3a/IaHHbIE B 3TOM ceccnr. Bmecto
3TOTr0, IBE CECCUU OOBbEAUHAIOTCA.
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Jl71s1 Havasa 3armycTuM Sage U 3a/aJuM HECKOJIbKO IIEPEMEHHBIX.

sage: E = EllipticCurve('lla')

sage: M = ModularSymbols (37)

sage: a = 389

sage: t = M.T(2003) .matrix(); t.charpoly().factor()
4 = (x — 2004) * (x — 12)"2 * (x + 54)"2

>>> from sage.all import *

>>> E = EllipticCurve('lla')

>>> M = ModularSymbols (Integer (37))

>>> a = Integer (389)

>>> t = M.T(Integer (2003)) .matrix(); t.charpoly().factor ()
4 = (x — 2004) * (x — 12)72 * (x + 54)"2

Janee, COXpaHMM HaIlly CECCHIO, YTO BKJIIOUHT B ceOsl COXpaHEeHHe BCeX 3a/laHHBIX BHIIIE MepeMeHHbIX B (aiir. ITotom
MBI IpoBepuM uH(popmaruio o daiine. Ero pazmep — 3 kusodaiTa.

sage: save_session('misc')

Saving a

Saving M

Saving t

Saving E

sage: quit

was@form:~/tmp$ 1ls -1 misc.sobj

—-rw-r——-r—— 1 was was 2979 2006-01-28 19:47 misc.sobj

>>> from sage.all import *

>>> save_session('misc')

Saving a

Saving M

Saving t

Saving E

>>> quit

was@form:~/tmp$ 1ls -1 misc.sobj

—-rw-r—-r—-— 1 was was 2979 2006-01-28 19:47 misc.sobj

HaKOHeLl, MBI IIEpE3aIryCTuM Sage, 3a4aIMM JOTMOJHHUTEIbHYIO ICPEMEHHYIO U 3aI'Py3UM COXPAHCHHYIO0 CECCHUIO.

sage: b = 19

sage: load_session('misc')
Loading a

Loading M

Loading E

Loading t

>>> from sage.all import *
>>> b = Integer (19)

>>> load_session('misc'")
Loading a

Loading M

Loading E

Loading t

Kaxpnas COXpaHCHHas NNEpEMEHHAs CHOBA SABJIACTCA HCpeMCHHOﬁ. KPOMC TOro, ne€peMeHHast b He ObL1a rnepesanuvcaHa.
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sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0

and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y*2 + y = x*3 - x°2 - 10*x - 20 over Rational
Field

sage: b
19
sage: a
389

>>> from sage.all import *

>>> M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0
and dimension 5 over Rational Field

>>> E

Elliptic Curve defined by y*2 + y = x*3 - x°2 - 10*x - 20 over Rational
Field

>>> b

19

>>> a

389
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rnasa 4

NHTtepdpeiicol

KpaeyronpHbIM KaMHeM Sage SIBIISIeTCs HO/IEPKKa BBIUKMCIIEHUH C UCTIONB30BAaHUEM OOBEKTOB M3 PA3HBIX CUCTEM KOMb-
MIOTEPHOM aJIreOphl, KOTOPHIE HAXOASITCS IO/ OHON KPHIIIEi» U FCHOIB3YIOT OOIIMI UHTEP(ENC U YICTHII S3BIK TPO-
IPaMMHUPOBAHMS.

Mertonsl console u interact uHtepdgeiica aenaot pa3Hbie Beru. Harpumep, ncnonszyst GAP kak npumep:

1. gap.console (): OtkpoiBaer koHcosbs GAP u nepenaer ynpaenenue GAP’y. 3pech Sage BeICTymaeT B poJu
yIOOHOW KOMaHIHOM CTPOKH, Hanogooue obomouky Bash B GNU/Linux.

2. gap.interact (): D10 yaoOHHIA CIOCOO B3aUMOJEHUCTBHS C 3amyiieHHbIM uHTepdeiicom GAP, «3anonHeH-
HbIM» O00beKTaMu Sage. Bbl MoxkeTe MMIopTHpoBaTh 00beKTH Sage B ceccrio GAP (nake U3 MHTEPAKTUBHOTO
uHTepelica), u np.

4.1 GP/PARI

PARI 310 KOMMakKTHasA, OYeHb NMPOAYMaHHAs M XOPOIIO ONTUMU3UPOBaHHAs mporpamma Ha C, cocpeJoTOUeHHast Ha
Teopun yrces. CymecTByeT JBa pa3iesibHbIX HHTepderica, KOTOphle BBl MOKETE HUCIIOIb30BaTh B Sage:

¢ gp — gp - uarepnperatop «G o P ARI» , u
* pari — pari - C-6ubmioreka PARIL.

HaHpI/IMep, ciaeaymnmue 1B€ CTPOYKH BBIIOJHAKT OJHY U Ty K€ OICPALUIO. Onn BBIITIAAT WACHTUYHO, HO BBIBO/] Ha
CaMOM JIeJI€ OTJIMYAETCA, a 3a KyJIMCaMH ITPOUCXOAAT COBCEM PAa3HBIE BEIIIH.

sage: gp('znprimroot (10007) ")
Mod (5, 10007)

sage: pari ('znprimroot (10007) ")
Mod (5, 10007)

>>> from sage.all import *
>>> gp ('znprimroot (10007) ")
Mod (5, 10007)

(IpoJoJIKaeTCs Ha CJeAyIOIel CTPaHULE)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)

>>> pari ('znprimroot (10007) ")
Mod (5, 10007)

B nepBom ciyuae otmenpHas Komus —uHTepnperatopa GP  3amyckaercs Kak  cepep, U CTpOKa
'znprimroot (10007) ' oTmpapisieTcss B HEro, BblUMCHseTcsi ¢ nomoinplo GP, u pe3ynbraT 3amuchiBaercsi B
nepeMeHHyI0 B GP (koTopast 3aHMMaeT npocTpaHcTBO B raMaATH npouecca GP u e Oyzner ocoboxkaeHa). ITocie atoro
3HaYeHME NEePEeMEHHON BBIBOOWTCSA Ha dKpaH. Bo BTOpoM cilydae oTaeslbHas MporpaMma He 3allycKaeTcs, M CTpOKa
'znprimroot (10007) ' Bblumcisercss KoHKpeTHOW (yHkimeit C-6ubiuorekn PARI. Pesynbrar coxpaHsiercst B
heap-namstu Python’a, koTopast ocBOGOKIa€TCsI MOCIIE TOTO, KaK MepeMeHHast IepecTaeT UCTOJIb30BaThCs. Y 00BEKTOB
pasHblil TUI:

sage: type (gp ('znprimroot (10007) "))
<class 'sage.interfaces.gp.GpElement'>
sage: type (pari('znprimroot (10007) "))
<class 'cypari2.gen.Gen'>

>>> from sage.all import *

>>> type (gp('znprimroot (10007) "))
<class 'sage.interfaces.gp.GpElement'>
>>> type (pari ('znprimroot (10007) "))
<class 'cypari2.gen.Gen'>

Tak kakoii ke crmocod UCHoNb30BaTh? DTO 3aBUCHUT OT TOTO, UTO BH Jenaere. MHTepdeiic GP Moxer nenats Bce, 4TO
MoxeT nenath mporpamma GP/PARI, 3amyckaemast W3 KOMaHIHOW CTPOKH, MIOTOMY KaK OH 3aIlyCKaeT 3Ty Iporpam-
My. Bbl MoxeTe 3arpy3uts cioxnyio nporpamMmy PARI u 3amyctuts ee. C npyroit croponsl, uaTepderic PARI (uepes
C-OubIMoTeKy) UMeeT HAMHOTO OOJIbIle OrpaHUUYeHH. Bo-niepBbIX, He Bee (DyHKIIMM B HEl peain3oBaHbl. Bo-BTOpHIX,
MHOTO KOJia, HallpuMep, YMCIIEHHOe MHTerpupoBanue, He Oyzaer padorath yepes unrepdeiic PARI. Uurepiiec PARI
MOXeT ObITh HAMHOTO ObICTpEe M MOHsATHee, YeM cpaBHeHuIo ¢ GP.

(Ecim y naTepdeiica GP 3akoHYNTCS TaMATh NP BBIYUCISHUN JAHHON CTPOKH, OH aBTOMAaTHIECKH U Oe3 Ipeaypesk/ie-
HHS YOOBHUT pa3Mep CTeKa U MOnpoOyeT BbYKCIICHHE ele pa3. [103ToMy Bally BHIYMCIIEHUS Beeraa OyayT IpOnu3BeaeHbI
KOPPEKTHO, €CJIM Bbl IPABUJILHO pacuuTaeTe pa3mep HeoOXOAUMOM NaMsTH. DTOT yAOOHBIN TPIOK HE BXOAUT B apCeHal
npocroro uHTeprperaropa GP. OraocurensHo nntepdeiica C-6momoreku PARI: oH cpa3y kormupyeT Kaxaplil co31aH-
HbIl 00beKT U3 creka PARI, nostomy crek HuKorna He pacteT. OHaKO, KaX/Ablil OOBbEKT He JIOJDKEH NPEBbIIIaTh pa3Mepa
B 100 Merabaiit, wim ctek OyzeT MeperoHeH P CO30aHuU 00beKTa. JOMONHNUTENPHOEe KOMMPOBaHHE HEMHOTO BIIUSIET
Ha OOILYI0 POM3BOJUTEIBHOCTD. )

Sage wucnonbzyer C-6ubmmoreky PARI, 4toObl nopaepkuBarh (DyHKIHOHAIBHOCTb, CXOXYI0 C HMHTEPIPETATOPOM
GP/PARI, HO BKJII0UYasi pa3/IMYHBIE CJIOKHBIE OTIEPALlMHU 110 paboTe C MaMsIThIO U sI3bIK IporpammupoBanust Python.

CHayvana, co3naaum crnucok PARI u3 criucka Python.

sage: v = pari([1,2,3,4,5])
sage: Vv

[1, 2, 3, 4, 5]

sage: type (V)

<class 'cypari2.gen.Gen'>

>>> from sage.all import *

>>> v = pari([Integer(l),Integer(2),Integer(3),Integer(4), Integer(5)])
>>> v

[1, 2, 3, 4, 5]

>>> type (V)

<class 'cypari2.gen.Gen'>
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Kaxnpiii 00bektT PARI siBnsiercst o0bektoM tuna Gen. Turm PARI MoxeT ObITh NOJIy4eH C MOMOIIbI0 (DYHKIMK-YJIeHa
type.

sage: v.type()
't_VEC'

>>> from sage.all import *
>>> v.type ()
't_VEC'

B PARI, uto0bi co3/1aTh TMITHYECKYIO KPUBYIO, HY’)KHO BBect e11init ([1,2, 3,4, 5]). B Sage cnoco6 cxox,
TOJNBKO €11init — 3TO MeTO/, KOTOPBIA MOKET ObITh BhI3BaH I JI0O0ro oobekta PARI, Hanpumep Haia t_VEC v.

sage: e = v.ellinit ()
sage: e.type()
't_VEC'

sage: pari(e) [:13]
[+, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

>>> from sage.all import *

>>> e = v.ellinit ()

>>> e.type ()

't_VEC'

>>> pari(e) [:Integer (13)]

1, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

Tenepb, Korja y Hac €CTb OOBEKT JUTUITHYECKAS KpuBada, Mbl MOKEM BbIYHCIIUTH ‘{TO-HI/I6yHL.

sage: e.elltors()

(1, 1, [11

sage: e.ellglobalred()

(10351, [i, =1, 0, =11, 41, (41, dp 944, 41, (M1, 5, 0, 43, (i, 5, 0, 47]]
sage: f = e.ellchangecurve([1,-1,0,-1])

sage: f[:5]

fa, -1, 0, 4, 3]

>>> from sage.all import *

>>> e.elltors ()

(1, 1, [11

>>> e.ellglobalred()

(103512, (1, -1, 0, -11, 1, f[22, 1; 941, 211, [[1, 5, O, 211, [1, 5, 0, 1111
>>> f = e.ellchangecurve ([Integer (1), -Integer(1l),Integer(0), -Integer(l)])
>>> f[:Integer(5)]

[1, -1, 0, 4, 3]

4.2 GAP

Sage nocraBinsiercs ¢ GAP [y1s1 BbIUMCIIEHUI B 00JIACTH JUCKPETHON MaTeMaTUKH, B OCOOEHHOCTH, B TEOPUU IPYIIIL.

Bot npumep pynkimun IdGroup u3z GAP, kotopas ncrosns3yer 6a3y JaHHBIX HEOOJIBIINX I'PYII, KOTOPast JOJDKHA OBITh
yCTaHOBJIEHA OTIEJIbHO, KaK ITOKa3aHO HIIKE.

sage: G = gap('Group((1,2,3) (4,5), (3,4))")
sage: G

(IpoJoJKaeTcs Ha CeAyIoler CTpaHuLe)
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(TIpofioJKeHue ¢ MpeabIIyLIeN CTPaHHIbI)

Group( [ (1,2,3) (4,5), (3,4) 1)
sage: G.Center ()

Group ( () )

sage: G.IdGroup ()

[ 120, 34 ]

sage: G.Order ()

120

>>> from sage.all import *
>>> G = gap('Group((1,2,3) (4,5), (3,4))")

>>> G

Group( [ (1,2,3) (4,5), (3,4) 1)
>>> G.Center ()

Group ( () )

>>> G.IdGroup ()

[ 120, 34 ]

>>> G.Order ()

120

Mb1 MokeM MPOBECTH Te Ke BRIYHCICHUs B Sage 6e3 mpsMoro Bei3oBa uHTepdeiica GAP cienyomum odpazom:

sage: G = PermutationGroup([[(1,2,3), (4,5)1,0(3,4)11)

sage: G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
—5)1)

sage: G.group_id()

[120, 34]

sage: n = G.order(); n

120

>>> from sage.all import *

>>> G = PermutationGroup ([[ (Integer(l),Integer(2),Integer(3)), (Integer(4),
—Integer (5)) ], [ (Integer(3),Integer(4))11])

>>> G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
—5)1)

>>> G.group_id()

[120, 34]

>>> n = G.order(); n

120

Hexkoroble ¢yHkiwu cucteMbl GAP I0CTYITHBI TOJIBKO MOCIE MHCTAUISIIAM AOTIOJHUTEIBHOTO Maketa Sage. OH MOXkeT
OBITh YCTAHOBJIEH KOMAaH/IOM:

{sage -1 gap_packages }
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4.3 Singular

Singular npemocTaBisieT MacCUBHYIO U MPOJYMaHHYI0 OMOIMOTEKY it 6azuca ['pédHepa, HaxOx/IeH!s1 HauOOoJIbIIETro
o01Iero AenuTes MOJIMHOMOB, 6azuca IPOCTPAHCTB IUIOCKKX KPUBBIX PrMaHa-Poxa 1 dakropusanuu, Hapsiay ¢ qpyru-
MU Bemamu. Ml okaxeM npumep (hakTOpU3aLHMU MOJIMHOMOB C HECKOJIBKUMU MepEMEHHBIMH, UCTIONb3Ys HHTepdeiic
Singular B Sage (He BBOgMTE . . . . :):

sage: Rl = singular.ring(0, '(x,y)', 'dp'")
sage: R1

polynomial ring, over a field, global ordering
// coefficients: QQ

// number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

sage: f = singular('9*y”8 - 9*x"2*y"7 - 18*x"3*y"6 - 18*x"5*y"6 +'
e 'O*xN6*ry N4 + 18*x7T*y”N5 + 36*x78*yt4 + 9% x”10*yt4 - 18*x"11ryr2 !
00008 'O*x"M12*y"3 - 18*x"13*y"2 + 9*x”16'")

>>> from sage.all import *

>>> R1 = singular.ring(Integer(0), '(x,y)', 'dp'")
>>> R1

polynomial ring, over a field, global ordering
// coefficients: QQ

// number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

>>> f = singular('9*y"8 - 9*x"2*y"7 - 18*x"3*y"6 - 18*x"5*y"6 +'
'9*xr6*yt4 + 18*x"T7*y”5 + 36*x78*y"4 + 9*x”10*yt4 — 18*x"1l*yt2 -
'9FxxN12*yt3 - 18*xM13*y”t2 + 9*x”16'")

Tenepb Korga Mbl ONpee i f, Mbl BHIBOAUM Ha 9KpaH U (haKTOPH3YeM.

sage: f
9*x"N16-18*xMN13*y"2-9*x N 12*y"3+9*x"10*y"4-18*x"11*y " 2+36* x"8ry 4+18* x" N T*y 5-18*x"5*%y”"
S 6+9*RN6FYyNA-18*RNBFYN6-9*x N 2*y N T+9*y "8

sage: f.parent ()

Singular

sage: F = f.factorize(); F

[17]:

[11=9

[2]=x"6-2*x"3* y"2-x"2*y"3+y"4

[3]=—x"5+y"2

[2]:
1,1,2

sage: F[1][2]

XN6=2* XNy 2-x" 2%y 3+y"4

>>> from sage.all import *

>>> f
9*x"16-18*x"M13*y"2-9*x"12*y"3+9*x"10*y"4-18*x"11*xy"2+36*x"8*y"4+18*x"T*y"5-18*x"5*y”"
—6+9F N6 Yy N4-18*Fx"N3FyN6-9*x"2*y"T+9*y "8

>>> f.parent ()

Singular

>>> F = f.factorize(); F

(IpoJoJIKAeTCs Ha CIEAYIOIer CTpaHuLEe)
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[1]:
_[11=9
_[2]=x"6-2*x"3*y"2-x"2*y"3+y"4
_[3]1=—x"5+y"2

[2]:
i,4,2

>>> F[Integer(l)] [Integer(2)]
XN6—2* N3 yN2-x"2*y " 3+yn 4

Kak u Ha npumepe GAP B GAP, MBIl MOXeM COBEPINUTh JaHHYKO (pakTopH3anuio 6e3 MpsMOro ykasaHus UHTepderica
Sage (ogHaKo 3a KyJucaMu Sage Bce paBHO UcIofib3yercs unrepgeiic Singular). He BBogure . . . . ::

sage: x, y = Q0['x, y'].gens()

sage: f = (9*y”"8 — 9*x"2*y"7 - 18*x"3*y"6 - 18*x"5*y"6 + 9*x"6*y"4

3800 & + 18*x"7*y"5 + 36*x"8*y"4 + 9*x"10*y"4 — 18*x"M11*y"2 — 9*x"12*y”"3
e - 18*x"13*y"2 + 9*x"16)

sage: factor (f)

(9) * (=x"5 + y7"2)"2 * (x"6 — 2*xX"3*y"2 — x"2*y"3 + y*t4)

>>> from sage.all import *

>>> x, y = Q0['x, y'].gens()
>>> f = (Integer (9)*y**Integer(8) - Integer (9)*x**Integer (2)*y**Integer(7) -
—Integer (18) *x**Integer (3) *y**Integer (6) - Integer (18) *x**Integer (5)*y**Integer (6) +.

—Integer (9) *x**Integer (6) *y**Integer (4)

.. + Integer (18) *x**Integer (7)*y**Integer(5) +.

—Integer (36) *x**Integer (8) *y**Integer (4) + Integer (9)*x**Integer (10)*y**Integer (4) -.
—Integer (18) *x**Integer (11) *y**Integer (2) - Integer (9) *x**Integer (12) *y**Integer (3)
.. — Integer (18) *x**Integer (13)*y**Integer (2) + Integer(9)*x**Integer (16))

>>> factor (f)

(9) * (=x"5 + y7"2)"2 * (xX"6 — 2*xX"3*y"2 - x"2*y"3 + y*4)

4.4 Maxima

Maxima BKJII0OUeHa B Sage, Tak ke Kak peanuzanus Jlucna. [Taket gnuplot (koTopblit Maxima UCIONb3yeT M0 YMOJTYAHUIO
U1l IOCTPOEHU s rpaKOB) PacpoCTpaHseTcs Kak JOMOIHUTENbHbIN nakeT Sage. KpoMe ocTtanpHbIx Bemieil, Maxima
TIO3BOJISIET MTPON3BOJNTH CUMBOJIMYECKHE MAaHUIY AU, Maxima MoXeT HHTerprpoBath 1 auddepeHunpoBars (pyHK-
LMY CUMBOJIMYECKH, pelaTh OOBIKHOBEHHBIE T depeHIanbHble ypaBHeHHsT 170 nopsiika, G0IBIIYIO YacTh JIMHEHHBIX
OOBIKHOBEHHbIX JH(pDepeHIMaIbHBIX YPaBHEHHH 210 TOpsi/iKa, NCTIOJIb30BaTh IpeoOpa3oBanus Jlamiaca Kak METOA 11t
pelIeHu 1 TMHEHHBIX OOBIKHOBEHHBIX AU (DepeHIINaIbHBIX YpaBHEHUH 0O0ro nopsaka. Maxima takxe «3HaeT» 0 00JIb-
oM Habope crielanbHbIX (PYHKIMIA, UMEET BO3MOKHOCTb CTPOMTH TpahuKy Mpy nomoru gnuplot, UMeeT MeToAb pe-
IIEHUs] ¥ MaHUITYJISLKA MaTpuliamMu (K mpumepy, Metop ['aycca, HaxoxaeHre cCOOCTBEHHBIX 3HAYE€HUI W BEKTOPOB), a
TaKKe yMEeT petiaTh MOJUHOMBI.

MbI iporyiTiocTpupyeM padoty Sage/Maxima ¢ TIOMOIIBIO MATPHIIEI, 3HAYEHHS 4, j KOTOPOU SIBISIOTCS ¢/, 11 4, j =

1,...,4.
sage: f = maxima.eval('ij_entry[i,J] := 1/3")
sage: A = maxima('genmatrix(ij_entry,4,4)"'); A

matrix([1,1/2,1/3,1/41,12,1,2/3,1/21,13,3/2,1,3/41,14,2,4/3,11)
sage: A.determinant ()
0
sage: A.echelon()
matrix([(1,1/2,1/3,1/41,1(0,0,0,01,(0,0,0,01,([0,0,0,01)
(IpoJoJIKAETCS Ha CJIEAYIOIel CTpaHULEe)
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(IPOJOJIKEHHE C MPEBIIYIIEH CTPaHULIBI)
sage: A.eigenvalues ()
[[0,41,103,11]
sage: A.eigenvectors () .sage ()
crrro, 41, (3, 111, rr:, o, o, -41, (0, 1, 0, -21, [0, 0, 1, -4/311, [I1, 2, 3, 4111]

>>> from sage.all import *

>>> f = maxima.eval ('ij_entry[i,J] := 1i/3")

>>> A = maxima ('genmatrix (ij_entry,4,4)'); A
matrix([1,1/2,1/3,1/41,12,1,2/3,1/21,13,3/2,1,3/41,104,2,4/3,11)
>>> A.determinant ()

0

>>> A.echelon ()
matrix([(1,1/2,1/3,1/41,110,0,0,01,[0,0,0,0]1,[0,0,0,01)

>>> A.eigenvalues ()

[[0,41,[3,11]

>>> A.eigenvectors () .sage ()

rrro, 41, I3, 111, 1412, O, O, —-41, [O, 1, O, -2], [0, O, 1, -4/3]11, [[1, 2, 3, 41111

Bor npyroii npumep:

sage: A = maxima("matrix ([12, O, O], [, -1, 01, [1, 3, -21)")
sage: eigA = A.eigenvectors/()

sage: V = VectorSpace (QQ, 3)

sage: eigA

(ee-2,-1,11,104,1,111,0000,0,211, 000,414,311, ([[(1,1/2,5/6111]1

sage: vl = V(sage_eval (repr(eigA[1][0][0]))); lambdal = eigA[0][0][0]
sage: v2 = V(sage_eval (repr(eigA[1][1]1[0]))); lambda2 = eigA[0][0][1]
sage: v3 = V(sage_eval (repr(eigA[1]1[2]1[0]))); lambda3 = eigA[0][0][2]

sage: M = MatrixSpace (QQ, 3, 3)
sage: AA = M([[1,0,0],[1, - 1,01,[1,3, - 211)

sage: bl = vl.base_ring()
sage: AA*vl == bl (lambdal) *vl
True

sage: b2 = v2.base_ring()
sage: AA*v2 == b2 (lambda2) *v2
True

sage: b3 = v3.base_ring()
sage: AA*v3 == b3 (lambda3) *v3
True

>>> from sage.all import *

>>> A = maxima("matrix ([1, O, 0], [1, -1, 01, [1, 3, -2]1)™)
>>> eigA = A.eigenvectors()

>>> V = VectorSpace (QQ, Integer (3))

>>> eigA

(rr-2,-1,11,02,2,211,00[0,0,4]1,[[0,4,3]],[01,1/2,5/6]1111

>>> vl = V(sage_eval (repr (eigA[Integer (1) ] [Integer(0)] [Integer(0)]))); lambdal =_
—eigA[Integer (0)] [Integer (0)] [Integer (0) ]

>>> v2 = V(sage_eval (repr (eigA[Integer (1) ] [Integer (1) ] [Integer(0)]))); lambda2 =_
—elgA[Integer (0)] [Integer (0)] [Integer (1) ]

>>> v3 = V(sage_eval (repr (eigA[Integer(1l)] [Integer(2)] [Integer(0)]))); lambda3 =._
—~eilgA[Integer (0)] [Integer (0)] [Integer (2)]

>>> M = MatrixSpace (QQ, Integer (3), Integer (3))
>>> AA = M([[Integer(l),Integer(0),Integer(0)], [Integer(l), - Integer(l),Integer(0)],
(poJoJIKaeTcs Ha CeAyIOIIel CTpPaHULEe)
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(TTpofioJXeHue ¢ MpeabIIyLIer CTPAHHUIIbI)

— [Integer(l),Integer(3), - Integer(2)]11])

>>> bl = vl.base_ring()

>>> AA*v1l == bl (lambdal) *vl
True

>>> b2 = v2.base_ring()

>>> AA*v2 == b2 (lambda?2) *v2
True

>>> b3 = v3.base_ring()

>>> AA*v3 == b3 (lambda3) *v3
True

HakoHe1, Mbl MOKaxeM, Kak CTPOMTh rpaduKy cpeAcTBaMu openmath. MHorue npumepsl ABISIOTCA MOAUDUIINPO-
BaHHBIMU [IPUMEPaMU U3 PYKOBOACTBa K Maxima.

2-MepHble rpahUKU HECKOJIBKUX (DYHKLUII (HEe BBOJUTE . . . . :):

sage: maxima.plot2d('[cos(7*x),cos (23*x)"4,sin(13*x)"3]1"',"'[x,0,1]1', # not tested
e '[plot_format, openmath] ")

>>> from sage.all import *
>>> maxima.plot2d('[cos(7*x),cos (23*x)"4,sin(13*x)"3]"','[x,0,1]"', # not tested
'[plot_format, openmath] ')

«KuBoii» TpexMepHBIil rpahuK, KOTOPHII BBl MOXKETE BpaIllaTh MBIIIKON (HE BBOJUTE . . . . :):

sage: maxima.plot3d ("2”(-u*2 + v~2)", "[u, -3, 31", "[v, -2, 2]", # not tested
e '[plot_format, openmath]')

sage: maxima.plot3d("atan (-x"2 + y~3/4)", "[x, -4, 41", "[y, -4, 41", # not tested
25045 "[grid, 50, 50]", '[plot_format, openmath]')

>>> from sage.all import *

>>> maxima.plot3d ("2 (-u”2 + v*2)", "[u, -3, 31", "[v, -2, 2]", # not tested
'[plot_format, openmath]')

>>> maxima.plot3d("atan (-x"2 + y~3/4)", "[x, -4, 41", "[y, -4, 41", # not tested
"[grid, 50, 501", '[plot_format, openmath]"')

Crnenymomuii rpaguk — 310 3HaMeHuTast Jlenra Méobuyca (He BBOUTE . . . . :):

sage: maxima.plot3d("[cos(x)* (3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)1",
—# not tested

e "[x, -4, 41", "ly, -4, 41",

e '[plot_format, openmath]')

>>> from sage.all import *
>>> maxima.plot3d("[cos (x)* (3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)1", #.
—not tested

"[x, -4, 41", "ly, -4, 41",

'[plot_format, openmath]')

Crnenymomuii rpagpuk — 3710 3HameHuTas bytsuika Kieiina (He BBoguTE . . . . :):

sage: _ = maxima ("expr_1l: 5*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
sage: _ = maxima ("expr_2: -5*sin(x)* (cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)")

sage: _ = maxima ("expr_3: 5* (-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")

sage: maxima.plot3d ("[expr_1, expr_2, expr_3]1", "[x, —-%pi, %pil", # not tested

(TIpofIoJIKAETCsI Ha CIIeyIOLeN CTpaHHLe)
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(IpoOIIKeHNe ¢ PEeABIIYIIeH CTPAHHULIBI)

et "ly, —%pi, %pil", "I['grid, 40, 40]",
25043 '[plot_format, openmath]')

>>> from sage.all import *

>>> = maxima("expr_1: 5*cos(x)* (cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
>>> = maxima ("expr_2: -5*sin(x)* (cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)")
>>> _ = maxima ("expr_3: 5* (-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")
>>> maxima.plot3d ("[expr_1, expr_2, expr_3]", "[x, —-%pi, %pil", # not tested
"ly, —%pi, %pil", "I['grid, 40, 40]",

'[plot_format, openmath]')
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[MporpammmpoBaHue

5.1 3arpy3ka v npukpenneHue channos Sage

Crenymomee Moka3plBaeT, KaK IMOATPYKaTh MPOrpaMMBI B Sage, 3amvcaHHbie B OTAeNbHBIA (pain. Cosmaiite daiin
example.sage CO CIEAYIOLIUM COIEPKAHUEM:

print ("Hello World")
print (273)

Bl MOkeTe MpoYUTaTh U BBIIOJIHUTE example . sage ¢ NOMOIIbI0 KOMaHIbl 1 oad.

sage: load("example.sage")
Hello World
8

>>> from sage.all import *
>>> load("example.sage")
Hello World

8

BrI Takke MOKeTe IPUKPENHTh (a1 Sage K 3aImyeHHON CecCHy B IMOMOIIBI0 KOMaHAB attach:

sage: attach ("example.sage")
Hello World
8

>>> from sage.all import *
>>> attach ("example.sage")
Hello World

8

Tenepsb ecu Bl U3MeHUTe pailil example . sage U BBeJeTe MyCTyI0 CTPOKY B Sage (T.e. HAKMUTE return), TO CO-
JIepXuMoe example . sage OyIeT aBTOMaTUYECKU MeperpykeHo B Sage.
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B vactHOCTH, attach aBTOMaTHUYecKH neperpyxaer ¢ail, Kak TOJIbKO OH U3MEHEH, YTO OYeHb YIOOHO IpH MOUCKE
ombOOK B Kozie, Torga Kak 1load 3arpyxaer (pait JIMIIb eAUHOKIBL.

Korna example . sage 3arpyxaercs B Sage, oH nepeBoautcs B Python, a 3atem BbINOJIHSETCS C TOMOIIBIO MHTEPIIPETa-
topa Python. 3arpats! Ha JaHHYIO OTIEpAIVI0 MUHIMAJIBHBI; B OCHOBHOM, 9TO BKJTIOUAET B ceOsI IepeBO/I IeJIbIX KOHCTAHT
B Integer (), ,I[pO6HI>IX KOHCTaHT B RealNumber (), 3aMeHy ~ Ha * * u, HanpuMmep, R. 2 Ha R.gen (2) . [lepese-
JIeHHas1 BepcHsi example . sage OyleT CofiepX)arhCsl B TOW XKe JUPEKTOPUH, 4To example . sage, MOJ Ha3BaHUEM
example.sage.py. JanHbii ¢aiis1 OyaeT coaepkarh CIeIyONMA KOJI:

print ("Hello World")
print (Integer (2) **Integer (3))

Llesble KOHTCTaHTHI NEpeBeAeHbl U~ 3aMeHeHo Ha * *. (B Python ~ o3Havaer «uckmouatomee UJIW» u ** o3Hauyaer
«BO3BEACHHE B CTETICHD».)

JlaHHBIE OnIepalvy BBIIOJHAOTCA B sage/misc/interpreter.py.)

Bbl uMeeTe BO3ZMOKHOCTb BCTaBJISITh MHOTOCTPOYHBIH KOJI C OTCTYNaMH B Sage JI0 TeX IOop, MOKa eCTb HOBbIE CTPOKU
JUTSI HOBBIX OJIOKOB (3TO Heo0s13aTesbHO I (haiiyioB). OfHAKO, TYYIIM CIIOCOOOM TSI BCTABKY TAKOTO KOJIa SIBJISETCS
coxpaHeHHe B (paiiyl ¥ HCTIONIb30BaHMe attach, Kak ONMMUCaHO BHIIIIE.

5.2 Co3paHne KOMNUNMpPOBaHHOIO Koaa

CkopocTh — BakHAs COCTABIIAONIAS B MATEMAaTHIECKHUX BbIYMCIEHUSX. X0Ts Python sBisieTcs1 BRICOKOYPOBHEBBIM SI3bI-
KOM IPOrpaMMHUPOBaHMs1, HEKOTOPbIE BBIYMCIICHUsI MOTYT OBITh BBITIOJIHEHBI HA HECKOJIBKO MOpsiIKOB ObicTpee B Python
TIPY KCTIOJIb30BaHUM CTATHUYECKUX TUTIOB JAHHBIX MPY KOMITMJIMPOBaHUH. HeKkoTopble KOMIOHEHTHI Sage ObLIH Obl CITHIII-
KOM MeJJIeHHbIMH, Oy/Ib OH HarucaH LeaukoM Ha Python. [Inst storo Sage noiepxrBaeT KOMIUIMPOBAHHYIO «BEPCHIO»
Python, kotopas HazeiBaeTcst Cython ([Cyt] u [Pyr]). Cython oqHOBpeMeHHO noxox u Ha Python, u Ha C. BoibmHCTBO
KOHCTpyKLMiA Python, BKIOYas peacTaBiIeHue CIIMCKOB, YCIOBHbIC BHIPAXEHMs, KO HAalloJoOHe +=, pa3pelleHbl; Bbl
TaKXke MOXeTe MIMIIOPTHPOBATh KOJ, HAIMCAHHBINA B Apyrux Moayisx Python. Kpome Toro, Bel MoxeTe 0OBABIATH IIPO-
U3BOJIbHBIE TIepeMeHHbie C 1 HanpsiMylo oOpainathest kK oudmuorekam C. KoneuHslil ko Oynet ckoHBepTupoBaH B C u
o6padoTan koMnusitopom C.

J1st Toro, 4toObl CO30aTh KOMIMIIMPYEMBIN KOA B Sage, 00bsBHTE (haill ¢ paclIUpeHreM . spyx (BMecTo . sage). Ec-
7 BBl paboTaere ¢ nHTepeicoM KOMMAHIHOW CTPOKH, Bbl MOKETE MPUKPEIUIATh U 3arpykaTh KOMIMINPYEMBIN KO
TOYHO TaK ke, KaK ¥ MHTEPIpeTHpyeMblid (Ha JaHHBIII MOMEHT, IPUKpeIUIeHne U 3arpy3ka koga Ha Cython He moa-
nepxuBaercs B uHtepdeiice Notebook). Camo KOMIUIMPOBaHHE POUCXOJMT «3a KyJIUCAMU», HE TPEOYsl KaKUX-1nbo
JEWCTBUI ¢ BaIliel cTopoHbl. KoMmumpoBaHHa st OMOJIMOTEKa OOINX 0OOBEKTOB COlepXUTCa B SHOME / . sage/temp/
hostname/pid/spyx. ItH dailnsl 6yayT yaajaeHsl Ipy BbIXoje U3 Sage.

Ipe-mapcupoBka He MpUMeHseTCA K spyX (paiinam. Harmpumep 1/ 3 mpeBpatutes B 0 B Spyx (paiijie BMECTO pallioHaIb-
Horo yncia 1/3. Jomyctum, £oo - 310 hyHKIms B Oudanoteke Sage. [IJ1st TOro, 4toObl KCIIONB30BaTh ee U3 spyx-aiia,
UMIOpTUpYiiTe sage .all u npuMeHuTe sage.all. foo.

import sage.all
def foo(n) :
return sage.all.factorial (n)
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5.2.1 Ooctyn K pyHKuusiMm C n3 BHewHUX cpannos

Hoctyn k ¢pyHkuusm C 13 BHENIHUX * . ¢ (palJIOB OCYIIECTBIsIETCS JOBOJILHO Tipocto. Co3paiite aiiibl test .c u
test.spyx B OJHOW JUPEKTOPUH CO CIIEIYIOIIIM COIEePKaHUEM:

Kon Ha s3pike C: test . c

int add_one (int n) {
return n + 1;

Kon Ha s3pike Cython: test . spyx:

cdef extern from "test.c":
int add_one (int n)

def test (n):
return add_one (n)

Brimonaure:

sage: attach("test.spyx")

Compiling (...)/test.spyx...
sage: test (10)
11

>>> from sage.all import *
>>> attach("test.spyx")

Compiling (...)/test.spyx...
>>> test (Integer (10))
11

B ToM ciyuae, ecnu noHaJo00MTCs JOMOJHUTENbHAS OMOIMOTeKa £0oO IS TOro, 4ToOb CKOMIMIMpoBath ko Ha C,
nosy4yeHHsli u3 aiina Cython, nodaBbre clib foo B ucroynuk Cython koga. AHaJOrMYHO, JOMOJHUTENbHBI C
(aiin bar MoxkeT ObITh TOOABJICH B KOMITIIIAIMIO ¢ 00bsBIeHNeM cfile bar.

5.3 CamocrtositenbHblie ckpuntbl Python/Sage

,HaHHLIfI CaMOCTOSITEIbHBIA CKpHUIIT Sage PpacKIaAbIBA€T Ha MHOKUTEJIN LEJIbIC YUCiia, TOJITMHOMBI U T.[.:

#!/usr/bin/env sage
import sys
if len(sys.argv) != 2:
print ("Usage: %s <n>" % sys.argv[0])
print ("Outputs the prime factorization of n.")

sys.exit (1)

print (factor (sage_eval (sys.argv[1l])))

s TOro, YToOHl UCTIONB30BaTh TOT CKpHMT, SAGE_ROOT moykeH O6biTh B PATH. Ecnmu BbIIleonucaHHbINA CKPUTT
HasbBaeTcs factor, ciaeayolnee OKa3bBaeT, KaK €r0 BHIIOIHUTS:

5.3. CamocTtositenbHble ckpuntbl Python/Sage 109
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bash $ ./factor 2006
2 * 17 * 59

5.4 Tunbl paHHbIX

Kaxnpiii 00bekT B Sage nMeeT onpeneseHHbId Tin. Python BkimouaeT B ce6s1 GOBIION CIIEKTP BCTPOSHHBIX THIIOB TO-
r71a, Kak OuoIMoTeK Sage 100ABIAIOT ele Ooblie. BerpoeHHble THIB JaHHBIX Python BKIIOYalOT B ce0s1 CUMBOJIbHBIE
CTPOKH, CITCKH, KOPTEXKH, LieJIble U JPOOHBIE YrcIa:

sage: s = "sage"; type(s)

<... 'str'>

sage: s = 'sage'; type(s) # BBl MOXETE HCHOJNb30BATH [BOHHBEIE HIH OINHHAPHBIE KAaBBIUKH
<... 'str'>

sage: s = [1,2,3,4]; type(s)
<... 'list'>

sage: s = (1,2,3,4); type(s)
<... 'tuple'>

sage: s = 1int (2006); type(s)
<... '"int'>

sage: s = float (2006); type(s)
<... '"float'>

>>> from sage.all import *

>>> s = "sage"; type(s)

<... 'str'>

>>> s = 'sage'; type(s) # Bbl MOXeTe HCHONb30BATh [NBOHHBEIE HIIH ONHHAPHBEIE KAaBBIUKH
€000 "SBEE"Z

>>> s = [Integer(l),Integer(2),Integer(3),Integer(4)]; type(s)
<... 'list'>

>>> s = (Integer(l),Integer(2),Integer(3),Integer(4)); type(s)
<... 'tuple'>

>>> s = int (Integer (2006)); type(s)

<... 'int'>

>>> s = float (Integer (2006)); type(s)

<... '"float'>

B cBoio o4yepeab Sage }1063BJ’I$[€T MHOTI'O ApPYIrvuX TUIIOB JAaHHBIX, HAITPUMEDP, BEKTOPHOE I10JIE:

sage: V = VectorSpace (QQ, 1000000); V

Vector space of dimension 1000000 over Rational Field

sage: type (V)

<class 'sage.modules.free_module.FreeModule_ambient_field_with_category'>

>>> from sage.all import *

>>> V = VectorSpace (QQ, Integer (1000000)); V

Vector space of dimension 1000000 over Rational Field

>>> type (V)

<class 'sage.modules.free_module.FreeModule_ambient_field_with_category'>

ToJbKO onpeseieHHble (PYHKIMU MOTYT OBITh IPMMEHEHBI K V. B Ipyrux MaTteMaTH4ecKux mporpamMmMax (pyHKIIUH Bbl-
3BIBATKCH OBl B «(hYHKIIMOHATILHOM» BHJe: Too (V, . . .) . B Sage onpenenennbie (pyHKIMU MPUKPEIUIEHBI K THITY (MU
KJIaccy) V M BBI3BIBAIOTCS € MOMOLIBI0 OOBbEKTHO-OPUEHTUPOBAHHOTO CUHTAKCHUCA, Kak B Java miu C++, HarpuMmep, V.
foo (...).3T0 cnocobCTBYET TOMY, YTO UIMEHHas 00JIACTh BUAMMOCTH He 3aXJIaMJIAETCs AeCATKAMHU ThICAY (PyHKIMIA,
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1 03HAYAET, YTO MHOTUE (DYHKLMM C PA3HBIM COJEPKAHUEM MOTYT ObITh Ha3BaHbl «f00» Ge3 MPOBEPKH TUIIOB apryMeH-
toB. Takxke, ecu Bel ucrnonb3yere uMa (PYHKIMU MOBTOPHO, 9Ta (pyHKIMA BCe PABHO JOCTYIIHA (HAPUMEP, ecu Bhl
BBI3BIBAETE YTO-TO HAMOJOOKE Z et &, a 3aTeM XOTUTE BBLIUUCIIUTH 3HaueHne (pyHKmu Riemann-Zeta ipu 0.5, Bbl MoxeTe
Haleyaratb s=.5; s.zeta()).

sage: zeta = -1
sage: s=.5; s.zeta()
-1.46035450880959

>>> from sage.all import *

>>> zeta = —-Integer (1)

>>> g=RealNumber ('.5'"); s.zetal()
-1.46035450880959

B HEKOTOpHIX YacTo BCTpEYaIOIIMXCs CIydasx, OObIYHOE (PYHKLHOHAIBHOE OOO3HAUCHHE TaKXe CIHOCOOCTBY-
eT ymoOCTBYy W3-3a TOTO, YTO MaTeMaTHUYeCKHe BBIPaKEHWS MOTYT BBIIVISAJNETh 3allyTaHHO IIPHA KCAOJb30BaHUU
00BEKTHO-OPHEHTHPOBAHHOTO 0003HaueHust. Hanpumep:

sage: n = 2; n.sqrt()

sqrt (2)

sage: sqrt (2)

sqrt (2)

sage: V = VectorSpace (QQ, 2)
sage: V.basis ()

sage: basis (V)

sage: M = MatrixSpace(GF (7), 2); M

Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,41); A

[1 2]

[3 4]

sage: A.charpoly('x")

X2 + 2*x + 5

sage: charpoly (A, 'x')

RA2 A 2%+ 5

>>> from sage.all import *

>>> n = Integer(2); n.sqgrt ()
sqrt (2)

>>> sqgrt (Integer (2))

sqrt (2)

>>> V = VectorSpace (QQ, Integer (2))
>>> V.basis ()
[
(1, 0),
(0, 1)
]
>>> basis (V)
[
(1, 0),
(IpoJoJIKaeTcs Ha CeAyIoIel CTpaHuLe)
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(0, 1)
]
>>> M = MatrixSpace (GF (Integer (7)), Integer(2)); M
Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
>>> A = M([Integer(l),Integer(2),Integer(3),Integer(4)]); A
[1 2]
[3 4]
>>> A.charpoly ('x")
x"2 + 2*x + 5
>>> charpoly (A, 'x'")
x"2 + 2*x + 5

J7ist TOro, 4ToOBl MEPEUNCIUTh BCE WICHBI-(YHKIMU [J1s1 A, HamevaTaiite A ., a 3aTeM HaXMHTE KHOMKY [tab] Ha
Barnieii kj1aBuatype, Kak ONKcaHo B pasjenie Oopamublii ROUCK U A8MO0ONOAHEHUE

5.5 Cnucku, Koptexu n nocnenoBaTtefibHOCTU

Tun HaHHBIX CIIMCOK MOKET XPpAaHUTH B cebe DIIEMEHTHI Pa3HbIX TUIIOB JAHHBIX. Kak B C, C++m T.A., HO B OTJIMYUE OT
Apyrux anre6pa1/1qecm/1x CHUCTEM, JIEMCHTHI CITMCKAa HAYMHAIOTCA C MHICKCA 0:

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)]; v

[2, 3, 5, '"x', Symmetric group of order 3! as a permutation group]
sage: type (v)

<... 'list'>

sage: v[0]

2

sage: v[2]

5

>>> from sage.all import *

>>> v = [Integer(2), Integer(3), Integer(5), 'x', SymmetricGroup (Integer(3))]; v
[2, 3, 5, '"x', Symmetric group of order 3! as a permutation group]

>>> type (V)

<... 'list'>

>>> v[Integer (0)]

>>> v[Integer (2)]

HpI/I WHJCKCUPOBAHUU CITMCKA, MTPUMEHEHNE NHICKCOB, HE ABJIAIOIINXCS HEJIbIM YHUCIOM PythOIl, cpa60TaeT HOPMAJIbHO.

sage: v = [1,2,3]

sage: v[2]

3

sage: n = 2 # memoe uucmo Sage

sage: v[n] # paboraeT NPaBHIbBHO

3

sage: v[int(n)] # Toxe paboraeTr MNpaBHIbHO
3

>>> from sage.all import *
>>> v = [Integer(l),Integer(2), Integer(3)]
>>> v[Integer (2)]

(pooIIKaeTCst Ha CISAYIOIIEH CTPAHHULIE)
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3

>>> n = Integer (2) # nemoe umcmno Sage
>>> v [n] # paboraeT NpPaBHAbHO

3

>>> v[int (n) ] # Toxe paboraeT HOpPaBHIBEHO

3

OyHKIMSA range CO3JaeT CIUCOK LIEJbIX Yuces, ucnosbzyembix Python(ne Sage):

sage: list (range(l, 15))
1+, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

>>> from sage.all import *
>>> list (range (Integer(l), Integer(15)))
(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

310 yI00HO, KOI/Ia ISl CO3[AHUS CIIMCKOB UCIIOJIb3YETCsI BUJ CIUCKA:

sage: L = [factor(n) for n in range(l, 15)]

sage: L

(1, 2, 3, 22, 5, 2 3, 7, 23, 32, 2 * 5, 11, 2”2 * 3, 13, 2 * 7]
sage: L[12]

13

sage: type(L[12])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(l, 15) if is_odd(n)]

r1, 3, 5, 7, 32, 11, 13]

>>> from sage.all import *

>>> L = [factor(n) for n in range (Integer(l), Integer(15))]

>>> L

(1, 2, 3, 22, 5, 2 3, 7, 23, 32, 2 * 5, 11, 2”2 * 3, 13, 2 * 7]
>>> L[Integer(12)]

13

>>> type (L[Integer(12)1])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
>>> [factor(n) for n in range (Integer(l), Integer(l15)) if is_odd(n)]
(1, 3, 5, 7, 372, 11, 13]

Ilnst GOJIbIIEero MOHMMAaHKS CIIMCKOB cM. [PyT].

PaﬂHCHHCHHeCHHCKOB—STOOquLyHO6HbﬁiHHCprMCHT.ﬂpHyCTHN[L-3TOCHHCOK,TOEHaIJDn:n] BEPHET IO -CITUCOK
L, HOHy‘IeHHLIfI, HayuHaA C 3JICMCHTA Ha ITIO3UIUU 1 Y 3aKaHYMBaA 3JICMCHTOM Ha ITIO3ULIUN (TL — 1), KaK IMOKa3aHO HUKE.

sage: L = [factor(n) for n in range(l, 20)]
sage: L[4:9]

5, 2 = 3, 7, 2°3, 3*°2]

sage: L[:4]

[, 2, 3, 272]

sage: L[14:4]

[]

sage: L[14:]

[3 * 5, 224, 17, 2 * 372, 19]

>>> from sage.all import *
>>> L = [factor(n) for n in range (Integer(l), Integer(20))]
(IpoJoJIKaeTcs Ha CeAyIOIIel CTpPaHULEe)
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>>> L[Integer (4) :Integer(9)]
5, 2 % 3, 7, 273, 3°2]
>>> L[:Integer (4)]
[1, 2, 3, 272]
>>> L[Integer (14) :Integer (4)]
[]
>>> L[Integer (14) :]
[3 5, 274, 17, 2 * 372, 19]

KOpTe)KI/I HUMEIOT CXOACTBO CO CITMCKaMH, OJHAKO OHU HEU3MECHACMbI C MOMECHTA CO3JaHU .

sage: v = (1,2,3,4); v
(1, 2, 3, 4)

sage: type (v)

<... 'tuple'>

sage: v[1] = 5

Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

>>> from sage.all import *

>>> v = (Integer(l),Integer(2),Integer(3),Integer(4)); v
(1, 2, 3, 4)

>>> type (V)

<... 'tuple'>

>>> v[Integer(l)] = Integer (5)

Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

IMocnenoBaTeILBHOCTH - 9TO THIT JAHHBIX, CXOXKHI IO CBOMCTBAM €O CIIMCKOM. [lociieoBaTebHOCTH Kak THIT JAHHBIX HE
BcTpoeHsl B Python B otimume ot crimckoB u koprexei. [1o ymordanuio, mocieqoBaTeIbHOCTD SIBISETCS N3MEHSAEMOH,
OJJHAKO HCIIONB3Ysl MeTo]] set_immutable u3 kiacca Sequence, OHa MOXET OBITh ClieJlaHa HEM3MEHSIEeMOH, Kak
TMOKa3aHo B CJIEyIOIEM MpuMepe. Bce aieMeHTsl ociie10BaTeIbHOCTH UMEIOT OOILEro poguTesisi, IMEHYyeMOro yHH-
BEPCYMOM TI0CJIE/IOBATENILOCTH.

sage: = Sequence([1,2,3,4/5])
sage:
[1, 2, 3, 4/5]

sage: type (V)

<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1])

<class 'sage.rings.rational.Rational'>

sage: v.universe ()

Rational Field

sage: v.is_immutable ()

v
v

False
sage: v.set_immutable ()
sage: v[0] = 3

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

>>> from sage.all import *
>>> v = Sequence ([Integer (1), Integer(2),Integer (3),Integer (4)/Integer(5)])
>>> v
(IpoJoJIKaeTcs Ha CeAyIoIel CTpaHuLEe)
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[1, 2, 3, 4/5]
>>> type (V)
<class 'sage.structure.sequence.Sequence_generic'>
>>> type(v[Integer(1)])
<class 'sage.rings.rational.Rational'>
>>> v.universe ()
Rational Field
>>> v.is_immutable ()
False
>>> v.set_immutable ()
>>> v[Integer (0)] = Integer (3)
Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

ITocnenoBareapbHOCTH MOr'yT OBITh UCITOJIb30BAHBI BE31E, rI€ MOT'yT OBbITh KCIIOJIb30BAHBI CITUCKU:

sage: v = Sequence([1,2,3,4/5])
sage: isinstance (v, list)

True

sage: list (v)

[1, 2, 3, 4/5]

sage: type(list (v))

<... 'list'>

>>> from sage.all import *

>>> v = Sequence ([Integer (1), Integer (2), Integer (3),Integer (4) /Integer(5)])
>>> isinstance (v, list)

True

>>> list (v)

[1, 2, 3, 4/5]

>>> type (list (v))

<... 'list'>

Bazuc 1151 BEKTOPHOTO TOJIsI SIBJISIETCS] HEM3MEHSIEMOM TI0C/Ie/IOBATe/IbHOCTBIO, TAK KaK OYeHb BA)XHO HE U3MEHSTh HX.
IT0 MOKA3aHO B CIEAYIOIIEM TPpUMepe:

sage: V = Q0"3; B = V.basis(); B

sage: type (B)

<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0] = B[1]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: B.universe()
Vector space of dimension 3 over Rational Field

>>> from sage.all import *
>>> V = QQ**Integer(3); B = V.basis(); B
[
(1, 0, 0),
(poJoJKaeTcs Ha CeyIoIel CTpPaHuLEe)
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>>> type (B)
<class 'sage.structure.sequence.Sequence_generic'>
>>> B[Integer(0)] = B[Integer(l)]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
>>> B.universe ()
Vector space of dimension 3 over Rational Field

5.6 CnoBsapwu

CroBaps (Takke MIMEHYEMBbIN aCCOLIMATUBHBIM MACCUBOM) - 9TO COIOCTABJICHUE ,,X3IIUPYEMBIX  00BbEKTOB (KaK CTPOKH,
4Kcsia ¥ KOPTeXKU U3 HUX; CM. JokyMeHTauuio Python: http://docs.python.org/tut/node7.html u http://docs.python.org/
lib/typesmapping.html) mpou3BOIEHBIM OOBEKTAM.

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type (d)

<... 'dict'>

sage: list (d.keys())

[1, 'sage', Integer Ring]

sage: d['sage']

17

sage: d[ZZ]

Finite Field of size 7
sage: d[1]

5

>>> from sage.all import *
>>> d = {Integer(l) :Integer(5), 'sage':Integer(17), ZZ:GF (Integer (7))}
>>> type (d)

<... 'dict'>

>>> list (d.keys())

[1, 'sage', Integer Ring]
>>> d['sage']

17

>>> d[ZZ]

Finite Field of size 7

>>> d[Integer (1) ]

5

TpeTI/Iﬁ KJIIOY TOKa3bIBACT, YTO UHACKCHI CJIOBAPA MOTY OBIThH CJIOJKHBIMM, KaK, HAITPUMEDP, KOJIBLO HEJIbIX YHUCEII.

MoxHo NpeBpaTUTDH BBIIICONMCAHHBIN CJIOBApPhb B CITUCOK € TEM KE COACPKUMbBIM:

sage: list(d.items())
[(L, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]

>>> from sage.all import *
>>> list (d.items ())
[(1, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]
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YacTo UCIoIb3yeMor MPaKTUKOW SIBJISETCS MPOM3BEICHNE NTEPALIUiA IO TApaM B CIIOBape:

sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.items() ]
[8, 27, 64]

>>> from sage.all import *

>>> d = {Integer(2) :Integer(4), Integer(3):Integer(9), Integer(4):Integer(16)}
>>> [a*b for a, b in d.items ()]

[8, 27, 64]

Kaxk nokassIBaeT nociaeaHuil mpuMep, CIoBapb He YIOPSIOYEH.

5.7 MHoXxecTBa

B Python €CTb BCTpoeHHLIﬁ THUII MHOX€ECTBO. I TaBHBIM IMMPENMyYIIECTBOM 3TOI'O TUIIA ABJIACTCA 6bICTpI:IfI IpoOCMOTD, IPO-
BEPKa TOro, MpUHAJICKUT JIU DJIEMEHT MHOKECTBY, a TAKIKE OOBIUHBIE Oorepanvu U3 T€COpu MHOKECTB.

sage: X = set([1,19,'a']l); Y = set([1,1,1, 2/31)
sage: X # random sort order
{1, 19, 'a'}

sage: == set(['a', 1, 1, 19])
True

sage: Y

{2/3, 1}

sage: 'a' in X

True

sage: 'a' in Y

False

sage: X.intersection (Y)
{1}

>>> from sage.all import *
>>> X = set([Integer(l),Integer(19),'a'l); Y = set([Integer(l),Integer(l),
—Integer (1), Integer(2)/Integer(3)])

>>> X # random sort order

{1, 19, 'a'}

>>> X == set(['a', Integer(l), Integer(l), Integer(19)])
True

>>> Y

{2/3, 1}

>>> 'a' in X

True

>>> 'a' in Y

False

>>> X.intersection (Y)
{1}

B Sage Takske nmeercst CBOI TUI JaHHBIX MHOXECTBO, KOTOPBIH (B HEKOTOPBIX CIIydasix) OCYIIECTBJIEH C UCHOJIb30Ba-
HMEM BCTPOEHHOIO TUIa MHOXecTBO Python, HO BkiodaeT B ce0s1 (PyHKIIMOHAIBHOCTD, CBsi3aHHYI0 ¢ Sage. Co3aiite
MHOKECTBO Sage ¢ moMoIplo Set (. . .). Hampumep,

sage: X = Set([1,19,'a'l); Y = Set([1,1,1, 2/3])
sage: X # random sort order
{'a', 1, 19}
(poJoJIKaeTcs Ha CeAyIolel CTpaHuLEe)
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sage: == Set(['a', 1, 1, 19])
True

sage: Y

{1, 2/3}

sage: X.intersection (Y)

{1}

sage: print (latex(Y))

\left\{1, \frac{2}{3}\right\}
sage: Set (zZ)

Set of elements of Integer Ring

>>> from sage.all import *
>>> X = Set([Integer(l),Integer(19),'a'l); Y = Set([Integer(l),Integer(l),
—Integer (1), Integer(2)/Integer(3)])

>>> X # random sort order

{'a', 1, 19}

>>> X == Set(['a', Integer(l), Integer(l), Integer(19)])
True

>>> Y

{1, 2/3}

>>> X.intersection (Y)

{1}

>>> print (latex (Y))

\left\{1, \frac{2}{3}\right\}
>>> Set (Z2Z)

Set of elements of Integer Ring

5.8 UTtepatopbl

Htepatopsl - 3TO CpaBHUTEHHO HeflaBHee nobOaBiieHre B Python, koTopoe sIBIsieTcsl OUeHb MOJIe3HBIM B MaTeMaTHde-
CKUX MPUIOKeHUsIX. HeckoJIbKO MpUMepoB MCHOJIb30BAHUS UTEPATOPOB MPUBEICHBI HIKe; moapooHee cM. [PyT]. 3mech
CO3/1aeTCs UTepaTop AJIs1 KBapaToB HeoTpuuaTeabHbix yrcen o 10000000.

sage: v = (n"2 for n in range (10000000))
sage: next (v)

0

sage: next (v)

1

sage: next (v)

4

>>> from sage.all import *

>>> v = (n**Integer(2) for n in range (Integer (10000000)))
>>> next (v)

0

>>> next (v)

1

>>> next (v)

4

Crenyomuii mpuMep - CO3laHUE MTEPATOPOB M3 MPOCTHIX uMcesl Bujaa 4p + 1 ¢ MpocTIM p ¥ MPOCMOTP HECKOJIbKUX
MePBBIX 3HAYCHUIL:
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sage: w = (4*p + 1 for p in Primes () if is_prime (4*p+1))

sage: w # random output Ha cuenyomed crpoke 0xb0853d6c MoxeT ObITh OPYIHM_
—mMeCTHAaLHa THPHYHBIM YHCIOM

<generator object at 0xb0853d6c>

sage: next (w)

13
sage: next (w)
29
sage: next (w)
53

>>> from sage.all import *

>>> w = (Integer (4)*p + Integer(l) for p in Primes() if is_
—prime (Integer (4) *p+Integer (1)))
>>> W # random output Ha caegpyiomed crTpoke 0xb0853d6c mMoxeT OBITL OPYIHM.

—MIeCTHaNIAa THPHYHBIM YHCIIOM
<generator object at 0xb0853d6c>
>>> next (w)

13

>>> next (w)

29

>>> next (w)

53

OHpCZ[GJIGHHbIe KOJIbIIa, KaK 1 KOHEYHBIC ITOJIA U LEJIBIE YUCTIA, UMEIOT UTEPATOPHI:

sage: [x for x in GF (7)]
(6, 1, 2, 3, 4, 5, 6]

sage: W = ((x,y) for x in ZZ for y in ZZ)
sage: next (W)

(0, 0)

sage: next (W)

(0, 1)

sage: next (W)

(0, -1)

>>> from sage.all import *

>>> [x for x in GF (Integer (7))]

o, 1, 2, 3, 4, 3, 6]

>>> W = ((x,y) for x in 7ZZ for y in ZZ)
>>> next (W)

(0, 0)

>>> next (W)

(0, 1)

>>> next (W)

(0, -1)
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5.9 Uuknbl, dyHKUUN, yNpaBnsaoLwWwne KOHCTPYKLUUN U CpaBHEHUSA

MBI y)e BUJIEIM HECKOJIBKO IIPUMEPOB C UCTIONB30BaHNeM IMKJIOB for. B Python nuki for uMeer TabyimpoBaHHYIO
CTPYKTYpY:

>>> for i in range(5):
print (i)

s w N e O

3amMeTbTe ABOETOUME Ha KOHIE BblpaxxeHus1(«do» wim «od», kak GAP wim Maple, He ucnionb3yioTces), a OTCTYIbI IEpes
«TeJIOM» IMKJIa, B YACTHOCTH, Mlepell print (1) . DTH OTCTYNBI BaXHBL B Sage OTCTYIIBI CTaBATCS aBTOMATHUYECKH TIPU
HaXaTUU enter MOCie «:», KAK MOKA3aHO HUXKE.

sage: for i1 in range(5):
60008 print (1) # HaxmuTe Enter IOBaxXOel

>>> from sage.all import *
>>> for i1 in range (Integer (5)):
print (1) # HaxmMuTe Enter [OBaX[hl

CumMBoJ = HMCIIOJIb3YETCA ]I IPpUCBAMBaHMA. CumBoj == HUCTIOJIB3YETCA IJId IPOBEPKU PaBEHCTBA:

sage: for i in range(15):

ceaat if gcd(i,15) == 1:
Ce print (i)

1

2

4

7

8

11

13

14

>>> from sage.all import *

>>> for i1 in range (Integer(15)):

if gcd (i, Integer (15)) == Integer(l):
print (i)

(IpoJoJKaeTCs Ha CeAyIOIel CTpPaHuLEe)
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~N DN

8

11
13
14

Nwmeiite B BULY, Kak TaOyJSIMs ONpeessieT CTPYKTypy OJIOKOB [yisi onepaTopoB if, for n while:

sage: def legendre(a,p):

et is_sgr_modp=-1

e for i in range(p):

et if a S p == 1i"2 % p:
et is_sqgr_modp=1
e return is_sqgr_modp

sage: legendre(2,7)

sage: legendre(3,7)
=il

>>> from sage.all import *
>>> def legendre(a,p):
is_sqgr_modp=-Integer (1)
for i in range (p):
if a $ p == i**Integer(2) % p:
is_sqgr_modp=Integer (1)
return is_sqgr_modp

>>> legendre (Integer (2),Integer (7))
1

>>> legendre (Integer (3), Integer (7))
=1

KoneuHo, 310 He a¢pexTrBHAs peannsaiys cumBoda Jlexanapa! JJaHHBIA IpUMep CITyXKUT JIMIIb WUTIOCTpALUel pas-
HBIX acleKToB mporpammupoBanus B Python/Sage. ®ynknus {kronecker}, BcrpoeHHas B Sage, MOACYNUTHIBAET CHIMBOJI
Jlexxanpa a¢hpekTUBHO ¢ ucnob3oBanueM oubmotek C, B YaCTHOCTH, ¢ Ucnonb3oBanueM PARI.

CpaBHeHI/IH ==, l=<=>= > < MEXKAY YUCIaMH aBTOMATUYCCKU MEPEBOAAT 00a ujieHa B O,HI/IHaKOBHﬁ TUIT:

sage: 2 < 3.1; 3.1 <=1

True

False

sage: 2/3 < 3/2; 3/2 < 3/1
True

True

>>> from sage.all import *

>>> Integer (2) < RealNumber ('3.1'"'); RealNumber ('3.1') <= Integer (1)

True

False

>>> Integer (2) /Integer (3) < Integer (3)/Integer(2); Integer (3) /Integer (2) <.
—Integer (3) /Integer (1)

True

True
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HUcnone3yiite nepemeHHbie bool A1 CHMBOJIBHBIX HEPABEHCTB!

sage: x < x + 1

x < x + 1

sage: bool(x < x + 1)
True

>>> from sage.all import *
>>> x < x + Integer (1)

x < x + 1

>>> bool (x < x + Integer(l))
True

[pu cpaBHEHNH OOBEKTOB PA3HOIO THIA B OOJIBIIMHCTBE CIIy4yaeB Sage MOMBITAeTCS HAWTH KAHOHUYECKOe MPHUBEICHIE
o6oux Kk obmemy poautemo. [Ipu ycriexe, cpaBHEHME BHIIOJIHSETCS MEXKIY NMPUBEIEHHBIMU OOBEKTAMH; €CJIM HET, TO
0OBEKTHI OY/LyT paclieHeHbl Kak HepaBHbIe. 1S IpOBEpKU paBeHCTBA JIBYX NEpEeMEHHBIX Uconb3yiiTe 1 s. Hanpumep:

sage: 1 is 2/2

False

sage: 1 is 1
False

sage: 1 == 2/2
True

>>> from sage.all import *
>>> Integer (1) is Integer (2)/Integer (2)

False

>>> Integer(l) is Integer (1)

False

>>> Integer (1) == Integer(2)/Integer (2)
True

B cienyromux IByX cTpoKax IepBoe HEPABEHCTBO JaeT Fa l se, Tak Kak HeT kaHoHn4eckoro Mopdusma Q — Fs, mosto-
My He CYIIeCTBYeT KaHOHn4ecKoro cpaBHeHus Mexy 1 B F5 u 1 € Q. OgHako, cymiecTByeT KaHOHMYECKOE PUBEACHNE
Z — F5, nosToMy BTOpOE BbIpaskeHHe AaeT True. 3aMeTbTe, IOPAJOK He UMeeT 3HaUeHHUsI.

sage: GF (5) (1) == Q0Q(1); QQ (1) == GF(5) (1)
False

False

sage: GF (5) (1) == ZZ(1); Z2Z (1) == GF(5) (1)
True

True

sage: 7ZZ (1) == QQ(1)

True

>>> from sage.all import *

>>> GF (Integer (5)) (Integer (1)) == QQ(Integer(l)); QQ(Integer(l)) ==_
—GF (Integer (5)) (Integer(l))

False

False

>>> GF (Integer (5)) (Integer (1)) == ZZ(Integer(l)); ZZ(Integer(l)) ==_
—GF (Integer (5)) (Integer (1))

True

True

>>> ZZ (Integer(l)) == QQ(Integer(l))

True
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BHMMAHUE: CpaBHenue B Sage npoBoautcst Gonee kECTKo, yeM B Magma, kotopast o0bsBiseTr 1 € Fs paBHbIM

1e€Q.

sage: magma ('GF (5)!1 eq Rationals()!1") # optional - magma
true

>>> from sage.all import *
>>> magma ('GF (5) !1 eq Rationals()!'1") # optional - magma
true

5.10 NMpodcpunuposaHue

ABTOp pasgena: Martin Albrecht (malb@informatik.uni-bremen.de)
«IIpexneBpeMeHHas ONTUMM3ALU - 3TO KOPEHb BCETO 371a.» - JJoHanpa Kuyt

YacTto ouyeHb I0JIE3HO MOPpOBEPATH KO Ha ciabble MeEcCTa, IIOHMMaThb, KaKM€ 4aCTu OTHUMAIOT HauOoJIbIIIEe BpEMs Ha
BBIYUCJICHUA; TAKUM o6pa30M MOJKHO y3HATb, KaKM€ 4aCTHU KOJa HaJ0 OIITUMH3UPOBATD. PythOIl nu Sage MMpeaoCTaBJIACT
HECKOJIbKO BO3MOXKHOCTEH IJid HpO(bI/IJII/IPOBaHI/IH (TaK Ha3bIBACTCA 9TOT HpOHGCC).

Camblii JIeTKHi Iy Th - TO UCIIOIb30BaHKe KOMaHAbl prun. OHa BO3BpaIaeT KpaTkyo HH(OPMALHUIO O TOM, KaKoe BpeMs
OTHMMaeT Kaxaas pyHkius. [Janee cienyetr npuMep yMHOXKEHHS MaTPUILL M3 KOHEUHBIX MOJEH:

sage: k,a = GF (2**8, 'a').objgen()
sage: A = Matrix(k,10,10, [k.random_element () for _ in range(10*10)1])

>>> from sage.all import *

>>> k,a = GF (Integer (2)**Integer(8), 'a').objgen()

>>> A = Matrix(k, Integer(10),Integer (10), [k.random_element () for _ in.
—range (Integer (10) *Integer (10))])

sage: Sprun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno (function)
12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem_ )
1000 0.120 0.000 0.370 0.000 finite_field_element.py:392(__mul_ )
1903 0.120 0.000 0.200 0.000 finite_field _element.py:47(__init__ )
1900 0.090 0.000 0.220 0.000 finite_field_element.py:376(__compat)
900 0.080 0.000 0.260 0.000 finite_field_element.py:380(__add__)
1 0.070 0.070 1.100 1.100 matrix.py:864(_mul__)
2105 0.070 0.000 0.070 0.000 matrix.py:282 (ncols)

>>> from sage.all import *
>>> %prun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno (function)

(TIpopioypKaeTesl Ha cileyIomel CTpaHHUIIe)
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12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__)

1000 0.120 0.000 0.370 0.000 finite_field_element.py:392(_mul__ )

1903 0.120 0.000 0.200 0.000 finite_field_element.py:47(__init_ )

1900 0.090 0.000 0.220 0.000 finite_field _element.py:376 (__compat)
900 0.080 0.000 0.260 0.000 finite_field_element.py:380(__add__)

1 0.070 0.070 1.100 1.100 matrix.py:864(__mul__ )
2105 0.070 0.000 0.070 0.000 matrix.py:282(ncols)

B nanHOM npumepe ncalls - 3TO KOJIMUYECTBO BBI30BOB, Lot t ime - 3TO oblee BpeMsl, 3aTpaueHHOe Ha OlpeeseH-
HyI0 (DyHKIHIO (32 MCKJTIOUYEHHEM BPEMEHH BBI30BOB CyO-(DyHKIMI), percall - 3T0 OTHOmEHHe tottime k ncalls.
cumt ime - 310 00llee BpeMsl, MOTPAUYeHHOE B 3TOH U BeeX CyO-pyHKIMsIX, percall - 3T0 OTHOIIeHHE cumt ime K
YHCITy IPUMUTHUBHBIX BBI30BOB, filename:lineno (function) mpegocTapiaseT HH(POPMAIMIO O KaXAOU (PyHK-
. YeM Bblie (hyHKIMST HAXOJMUTCS B 9TOM CITHCKE, TeM OOJIblile BpEMEHH OHA OTHUMAET.

prun? MOKaXeT JeTaad O TOM, KaK HCIIOJIb30BaTh KOMaHay HpO(l)I/UII/IpOBaHI/IH 1 MMIOHUMAThb pE3YyJIbTaT €€ UCIO0JIb30Ba-
HHA.

Ipodumupyioiias uabopMalys MOXET ObITh BIMCAaHA B O0BEKT [IsI O0JIee MOAPOOHOTO U3yYEHHMSI:

sage: Sprun -r A*A
sage: stats = _
sage: stats?

>>> from sage.all import *
>>> Sprun -r A*A

>>> stats = _

>>> stats?

3amerka: BBOA stats = prun -r A\*A 0TOOpa3sWT CHHTAKCHYECKYI0 OHMIMOKY, TaK KaK prun - 3TO KOMaHJa
o6oouku [Python, a He 0ObrYHAsT PYHKITHS.

st rpaduyeckoro oroOpaxkenus: npodumpyioieid nagopmanuu, Bel Moxere ucrons3oBath hotshot - HeGObIION
CKpHMIIT, Ha3BaHHBIN hotshot2cachetree u nporpammy kcachegrind (Ttoneko B Unix). ToT e npumep ¢ UCHOIB30-
BaHMeM hotshot:

sage: k,a = GF (2**8, 'a').objgen()

sage: A = Matrix(k,10,10, [k.random_element () for _ in range (10*10)1])
sage: import hotshot
sage: filename = "pythongrind.prof"

sage: prof = hotshot.Profile(filename, lineevents=1)

>>> from sage.all import *

>>> k,a = GF (Integer (2)**Integer(8), 'a').objgen()

>>> A = Matrix(k, Integer (10),Integer (10), [k.random_element () for _ in.
—range (Integer (10) *Integer (10))])

>>> import hotshot

>>> filename = "pythongrind.prof"

>>> prof = hotshot.Profile(filename, lineevents=Integer (1))

sage: prof.run("A*A")
<hotshot.Profile instance at Ox4l4cllec>
sage: prof.close()
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>>> from sage.all import *

>>> prof.run ("A*A")

<hotshot.Profile instance at 0x41l4cllec>
>>> prof.close ()

PesynbTaT Oyner nomeneH B ¢aill pythongrind.prof B Tekylell padoueil aupekropuu. [l BU3yanusanuu 1a
uH(popMaIs MOXeT ObITh TIepeBeieHa B (popmat cachegrind.

B cucreMHOM 000JI04KE BBEIUTE

[hotshothalltree -0 cachegrind.out.42 pythongrind.prof ]

Brixonnoit daitn cachegrind.out .42 Termeps MOXET OBITh IPOAHATIM3UPOBAH C MOMOIIBI0 kcachegrind. 3a-
METhTE, UTO 0003HaYeHNE cachegrind. out . XX JOIKHO OBITH COOMIOAEHO.
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rnABA O

cnonb3osaHne SageTeX

Bcerpoennsiii B Sage naket SageTeX no3BossieT BHEAPATh pe3yIbTaThl BBIUUCIEHUH B JokyMeHT Tuna LaTeX. [Ins Toro,
YTOOBI MCIIOJIb30BATh JJAHHBIA MAKET, MOHAJ0OUTCS «YCTAaHOBHUTb» €ro B JIOKAIbHYIO cicteMy TeX (1o «ycTaHOBKOI»
noapa3yMeBaeTcs KOmMpoBaHue ogHoro daitna). Cm. Yemarnoska, a Takxke pasgen «Make SageTeX known to TeX»
PykoBojcTBa 10 yctaHOBKe Sage (JlaHHas CChUIKA BEJET K JIOKAJIbHOMY Pa3MELIEHUI0 KOITUY PYKOBOJCTBA 110 YCTAaHOBKE).

B atom ypoke mokaszan HeGousblIoOH mpuMep ucrnonb3oBaHus SageTeX. IlonHas NOKyMeHTaumsi HaxoguTcs B
SAGE_ROOT/venv/share/texmf/tex/latex/sagetex, rage SAGE_ROOT - 3TO OUPEKTOpPH:, B KOTOPOH
YCTaHOBJIEH Sage. DTa MalKa COAEPXHUT TJOKYMEHTALHIO, (haiil ¢ puMepoM U 1oJie3Hble CKpunThl Python.

st Hauana pa6oTsl ¢ SageTeX cneayiiTe yka3aHUsIM 110 YCTAaHOBKeE (B Ycrmaroeka) N BCTaBbTE CIIEYIOIIUS TEKCT B (haii
Ha3BaHHBIN, CKaXeM, st_example.tex:

A Tpeaynpesxnenne

Huxecnemyomumil TEKCT MOKET COepkKaTh HECKOJIBKO COOOIIEHHH 00 OIIMOKaX, CBS3aHHBIX C HEM3BECTHBIMH YIIPaB-
JIAIOIUMU TIOC/IE/IOBATENIbHOCTSIMMU, €ci Bbl MCIOIb3yeTe MHTEPAaKTUBHYIO MOMOIIb. OTKPONTE CTaTUUECKYIO BEp-
CHIO, YTOOBI YBUIETh MPABUIIbHBINA TEKCT.

\documentclass{article}
\usepackage{sagetex}

\begin{document}

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are
S\sage{number_of_partitions(1269)}$ integer partitions of $1269$.
You don't need to compute the number yourself, or even cut and paste
it from somewhere.

Here's some Sage code:

\begin{sageblock}

(poaoIKaeTCst Ha CISAYIOIIEl CTPAHHUILIE)
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f(x) = exp(x) * sin(2*x)
\end{sageblock}

The second derivative of $f$ is

ac{\mathrm{d}*{2}}{\mathrm{d}x"{2}} \sage{f(x)} =
{diff (f, x, 2) (x)}.

Here's a plot of S$£f$ from $-1$ to $1S:
\sageplot{plot (f, -1, 1)}

\end{document }

Banycrure LaTeX mis st_example . tex. 3amersTe, uto LaTeX Oy/aeT kanoBaThCst HA HEKOTOPHIE BEIIU, KAK-TO:

Package sagetex Warning: Graphics file sage-plots-for-st_example.tex/plot-0.eps on page 1 does not exist.
Plot command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or plots. Run Sage on st_example.sage,
and then run LaTeX on st_example.tex again.

Cpemu aityio, creHeprpoBaHHBIX Tociie 3amycka LaTeX, ects ¢aitn st_example.sage, ABIAOMAICI CKPHUIT-
toM Sage. CooOllieHne, MoKa3aHHOe BbIIIE, IPeIaraio 3aMyCcTuTh st_example . sage, MOITOMY CTOUT Tak U Clie-
nate. 3atem Oynet npemioxkeHo 3anyctuth LaTeX mist st_example. tex eine pa3; nepeja 3Tum OyaeT co3maH (aii
st_example. sout.DTOT (hailil comepKUT pe3yIbTaThl BHIYUCICHUI B Sage B (hopmare, ynoonom st LaTeX. Hosas
narka, cogepxariast EPS-¢aiin ¢ rpadpukom, Takxke 6yner co3mana aBromarndecku. 3amyctute LaTeX erme pas: Bce,
410 OBUIO BBIYMCIIEHO B Sage, Tenephb BKJIIOYEHO B Balir 10KyMeHT.

Iepeuncaum maru:
e zanycrute LaTeX g .tex ¢aitna;
* 3amycruTe Sage 1JIsl CTeHEpPUPOBAHHOTIO .sage (aiina;
 zanycrure LaTeX eme pa3.

ITyHKT ¢ 3amyckoM Sage MOKHO MPOITYCTUTh, €CJIM HUKAaKUe N3MEHEHHsI He ObLIIM TPUMEHEHBI K KOMaH1aM Sage B J0KY-
MEHTE.

SageTeX npennaraeT MHOro BO3MOKHOCTEH, U Tak Kak Sage u LaTeX sBAs0OTCA MOLIHBIMA UHCTPYMEHTAMH, TO CTOUT
n3yuuth SAGE_ROOT/venv/share/texmf/tex/latex/sagetex.
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[Mocnecnosue

7.1

NMouyemy Python?

7.1.1 NMpeumywiectsa Python

OcCHOBHOI1 s13bIK peanu3aimu Sage — 310 Python (cm. [Py]), oiHako Koj, KOTOPBIH JI0keH 00padaThBaThCsi OBICTPO,
HaINvCcaH Ha KOMIIMJIMpYeMoM si3bike. Y Python ects psg mpeumyinecTs:

CoxpaHeHnne 06e€KTOB IIMPOKO KUCIoJb3yeTcs B Python. B Python npucyrtcrByer noguepsxka coxpaneHus (1o-
YTH) MOOBIX OOBEKTOB HA JIVICK WU B 023y JaHHbIX.

3ameuaresbHas MOAAEPXKKA JOKYMEeHTAlMM (PYHKIMHA 1 TAKETOB B MCXOAHOM KOJie, BKJIIOYasi aBTOMAaTUIECKHI
JOCTYII K IOKyMEHTAIU! ¥ aBTOMAaTU4ECKOE TECTUPOBAHUE BCEX MPHMepOB. IIprMepsl MpoBEPSIIOTCS aBTOMATH-
YeCKH Ha PeryJisipHON OCHOBE U MX IPaBUIIbHASL pa00TOCIIOCOOHOCTh rApaHTUPOBAHA.

VnpaBiaenne namsiteio: Python viMeer mpogymMaHHBIH M CTAOWIBHBIN MEHEKep NamMsATH U cOOpIIMK Mycopa,
KOTOpbIE MCIIPABHO PadOTAIOT C IIMKINYECKMMH CCHUIKAMM U MO3BOJISIOT UCIONb30BATh JIOKAJIbHBIE TIepeMEHHbIE
B (paiinax.

Python nmeeT MHO2K€eCTBO NIAKETOB, JOCTYIHBIX yXKe ceiiyac, KOTOpble MOT'YT ObITh MHTEPECHBI TOJIb30BATE ISIM
Sage: uncieHHbII aHaM3 U JIMHelHas anreopa, 2D u 3D Busyanuzanuusi, ceTh (17151 pacripe/ie/IeHHbIX BEIYHUCIEHUI
Y CepBEpOB, HAIIPUMeEp C IoMoIpio twisted), mogaepskka 6a3 JaHHBIX U T.J.

IMopTupyemocts: Python ¢ JIerkocThio KOMIIMIMPYETCSI Ha OOJIBIIMHCTBE IJ1AT(OPM B CUMTAHHBIC MUHYTHI.

Pa6oTra c uckarouennsasmu: Python coaep uT CIOXHBIN U TPOJYMaHHBI MeXaHU3M padoThl C UCKITIOUSHHUSIMY,
6aarofapsi YeMy IporpaMMBl IPOJIOJIKAIOT padoTaTh Jaxe P BOSHUKHOBEHUH OLTMOOK B BHI3BIBAEMOM UMM KOJIE.

OTJIaﬂ‘-[I/IK: PythOIl BKJIIOUAET B ce0s OTIaJYUK, TaK YTO KOrJa NporpaMma HE pa60TaeT 10 KaKOH-TO Ipu4nHe,
IOJIb30BATEJIb MOKET NNOJIYYUTh JOCTYII K UCTOPUU CTEKA, IPOBEPUTH COCTOSAHUE H€O6XO)]I/IMI)IX NEPEMECHHBIX, I1€-
peMenmaTbCd 10 CTEKY.

IIpodumpoBmuk: cymectByer mpoduinpoBIrK Python, KOTOpbIHA 3amycKaeT KO M CO3/1aeT OTYET MO KOJIH-
YeCTBY BBI30BOB M BPEMEHH PaOOTHI Kaxka0W (PYHKIIUH.
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¢ SI3bIK: BMecTo TOro, 4TOOHI IKCAaTh HOBBII SI3BIK I MAaTeMATHKH, Kak 3To ObUIO cliesaHo uisl Magma, Maple,
Mathematica, Matlab, GP/PARI, GAP, Macaulay 2, Simath, u T.., Mbl UCTIOJIb3YyeM s13bIK Python, KOTOpBbIii sIB1S-
€TCs MOMYJIIPHBIM A3bIKOM IIPOrpaMMUPOBAHNUS; OH aKTUBHO Pa3BUBAETCA U ONTUMU3UPYETCS COTHAMM OINBITHBIX
CIIEIMAJIMCTOB TIO MPOrpaMMHOMY obecrieueHno (cM. [PyDev]).

7.1.2 MNpe-napcep: Pasnuuua mexny Sage n Python
B HekoTopbix MaTeMaTHueckux acrektax Python moxer BBecTH B 3a0iysk[eHHe, NO3TOMY Sage BeAeT ceOsi HEMHOTo
JIPyruM 00pa3oM.

e O0o3HavyeHHe BO3Be/IeHNsI B CTeNeHb: * * BMecto . B Python, * o3HauaeT «uckmountenbHO win (X0r)», a
HE BO3BE/ICHUE B CTENeHb, Tak B Python:

>>> 278
10
>>> 372
1
>>> 3**2
9

Hcnonp3oBanue ~ MOXET MOKA3aThCsl CTPAHHBIM; TO HE TaK BaXKHO JJIs1 MATEMaTHUECKUX UCCIIEJOBAHUI, TTOTOMY
KaK «HCKJIIOYMTENIBHO WJIM» WCIIOJB3YeTCs IOBOJIBHO penko. s ynoOcTBa, Sage MCIob3yeT Ipe-rapcep At
MIPOBEPKH KOJa Iepejl TeM, Kak OH repejaercs B Python, u cumBos ~ (eciti OH HE HAXOAUTCS B CTPOKE) 3aMEHsIET

Ha **:

sage: 2”8
256

sage: 372

9

sage: "3"2"
|3/\2l

>>> from sage.all import *
>>> Integer (2) **Integer (8)

256

>>> Integer (3) **Integer (2)
9

>>> ll3A2"

l3A2V

.

* Jlenenue menabix uncen: Broipaxenue 2/3 B Python o3Hadaer He To, 4ero oxugaer Matemaruk. B Python 2,
€CJIM M M N - LeJIble YKCIa, TO m/ N TaKkKe LeJI0e YUCIO, eClM ObITh TOUHee, TO 1eNasi YacTh OT JeJIeHUs m Ha n.
CrenoBatenbHo 2 /3=0. B coobmectse Python oOcykaaeTcsi BApuaHT U3MEHEHHsI OrlepaTopa Tak, YToosl 2/ 3
BO3BPAILAJIO YHCJIO C [UIABAOIEH TOUKoi 0. 6666. . .,a 2/ /3 Bo3Bpamaio 0.

B HHTEPIIPETATOPE Sage MbI UCTIOJIb3YEM o0o3HavyeHne Int eger ( ) U AeneHue HMCII0JIb3YEM KaK KOHCTPYKTOP
JUIA pallMOHAJIBHBIX YHCEJT. Har[pI/IMep:

sage: 2/3

2/3

sage: (2/3) .parent ()
Rational Field

sage: 2//3

0
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>>> from sage.all import *

>>> Integer (2) /Integer (3)

2/3

>>> (Integer (2)/Integer (3)) .parent ()
Rational Field

>>> Integer (2)//Integer (3)

0

L

e boabmue nesable yncaa: Python viMeer BCTpOSHHYIO MOAAEPKKY HEJIbIX YUCEN MPOU3BOJIbHON TOYHOCTH B JIO-
nosHenue K C-int'aM. OHU HAMHOTO MeJlJIeHHee, YeM To, uTo Ipenoctapisier GMP, a Takxke MMeIOT CBOMCTBO:
CHMBOJT L, B KOHIIE, YTOOBI OTJIMYATh X OT MEPEMEHHbBIX THIA int (M 3TO He U3MEHUTCSI B OivkaiiineM Oyayiiem).
Sage ucrnonp3yeT 1esbie Yhca Mpou3BOIbHOIN TOUHOCTH ¢ MOMOIIbI0 GMP C-0u01M0TeKH, U OHU BBIBOASITCS HA
9KpaH 6e3 L.

Bmecrto usmeHeHus uHtepnperaTopa Python (kak mocTynuiayu HEKOTOpbIE OO [l BHYTPEHHUX NMPOEKTOB), Mbl UC-
nosb3yeM Python kak ecTs, u mpuMeHsieM Tipe-napcep a1 [Python tak 4toOb oBegeHre KOMaHIHOM cTpoku [Python
COOTBETCTBOBAJIO OJKMJAHHSM MATEMAaTHKOB. DTO O3HAYAeT, YTO JI0OOW CYIIEeCTBYIOIIMIA Ko Ha Python Moxer OBITh
UCHoJb30BaH B Sage. OJHAKO, HY)XHO IPHUAEPKHUBAThCS cTaHaapTa Python npu HammcaHWM MakeToB, KOTOpblE OyIyT
HUMIIOPTUPOBAaHHI B Sage.

(Uto6b1 ycTaHOBUTH MakeT Python, KOTOpHIN, CKaxkeM, Bbl HAIILUTA B MHTEPHETE, CIIeyHTe HHCTPYKIIUM, HO 3aITyCKaiTe
sage -python BMecTo python. OueHb 4acTO 9TO O3HAYAET, YTO HYXKHO BBECTH sage -python setup.py
install.)

7.2 Kak npuHSATb yyacTue B pa3paboTtke Sage?

Ecmy Bbl X0THTE IOMOYB B pa3padoTke Sage, 3T0 OyIeT oLeHeHo 1o AocToMHCTBY! [ToMolup MOXeT BapbHpOBAThCS OT
BHECEHHs U3MEHEHUIA B KOJI [IO JJOIIOJHEHHUs CIIPABOYHOIN MH(POPMALIUK 1 HaXOXKJeHHsI Oaros.

IMonmmmTe nH(OpMALHIO 1151 Pa3padOTYNKOB HA [TIABHOW CTpaHMIIEe Sage; KpOMe BCETro IPOYero, Bbl MOXKETe HANTH CITH-
COK ITPOEKTOB, CB3aHHBIX C Sage, OTCOPTHUPOBAHHBIX 10 MPUOPUTETY U KaTeropuu. PykoBojcTBO paspoboTunka Sage
COZIEPKHT TOJIe3HYI0 MH(OPMALINIO; BB TAKXKE MOXKeTe y3HaTh Oosbliie B Google-rpynme sage—devel.

7.3 Kak npaBunbHO ccbinarbcqa Ha Sage?

Ecnu BH HCTIOJIB3YETE Sage U1 HAITUCAaHUA pa6OTI)I, HO}KaJ'IyI‘/JICTa, YKaXUTE, YTO BBIYUCIICHUA 6LIJ'II/I ITPOU3BECACHEBI C
nomoIisio Sage. BriounTe

[Sage] SageMath, the Sage Mathematics Software System (Version 8.7),
The Sage Developers, 2019, https://www.sagemath.org.

B paznen oubnmorpadun (3ameHss 8.7 Bepcueli Sage, KOTOpyIo BB UCToNb3yeTe). Kpome Toro, moxkayiicra, mocrapaii-
TeCh OTCJIE/IUTh, KAKME KOMITOHEHTHI Sage ObLIM UCIOJIb30BaHbI [Uisl Beiuucienuit, Hanpumep PARI?, GAP?, Singular?
Maxima?, u ykaxwure 3TH ciucTeMsbl. Ecii BBl COMHeBaeTeCh O TOM, Kakoe IporpaMMHOe 0OecliedeHre UCTIONb3YeTCs 11
BBIYMCIICHUH, 3agaiiTe Bonpoc B Google-rpymnme sage-devel. Cm. [loauromvl 00ROl nepevertoli s JATbHENILEro
00CYK/ICHUSI 9TOH TEMBI.

Eciv BB IpOYMTAIIN 3TO PyKOBOACTBO OT HAaYaJa 10 KOHIIA, U y BAC €CTh COOOpakeH s 10 IOBOJLY BPEMEHH, 3aTPAYCHHOTO
Ha Hero, NMoXaTyHicTa, BRICKakuTe cBoe MHeHHe B Google-rpymrie sage—devel.

Hacnaxpaiitecy Sage!

7.2. Kak npuHsATb yyacTue B pa3pabotke Sage? 131
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8.1 Mpuopurtet GMHapHbIX apuchmeTMHECKUX ONnepaTopos

Yro takoe 3°2*4 + 2%57? 3Hauenue (38) onpesesieHoO M0 3TOW «TabuIe IPHOPUTETa oriepaTtopoB». Tabnuna Huxe
ocHoBaHa Ha Tabsuue u3 § 5.14 kauru Python Language Reference Manual, G. Rossum and F. Drake. Onepartopsl
PacrosIokeHbl B MOPSIIKE BO3PACTAHMUS CTAPLIMHCTBA.

Operators Description

or boolean or

and boolean and

not boolean not

in, not in membership

is, is not identity test

>, <=,>,>= === comparison

+, - addition, subtraction

* /1, % multiplication, division, remainder
R R exponentiation

CnenoBatebHO, YTOOBI [IOCUUTATh 3°2*%4 + 2%5, Sage paccrasisier CKOOKM Tak: ( (37°2)*4) + (2%5).CHauana
CUMTAETCI 372, TO eCTh 9, 3aTeM CUMTAIOTCA (372) *4 1 2%5, M HAKOHEL] OHU CKJIAJIbIBAIOTCS.
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Intepatypa

[SJ]

[ThreelS]

Cython, http://www.cython.org

The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4.4; 2005, https://www.
gap-system.org

GAP Packages, https://www.gap-system.org/Packages/packages.html
PARI/GP, https://pari.math.u-bordeaux.fr/
Magma, http://magma.maths.usyd.edu.au/magma/

Maxima, http://maxima.sf.net/

NagleEtAl2004] Nagle, Saff, and Snider. Fundamentals of Differential Equations. 6th edition, Addison-Wesley, 2004.

The Python language, http://www.python.org/

The Python Beginner’s Guide, https://wiki.python.org/moin/BeginnersGuide
Python Developer’s Guide, https://docs.python.org/devguide/

Python Library Reference, https://docs.python.org/3/library/index.html
Pyrex, http://www.cosc.canterbury.ac.nz/~greg/python/Pyrex/

The Python Tutorial, https://docs.python.org/3/tutorial/

Sage web site, https://www.sagemath.org/

G.-M. Greuel, G. Pfister, and H. Schonemann. Singular 3.0. A Computer Algebra System for Polynomial
Computations. Center for Computer Algebra, University of Kaiserslautern (2005). https://www.singular.
uni-kl.de

William Stein, David Joyner, Sage: System for Algebra and Geometry Experimentation, Comm. Computer
Algebra {39} (2005) 61-64.

three.js, http://threejs.org
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