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Abstract: Two decades ago, Ngai and Wang introduced a well-known finite type condition (FTC) on
the self-similar iterated function system (IFS) with overlaps and used it to calculate the Hausdorff
dimension of self-similar sets. In this paper, inspired by Ngai and Wang's idea, we define a new FTC
on self-affine IFS and obtain an analogous formula on the generalized dimensions of self-affine sets.
The generalized dimensions raised by He and Lau are used to estimate the Hausdorff dimension of
self-affine sets.
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1. Introduction

Let M;(R) be the set of all d x d matrices with entries in R, and let A € M;(R) be an
expanding matrix. Let N > 2 and n4, ..., ny be positive integers. Write Aj =A"1<j<
Nand D = {dy,...,dny} C R% Then, we can define a self-affine iterated function system
(IFS) {s].}jN:1 onRY by

Si(x) = A]fl(x +d;), j=1,...,N. 1)

According to [1], there exists a unique nonempty compact set E := E ({A]-}jlil, D) such
that

E=JSi(E). (2)

We call E a self-affine set. Without loss of generality, we always assume that d; = 0 and
ny > np > - -- > ny throughout the paper.

The dimensional theory of self-affine IFS is a major topic in fractal geometry and
dynamical systems. Many important results have been achieved in this area. In the
case of self-similar IFS, i.e., Aj in (1) are similitudes as A;l = piR;, where 0 < pj <1
and R; are orthonormal matrices, the set E (2) is usually called a self-similar set. If the
open set condition holds, the Hausdorff and box dimensions of E are clear, which satisfy
dimpy E = dimp E = «, where « is the unique solution to the equation Z]-Iil p; =1 (see
refs. [1-3]). The IFS (1) is said to satisfy the open set condition (OSC) [1,3] if there exists a
bounded nonempty open set U C R¥ such that U D U]‘I\Ll S;(U) with disjoint union.

If the OSC does not hold, overlaps may occur; it is very challenging to obtain a simple
dimensional formula. In 2001, Ngai and Wang [4] defined a finite type condition to deal
with the self-similar IFSs with overlaps and described an algorithm for the dimension of
self-similar sets. Subsequently, several other types of separation conditions were developed
as well, e.g., weak separation condition, generalized finite type condition. With these

Fractal Fract. 2024, 8, 722. https:/ /doi.org/10.3390/ fractalfract8120722 https:/ /www.mdpi.com/journal/fractalfract


https://doi.org/10.3390/fractalfract8120722
https://doi.org/10.3390/fractalfract8120722
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0002-7001-8463
https://doi.org/10.3390/fractalfract8120722
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract8120722?type=check_update&version=1

Fractal Fract. 2024, 8, 722

20f12

conditions, it becomes easy to find the dimension of self-similar sets with overlapping
structure (see refs. [5-9]). On the other hand, from the viewpoint of dynamical systems,
the dimensional results of invariant measures or self-similar sets are closely related to a
Ledrappier-Young type formula (see, e.g., [10] and references therein).

However, compared with self-similar sets, research on fractal dimension of self-affine
sets has been progressing very slowly (see a survey paper [11]). Except for some special
cases, such as the Bedford-McMullen set [12,13], it is difficult to give an exact dimensional
formula (see refs. [14,15]).

Recently, by employing a pseudo-norm w rather than the Euclidean norm, He and
Lau [16] introduced the generalized Hausdorff measure #!,, the generalized Hausdorff
dimension dim§; and the generalized box dimension dim{ (see definitions in Section 2). The
w is determined by the given matrix A. The generalized dimensions are useful to estimate
the exact fractal dimension of self-affine sets. Under the OSC, He and Lau obtained a
formula of the generalized dimensions on a class of self-affine IFSs with equal linear parts
(i.e., all Aj = A). Later, based on He and Lau’s results, Fu, Gabardo and Qiu [17] further
proved that the self-affine IFS satisfies the OSC if and only if the generalized Hausdorff
measure H!,(E) > 0. The second author and Yang [18] also computed the generalized
dimensions of the attractors of a class of self-affine graph-directed IFSs.

Motivated by the above studies, in this paper, we try to develop Ngai and Wang’s idea
and define a new finite type condition on the self-affine IFS (1). Then, we generalize He
and Lau’s dimensional result onto the overlapping situation.

Let © = {1,2,...,N}LZF = {jijja...jx:ji €5,1<i<k}, T = U2 ZF with
¥ = {@}and Z° = {jijp---:j; €X,i>1}. I = ij...ipand | = ji...j; we de-
note by I] =iy ...y ... j; the concatenation of them. If I = iyip--- € X%, let I|, =iy ... 0
be the restriction of the first k symbols of I. For any | = i ... jx € ¥, we denote |J| = k the
length of ], and write Sj(x) = Sj, 0---0S§; (x), A] = I, Aj = AT,

Assume |det A| = g and write r; = g,y = rj, ... 1rj, which stand for the con-
traction ratios of the maps S i and S J under w, respectively (see Section 2). For any k > 0,
we denote

AVEES {]1 . Jr € DI Tir.je < 1”1( < 1’]'1”.]‘271}.

Let Vo = {(id,0)}, Vi = {(S,k) : ] € Ag} for k > 1 and V = Ug>o Vi Let U be an
invariant open set of the IFS (1), i.e., U satisfies U]'I\L1 Sj(U) C U. We say that u = (S, k),
v = (S},k) € Vi are neighbors with respect to U if S;(U) N S;(U) # @. The neighborhood of
v is defined as the set of all its neighbors. Two neighborhoods are said to be of the same
type if they are the same in the sense of scaling and translation.

We say an IFS (1) satisfies the finite type condition (FTC) when its neighborhood types
are finite. Every FTC determines an incidence matrix (see the details in Section 3). Now we
turn to present the key conclusion on dimensions.

Theorem 1. Assume the IFS (1) satisfies the FTC. Let T be the corresponding incidence matrix.
Then, the self-affine set E (2) satisfies

dim{; E = dimg E = dlog A
nilogg

where A is the spectral radius of T. Moreover, by letting t := dim{; E, we have
0 < H!(E) < oo.
From the definition, it seems that the FTC depends heavily on the invariant open set.

However, the choice of open sets can be more flexible. Let V be a bounded invariant set of
{Sj}],lil and define
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Fo(V):={S7'S;: L] € A, Si(V)NS;(V) # 2}, F(V):=FV). 0

Theorem 2. The IFS (1) satisfies the FTC with respect to arbitrary nonempty bounded invariant
open set if and only if F (E) is finite.

This paper is organized as follows. In Section 2, we give known results on generalized
dimensions. In Section 3, we define the FTC of self-affine IFSs and prove Theorem 1. In
Section 4, we provide some sufficient conditions for the FTC to hold, and prove Theorem 2. In

Section 5, we include an illustrative example on the computation of generalized dimensions
of self-affine sets.

2. Known Results on Generalized Dimensions

Following the notation in [16], let A € M;(R) be an expanding matrix with |det A| =
g, and B(x, r) the closed ball with center x and radius . Set the region V = A(B(0,1))\B(0, 1).
Take any 0 < § < 1 and any positive smooth even function ¢5 supported on B(0,6) with
J ¢s(x)dx = 1. We define a function w by

w(x) =Y g xy x¢s(A"x), x € R (4)
nez

where xv is the characteristic function of V and xv * ¢;(+) means the convolution. The w(-)
is called a pseudo-norm on RY,

For F ¢ R?, diamy,F = sup {w(x —y) : x,y € F} stands for the w-diameter of F and
By(x,1r) ={y:w(x —y) <r}aw-ball

Proposition 1 ([16]). The w(x) defined in (4) satisfies:

(i) w(x) >0,and w(x) = 0ifand only if x = 0;

(i) w(x)=w(-x);

(iii) w(Ax) = g"%w(x) > w(x);

(iv) there exists B > 0 such that w(x +vy) < pmax{w(x),w(y)} for any x,y € RY;
(v)  diamy,(By(x,1)) < Br forany x € R,

It is worth mentioning that property (iii) implies that the matrix A is a similitude under
w. This fact plays an important role in the present paper.

Proposition 2 ([16]). Let Ay, A be the the minimal and maximal moduli of the eigenvalues of the
expanding matrix A. Then, for any 0 < € < Ag — 1, there exists o > 0 such that
0_—1” x Hlogq/dlog()xl-&-s) < ZU(X) <o H x Hlogq/dlog(/\g—s), if H x || >1,

071” x Hlogq/dlog()\gfs) < w(x) <0 H x ||10gq/dlog()\1+e), if H x H <1

For a > 0, the a-dimensional generalized Hausdorff measure of F with respect to w is
given by
Mo (F) = Um H;, 5(F) = sup Hy, 5(F)
6—0 ! 5>0 !

where

ror

Il
_

wo(F) = inf{ (diamyF)" : F C | J F, diamg,F; < 5}.

1 i=1
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Definition 1. The generalized Hausdorff dimension of F is defined by

dim{; F =inf{a: H}(F) =0} =sup{a: H}(F) = oo}

Accordingly, we define the generalized box dimension. Denote by dimy F, dim¥F the
upper and lower box dimensions of F under w. If the two values coincide, we say that the
generalized box dimension of F exists, denoted by dim{y F. The following consequence
is trivial.

Proposition 3. Let F C RY, and let Ny's(F) be the smallest number of the w-balls with radii 6

needed to cover F. Then, we have

logNg‘,’(s(F)

log Ng‘,’[;(F)
—logé ’

and dimgF = lim infs o — log 8

dim%]F = lim sup;_,,

A simple relationship between the generalized dimensions is as follows.
Theorem 3 ([16]). For any subset F C R4, we have
dim¥ F < dim¥%F < dimg F

and

logq .. w , logg . w
< <
dlog My dimp F < dimy F < d10g Ao dimp F

where g = | det A| and Ay, A1 are the minimal and maximal moduli of the eigenvalues of A.

3. FTC of Self-Affine IFS

We first introduce the FTC of the IFS (1), then consider the generalized dimension of
the self-affine set (2).

Recall that g = |det A|, = zf"f/d forj=1,...,N,andr; <--- <ryf(asny > ny >
--- > ny). Let

Ak = {]1 . ][ S pI rjl.“]j S 7-]1( < 7']'
A= { Ao

i} for k>0,
1-J0-1 (5)

Define

Vo= {(d,0)}, Ve={(S)0): J€ A fork>1, Vi= (Ve
k>0

For v = (Sj,k) € Vi, we write Sy = Sy and ry = rj, and defineamap 7 : A — V by
n(]) = (S5,k) for J € Ay.
Let U C RY be a bounded invariant set under {Sj}jliy ie., U]N:1 S;(U) C U. Define
Nu(v) = {v' € Vi Sy(U)NSy(U) £ 2},
Nu(v) = {8, v/ € Nu(v)}.

The set Ni;(v) is named as the neighborhood of v involving U. v € Vi and u € V; are
called equivalent, denoted by v ~ u, if ¢ = Sy o Sa'! is of the form ¢(x) = A—=Omy 4 ¢
such that

Nu(v) = oNu(w).
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We use [v] to represent the equivalence class of v under the relation ~. Trivially, v ~ u
if and only if

rvr;k = rurfé and {S;!S: Sc Ny(v)} = {S;1S: S € Ny(u)}. (6)

Definition 2. The IFS (1) is said to satisfy the FTC if there exists a bounded invariant open set
U such that V contains only finitely many equivalence classes under the relation ~ (i.e., V/ ~
is finite).

The major restriction of Ngai and Wang’s FTC in [4] is that the contraction ratios of
similitudes must be commensurable. In the present setting, the affine maps S;’s act as
similitudes under the pseudo-norm w. More precisely, note that the linear part of S; is

Aj (= A"). Hence, the contraction ratio of each S;is 7; := tf"f/ 4 ynder the pseudo-norm
w. Clearly, ri,j =1,...,N, are exponentially commensurable. In this sense, the FTC is
well defined.

Suppose that the IFS {S ]-}].Iil satisfies the FTC for open set U. Geometrically, iterates

of Uunder S; (I € Ay) generate a neighborhood system N (v) (where v = (S, k)). FTC
states that there are only finitely many distinct classes of neighborhood systems. Hence,
it allows us to set up a directed graph which yields an incidence matrix T to count the
number of distinct iterates. The following is a standard process to construct the directed
graph and the incidence matrix.

Algorithm for constructing the directed graph:

Step I: For a vertex v = (S}, k) € V, if there exists a vertex u in V1 of the form
(S1S5,k+ 1) for some | € X*, we call u an offspring generated by v. From v to u, we label

an edge: v g, u, where | is the label of the edge.

Step II: Due to the overlaps, it is possible to have more than one v € V; generating a
common offspring. So we need the lexicographical order for >* to obtain a reduced graph.
For each vertexu € Vyq, let vy, ..., v, be all the vertices in V; that generate the offspring u,

with v, ]%/ u,1 </ <pIfJ; <--- <]Jpinthe lexicographical order, we hold the smallest
edge J; and eliminate all the other edges. Denote by I' the edge set of the resulting graph.
Therefore, we obtain a reduced graph (V,T') such that each vertex of V' has a unique parent.

Definition 3. Assume thatV/ ~= {[v1],..., [vm]}. Foreach 1 < i < m, take any representative
v € [v;]. We define t;; to be the number of offspring in (V,T) with type [v;] that are generated by v.
Matrix T := (t;;) is called the incidence matrix of the reduced graph (V,T').

In the reduced graph (V,T), v — pu means that u is an offspring of v. A path in
(V,T) is a sequence (vp, vy, vy, . ..) such that v; € Vjand v; — yvj forallj > 0, where
vop = (id,0) is the root. Let B be the set of all paths in (V,I'). For the given vertices
Vo, V1, .., Vi such that Vi — pVji1, We define a branch as follows:

Py, := {(ug,ug,up,...) € B: u; =vj for 0<j < k}.

Lemma 1. Suppose that the IFS (1) satisfies the FTC. Let F, G be any subsets in R* with
diam,;, G < Klrll‘ and diamy, F < K. Then, one can find a positive integer M = M(Ky, Ky) such
that forall | > 0,

#{veV :GNSy(F) #2} <M.

Proof. It is clear that there exists a > 0 such that if dy (Su(0), Sy(0)) < arX forany u,v € V,
then we have
Su(U) N Sy(U) # 2. )



Fractal Fract. 2024, 8, 722

6 of 12

Denote C = {v € Vy: GNSy(F) # @}. Forv € V, we see that diam, (Sy(F)) < Kprk.
Let K := ((Ky +Kz)B + Ky)B, where B is the constant given in item (iv) of Proposi-
tion 1, then diamg, (Uyee Sv(F)) < Krk, which implies that for any u,v € C we have
dw(Su(0), Sy (0)) < Krk.

If the conclusion were not true, with the Dirichlet’s drawer principle, there ex-
ists a subset C’' of C having cardinality of any size, for any u,v € C’, and one has
dw(Su(0), Sy(0)) < ark. It follows from (7) that C’ C [v]. That contradicts the definition of
FTIC.O

Lemma 2. Suppose that the IFS (1) satisfies the FTC. Then, the generalized box dimension of
E satisfies

log #Vy
—klogry

log #Vy

lim inf;_,, Togrl'

< dimj E < lim sup;_,,

where 1y = g~ "/4,

Proof. For any sufficiently small é > 0, let N;’;(E) be the smallest number of w-balls with
radii 6 needed to cover E, and denote the w-balls by By, ..., BN%( E)- Setd = c1r’1‘ for some
k withr; < ¢ < 1. Observe that E = Uyey, Sy(E), and there exists co > 0 such that each

Sv(E) can be covered by a w-ball of radius co7%.

By Lemma 1, the cardinality of {v € Vi : B;N Sy(E) # @} is bounded by some fixed
M > 0foralll <j < NJ(E). Thus, #/, < MN}’;(E). Moreover, for ¢y, cz > 0, there exist

two positive numbers K™ (c1, cp) and K™ (c1, ¢3) satisfying

K™ (c1,c2)Ny ((E) < NZ_((E) < K¥(c1, )N (E).

bery — " boory b,cq r’lf
Hence,

#V > NV

- b,czr’f

(E) > K™ (c1, )Ny, «(E) = K~ (e, c2) Njs (). 8)

Therefore, by Proposition 3,

log N5 (E) log #Vy/ M log #V,
dim§ (E) > lim infs o ——2-"" > lim infy e —0 K20 = lim infy e — 0t
imy (E) > lim infs_, “logs > im infy_, flogqr’l‘ im infy_, “klogn
Similarly, by (8),
log N;’s(E) log #Vi /K~ (c1,¢2) log #Vy

dimy (E) < lim sup;_,,

< limsup,_, ., = lim sup;_,

—logd —log cy7k —klogry’

We complete the proof. []

Finally, we evaluate #); by the incidence matrix T. Note that Vy = {(id,0)} and

V/ ~= {[v1],...,[vm]}. We may assume that (id,0) € [v;]. According to the reduced
graph (V,T'), we have

#V, = et Tk ©9)

where 0 = (1,1,...,1)", e1 = (1,0,...,0) e R™.

Proof of Theorem 1. Since every vertex of the reduced graph (V,TI') is an offspring of
(id, 0), all the types of neighborhood are generated from [v;]. Then, there exists kg > 1 such

that e{ T > 0. For x = (x1,...,xu) € R™, let || x || = £, |x;| be a norm on R™. Then,
k k k
lim (¢t T0)""" = lim (et T T*)""* = 1im || T ||"/* = A.
k—o0 k—o0 k—o0
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So for any 6 > 0 and large k, we have

(A —6)F < et Tho < (A + ).

By (9) and Lemma 2,
log(A = 4) < lim infy e log#Vi < dimj E < lim sup;_,, log #V) < log(A +9) .
—logry —klogr —klogr —log

dlog A
nlogyg
dim§ E = dim{; E always holds [19]. Hence, we prove the first part of the theorem.

For the second part, we only need to show that H!,(E) > 0. Assume V/ ~=
{T1,..., Tm}, where vo = (id,0) € 7;. Since T; generates all types, one can obtain
an eigenvector x = (bl,...,bm)t of T for A such that b; > 0 and other b]- > 0. Let

*

Letting 6 — 0, we obtain dimy E = since r; = g~™/4. On the other hand,

x* = (al,...,am)t, aj = bj/by. Thus, we have Tx* = Ax*,a; > 0and a; = 1.
Recall that B is the set of all paths in (V,T). For each branch Py, where v, € V; such
that [vi] = T;, let

w(Py) = A *a;. (10)

In fact, u is a measure on B. Notice branches Py and Py, with v € V},u € Vy and
k < ¢, intersect exactly when v = u for k = £ or u is a descendant of v for k < ¢. Both have
Pu C Py. Then, it suffices to prove for each v € V,

Y. #(Pu) = u(Py), (11)

ueld

where U is the collection of offspring of v. For any v € Vi and [v] = T;, by (10), u(Py) =
)\_kﬂi, and noting that T’s definition,

m
Z ,‘l/l(Pu> =)\ k1 <Z tl‘]‘a]’> = /\_k_l)uzi = /\_kﬂi.
=1

ueld

Hence, (11) holds and the claim follows from y(B) = j(Py,) = 1. We define a pullback
measure supported on E by y. Observe that for all k > 1, we have

E= |J Sv(E). (12)

veVy

Since Sy (E) C Sy(E), if uis an offspring of v in (V,T), each path (vg, vy, vp,...) € B
corresponds to a unique point x in E. A point x € E has at least one path in B by (12).
For any subset F C RY, let B(F) be the set of all paths in B that label points in E N F.
Define yu*(F) = u(B(F)). Then, u*(E) = u(B) = 1, and this implies that y* is a measure
supported on E.

Finally, let 0 < § < r;. For any set F C R? with diamy,F < 6, assume that
<diamy F < r’l‘. Lemma 1 implies that F intersects no more than M of all Sy (E), v € V.
For £ < M, letvy,..., v, bein V. such that FN Svj(E) #+ &. Thus,

k+1
"

4
p (FNE)< Y pu(Py,) < MA™F max {a;}.

=1 1<i<m

Notice that A~ = r{. Hence,

— —t (k+1)t — .
ATk =kt = 2 tr% 1) < f(diamg, F)".
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Consequently, y*(F N E) < c(diamyF)" where ¢ = Mr; ' max;<j<,{a;}. By a general-
ized mass distribution principle (Proposition 2.9 in [19]), we have H!,(E) > u*(E)/C > 0.
]

4. When Is FTC Fulfilled?

It seems that the definition of FTC in the previous section depends heavily on the
choice of open sets. Actually, the choice can be quite flexible. In this section, we discuss
this problem.

Proposition 4. The OSC implies the FTC.

Proof. Note that rp = qfnf/d andny >np > --- > ny, thenry = minj<j<n tj. By (5), the
definition of Ay, it is clear that the set {rf kr] : ] € Ay, k > 0} is finite. Let U be the open set

in the OSC, for any k > 0, all S;(U), ] € Ay are disjoint. This implies that Ni;(v),v € V,

is the single vertex v. Then, for v € Vi and u € V;, v ~ u if and only if r| kry = ry .

Therefore, there are finitely many types of neighborhood among [v],v € V, and the FTC
holds with respect to U. [J

Theorem 4. If A € My(Z) and d; € Z¢4,j=1,...,N, then the IFS (1) satisfies the FTC.

Proof. Forall | = j;...j, € Ay, wehave Aj = Hle Aj, = AP for some integer mk < p <
n1(k 4 1). This implies that

{A”lkAfl =1 € Ak > 0} C{AT:0<i<m) (13)

Suppose that U is an invariant open set of the IFS {Sj}].l\i1 in (1) with w-diameter
diam,, U = C. For v € Vi, we denote by

AMKNy (v) = {(A"lkAj‘l,AnlkS](O)) J=j...jr€AoT(]) € Nu(v)}.

By (13), we see that A”lkA]_1 takes no more than n; possible values for all k > 0.
Notice that A"*S;(0) ¢ A=™MZ? for ] € Ay by the assumption. Moreover, A"kKS;(U) is
an open set with w-diameter < C. As A~™"Z is a lattice set, it yields only several sets
{A™MkS;(0) : 7(]) € Ny(v)} which are translationally inequivalent among all v € Vy and
all k > 0. Since {A”lkAfl : ] € Ag, k > 0} is also finte, it can be concluded that the FTC
holds with respect to U. [

We modify the notion of FTC to a slightly different form which is more convenient
to use. Let V be a bounded invariant set of {S ]-}jlil, and F (V) as in (3). We can define the
relation ~y as in (6) by replacing U with V. Then, the following result is straightforward.

Proposition 5. V/ ~vy is finite if and only if F (V) is finite.

Proof. By (6), the necessity is obvious. For the sufficiency, we notice that {r;" kr IR RS
Ay, k> 0} and F (V) are finite. O

Lemma 3. Let G,W C R? be two nonempty bounded invariant sets of the IFS (1). Suppose there
is k > 0 such that Sy(W) C G for all | € Ay (in particular W C G). Then, V' / . is finite, which
implies that V / . is finite.

Proof. By Proposition 5, we only need to show that F (W) is finite. Let

/Kk = {]GZ*Z ry ZrllﬁLz}.
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Clearly, Ay is finite and
Ag+k+1 C {1112 L € Ag, I € /Kk}

_ Hence,any I, ] € Agygqq can be writtenas [ = [1I,] = JiJosothat 1, J1 € Ay, I, ]J» €
Ag,andrp, rp, < r’f. By the assumptions on G and W, we have S;, (W) C Gand Sj,(W) C G,
and thus, S;(W) N S;(W) # @ implies S1, (G) NSy, (G) # @. Therefore,

FW) C{S;'fSp: feF(G),L] €A},
which implies that F (W) is finite as F(G) is finite. [J
Proof of Theorem 2. The necessity follows from Lemma 3. For the sufficiency, suppose
F(E) is finite, by Proposition 5; we only need to show that F(U) is finite for any bounded

invariant open set U.
Suppose, on the contrary, that there exists a set U such that F(U) is infinite. Let

Gy = {Sl_ls]: 7‘11( >rp > 7"1(-"_1,] € Z*}, k>1.

Under the pseudo-norm w, the contraction ratios of the functions in F (U) are bounded
in [r1,77']. Hence, for each k, F(U) N Gy is finite. We can have an increasing sequence of
integers {my },~, and words I, J; € £* such that

Wlk—l
$,.'Sy, € F(U)N (gmk\ U gi>, k> 1. (14)
i=1

So S; (U) NSy (U) # @ for all k > 1. By taking subsequences, we assume that
i1y ..., f1j2 ... € % such that

Ik|k:i1~-ik/ ]k‘k:h...]'k, k> 1. (15)

Since U is bounded, we have limy_,q, S;;..;, (X0) = limy_,o S;,..j, (x0) € E for some
xg € U. Thus,
Sil...is(E> N 5]1]t<E) # @, forall s, teN. (16)

For any k > 1, let 5;, t € N such thatiy...is,ji...j;, € Ax. Then, (16) implies that

S gli Sjrjy, € F (E) for all k > 1. Hence, the finiteness of F(E) implies that there exist
welsy
h,¢ € Nwith h — ¢ > 2 such that
st s . =51 g (17)
iedsy, TJ1Ty, iq.dsy TI1 Tty

Using (15), we can choose a sufficiently large integer k with o}, 7, € X* such that
Iy =11...05,0, Jk = j1---jt, Tc € Am,. It follows from (17) that

sl—kls]k =s571. s (18)

i1.0ds, O Tt e

Since h — ¢ > 2, Sz’;.l..isﬁksjl---itﬂk € G; for some i < my. Hence, by (18), kalS]k €

U?Z‘l_ ! G;. This contradicts (14) and we finish the proof. [

5. An Example

We provide an example in this last section to illustrate our main results.
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30

Example 1. Let the IFS {S1,Sy,53} be as in (1) where A = (0 ”

0,0),dy = (8,3)",d3 = (2/9,1/4)"}, nmy = np =2, n3 = 1.

)andD:{dlz

Fix U = (0,1) x (0,1) as an invariant open set, and let 77 be the equivalence type
of vo = (id,0). The iterates of U under S;, S, S3 are as shown in Figure 1. It is easy to
check that

A ={(1),(2),(31),(32),(33)}
and
Vi ={v1 = (51,1),v2 = (52,1),v31 = (S31,1),v32 = (S32,1),v33 = (S33,1) }

where S; = (x/9,y/4)", Sy = (x/9+8/9,y/4+3/4)", S31 = (x/27+2/27,y/8+1/8)’,
Ssp = (x/27+10/27,y/8+1/2)", Sz3 = (x/9+8/81,y/4+3/16)".

1

Sy

34

12+

Sy

114 ———

Sy

0

0 19 2/9 113 4/9 5/9 23 719 8/9 1

Figure 1. The iterates of U under {S1, S», S3}.
Step I: Denote [v1] := Ty, [v31] := T3, [v33] := T4, [v32] := Ts, [v2] := T1. Then, a type

T1 vertex yields one offspring of each of the types Ty, T2, T3, Ta, T5 (see Figure 2a). All of
these offspring are also in (V,T'), and therefore,

TWn—T+T+T+Ts+Ts

T | ﬁ: T
4
1/4 I - 1/8 |:| 7?‘
L7
=%

0 19 2/9 113 4/9 5/9 23 719 8/9 1 © =

Figure 2. The iterates of U under S;’s.

19
219
1”3
419
172
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Step II: Since v; is of type 75, it generates five offspring with vertices
(11), (12), (131), (132), (133) € Ag,

which are of types T2, T2, T3, Ts, Ta, respectively. Note that S5 = S331, and (1) < (2) in the
lexicographical order. The edge (2) connecting v; to vy, is cancelled in the reduced graph.
Notice that v3; is of type 73; it gives rise to three offspring with vertices

(311), (312), (313) € A,

It is easy to check that the types of v3;11, v313 are different from the neighborhood types
above and [v313] = 73. Denote [v311] := T, [v313] := 77 (see Figure 2b). Since S31» = S3331
and (2) < (31), the edge (31) connecting vs3 to v3331 is removed. Hence,

To— To+T3+Ta+Ts,
T3 — Ts+Te+ T7.

Using Step I and Step II again, we have

T —Ti+T+Ta+Ts
Ts — Ts+Te+ Tz,
Te — T3+ Te+T7,
T7— T1+To+Ts+7Ts.

These are all the equivalences and the incidence matrix is

D\]

I
—_ 0 O = O O =
R OO R OR R
O R OO Kk -
—_0 O R O kR =
—_O R = O R
O Rr R ORrRr OO
O R R ORrRr OO

By Theorem 1, the generalized dimensions of the self-affine set E:

2log A

~ 0.72

where A ~ 3.63. Furthermore, Theorem 3 states that the Hausdorff dimension dimp E lies
in [0.59,0.93].
6. Conclusions

This paper defines a new finite type condition on self-affine iterated function systems
and obtains a dimensional formula on the generalized dimensions of self-affine sets, while
the generalized dimensions are useful to estimate the classical Hausdorff dimension of
self-affine sets. Specific conditions for the finite type condition to hold are also discussed.
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