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Abstract: The discrete physics models available in the Geant4-DNA Monte Carlo toolkit are
a subject of continuous evolution and improvement in order to meet the needs of state-of-
the-art radiobiological research for medical and space applications. The current capabilities
of Geant4-DNA for event-by-event electron transport extend up to 1 MeV. In this work,
Geant4-DNA’s most accurate electron inelastic model for sub-keV energies is improved
and extended up to 10 MeV via the Relativistic Plane Wave Born Approximation and other
theoretical considerations. Benchmark simulations of the electronic stopping power and
range of electrons in liquid water using the new model show almost excellent agreement (at
the few % level) with the recommendations of the International Commission on Radiation
Units and Measurements (ICRU) up to 10 MeV, offering notable improvement (by a factor
of ~2) over the default Geant4-DNA inelastic model and an order-of-magnitude higher
electron limit. The present development will allow Geant4-DNA users to perform electron
track-structure simulations up to 10 MeV, thus, covering a wider range of radiotherapeutic
applications (including FLASH-RT) as well as space applications involving MeV electrons
which are not currently reachable.

Keywords: Monte Carlo; Geant4-DNA; truck structure; stopping power; cross sections

1. Introduction
Monte Carlo (MC) track-structure (TS) simulations are an established tool for quan-

titative analysis of radiation effects at the cellular and DNA levels [1]. The strength of
MCTS simulations rests on their ability to model (charged) particle interactions in a dis-
crete manner according to the corresponding single-scattering cross sections. Thus, the
MCTS approach is capable of revealing, at the highest level of detail, the spatial pattern of
energy deposition in the medium. Another distinct advantage of MCTS simulations, that
follows from their molecular-scale resolution, is the potential to go beyond the physical
stage and simulate the subsequent radiolysis of water, which underlines the so-called
indirect radiation action in cells, as well as the initial DNA damage along with its de-
gree of complexity [2–5]. Currently, there exist more than thirty MCTS codes (reviewed
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in [6–8]) which have been developed specifically for radiobiological applications, including
micro- and nano-dosimetry. These codes differ mainly on the interaction cross sections
used for simulating the transport of charged particles (mainly electrons) in a liquid water
medium, although they may further differ regarding the details of the modeling of the
physico-chemical reactions and biological damage, if available [9–13]. However, except
for the Geant4-DNA toolkit [8,14–17], all currently available MCTS codes are not publicly
available, they are the propriety of the investigator (or research group), which limits their
usage by the broader community of researchers in the field. Therefore, as far as we know,
there is no systematic intercomparison of MCTS codes (apart from [10] which is limited to
only two codes). Because the amount of input data and computing time increases rapidly
with particle energy, MCTS simulations are not currently used in clinical practice where
energies are usually in the MeV (or MeV/amu) range. In clinical applications, MC simula-
tions by the condensed-history approach are the preferred choice because they are much
faster than MCTS simulations and are also easily extended to different transport media.
However, conventional MC simulations using the condensed-history technique are not
suitable for nanometer (or molecular) scale resolution, due to the inherent limitations of
the condensed-history technique [8,18].

Although MCTS simulations are traditionally applied to the transport of low-energy
particles, e.g., electrons with energies below 10–100 keV, there is an increasing interest in
extending their application to higher energies, in order to cover the full radiotherapeutic
domain, including some emerging modalities like FLASH [19–23]. This interest mainly
comes from the need to link the physical stage of radiation action (e.g., via micro- or
nano-dosimetry) to the radiobiological effects and provide the ground for developing
biophysical or mechanistically inspired dose–response models [24,25]. Among other things,
such models are potentially useful for the development of robust radiobiological-based
optimization of treatment planning systems [26,27].

Apart from conventional electron beam radiotherapy (EBRT), which uses electron
beams in the 6–18 MV energy range [28], energetic electrons (~MeV) are also of interest for
risk estimates from space radiation exposure of crewed missions [29–34]. These include
studies of the Van Allen outer belt, which consists of electrons up to about 10 MeV, as well
as the energetic delta rays produced by the GeV/amu ions of the galactic cosmic ray (GCR)
spectrum [35–37]. In addition, emerging treatment technologies, like FLASH radiotherapy,
which use high energy electrons as a primary beam, require MCTS simulations up to several
MeV, as a means to explore the radiobiological FLASH effect which relates to the spatial
distribution of radiolytic species [38–40].

Owing to the special role of electrons (both as primary and secondary particles)
in MCTS simulations, the Geant4-DNA toolkit [8,14–17], includes a variety of different
physics models to describe each type of interaction (i.e., ionization, electronic excitation,
and elastic scattering). Furthermore, there are some ready-to-use sets of physics models
for Geant4-DNA users, known as “constructors”, that gather the most significant physical
processes [8,17]. Although important efforts are currently invested to describe electron
interactions in DNA-like materials using measured or calculated cross sections for individ-
ual DNA bases (in the gas phase) [41,42], liquid water remains the most generic transport
media in radiobiological applications, since cells are mostly composed of water (70–80% by
weight), which is also the source of reactive free-radicals. The different “constructors” (and
physics models) for liquid water medium currently available in Geant4-DNA have been
described in detail in previous works [43–45].

Historically, an important challenge to the development of MCTS codes is the cal-
culation of low-energy inelastic cross sections for all the ionization shells and electronic
excitation levels of the irradiated medium down to threshold energies (~10 eV). Nowadays,
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the most established MCTS codes for liquid water calculate inelastic cross sections via a
semi-empirical model of the dielectric response function of the medium [1,9,11,46–49]. The
attractive feature of this approach is that condensed-phase effects, which are crucial for
modeling radiation interactions in biological matter at the nanoscale, are in-built into the
methodology.

Currently, the most accurate low-energy electron inelastic model in Geant4-DNA is
implemented into the DNA-Opt4 constructor [43,44]. However, its upper energy limit
of 10 keV, prohibits using it in many practical (e.g., clinical) applications. So, in order to
cover medium–high energy applications, Geant4-DNA users need to combine DNA-Opt4
(<10 keV) with the default constructor DNA-Opt2 (>10 keV) [17]. Therefore, the extension
of the inelastic model of DNA-Opt4 to higher electron energies (its elastic model is already
applicable to relativistic energies) has become a “physics-activity” priority for the Geant4-
DNA collaboration. To that end, a preliminary relativistic extension of DNA-Opt4 was
recently presented (referred to as DNA-Opt4Rel in [50]), focusing mostly on refinements of
the dielectric response function and the presentation of the needed relativistic modifications
to reach Geant4-DNA’s current upper electron limit of 1 MeV.

The aim of this work is to document a complete relativistic version of the inelas-
tic model of DNA-Opt4 (hereafter termed DNA-Opt4X) which improves and extends
Geant4-DNA capabilities up to 10 MeV. The full set of ionization and excitation cross sec-
tions implemented into this new constructor (DNA-Opt4X) are presented, and benchmark
simulations of the electronic stopping power and range of electrons in liquid water are
performed and assessed against the available ICRU data. An intercomparison between the
new (DNA-Opt4X) and existing inelastic models (DNA-Opt2, DNA-Opt6) of Geant4-DNA
is also provided.

Unless otherwise stated, energy, momentum, and mass are expressed in units of eV,
eV/c, and eV/c2, respectively, where 1 eV = 1.602 × 10−19 joule and c2 = 931.46 MeV per
atomic mass unit (amu).

2. Materials and Methods
2.1. Basic Features of the Present Model

In both DNA-Opt2 (default constructor) [15] and DNA-Opt4 (recommended low-
energy constructor) [43,44], the inelastic model used to calculate the excitation and ion-
ization cross sections is based on a semi-empirical dielectric response function deter-
mined by an optical-data model [8]. This approach is considered the state-of-the-art for
practical calculations of inelastic electron-scattering in condensed medium (e.g., liquids,
solids) [1,9,11,46–49], as it is based on the well-established theoretical framework of the first
Born approximation while offering a reasonable balance between computational simplicity
and robustness. Although ab initio approaches offer far more detail and are theoretically
rigorous [51,52], they are still not as attractive as the semi-empirical optical-data models, at
least for those materials (like liquid water) where experimental optical data are available,
due to their theoretical complexity and higher computational cost. Optical-data models
commonly employ either a Drude-type or a Lindhard-type or a Mermin-type representation
of the dielectric function [1,46–49]. The Drude-type representation, which is mathemati-
cally (and computationally) simpler, is used in both DNA-Opt2 and DNA-Opt4, as well
as by other popular MCTS codes for liquid water, like NOREC [53], PARTRAC [54], and
KURBUC [55].

The theoretical framework adopted in the present work for the calculation of electron
inelastic cross sections is the Relativistic Plane Wave Born Approximation (RPWBA) where
the probability of ionization and excitation of the medium is essentially described by
the energy loss function (ELF) which is defined by the imaginary part of the reciprocal
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dielectric function (see below). The present inelastic model, hereafter denoted as “DNA-
Opt4X”, includes all the latest modifications to the ELF (presented in [43,44,50]) that
reduced the sum-rule errors to less than 1.5% (from 6.5% in DNA-Opt2). In addition, both
the low- and high-energy corrections are implemented as described in [50]. However, to
efficiently extend the model above 1 MeV, additional corrections and modifications have
been implemented as will be described in the next sections. Since the various corrections
involve additional cross section calculations (which are often far more time-consuming per
data point than the uncorrected calculations), we restrict the application of each correction
to specific energy regimes where a sizeable impact is expected (see Figure 1). The optimum
transition energy (from one regime to the next) may depend on the application. As a
first approximation, we here adopt a more general approach (also used in [50]) where
the transition energy is based on the impact of the correction to a fundamental and well-
understood radiation dosimetry quantity, namely, the electronic stopping power. Therefore,
corrections are applied only within the energy range in which their individual effect on
the electronic stopping power is larger than 1%. Based on this criterion, and in order to
make the model implementation more transparent to future modifications, we distinguish
between four energy regimes as depicted in Figure 1.
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Figure 1. Schematic of the different correction terms implemented into the present inelastic model
(DNA-Opt4X). To reduce the computational burden, corrections are turned “ON/OFF” only within
the energy range (regime) in which they have an effect larger/smaller than 1% to the electronic
stopping power (SP).

In the existing dielectric models of Geant4-DNA, the inelastic cross sections are calcu-
lated off-line and implemented into the code via look-up tables, so the complexity of the
inelastic physics model does not have any impact on the simulation running times (apart
from the rather small influence of the different energy binning between different models).
Thus, the implementation (or not) of the various corrections (see Figure 1) does not (practi-
cally) influence simulation running times. However, simulations by DNA-Opt4X are faster
(depending on the specific application) than the current default constructor (DNA-Opt2)
due to the different elastic models used. This effect has also been observed with the existing
DNA-Opt4, but it is expected to be even more pronounced with DNA-Opt4X due to the
two orders of magnitude higher energy range of application.

2.2. Implementation of the Plane Wave Born Approximation (PWBA)

The analytic representation of the dielectric function ε(E, q) = ε1(E, q)+ iε2(E, q), with
E being the energy transfer and q the momentum transfer, is based on the same methodology
used in DNA-Opt2 and DNA-Opt4. Specifically, a sum of Drude-type functions is used
to parameterize the experimental optical data (q = 0) for ε2(E, q = 0) and ε1(E, q = 0)
which are then extended to non-zero q (for arbitrary E) by analytic dispersion relations
implemented into the Drude coefficients, which ensure the proper asymptotic limits at both
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small- and large-q. The contribution of individual ionizations and excitation transitions
to ε2(E, q) is obtained by an in-house deconvolution algorithm [43,44] for ε2(E, q), which
introduces threshold energies (e.g., shell binding energies), conserves the sum-rules, and
allows ε1(E, q) to be obtained analytically by the Kramers–Kronig relation. Then, the
complete ELF along with its partitioning to ionizations and excitations reads as follows:

ELF = Im
[
− 1
ε(E, q)

]
=

ioniz

∑
j

ε
(j)
2 (E, q)

ε2
1(E, q) + ε2

2(E, q)︸ ︷︷ ︸
ELFioniz

+
excit

∑
k

ε
(k)
2 (E, q)

ε2
1(E, q) + ε2

2(E, q)︸ ︷︷ ︸
ELFexcit

, (1)

where j, k correspond to the ionization and excitation transitions, respectively, which
include four ionization shells (j = 1, 2, . . . 4) and five discrete excitation levels (k = 1, 2, . . ., 5)
as described elsewhere [43,44,50]. These outer (or valence) inelastic channels are expected
to exhibit condensed-phase properties (e.g., long-range screening) and, therefore, most
appropriately treated within the present dielectric-based ELF model of Equation (1). Within
the PWBA all relevant physical quantities that are needed as input to MCTS simulations
can be calculated from the ELF of Equation (1) by suitable integrations over the E and
q variables. The partitioning of ELF described in Equation (1) is particularly important
to MCTS simulations because it allows the calculation of inelastic cross sections (both
differential and integral) for the individual ionization shells and excitation levels. For
example, the inelastic energy-transfer differential cross section (DCS), which is the most
fundamental quantity in MCTS codes since it determines the single-collision energy-loss
spectrum of the incident charged particle, is obtained by an integration of the ELF of
Equation (1) over q:

dσPWBA(E;T)
dE =

ioniz
∑
j

dσ
(j)
PWBA(E;T)

dE +
excit
∑
k

dσ
(k)
PWBA(E;T)

dE =

= 1
πα0 NT

{
ioniz
∑
j

∫ qmax
qmin

ELF(j)
ioniz(E, q) dq

q

+
excit
∑
k

∫ qmax
qmin

ELF(k)
excit(E, q) dq

q

}
,

(2)

where α0 = 5.29 × 10−11 m is the Bohr radius, N = 33.4 × 1027 m−3 is the density of water
molecules in liquid water, and the limits of the momentum transfer (q) in the non-relativistic
case are

qmin/max =
√

2m(
√

T ±
√

T − E). (3)

Subsequent integration of the DCS of Equation (2) over E yields the total (integral)
cross section (TCS) for inelastic collisions:

σPWBA(T) =
ioniz
∑
j

σ
(j)
PWBA(T) +

excit
∑
k

σ
(k)
PWBA(T)

= 1
πα0 NT

{
ioniz
∑
j

∫ Emax,j
Emin,j

∫ qmax
qmin

ELF(j)
ioniz(E, q) dq

q

+
excit
∑
k

∫ Emax,k
Emin,k

∫ qmax
qmin

ELF(k)
excit(E, q) dq

q

}
,

(4)

where the integration limits of the energy transfer are Emin(j,k) = B(j,k), Emax,j =
(
T + Bj

)
/2,

and Emax,k = T with Bj and Bk being the binding energy of the j-th ionization shell and
the transition energy of the k-th excitation level, respectively, of the medium. Note that, as
written in Equations (2) and (3), σ corresponds to the so-called macroscopic cross section or
inverse mean free path with units 1/length.
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Similar to the existing dielectric-based inelastic models (i.e., DNA-Opt2 and DNA-
Opt4), the application of the dielectric function approach to DNA-Opt4X is restricted
to the outer-shell (or valence) electrons of liquid water (i.e., to ionization shells j = 1–4
and excitation levels k = 1–5) where the influence of long-range polarization due to the
condensed phase is most pronounced. Inelastic cross sections for the ionization of the
innermost shell of H2O (i.e., of ionization shell j = 5) are calculated by a relativistic extension
of the binary-encounter-approximation-with-exchange (BEAX) model [56,57].

2.3. Low-Energy Corrections

The PWBA is known to be a good approximation for electrons with incident energies
much larger than the binding energies of target electrons. For liquid water medium,
the application of the PWBA to the outer-shell target electrons (with binding energies
between ~10–30 eV) is well justified for electrons above ~1 keV. Since the present model
(DNA-Opt4X) is meant to be applicable down to 10 eV, “low-energy” corrections to the
PWBA must be applied at sub-keV energies. The Mott–Coulomb low-energy corrections
included in the default inelastic model (DNA-Opt2) [15] have been already re-assessed and
improved in the context of DNA-Opt4 [43,44]. These improved low-energy corrections
are also passed into the present inelastic model (DNA-Opt4X). However, the magnitude
of these Mott–Coulomb corrections for particular transitions may be different among the
existing DNA-Opt4 and the present DNA-Opt4X. To illustrate this point, we summarize
the final expressions. For ionizations, the Mott–Coulomb corrected DCS and TCS read as
follows:

dσ
(j)
Mott−Co(E;T)

dE =
dσ

(j)
PWBA(E;T+Bj+Uj)

dE +
dσ

(j)
PWBA(T+2Bj+Uj−E;T+Bj+Uj)

dE

−

√
dσ

(j)
PWBA(E;T+Bj+Uj)

dE × dσ
(j)
PWBA(T+2Bj+Uj−E;T+Bj+Uj)

dE ,
(5)

and

σ
(ioniz)
Mott−Co(T) =

ioniz

∑
j

∫ Emax,j

Emin,j

dσ
(j)
Mott−Co(E; T)

dE
dE, (6)

with Uj being the electron kinetic energy in the j-th ionization shell. For excitations, only
Coulomb corrections are applied:

σ
(excit)
Co (T) =

excit

∑
k

σ
(k)
PWBA(E; T + 2Bk). (7)

Evidently, the Mott–Coulomb corrected cross sections, Equations (5)–(7), depend
explicitly upon the ELF and its parameterization, which is somewhat different between
DNA-Opt4 and DNA-Opt4X. Following the criterion discussed above (see Figure 1), the
Mott–Coulomb corrections, Equations (5)–(7), are only applied in the energy Regimes I
and II.

2.4. Relativistic Corrections

In the context of the Relativistic Plane Wave Born Approximation (RPWBA), the DCS
is commonly written as the sum of a longitudinal and transverse term:

dσRPWBA(E; T)
dE

=
dσLongitudinal(E; T)

dE
+

dσTransverse(E; T)
dE

. (8)

An in-depth discussion of RPWBA calculations for condensed matter systems is
provided by Fernández-Varea et al. [57]. Similar to the non-relativistic limit, the longitudinal



Appl. Sci. 2025, 15, 1183 7 of 20

term in Equation (8) is determined by an integration of the ELF over q. However, due to
relativistic kinematics, the final expression differs from Equation (2) and reads as follows:

dσLongitudinal(E;T)
dE =

ioniz,excit
∑
j,k

dσ
(j,k)
Longitudinal(E;T)

dE

= 1
πα0 Nmc2β2

{
ioniz,excit

∑
j,k

∫ qmax,rel
qmin,rel

ELF(j,k)(E, q) dq
q

}

= 1
πα0 Nmc2β2

∫ qmax,rel
qmin,rel

(
c2q√

c2q+(mc2)
2

)
1+ Q(q)

mc2

1+ Q(q)
2mc2

ELF(E, q) dq
Q(q) ,

(9)

where Q =
√

c2q2 − (mc2)
2 − mc2 is the relativistic free-recoil energy (with c the speed of

light) and β2 = υ2

c2 = 1 − 1√(
T

mc2 +1
) . The limits of the q-integration at relativistic energies

are as follows:

qmax,rel/min,rel =
1
c

[√
T(T + 2mc2)±

√
(T − E)(T − E + 2mc2)

]
. (10)

Following the criterion discussed above (see Figure 1), the longitudinal term,
Equation (9), replaces Equation (2) in the energy Regimes II, III, and IV. Note that in Regime
II the Mott–Coulomb corrections are applied to the Longitudinal term of the RPWBA,
Equation (9), which should replace the “PWBA” term in Equations (5)–(7).

For the transverse term in Equation (8), we follow common practice and use Fano’s
small angle scattering approximation [58]. This approximation makes the transverse term
depend only on the optical limit of ELF as follows:

dσTransverse(E;T)
dE =

ioniz,excit
∑
j,k

dσ
(j,k)
Transverse(E;T)

dE

= 1
πα0 Nmc2β2

{
ioniz,excit

∑
j,k

ELF(j,k)(E, q = 0)

}[
ln
(

1
1−β2

)
− β2

]
.

(11)

Note that Equation (11) vanishes at the non-relativistic limit. Following the criterion
discussed above (see Figure 1), the transverse term, Equation (11), is considered only in the
energy Regimes III and IV.

An additional relativistic correction that sets in at condensed media and energies
above the rest-mass energy of the projectile is the Fermi density effect correction [59]. It
is related to the weakening of the Coulomb force experienced by distant atoms due to
the enhancement of screening that arises from length contraction. This correction affects
only distant (q = 0) transverse interactions. Note that the density effect correction is not
included in the recent relativistic version of DNA-Opt4 (called DNA-Opt4Rel) [50]. We
have implemented the Fermi density effect correction to the DCS following the formalism
of Fernández-Varea et al. [57], which yields the following expression:

dσTransverse,δ(E; T)
dE

= δF
dσTransverse(E; T)

dE
, (12)

where δF is the density effect parameter. According to Fano [60,61], δF is linked to pa-
rameters related to the optical oscillator strength or, equivalent, to the ELF(E, q = 0). In
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the present work, we have used the analytical approach by Steinheimer et al. [61] with
parameters related to liquid water medium [58].

δ(X) =

{
4.6052X + α(X1 − X)m + C, X0 < X < X1

4.6052X + C, X > X1

}
, (13)

where X = log10

(
β√

1−β2

)
. The other parameters of Equation (13) are provided by the

corresponding tables from [61]. For liquid water, we have used α = 0.09116; X1 = 2.8004;
m = 3.4773; C = −3.5017; X0 = 0.24. Following the criterion discussed above (see Figure 1),
the density effect correction, Equations (12) and (13) is added only in the energy Regimes IV.

Finally, it is well known that the Drude-based ELF, although very convenient at
low-intermediate energies, exhibits undesirable asymptotic properties at high energies.
Specifically, at sufficiently large energy transfers (i.e., above inner-shell thresholds), long-
range screening effects vanish, so the following relation holds: Im

[
− 1

ε(E)

]
≈ Im[ε(E)] ≡

ε2(E). However, ε2(E) is proportional to (1/E)d f (E)/dE, where d f (E)/dE is the optical
oscillator strength distribution which, for hydrogen-like systems, reduces asymptotically
according to d f (E)/dE ∼ E−3.5. Therefore, for such systems, Im

[
− 1

ε(E)

]
and ε2(E) should

decrease asymptotically as E−4.5 [46]. However, the Drude-based ELF of Equation (1)
used in the present model decreases by E−3, as can be trivially deduced from the analytic
properties of the Drude function [46]. Although water is not hydrogen-like, it is expected
according to the above reasoning that the Drude-type ELF may still overestimate the “true”
ELF of liquid water at sufficiently high E. For example, the somewhat higher I-value
commonly obtained by this methodology may be traced to the above overestimation. In an
effort to minimize this effect, we have applied an ad hoc asymptotic correction to the ELF
at energy transfers above 50 keV (i.e., incident electron energies above ~100 keV) which
yields a steeper reduction to the ELF and improves agreement with the SP data of the
ICRU Report 90 [59] (see below). Following the criterion discussed above (see Figure 1),
the asymptotic correction is added in the energy Regimes III and IV.

2.5. Stopping Power (SP) and Range (R)

Knowledge of the inelastic cross section for all ionization shells and excitation levels
allows the calculation of the (electronic) SP, i.e., the mean energy loss per pathlength, from
first principles, using the expression:

SP(T) = −dT
dx

= N
ioniz.

∑
j

∫ Emax,j

Emin,j

E
dσ

(j)
ioniz.(E; T)

dE
dE + N

excit.

∑
k

Ekσ
(k)
excit.(T). (14)

In the present work, depending on the electron incident energy (see Figure 1), different
corrections enter into Equation (14) via the expressions for dσ

(j)
ioniz./dE and σ

(k)
excit. MCTS

simulations of SP are practically equivalent to Equation (14) as long as the distance traveled
(dx) by the particle is sufficiently small so that dT ≪ T. At sufficiently high particle
energies (e.g., electrons above ~1 keV), a convenient approximation to Equation (14) is
offered by the Bethe SP formula which is also used by ICRU [59]. Importantly, the Bethe
formula allows the calculation of the (electronic) SP without explicit knowledge of the
inelastic cross sections, i.e., the dσ

(j)
ioniz./dE and σ

(k)
excit. (see Equation (14)). Instead, the only

non-trivial quantity in the Bethe SP formula is the so-called I-value of the medium which
depends upon the ELF at the limit of q → 0 . The latter quantity can be both measured and
calculated. On the basis of such data, a reasonably accurate I-value for liquid water has
been recommended by ICRU equal to 78 eV [58] and used to calculate SP values via Bethe’s
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formula with an uncertainty of 0.5–1% for T > 100 keV, 1–1.5% for 100 ≥ T ≥ 10 keV,
and 1.5–5% for 10 > T ≥ 1 keV. Due to the approximations used in Bethe’s formula,
uncertainties increase rapidly at lower energies and, therefore, ICRU does not provide SP
values below 1 keV.

Another important quantity associated solely with the inelastic cross sections is the
average pathlength traveled by the particle, also called the continuous slowing down
approximation (CSDA) range (hereafter simply range or RCSDA), which is defined by the
following:

RCSDA(T) =
∫ Tinitial

Tf inal

1
SP(T)

dT. (15)

MCTS simulations of the average pathlength of the particle, as it slows down from Tinitial to
Tf inal , are practically equivalent to the CSDA range of Equation (15); although energy-loss
straggling, which is automatically accounted for in the MCTS simulations, may cause
Equation (15) to be somewhat larger than the MCTS values at low particle energies. Due to
the limitations of the Bethe SP formula below 1 keV (discussed above), ICRU calculates the
CSDA range by using Equation (15) only down to Tfinal = 1 keV and the remaining range
is estimated very roughly using a linear interpolation of SP from 1 keV down to 0 eV, i.e.,
RICRU = Rcsda(Tinitial → 1 keV) + Rlinear SP(T1 keV → 0) where Rlinear SP(T1 keV → 0) =
1
2

1 keV
SP(T=1 keV)

.

3. Results and Discussion
3.1. Inelastic Cross Sections

In Figure 2, we present calculated cross sections in the energy range from threshold
up to 10 MeV for each ionization shell and excitation level using the present model (DNA-
Opt4X). The cross sections exhibit the typical behavior of a rapid increase above the
threshold energy of each inelastic channel and a subsequent decrease, due to the inverse
proportionality to the square of the electron velocity, up to about the electron rest mass
energy (~500 keV) where relativistic effects set in. At even higher energies, the so-called
relativistic rise may be observed (practically above ~1 MeV). As expected, above a few
tens of eV ionization cross sections become larger than the excitation cross sections. This
is a direct consequence of the underlying ELF model which uses ordinary and derivative
Drude functions (the latter decreasing more rapidly with energy) to model the ionization
and excitation transitions, respectively.

In Figure 3, we show separately the longitudinal and transverse inelastic TCS terms
for the individual ionization shells (top panel) and excitation levels (bottom panel) over the
energy range from 100 keV to 10 MeV. Note that the ionization cross sections for shells j = 1
and j = 2 (for both the longitudinal and transverse terms) are indistinguishable in Figure 2
(top panel) due to the log scale. Note that the onset of the transverse contribution is set
at energies above 100 keV according to the 1% criterion (see Figure 1). The same trend
is observed for both the excitation and ionization cross sections as a function of electron
energy; namely, the rapid decrease in the longitudinal contribution becomes more gradual
for energies above the electron rest mass, whereas the transverse contribution steadily
increases throughout the entire energy range. The combined effect leads to the relativistic
rise observed in Figure 2.
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The relative magnitude of the longitudinal and transverse contribution to the total
inelastic cross section is shown in Figure 4. It can be seen that the transverse contribution is
~1% at 100 keV, ~2% at 200 keV, ~10% at 1 MeV, and ~30% at 10 MeV. Thus, when extending
MCTS simulations to electron energies beyond a few hundred keV (and especially beyond
1 MeV), the inclusion of the transverse term of the inelastic cross section is necessary so as
to avoid a significant (and systematic) overestimation of the inelastic mean free path.

Appl. Sci. 2025, 15, x FOR PEER REVIEW  11  of  20 
 

 

Figure 4. The contribution (in %) of the longitudinal and transverse terms to the total electron ine-

lastic cross section of liquid water in the energy range from 100 keV to 10 MeV calculated by the 

present model (DNA-Opt4X). 

Figure 5 shows a comparison of the total ionization (top panel) and total excitation 

(bottom panel) cross section between DNA-Opt2, which extends up to 1 MeV, the present 

model (DNA-Opt4X), which extends up to 10 MeV, and DNA-Opt6 which extends up to 

256 keV. The differences at low energies are discussed elsewhere [43,44]. In brief, the dif-

ferences between the two dielectric-based inelastic models (i.e., those of DNA-Opt2 and 

DNA-Opt4X) are due to the different ELF algorithms and the different implementations 

of the low-energy Mott–Coulomb corrections. These differences yield ionization cross sec-

tions which differ by up to ~50% at sub-100 eV energies but less than ~10% above ~100 eV. 

On the other hand, the ionization cross sections of DNA-Opt6, which are calculated by the 

Binary-Encounter-Bethe (BEB) model [45], are consistently higher, especially for sub-100 

eV energies. This is mainly due to the neglect of long-range screening effects in the BEB 

(being essentially an atomic model). In contrast, differences in the excitation cross section 

persist over the entire energy range. Specifically, the excitation cross section of the present 

model (DNA-Opt4X) is consistently larger (by a factor of ~2) from DNA-Opt2 due to dif-

ferences  in  the ELF parameterization [43,44]. These differences are  further enhanced at 

very low energies (<50 eV) due to the partitioning algorithm implemented in DNA-Opt4X 

which re-distributes the oscillator strength below the binding energies of each ionization 

shell under  the  constraints of  the  sum-rules.  Interestingly, noticeable higher excitation 

cross sections are observed for DNA-Opt6 which is based on the dielectric function pa-

rameterization of Dingfelder and co-workers [49,54]. Note that DNA-Opt6 uses a hybrid 

inelastic model with an atomic model for ionizations and a dielectric model of excitations 

[45]. 

Figure 4. The contribution (in %) of the longitudinal and transverse terms to the total electron inelastic
cross section of liquid water in the energy range from 100 keV to 10 MeV calculated by the present
model (DNA-Opt4X).

Figure 5 shows a comparison of the total ionization (top panel) and total excitation
(bottom panel) cross section between DNA-Opt2, which extends up to 1 MeV, the present
model (DNA-Opt4X), which extends up to 10 MeV, and DNA-Opt6 which extends up
to 256 keV. The differences at low energies are discussed elsewhere [43,44]. In brief, the
differences between the two dielectric-based inelastic models (i.e., those of DNA-Opt2 and
DNA-Opt4X) are due to the different ELF algorithms and the different implementations of
the low-energy Mott–Coulomb corrections. These differences yield ionization cross sections
which differ by up to ~50% at sub-100 eV energies but less than ~10% above ~100 eV. On
the other hand, the ionization cross sections of DNA-Opt6, which are calculated by the
Binary-Encounter-Bethe (BEB) model [45], are consistently higher, especially for sub-100 eV
energies. This is mainly due to the neglect of long-range screening effects in the BEB (being
essentially an atomic model). In contrast, differences in the excitation cross section persist
over the entire energy range. Specifically, the excitation cross section of the present model
(DNA-Opt4X) is consistently larger (by a factor of ~2) from DNA-Opt2 due to differences
in the ELF parameterization [43,44]. These differences are further enhanced at very low
energies (<50 eV) due to the partitioning algorithm implemented in DNA-Opt4X which re-
distributes the oscillator strength below the binding energies of each ionization shell under
the constraints of the sum-rules. Interestingly, noticeable higher excitation cross sections
are observed for DNA-Opt6 which is based on the dielectric function parameterization
of Dingfelder and co-workers [49,54]. Note that DNA-Opt6 uses a hybrid inelastic model
with an atomic model for ionizations and a dielectric model of excitations [45].
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Figure 5. Comparison of the total ionization cross section (top panel) and the total excitation cross
section (bottom panel) of liquid water as a function of electron energy calculated by different Geant4-
DNA constructors, namely, DNA-Opt2 (default), DNA-Opt4X (present/new), and DNA-Opt6. Note
that each constructor has a different upper energy limit of application (see text).

3.2. Stopping Power Simulations

Figure 6 (top panel) compares the electronic stopping power (hereafter SP) calculated
by DNA-Opt2, which extends up to 1 MeV, the present model (DNA-Opt4X), which extends
up to 10 MeV, and DNA-Opt6 which extends up to 256 keV. SP values from ICRU Report 90
(which is the most recent ICRU Report on the subject) are also depicted [59]. The simulated
SP data have been obtained by the Geant4 example called spower [17], which transports
the particle in frozen velocity mode. Importantly, in the present context, the SP results
depend solely upon the ionization and excitation cross sections implemented into the
code (i.e., they are not influenced by the elastic model contained in the corresponding
constructors). The statistical uncertainty of the SP data presented is less than 1%. It should
be noted that the simulated SP data by the different Geant4-DNA constructors (DNA-Opt2,
DNA-Opt4X, DNA-Opt6) are essentially equivalent to the numerical calculation of SP
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through Equation (14) using the ionization DCS and excitation TCS of the corresponding
constructor. In the bottom panel of Figure 6, the percentage difference in the simulated
SP data of each constructor (i.e., inelastic model), from the ICRU values is presented, i.e.,
100 × SPmodel−SPICRU

SPICRU
. The comparison is limited to the ICRU energy range from 1 keV to

10 MeV. Traditionally, ICRU does not provide SP values for electrons at sub-keV energies
due to the limitations of the Bethe formula upon which they are based. Specifically,
the Bethe SP formula neglects inner-shell corrections and effects beyond the first Born
approximation (apart from a kinematic upper cutoff energy limit to knock-on electrons
due to indistinguishability). These effects become gradually significant below a few keV.
Therefore, the uncertainty of ICRU’s SP values is rapidly increasing below 10 keV. In our
calculation scheme, inner-shell corrections are automatically included via the dispersion
relations that extend ELF to non-zero q, while non-Born effects are included ad hoc through
the Mott–Coulomb terms (in addition to the kinematic limit due to indistinguishability).
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Figure 6. (Top panel) Electronic stopping power (SP) of liquid water for electrons over the energy
range from 20 eV to 10 MeV simulated by different Geant4-DNA constructors, namely, DNA-Opt2
(default), DNA-Opt4X (present/new), and DNA-Opt6, and compared against the SP values of ICRU
Report 90 [59]. (Bottom panel) Percentage difference in the various Geant4-DNA constructors from
ICRU [59].

It can be seen that the present model (DNA-Opt4X), not only extends the application of
Geant4-DNA to higher energies, namely up to 10 MeV (compared to the 1 MeV upper limit
of DNA-Opt2 and 256 keV of DNA-Opt6), but also offers much better agreement with the
SP values of ICRU Report 90 [59]. Specifically, in the energy range from 10 keV to 10 MeV,
where the ICRU values are most reliable (with reported uncertainty at the ~1% level), the
present model (DNA-Opt4X) deviates by up to ~3%. In the low energy range of 1–10 keV,
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the deviation of DNA-Opt4X from ICRU is between 1 and 5%, which roughly coincides
with the reported uncertainty range of the ICRU values [59]. It is noteworthy that the
deviation of DNA-Opt2 from ICRU is consistently higher than the present model, reaching
up to 10% at both the low and high energy end. Similarly, the deviations of DNA-Opt6
from ICRU are also slightly higher than the present model. In Figure 7, we illustrate the
influence of the various corrections implemented into the present model (DNA-Opt4X)
(see Figure 1) in the calculation of the SP. Specifically, the percentage difference between
the present SP data, calculated with and without the individual corrections, and the ICRU
values (which are used for benchmarking), is presented over the energy regime where these
corrections are applied, i.e., in accordance with Figure 1, we have split the comparison
into the energy regions 1–100 keV (Regime II), 100 keV–1 MeV (Regime III), and 1–10 MeV
(Regime IV). Note that the comparison is limited to the energy range from 1 keV to 10 MeV
where SP data are provided by ICRU. Evidently, the deviations of the present model from
ICRU decrease from ~10–15% (without corrections) to ~3% (with corrections).
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Figure 7. Percentage difference in the electronic stopping power (SP) calculated by the present
model (DNA-Opt4X) with and without the various correction terms from the values of ICRU Report
90 [59]. The notation is as follows: “Mott-Co” denotes the Mott–Coulomb low-energy correction (see
Section 2.3), “Asy” refers to the high-energy asymptotic correction (see Section 2.4), “Fermi” refers to
the (relativistic) Fermi density correction (see Section 2.4).

In Figure 8, we focus on the influence of the low-energy corrections (i.e., the Mott
and the Coulomb corrections) on the SP over the energy range where these corrections
are applied, i.e., from 10 eV to 100 keV (see Figure 1). Specifically, we depict the ratio
of the SP with the corrections to the SP without the corrections, i.e., SPwith corrections

SPw/out corrections
. Both

the individual and combined effects of the Mott and Coulomb corrections are shown. As
expected, the ratio is less than unity at all energies depicted. Specifically, it can be seen that
the combined effect of the Mott and Coulomb corrections reduces the SP by up to ~40% at
100 eV and gradually vanishes at 100 keV where the ratio approaches unity (≥0.99), i.e.,
the effect on SP falls below the 1% level. Therefore, low-energy corrections are included in
DNA-Opt4X only in the energy Regimes I and II (see Figure 1).
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3.3. Range Simulations

Another magnitude which depends solely upon the inelastic model (i.e., on the ion-
ization and excitation cross sections) is the pathlength (see Equation (15)). Geant4 offers
a ready-to-use example called range [17], which calculates (among other things) the av-
erage pathlength (or range) of the particle in a medium until its energy falls below a
pre-determined cutoff value set by the user (called “tracking cut” in Geant4). Figure 9
presents simulation data of the electron range as a function of the (initial) electron en-
ergy with tracking cut set at 10 eV (i.e., Tfinal = 10 eV in Equation (15)) for DNA-Opt2,
which extends up to 1 MeV [15,17], the present model (DNA-Opt4X), which extends up to
10 MeV, and DNA-Opt6, which extends up to 256 keV [17,45]. The statistical uncertainty
of the data depicted is less than 1%. Range values from ICRU Report 90 are also depicted
for comparison [59]. The ICRU values are determined based on the continuous slowing
down approximation (CSDA) whereby the range is defined as an integral over the recip-
rocal SP (see Equation (15)). In the bottom panel of Figure 9, the percentage difference
in the simulated range data of each constructor from the ICRU values is presented, i.e.,
100 ×

(
Rmodel−RICRU

RICRU

)
. The comparison is limited to electron energies from 1 keV to 10 MeV

where ICRU values are available. Note that the uncertainty of the range values given by
ICRU increases rapidly below 10 keV. This is due to the limited accuracy of the Bethe SP
formula (entering Equation (15)) for energies 1–10 keV (already discussed above) and, most
importantly, to the crude (linear) extrapolation of SP from 1 keV down to 0 eV adopted by
ICRU in the CSDA calculation via Equation (15). Thus, ICRU’s range value below 10 keV
should be considered only as qualitative.

The results in Figure 9 indicate that, for energies from 10 keV to 10 MeV, where the
ICRU values can be considered most accurate (assuming a similar uncertainty to the ICRU
SP data, i.e., ~1%), the present model (DNA-Opt4X) deviates from ICRU by less than 5%
and, for energies up to 1 MeV by less than 2%. In contrast, the deviation of DNA-Opt2
from ICRU data is consistently higher (up to 10%) than the present model. The deviations
of DNA-Opt6 from ICRU are within 1%. Thus, the present model (DNA-Opt4X) not only
extends the application of Geant4-DNA to higher energies (up to 10 MeV) compared to
DNA-Opt2 (upper limit 1 MeV) and DNA-Opt6 (upper limit 256 keV) but also offers much
better agreement with the range data of the ICRU Report 90, as also observed for the SP
data (Figure 6 of Section 3.2).
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4. Conclusions
The recommended Geant4-DNA inelastic constructor (DNA-Opt4) for low-energy

track-structure simulations has been improved and extended from 10 keV to 10 MeV using
the relativistic plane wave Born approximation and other theoretical considerations. Based
on this development, a full set of differential and total ionization and electronic excitation
cross sections, spanning the energy range from 10 eV to 10 MeV, has been calculated and
implemented into Geant4-DNA via a new constructor called DNA-Opt4X. Benchmark
simulations of the electronic stopping power and range (or average pathlength) by DNA-
Opt4X are carried out and shown to be in almost excellent agreement (at the few % level)
with the latest ICRU recommendations. The present results offer significant improvement
(by a factor of ~2) over the default Geant4-DNA constructor (DNA-Opt2) and an order-of-
magnitude higher electron transport limit. This development will allow Geant4-DNA users
to perform for the first time electron track-structure simulations, including nano- and micro-
dosimetry calculations, up to 10 MeV, thus, covering a wider range of radiotherapeutic
applications, including FLASH EBRT, as well as space applications involving MeV electron
which are not currently reachable by the existing Geant4-DNA constructors.
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List of Abbreviations

BEAX Binary Encounter Approximation with Exchange
DCS Differential Cross Section
EBRT Electron Beam Radiation Therapy
ELF Energy Loss Function
ICRU International Commission on Radiation Units and Measurements
Geant Geometry And Tracking
MCTS Monte Carlo Trak Structure
PWBA Plane Wave Born Approximation
RPWBA Relativistic Plane Wave Born Approximation
RT Radiation Therapy
SP Stopping Power
TCS Total Cross Section
CSDA Continuous Slowing Down Approximation

List of Nomenclature

symbol nomenclature dimensional units
T kinetic energy energy
E energy transfer energy
q momentum transfer (mass)·(length)·(time)−1

ε dielectric function –
σ cross section (length)2

α0 Bohr radius length
N density of water molecules (length)−3

B binding energy energy
U average kinetic energy in shell energy
m electron rest mass mass
β particle velocity over speed of light –
c speed of light (length)·(time)−1

Q recoil energy energy
R range length
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