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Abstract: In this paper, we study self-dual and LCD codes constructed from Kneser graphs K(n, 2) and
collinearity graphs of generalized quadrangles using the so-called pure and bordered construction.
We determine conditions under which these codes are self-dual or LCD. Further, for the codes over
Z2k, we give the conditions under which they are Type II. Moreover, we study binary and ternary self-
dual and LCD codes from Kneser graphs K(n, 2) and collinearity graphs of generalized quadrangles.
Furthermore, from the support designs for certain weights of some of the codes, we construct strongly
regular graphs and 3-designs.
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1. Introduction

Dougherty, Kim and Solé [1] gave the so-called pure and bordered construction of
self-dual codes from two class association schemes, generalizing the Gaborit’s construction
of quadratic double circulant codes given in [2]. In [3], two class association schemes are
used to construct linear codes with complementary duals (LCD codes). In this paper, we
give conditions under which the pure and bordered constructions from Kneser graphs K(n,
2) and collinearity graphs of generalized quadrangles give self-dual or LCD binary and
ternary codes. The support designs of some of the codes constructed in this paper yield
strongly regular graphs and 3-designs.

A self-dual code is a code that is equal to its dual. Many of the best codes known are
self-dual. For example, self-dual ternary codes include, among others, the ternary Golay
code of length 12, the quadratic residue codes and the symmetry codes. Besides their
well-known relation to lattices, self-dual codes are also related to some other combinatorial
and algebraic structures, such as block designs and vertex operator algebras (see [4,5]). A
comprehensive study of self-dual codes can be found in [6]. The study and construction of
self-dual codes is a vibrant field of research, with recent results found in [7–13].

Linear codes with complementary duals, or LCD codes, are linear codes whose inter-
section with their duals are trivial. They were introduced in 1992 by Massey (see [14]) and
have been widely applied in information protection, electronics, and cryptography. It was
shown by Sendrier that LCD meets the asymptotic Gilbert–Varshamov bound (see [15]).
Carlet and Guilley studied applications of binary LCD codes against side-channel attacks
(SCAs) and fault injection attacks (FIAs) (see [16]). For further research on LCD codes, we
refer the reader to [17–23].

The calculations in this paper are conducted using Magma V2.25-8 [24].
The paper is organized as follows. After a brief overview of linear codes, graphs, and

block designs, given in Section 2, in Section 3, we determine the conditions under which
the binary and ternary codes obtained from Kneser graphs K(n, 2), using the pure and

Mathematics 2024, 12, 3795. https://doi.org/10.3390/math12233795 https://www.mdpi.com/journal/mathematics

https://doi.org/10.3390/math12233795
https://doi.org/10.3390/math12233795
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-3299-7859
https://doi.org/10.3390/math12233795
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12233795?type=check_update&version=1


Mathematics 2024, 12, 3795 2 of 14

the bordered construction, are self-dual or LCD. In Section 4, we study codes obtained
from collinearity graphs constructed from generalized quadrangles, using the pure and the
bordered construction, and determine the conditions for these codes to be self-dual or LCD.
In Section 5, we construct 3-designs and strongly regular graphs from the support designs
of some of the codes. Finally, in Section 6, we summarize the results.

2. Preliminaries

A graph Γ is called simple if each edge of Γ is incident with two distinct vertices and
for any two distinct vertices x and y there exists, at most, one edge incident with both x and
y. If there is an edge incident with the vertices x and y, then we say that x and y are adjacent.
In that case, we also say that x and y are neighbors. The number of edges incident with a
vertex x is called the degree of x. A graph in which all the vertices are of the same degree
k is called k-regular. A simple k-regular graph with v vertices is called a strongly regular
graph (SRG) with parameters (v, k, λ, µ) if the number of common neighbors of every two
distinct vertices x and y is λ, if x and y are adjacent, and µ, if they are non-adjacent. Strongly
regular graphs were introduced by Bose in 1963 (see [25]). For further details on strongly
regular graphs, see [26,27].

A t-(v, k, λ) design is a finite incidence structure D = (P ,B, I), where I ⊆ P × B,
having |P| = v points, with the property that each element of B (called a block) is incident
with exactly k points, and every t distinct point is incident with exactly λ blocks. A 2-(v, k, λ)
design is called a block design. It is known that a t-(v, k, λ) design is also an s-(v, k, λ)
design, for any s with 1 ≤ s ≤ t. A t-design is called simple if it has no repeated blocks. If a
t-design D = (P ,B, I) is simple, then a block B ∈ B can be identified with the subset of
the point set P , consisting of the points incident with B. The 3-designs constructed in this
paper are simple. For further details on t-designs, see [28,29].

A generalized quadrangle GQ(s, t) is an incidence structure Q = (P ,L, I), where
P and L are disjoint non-empty sets called points and lines, respectively, and I ⊆ P ×L is
an incidence relation such that the following hold:

1. Each point is incident with t + 1 lines (t ≥ 1), and two distinct points are incident
with at most one line.

2. Each line is incident with s + 1 points (s ≥ 1), and two distinct lines are incident with
at most one point.

3. If p is a point and L is a line not incident with p, then there is a unique pair
(q, M) ∈ P ×L, for which p I M I q I L.

More information on generalized quadrangles can be found in [30].
A q-ary linear code C of length n and dimension k is a k-dimensional subspace

of the vector space Fn
q . The elements of C are called codewords. Let x = (x1, . . . , xn)

and y = (y1, . . . , yn) ∈ Fn
q . The Hamming distance between words x and y is the number

d(x, y) = |{i : xi ̸= yi}|. The minimum distance of the code C is defined by
d = min{d(x, y) : x, y ∈ C, x ̸= y}. A q-ary linear code of length n and dimension k is

called an [n, k]q code. An [n, k]q code of minimum distance d is called an [n, k, d]q code.
The weight of a codeword x is w(x) = d(x, 0) = |{i : xi ̸= 0}|. For a linear code,
d = min{w(x) : x ∈ C, x ̸= 0}. A code for which all codewords have weight divisible by
four is called doubly even; singly even is for when all weights are even and there is at least
one codeword x with w(x) ≡ 2 mod 4. Let wi denote the number of codewords of weight
i in a code C. The weight distribution of C is the list [⟨i, wi⟩ : 0 ≤ i ≤ n]. The support
of a non-zero vector x = (x1, ..., xn) ∈ Fn

q is the set of indices of its non-zero coordinates,
i.e., supp(x) = {i|xi ̸= 0}. The support design of a code of length n for a given non-zero
weight w is the design with points of n coordinate indices, and it blocks the supports of all
codewords of weight w.

The dual code C⊥ of a code C is the orthogonal complement under the standard inner
product ⟨· , ·⟩, i.e., C⊥ = {v ∈ Fn

q |⟨v, c⟩ = 0 for all c ∈ C}. A linear code C over Fq is
called a Euclidean or classical LCD code if C ∩ C⊥ = {0}. Usually, we just write LCD
code in this instance. It follows that the dual of an LCD code is an LCD code. A code C
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is self-orthogonal if C ⊆ C⊥ and self-dual if equality is attained. We say the k × n matrix
comprised of rows that span C generates, or is a generator matrix of a [n, k]q code C. Let
G be a generator matrix of a linear code C. The code C is (Euclidean) self-orthogonal if
and only if GG⊥ = 0 over the field Fq, where 0 is the zero matrix. A self-orthogonal [n, k]q
code is self-dual if and only if k = n

2 . A code C is an LCD code if and only if det(GG⊥) ̸= 0
in Fq (see [14]). Binary self-dual codes which are doubly even are called Type II codes;
otherwise, they are called Type I. Binary Type I codes are singly even. More generally, a
self-dual code C over Z2m is called Type II if the Euclidean weight of each codeword of C is
divisible by 4m. Note that the Euclidean weight of a vector x = (x1, x2, . . . , xn) ∈ Zn

2m is
wE(x) = ∑n

i=1 wE(xi), where wE(a) = (min(a, 2m − a))2, for a ∈ Z2m.
In 2002, P. Gaborit introduced two constructions of self-dual codes using quadratic

residues, the so-called pure and bordered construction, as a generalization of the Pless
symmetry codes (see [2]). In [1], the authors further generalized this concept by studying
the codes obtained by the pure and bordered constructions from two-class association
schemes, namely from strongly regular graphs and doubly regular tournaments.

Let A be an adjacency matrix of a strongly regular graph with parameters (v, k, λ, µ)
and A = Jv − Iv − A, where Iv and Jv are the identity and the all-one matrix of order
v, respectively. For arbitrary scalars r, s, t ∈ R, where R is a finite commutative ring
with identity, let QR(r, s, t) = (rIv + sA + tA). The matrix PR(r, s, t) =

[
Iq QR(r, s, t)

]
generates a [2v, v] code over R and the matrix

BR(r, s, t) =


1 0 . . . 0 α β . . . β

0 γ
... Iv

... QR(r, s, t)
0 γ

,

where α, β, γ ∈ R, generates a [2v + 2, v + 1] code over R. The constructions of codes
spanned by the matrices PR(r, s, t) and BR(r, s, t) are called the pure and the bordered
constructions, respectively.

The following statements can be found in [1], Theorems 3.4 and 3.5.

Theorem 1. Let Γ be a strongly regular graph with parameters (v, k, λ, µ). The code spanned by
PR(r, s, t) formed from Γ is Euclidean self-dual over R if and only if

r2 + s2k + t2(v − k − 1) = −1,

2rs − 2st + s2λ + 2st(k − λ) + t2(v − 2k + λ) = 0,

2rt + s2µ + 2st(k − µ) + t2(v − 2k + µ − 2) = 0.

The self-dual code spanned by PZ2ℓ(r, s, t) is Type II if and only if

1 + r2 + s2k + t2(v − k − 1) ≡ 0 mod 4ℓ.

Further, the code spanned by BR(r, s, t) formed from Γ is Euclidean self-dual over R if and
only if

r2 + s2k + t2(v − k − 1) = −(1 + γ2),

2rs − 2st + s2λ + 2st(k − λ) + t2(v − 2k + λ) = −γ2,

2rt + s2µ + 2st(k − µ) + t2(v − 2k + µ − 2) = −γ2,

1 + α2 + vβ2 = 0,

αγ + β(r + sk + t(v − k − 1)) = 0.
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The self-dual code spanned by BZ2ℓ
q (r, s, t) is Type II if and only if

1 + γ2 + r2 + s2k + t2(v − k − 1) ≡ 0 mod 4ℓ

and
1 + α2 + vβ2 ≡ 0 mod 4ℓ.

The following results are given in [3].

Theorem 2. Let Γ be a strongly regular graph with parameters (v, k, λ, µ). If for some x ∈ Fq,
x ̸= 0, it holds that

r2 + s2k − t2 − t2k + t2v = x − 1,

2rs + s2λ − 2st − 2stλ + t2λ + 2stk + t2v − 2t2k = 0,

2rt + s2µ − 2stµ + t2µ + 2stk + t2v − 2t2 − 2t2k = 0,

then the code spanned by PFq(r, s, t) formed from Γ is Euclidean LCD over Fq. Further, if for some
scalars x, y ∈ Fq, x ̸= 0, y ̸= 0, it holds that

r2 + s2k − t2 − t2k + t2v = x − 1 − γ2,

2rs + s2λ − 2st − 2stλ + t2λ + 2stk + t2v − 2t2k = −γ2,

2rt + s2µ − 2stµ + t2µ + 2stk + t2v − 2t2 − 2t2k = −γ2,

1 + α2 + vβ2 = y,

αγ + β(r + sk + t(v − k − 1)) = 0,

then the code spanned by BFq(r, s, t) formed from Γ is Euclidean LCD over Fq.

In the sequel, we will study codes constructed by the pure and the bordered construc-
tions from Kneser graphs K(n, 2), and collinearity graphs constructed from
generalized quadrangles.

3. Codes Obtained from Kneser Graphs

The Kneser graph K(n, k) is the graph that has k-element subsets of an n-element set as
the vertex set, and two vertices are adjacent when the intersection of the two corresponding
subsets is empty. When k = 2, the Kneser graph K(n, 2) is a strongly regular graph with
parameters

(
(n

2), (
n−2

2 ), (n−4
2 ), (n−3

2 )
)
, which is the complement of the triangular graph T(n).

The matrices PR(r, s, t) and BR(r, s, t) formed from the Kneser graph K(n, 2) will be
denoted by PR

n (r, s, t) and BR
n (r, s, t), respectively.

3.1. Self-Dual Codes from Kneser Graphs

As consequences of Theorem 1, we have the following statements.

Theorem 3. The code generated by PR
n (r, s, t) formed from an adjacency matrix of a Kneser graph

K(n, 2) is Euclidean self-dual over R if and only if

r2 + 1
2 (n − 2)(s2(n − 3) + 4t2) = −1

4rs + 8st(n − 4) + s2(n − 4)(n − 5) + 8t2 = 0

4rt + 4st(n − 3) + s2(n − 3)(n − 4) + 2t2(n − 2) = 0.

The self-dual code generated by PZ2ℓ
n (r, s, t) is Type II if and only if

1 + r2 + 1
2 (n − 2)(s2(n − 3) + 4t2) ≡ 0 mod 4ℓ.
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Proof. It is stated in Theorem 1 that the code spanned by PR(r, s, t) formed from a strongly
regular graph Γ with parameters (v, k, λ, µ) is Euclidean self-dual over R if and only if

r2 + s2k + t2(v − k − 1) = −1,

2rs − 2st + s2λ + 2st(k − λ) + t2(v − 2k + λ) = 0,

2rt + s2µ + 2st(k − µ) + t2(v − 2k + µ − 2) = 0,

and that the self-dual code spanned by PZ2ℓ(r, s, t) is Type II if and only if

1 + r2 + s2k + t2(v − k − 1) ≡ 0 mod 4ℓ.

Applying these equations to the parameters
(
(n

2), (
n−2

2 ), (n−4
2 ), (n−3

2 )
)

of the Kneser
graphs K(n, 2), one obtains the equations from this theorem.

Theorem 4. The code generated by BR
n (r, s, t) formed from an adjacency matrix of a Kneser graph

K(n, 2) is Euclidean self-dual over R if and only if

r2 + 1
2 (n − 2)(s2(n − 3) + 4t2) = −(1 + γ2)

4rs + 8st(n − 4) + s2(n − 4)(n − 5) + 8t2 = −γ2

4rt + 4st(n − 3) + s2(n − 3)(n − 4) + 2t2(n − 2) = −γ2

1 + α2 + 1
2 n(n − 1)β2 = 0

αγ + β(r + 1
2 (n − 2)(s(n − 3) + 4t)) = 0.

The self-dual code generated by BZ2ℓ
n (r, s, t) is Type II if and only if

1 + γ2 + r2 + 1
2 (n − 2)(s2(n − 3) + 4t2) ≡ 0 mod 4ℓ

and
1 + α2 + 1

2 n(n − 1)β2 ≡ 0 mod 4ℓ.

Proof. As stated in Theorem 1, the code spanned by BR(r, s, t) formed from a strongly
regular graph Γ with parameters (v, k, λ, µ) is Euclidean self-dual over R if and only if

r2 + s2k + t2(v − k − 1) = −(1 + γ2),

2rs − 2st + s2λ + 2st(k − λ) + t2(v − 2k + λ) = −γ2,

2rt + s2µ + 2st(k − µ) + t2(v − 2k + µ − 2) = −γ2,

1 + α2 + vβ2 = 0,

αγ + β(r + sk + t(v − k − 1)) = 0,

and the self-dual code spanned by BZ2ℓ
q (r, s, t) is Type II if and only if

1 + γ2 + r2 + s2k + t2(v − k − 1) ≡ 0 mod 4ℓ

and
1 + α2 + vβ2 ≡ 0 mod 4ℓ.

Applying the above given equations to the parameters
(
(n

2), (
n−2

2 ), (n−4
2 ), (n−3

2 )
)

of the
Kneser graphs K(n, 2), one obtains the equations from this theorem.

Below, we study binary and ternary self-dual codes constructed from Kneser graphs
K(n, 2) in more detail.
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3.1.1. Self-Dual Binary Codes from Kneser Graphs K(n, 2)

In Tables 1 and 2, we give the conditions under which the constructions PF2
n (r, s, t)

and BF2
n (r, s, t) from Kneser graphs K(n, 2) yield self-dual binary codes. Further, we give

conditions under which the self-dual binary codes are Type II.

Table 1. Binary codes from Kneser graphs K(n, 2), pure construction.

r s t PF2
n (r, s, t) Type II

0 0 1 Never -
0 1 0 n ≡ 0 mod 4 n ≡ 0 mod 8
0 1 1 n ≡ 0, 1 mod 4 n ≡ 0 mod 8
1 0 0 Always Never
1 0 1 n ≡ 0 mod 2 Never
1 1 0 Never -
1 1 1 n ≡ 2, 3 mod 4 n ≡ 3, 6 mod 8

Table 2. Binary codes from Kneser graphs K(n, 2), bordered construction.

r s t BF2
n (r, s, t) Type II

0 0 1 Never -
0 1 0 n ≡ 0 mod 4 ; α = 1, γ = 0 Never

n ≡ 2 mod 4 ; α = 0, β = γ = 1 n ≡ 6 mod 8
0 1 1 n ≡ 0, 1 mod 4 ; α = 1, β = γ = 0 Never

n ≡ 2, 3 mod 4 ; α = 0, β = γ = 1 n ≡ 3, 6 mod 8
1 0 0 α = 1, β = γ = 0 Never
1 0 1 n ≡ 0 mod 2 ; α = 1, β = γ = 0 Never
1 1 0 Never -
1 1 1 Never -

3.1.2. Self-Dual Ternary Codes from Kneser Graphs K(n, 2)

After examining all cases for parameters r, s, t, we obtain that there are no cases under
which the constructions from Kneser graphs K(n, 2) yield self-dual ternary codes, using
pure construction. Further, it turns out that the only case in which we can obtain self-dual
ternary codes using bordered construction is the following:

• BF3
n (r, s, t), r ̸= 0, s ̸= 0, t ̸= 0 and n ≡ 2 mod 3 ; αγ + βr = 0, 1 + α2 + β2 = 0, st = 1.

3.2. LCD Codes Obtained from Kneser Graphs

Theorems 5 and 6 can be proven by applying Theorem 2 to the parameters of Kneser
graphs K(n, 2), similar to the way Theorems 3 and 4 are proven by applying Theorem 1.

Theorem 5. Let Γ be a Kneser graph K(n, 2). If for some x ∈ Fq, x ̸= 0, it holds that

r2 + 1
2 (n − 2)(s2(n − 3) + 4t2) = x − 1,

4rs + 8st(n − 4) + s2(n − 4)(n − 5) + 8t2 = 0,

4rt + 4st(n − 3) + s2(n − 3)(n − 4) + 2t2(n − 2) = 0,

then the code generated by P
Fq
n (r, s, t) formed from an adjacency matrix of Γ is Euclidean LCD over Fq.
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Theorem 6. Let Γ be a Kneser graph K(n, 2). If for some scalars x, y ∈ Fq, x ̸= 0, y ̸= 0, it holds that

r2 + 1
2 (n − 2)(s2(n − 3) + 4t2) = x − 1 − γ2,

4rs + 8st(n − 4) + s2(n − 4)(n − 5) + 8t2 = −γ2,

4rt + 4st(n − 3) + s2(n − 3)(n − 4) + 2t2(n − 2) = −γ2,

1 + α2 + 1
2 n(n − 1)β2 = y,

αγ + β(r + 1
2 (n − 2)(s(n − 3) + 4t)) = 0,

then the code generated by B
Fq
n (r, s, t) formed from an adjacency matrix of Γ is Euclidean LCD over Fq.

Below, we study LCD codes spanned by PF2
n (r, s, t), BF2

n (r, s, t), PF3
n (r, s, t) and BF3

n (r, s, t)
constructed from Kneser graphs K(n, 2) in more detail.

3.2.1. LCD Binary Codes from Kneser Graphs K(n, 2)

In Table 3, we present conditions under which the constructions from Kneser graphs
K(n, 2) produce LCD binary codes.

Table 3. LCD binary codes from Kneser graphs K(n, 2).

r s t PF2
n (r, s, t) BF2

n (r, s, t)

0 0 1 n ≡ 0 mod 2 n ≡ 0 mod 2 ; γ = 0,
α + 1

2 n(n − 1)β = 0
0 1 0 Never Never
0 1 1 Never Never
1 0 0 Never Never
1 0 1 Never Never
1 1 0 n ≡ 0 mod 4 n ≡ 0 mod 4 ; α = γ = 0

n ≡ 2 mod 4 ; γ = 1, α + β = 0
1 1 1 n ≡ 0, 1 mod 4 n ≡ 0, 1 mod 4 ; α = γ = 0

n ≡ 2, 3 mod 4 ; γ = 1, α + β = 0

3.2.2. LCD Ternary Codes from Kneser Graphs K(n, 2)

In Table 4, we present conditions under which the constructions from Kneser graphs
K(n, 2) produce LCD ternary codes. All congruences are given modulo 3.

Table 4. LCD ternary codes from Kneser graphs K(n, 2).

r s t PF3
n (r, s, t) BF3

n (r, s, t)

̸= 0 0 0 Always β = γ = 0
̸= 0 ̸= 0 0 n ≡ 0 ; rs = 1 n ≡ 0 ; β = γ = 0, rs = 1
̸= 0 0 ̸= 0 Never Never

0 ̸= 0 0 n ≡ 1 β = γ = 0
0 0 ̸= 0 Never Never
0 ̸= 0 ̸= 0 n ≡ 2 ; st = 2 n ≡ 2 ; γ = 0, 1 + α2 + β2 ̸= 0, st = 2

n ≡ 2 ; α = 0, γ2 = 1, st = 1
̸= 0 ̸= 0 ̸= 0 n ≡ 0, 1 ; rs = 1, st = 1 n ≡ 0 ; γ = 0, rs = 1, st = 1

n ≡ 2 ; rs = 2, st = 1 n ≡ 0 ; αγ + β(r + 2t) = 0, γ2 = 1, rt = 2
n ≡ 1 ; αγ + βt = 0, γ2 = 1, rs = 2

n ≡ 2 ; β = γ = 0, rs = 2, st = 1

4. Codes Obtained from Collinearity Graphs of Generalized Quadrangles

The collinearity graph of a generalized quadrangle GQ(n, m) is the graph whose
vertices are the points of the generalized quadrangle, and two vertices are adjacent if and
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only if the corresponding points are collinear. This graph is a strongly regular graph with
parameters ((n + 1)(nm + 1), n(m + 1), n − 1, m + 1).

The matrices PR(r, s, t) and BR(r, s, t) formed from the collinearity graph of the gener-
alized quadrangle GQ(n, m) are denoted by PR

n,m(r, s, t) and BR
n,m(r, s, t), respectively.

4.1. Self-Dual Codes from Collinearity Graphs of GQ(n, m)

The following theorems follow from Theorem 1, in the same manner as Theorems 3 and 4.

Theorem 7. The code generated by PR
n,m(r, s, t) formed from an adjacency matrix of a collinearity

graph obtained from a generalized quadrangle GQ(n, m) is Euclidean self-dual over R if and only if

r2 + s2n(m + 1) + t2n2m = −1,

2rs + 2stnm + (n − 1)(s2 + t2nm) = 0,

2rt + 2st(n − 1)(m + 1) + (m + 1)(s2 − t2n) + t2m(n2 + 1) = 0.

The self-dual code generated by PZ2ℓ
n,m(r, s, t) is Type II if and only if

1 + r2 + s2n(m + 1) + t2n2m ≡ 0 mod 4ℓ.

Theorem 8. The code generated by BR
n,m(r, s, t) formed from an adjacency matrix of a collinearity

graph obtained from a generalized quadrangle GQ(n, m) is Euclidean self-dual over R if and only if

r2 + s2n(m + 1) + t2n2m = −(1 + γ2),

2rs + 2stnm + (n − 1)(s2 + t2nm) = −γ2,

2rt + 2st(n − 1)(m + 1) + (m + 1)(s2 − t2n) + t2m(n2 + 1) = −γ2,

1 + α2 + (n + 1)(nm + 1)β2 = 0,

αγ + β(r + sn(m + 1) + tn2m) = 0.

The self-dual code generated by BZ2ℓ
n,m(r, s, t) is Type II if and only if

1 + γ2 + r2 + s2n(m + 1) + t2n2m ≡ 0 mod 4ℓ

and
1 + α2 + (n + 1)(nm + 1)β2 ≡ 0 mod 4ℓ.

In the following section, we study binary and ternary self-dual codes spanned by
PR

n,m(r, s, t) and BR
n,m(r, s, t).

4.1.1. Self-Dual Binary Codes from Collinearity Graphs of GQ(n, m)

In Tables 5 and 6, we give conditions under which the constructions from collinearity
graphs of GQ(n, m) yield self-dual binary codes, and determine which of the self-dual
codes are Type II. Congruences for Type II codes are given modulo 4.

Table 5. Binary codes from collinearity graphs of GQ(n, m), pure construction.

r s t PF2
n,m(r, s, t) Type II

0 0 1 n, m ≡ 1 mod 2 n2m ≡ 3
0 1 0 Never -
0 1 1 n ≡ 1 mod 2, m ≡ 0, 1 mod 2 n(nm + m + 1) ≡ 3
1 0 0 Always Never
1 0 1 n, m ≡ 0 mod 2 n2m ≡ 2
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Table 5. Cont.

r s t PF2
n,m(r, s, t) Type II

1 1 0 n, m ≡ 1 mod 2 n(m + 1) ≡ 2
1 1 1 n ≡ 0 mod 2, m ≡ 0, 1 mod 2 n(nm + m + 1) ≡ 2

Table 6. Ternary codes from collinearity graphs of GQ(n, m), bordered construction.

r s t BF2
n,m(r, s, t) Type II

0 0 1 n, m ≡ 1 mod 2 ; α = 1, β = γ = 0 Never
0 1 0 n, m ≡ 0 mod 2 ; α = 0, β = γ = 1 n(m + 1) ≡ 2, n2m ≡ 0
0 1 1 n ≡ 0 mod 2, m ≡ 0, 1 mod 2 ; α = 0, β = γ = 1 n(nm + m + 1) ≡ 2

n ≡ 1 mod 2, m ≡ 0, 1 mod 2 ; α = 1, β = γ = 0 Never
1 0 0 α = 1, β = γ = 0 Never
1 0 1 n, m ≡ 0 mod 2 ; α = 1, β = γ = 0 Never
1 1 0 n, m ≡ 1 mod 2 ; α = 1, β = γ = 0 Never
1 1 1 Never -

4.1.2. Self-Dual Ternary Codes Obtained from Collinearity Graphs of GQ(n, m) Graphs

After examining all cases for parameters r, s, t, we obtain that the only case under
which the constructions from collinearity graphs of GQ(n, m) yield self-dual ternary codes
using the pure construction is in the following:

• PF3
n,m(r, s, t), r = s = 0, t ̸= 0 and n ≡ 1 mod 3, m ≡ 2 mod 3.

Further, it turns out that we cannot obtain self-dual codes by using the
bordered construction.

4.2. LCD Codes from Collinearity Graphs of GQ(n, m)

The following theorems can be proven by applying Theorem 2 to the parameters of
collinearity graphs of GQ(n, m).

Theorem 9. Let Γ be a collinearity graph of GQ(n, m). If for some x ∈ Fq, x ̸= 0, it holds that

r2 + s2n(m + 1) + t2n2m = x − 1,

2rs + 2stnm + (n − 1)(s2 + t2nm) = 0,

2rt + 2st(n − 1)(m + 1) + (m + 1)(s2 − t2n) + t2m(n2 + 1) = 0,

then the code generated by P
Fq
n,m(r, s, t) formed from an adjacency matrix of Γ is Euclidean LCD

over Fq.

Theorem 10. Let Γ be a collinearity graph of GQ(n, m). If for some scalars x, y ∈ Fq, x ̸= 0,
y ̸= 0, it holds that

r2 + s2n(m + 1) + t2n2m = x − 1 − γ2,

2rs + 2stnm + (n − 1)(s2 + t2nm) = −γ2,

2rt + 2st(n − 1)(m + 1) + (m + 1)(s2 − t2n) + t2m(n2 + 1) = −γ2,

1 + α2 + (n + 1)(nm + 1)β2 = y,

αγ + β(r + sn(m + 1) + tn2m) = 0,

then the code generated by B
Fq
n,m(r, s, t) formed from an adjacency matrix of Γ is Euclidean LCD

over Fq.
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Further, we study more closely binary and ternary LCD codes constructed from the
collinearity graphs of generalized quadrangles, by the pure and the bordered construction.

4.2.1. LCD Binary Codes Obtained from Collinearity Graphs of GQ(n, m)

In Table 7, we present conditions under which the constructions from collinearity
graphs of GQ(n, m) produce LCD binary codes.

Table 7. LCD binary codes from collinearity graphs of GQ(n, m).

r s t PF2
n,m(r, s, t) BF2

n,m(r, s, t)

0 0 1 n, m ≡ 0 mod 2 n, m ≡ 0 mod 2 ; γ = 0, α + β = 0
n, m ≡ 1 mod 2 ; α = β = 0, γ = 1

0 1 0 n, m ≡ 1 mod 2 n, m ≡ 1 mod 2 ; α = γ = 0
0 1 1 Never Never
1 0 0 Never Never
1 0 1 n, m ≡ 1 mod 2 n, m ≡ 1 mod 2 ; α = γ = 0
1 1 0 Never n, m ≡ 0 mod 2 ; γ = 1, α + β = 0

1 1 1 n ≡ 1 mod 2, m ≡ 0, 1
mod 2 n ≡ 0 mod 2, m ≡ 0, 1 mod 2 ; γ = 1, α + β = 0

n ≡ 1 mod 2, m ≡ 0, 1 mod 2 ; α = γ = 0

4.2.2. LCD Ternary Codes Obtained from Collinearity Graphs of GQ(n, m)

In Tables 8 and 9, we present conditions under which the constructions from collinearity
graphs of GQ(n, m) produce LCD ternary codes. All congruences are given modulo 3.

Table 8. LCD ternary codes from collinearity graphs of GQ(n, m), pure construction.

r s t PF3
n,m(r, s, t)

̸=0 0 0 Always
̸=0 ̸=0 0 n ≡ 0, m ≡ 2 ; rs = 2

n ≡ 2, m ≡ 2 ; rs = 1
̸=0 0 ̸=0 n ≡ 0, m ≡ 1 or n ≡ 1, m ≡ 2 or n ≡ 2, m ≡ 0 ; rt = 1

n ≡ 0, m ≡ 2 or n ≡ 1, m ≡ 0 ; rt = 2
0 ̸=0 0 n ≡ 1, m ≡ 2
0 0 ̸=0 n, m ≡ 0 or n, m ≡ 1
0 ̸=0 ̸=0 n ≡ 1, m ≡ 0
̸=0 ̸=0 ̸=0 n ≡ 1, m ≡ 2 or n ≡ 2, m ≡ 0, 1, 2 ; rs = 1, st = 1

n, m ≡ 1 ; rs = 1, st = 2
n ≡ 0, m ≡ 0, 1, 2 or n, m ≡ 1 ; rs = 2, st = 1
n ≡ 0, m ≡ 1 or n ≡ 1, m ≡ 2 ; rs = 2, st = 2

Table 9. LCD ternary codes from collinearity graphs of GQ(n, m), bordered construction.

r s t BF3
n,m(r, s, t)

̸=0 0 0 β = γ = 0
̸=0 ̸=0 0 n, m ≡ 1 ; α = 0, γ2 = 1, rs = 1

n, m ≡ 2 ; β = γ = 0, rs = 1
n ≡ 0, m ≡ 2 ; β = γ = 0, rs = 2

n ≡ 2, m ≡ 1 ; α = 0, γ2 = 1, rs = 2
̸=0 0 ̸=0 n ≡ 0, m ≡ 1 or n ≡ 2, m ≡ 0 ; β = γ = 0, rt = 1

n ≡ 1, m ≡ 2 ; γ = 0, rt = 1
n ≡ 0, m ≡ 2 or n ≡ 1, m ≡ 0 ; β = γ = 0, rt = 2

n ≡ 2, m ≡ 1 ; α = 0, γ2 = 1, rt = 2
0 ̸=0 0 n ≡ 0, m ≡ 1 ; α = 0, γ2 = 1

n ≡ 1, m ≡ 2 ; γ = 0
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Table 9. Cont.

r s t BF3
n,m(r, s, t)

0 0 ̸=0 n, m ≡ 0 ; γ = 0, 1 + α2 + β2 ̸= 0
n, m ≡ 1 ; β = γ = 0

0 ̸=0 ̸=0 n ≡ 0, m ≡ 0, 1, 2 or n, m ≡ 1 ; α = 0, γ2 = 1, st = 1
n ≡ 1, m ≡ 0 ; β = γ = 0, st = 1

n ≡ 0, m ≡ 2 or n ≡ 2, m ≡ 1 ; α = 0, γ2 = 1, st = 2
n ≡ 1, m ≡ 0 ; β = γ = 0, st = 2

̸=0 ̸=0 ̸=0 n ≡ 1, m ≡ 0 ; αγ + β(r + s) = 0, 1 + α2 + β2 ̸= 0, rs = 1, st = 1
n ≡ 1, m ≡ 2 or n ≡ 2, m ≡ 0, 1, 2 ; γ = 0, rs = 1, st = 1

n, m ≡ 1 ; β = γ = 0, rs = 1, st = 2
n, m ≡ 2 ; αγ + β(r + 2t) = 0, γ2 = 1, rs = 1, st = 2

n ≡ 0, m ≡ 0, 1, 2 or n, m ≡ 1 ; β = γ = 0, rs = 2, st = 1
n ≡ 1, 2, m ≡ 2 ; αγ + β(r + 2t) = 0, γ2 = 1, rs = 2, st = 1

n ≡ 2, m ≡ 0, 1 ; α = 0, γ2 = 1, rs = 2, st = 1
n ≡ 0, m ≡ 1 ; β = γ = 0, rs = 2, st = 2

n ≡ 1, m ≡ 2 ; γ = 0, rs = 2, st = 2
n ≡ 2, m ≡ 0 ; α = 0, γ2 = 1, rs = 2, st = 2

5. Strongly Regular Graphs and 3-Designs Constructed from Codes

In this section, we construct 3-designs and strongly regular graphs from the support
designs of some of the self-dual or LCD codes described in this paper. The strongly regular
graphs are obtained from support designs as so-called generalized block graphs.

Generalized block graphs of support designs are obtained in the following way (see [31]).
Let S = {|x ∩ y| x, y ∈ B}, where B is the block set of the support design, and let A ⊂ S. Let
us define a graph whose vertices are the elements of the block set B of the support design,
and two vertices are adjacent if and only if the size of the intersection of the corresponding
blocks is an element of A. This construction is a generalization of the construction of the
block graph from a quasi-symmetric design, so a graph constructed in that way is called a
generalized block graph.

In Table 10, we give the codes used for the construction of the 3-designs and strongly
regular graphs, which are presented in Tables 11 and 12.

Table 10. Codes used for the construction of the 3-designs and SRGs given in Tables 11 and 12.

Graph Construction Parameters of Code LCD or Self-Dual

Γ(GQ(4, 2)), (45, 12, 3, 3) P(1, 2, 1) C1, [90, 45, 5]3 LCD
K(6, 2), (15, 6, 1, 3) P(1, 0, 1) C2, [30, 15, 6]2 self-dual
K(6, 2), (15, 6, 1, 3) P(0, 0, 1) C3, [30, 15, 3]2 LCD
K(6, 2), (15, 6, 1, 3) B(1, 1, 0) C4, [32, 16, 4]2 LCD
K(6, 2), (15, 6, 1, 3) B(0, 1, 0) C5, [32, 16, 8]2 self-dual

Γ1(GQ(3, 3)), (40, 12, 2, 4) P(0, 1, 0) C6, [80, 40, 6]2 LCD
Γ2(GQ(3, 3)), (40, 12, 2, 4) P(0, 0, 1) C7, [80, 40, 4]3 LCD
Γ(GQ(2, 4)), (27, 10, 1, 5) P(1, 0, 1) C8, [54, 27, 6]2 self-dual

K(5, 2), (10, 3, 0, 1) P(2, 1, 1) C9, [20, 10, 4]3 LCD
K(5, 2), (10, 3, 0, 1) B(0, 1, 1) C10, [22, 11, 4]3 LCD

Γ1(GQ(3, 3)), (40, 12, 2, 4) P(0, 0, 1) C11, [80, 40, 4]3 LCD
K(6, 2), (15, 6, 1, 3) P(1, 1, 0) C12, [30, 15, 8]3 LCD
K(7, 2), (21, 10, 3, 6) B(2, 1, 1) C13, [44, 22, 4]3 LCD

K(8, 2), (28, 15, 6, 10) P(2, 1, 1) C14, [56, 28, 4]3 LCD
K(8, 2), (28, 15, 6, 10) B(0, 1, 1) C15, [58, 29, 4]3 LCD
K(7, 2), (21, 10, 3, 6) P(0, 1, 0) C16, [42, 21, 8]3 LCD
K(7, 2), (21, 10, 3, 6) B(1, 2, 1) C17, [44, 22, 8]3 LCD

Γ(GQ(4, 2)), (45, 12, 3, 3) B(1, 2, 2) C18, [92, 46, 4]3 LCD
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In Table 11, we list details on the 3-designs obtained as support designs of the code C5.
As shown in Table 10, the code C5 is obtained by using the bordered construction from the
Kneser graph K(6, 2), which is the strongly regular graph with parameters (15, 6, 1, 3).

Table 11. The 3-designs from the code C5.

3-(v, k, λ) Aut. Group of a Design

3-(32, 8, 7), b = 620 E32.PSL(5, 2)
3-(32, 12, 616), b = 13, 888 E32.PSL(5, 2)

3-(32, 16, 4123), b = 36, 518 E32.PSL(5, 2)

In Table 12, we list strongly regular graphs constructed as generalized block graphs
from support designs of the codes given in Table 10. The first column provides information
on the code that we used, and in the second column, we present information about support
designs. The next column gives all intersections of blocks of support designs and we point
out the intersections used for defining generalized block graphs. For example, the support
design of the code C1 for the weight 5 has block intersections 0 and 1, and intersection 1
is used to construct the graph Γ1. Further, we give the parameters of the strongly regular
graphs and a structure of their automorphism groups.

Table 12. SRGs constructed as generalized block graphs of support designs.

Code Support Design Intersections SRG Aut. Group of SRG

C1 k = 5 {0, 1}, 1 Γ1, (27, 10, 1, 5) O(5, 3):Z2
C2 1 − (30, 6, 7) {0, 2}, 0 Γ2, (35, 16, 6, 8) S8
C7 k = 4 {0, 1}, 1 Γ3, (40, 12, 2, 4)1 O(5, 3):Z2
C6 k = 76 {72, 73}, 72 Γ4, (40, 12, 2, 4)2 O(5, 3):Z2
C8 1 − (54, 6, 5) {0, 2}, 2 Γ5, (45, 12, 3, 3) O(5, 3):Z2
C9 1 − (20, 4, 9) {0, 2}, 2 Γ6, (45, 16, 8, 4) S10
C10 1 − (22, 4, 10) {0, 2}, 2 Γ7, (55, 18, 9, 4) S11
C9 1 − (20, 18, 90) {16, 17}, 17 Γ8, (100, 18, 8, 2) S10≀Z2
C3 k = 21 {15, 16, 19}, 16 Γ9, (105, 26, 13, 4) S15
C9 1 − (20, 6, 36) {0, 2, 4}, 0, 4 Γ10, (120, 56, 28, 24) S10
C4 k = 22 {16, 17, 20}, 17 Γ11, (120, 28, 14, 4) S16
C10 1 − (22, 20, 110) {18, 19}, 19 Γ12, (121, 20, 9, 2) S11≀Z2
C11 k = 4 {0, 1}, 1 Γ13, (130, 48, 20, 16) (PSL(4, 3):Z2):Z2
C12 1 − (30, 28, 210) {26, 27}, 27 Γ14, (225, 28, 13, 2) S15≀Z2
C13 1 − (44, 4, 21) {0, 2}, 2 Γ15, (231, 40, 20, 4) S22
C14 1 − (56, 4, 27) {0, 2}, 2 Γ16, (378, 52, 26, 4) S28
C15 1 − (58, 4, 28) {0, 2}, 2 Γ17, (406, 54, 27, 4) S29
C16 1 − (42, 40, 420) {38, 39}, 39 Γ18, (441, 40, 19, 2) S21≀Z2
C17 1 − (44, 42, 462) {40, 41}, 41 Γ19, (484, 42, 20, 2) S22≀Z2
C18 1 − (92, 4, 45) {0, 2}, 2 Γ20, (1035, 88, 44, 4) S46

Remark 1. Strongly regular graphs given in Table 12 have been previously known. The graphs
Γi, i ∈ {6, 7, 9, 11, 15, 16, 17, 20} are unique strongly regular graphs with the given parameters,
known as triangular graphs. Further, for i ∈ {8, 12, 14, 18, 19}, the graphs Γi are constructed
as the Cartesian product of two complete graphs on n vertices, and are known as n2 graphs. The
graphs n2 are also unique SRGs with the given parameters. The graph Γ1 is the collinearity graph
of a GQ(2,4), Γ5 is the collinearity graph of a GQ(4,2), and Γ3 and Γ4 are two non-isomorphic
collinearity graphs of a GQ(3, 3). Strongly regular graphs having the parameters of Γ2 are all
classified. More information about these graphs one can find at [27]. For information about strongly
regular graphs Γ10 and Γ13, see [27].

6. Conclusions

In this paper, we determine the conditions under which the codes constructed from
Kneser graphs K(n, 2) and collinearity graphs of generalized quadrangles using the so-
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called pure and bordered construction are self-dual or LCD. Further, for the codes over Z2k,
we give the conditions which ensure that they are Type II. The binary and ternary codes are
studied in more detail. We also investigate the support designs of the constructed codes,
and from the support designs for certain weights of some of the codes, we obtain strongly
regular graphs and 3-designs. Some of the 3-designs and strongly regular graphs have
interesting automorphism groups, namely, the linear groups PSL(5, 2) and PSL(4, 3), and
the orthogonal group O(5, 3).
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