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Abstract: We start with the 50-component relativistic matrix equation for a hypothetical
spin-2 particle in the presence of external electromagnetic fields. This equation is hypoth-
esized to describe a particle with an anomalous magnetic moment. The complete wave
function consists of a two-rank symmetric tensor and a three-rank tensor that is symmetric
in two indices. We apply the general method for performing the nonrelativistic approxima-
tion, which is based on the structure of the 50 x 50 matrix I'” of the main equation. Using
the 7th-order minimal equation for the matrix I'?, we introduce three projective operators.
These operators permit us to decompose the complete wave function into the sum of
three parts: one large part and two smaller parts in the nonrelativistic approximation. We
have found five independent large variables and 45 small ones. To simplify the task, by
eliminating the variables related to the 3-rank tensor, we have derived a relativistic system
of second-order equations for the 10 components related to the symmetric tensor. We then
take into account the decomposition of these 10 variables into linear combinations of large
and small ones. In accordance with the general method, we separate the rest energy in
the wave function and specify the orders of smallness for different terms in the arising
equations. Further, after performing the necessary calculations, we derive a system of five
linked equations for the five large variables. This system is presented in matrix form, which
has a nonrelativistic structure, where the term representing additional interaction with the
external magnetic field through three spin projections is included. The multiplier before
this interaction contains the basic magnetic moment and an additional term due to the
anomalous magnetic moment. The latter characteristic is treated as a free parameter within
the hypothesis.

Keywords: spin-2 particle; interaction with electromagnetic field; nonrelativistic approximation;
projective operators; five-dimensional Pauli-like equation; anomalous magnetic moment

MSC: 81V10; 83C50; 81Q05

1. Introduction

The theory of massive and massless fields of spin-2, following the foundational work
of Pauli and Fierz [1-3], has long attracted significant attention [4-36]. Several key aspects
and challenges of this theoretical framework have been explored over the years.

Most studies have been conducted within the framework of second-order differential
equations, with a particular focus on the additional constraints required to preserve the five
independent degrees of freedom for a spin-2 particle. This problem becomes even more
intricate when extending the theory to curved Riemannian space-times.
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An additional complication arises when studying the massless spin-2 field. The
well-known Pauli-Fierz solution for flat Minkowski space does not carry over to curved
space-time. Extending the Pauli-Fierz prescription to a generally covariant form leads to
unexpected constraints on space-time geometry: the Ricci tensor R, and the Riemann
tensor R,pp, must vanish identically. To address this, a non-minimal interaction term
involving the Riemann tensor can be introduced into the basic equations [30], allowing the
constraints to be reduced to R,g = 0.

Another area of interest has been the problem of anomalous solutions in spin-2 theory.
A technical alternative for studying spin-2 fields, both massive and massless, involves for-
mulating first-order systems. This approach, based on the Gel’fand-Yaglom formalism [6],
was first explored by Fedorov [7] and Regge [8]. Their work demonstrated that a spin-2
particle requires a 39-component set of tensors for its description.

This formalism allows for the exploration of new physical questions related to degrees
of freedom. For instance, for the massless case, the 39-component matrix equation was
solved in Minkowski space-time in [37] using cylindrical coordinates t, r, ¢, z, and a tetrad.
Six linearly independent solutions were found. By applying the Pauli-Fierz approach,
adjusted to the tetrad formalism, the gauge solutions were constructed using exact solutions
for the massless spin-1 field. This yielded four independent gauge solutions and two gauge-
free solutions for the spin-2 field, as expected from physical reasoning.

Additionally, F.I. Fedorov introduced a more general theory for a spin-2 particle based
on a 50-component set of tensors. This theory, in the presence of external electromagnetic
fields, describes a spin-2 particle with a proposed anomalous magnetic moment [36,38].
In Riemannian space-time, the reduced theory automatically incorporates non-minimal
interaction terms involving the Ricci and Riemann tensors.

One notable aspect of this framework is its allowance for a new massless limit for the
spin-2 field [39]. This is particularly significant because the minimal Pauli-Fierz theory
does not possess gauge symmetry in curved space-times with R,s = 0. However, the
generalized framework exhibits gauge symmetry under these conditions, as demonstrated
in [39].

In the present study, we focus on a specific problem within the 50-component frame-
work: the nonrelativistic approximation for a hypothetical massive spin-2 particle. This
task is closely tied to the physical interpretation of the generalized framework. A similar
problem was previously addressed for the simpler 39-component theory in [40], where a
Pauli-like equation was derived.

Section 2 introduces the basic definitions and notation, including the structure of the
50-component matrix equation and the role of the free parameter in the model. Explicit
expressions for the four key matrices I'” of the equation, derived in [38], are assumed to
be known. The system is formulated in Cartesian coordinates in the presence of external
electromagnetic fields.

In Section 3, the nonrelativistic approximation is performed by distinguishing between
large and small components of the wave function using three projective operators derived
from the seventh-order minimal polynomial for the 50 x 50 matrix I'’. The explicit structure
of these components is determined, revealing five independent large components and 45
independent small components.

In Section 4, the nonrelativistic equation for the five-component wave function is
derived. The interaction term describing the magnetic moment of the spin-2 particle
with the external magnetic field is isolated. This term includes contributions from the
basic magnetic moment and an additional term corresponding to the proposed anomalous
magnetic moment, governed by a free parameter in the framework. By physical reasoning,
this parameter is expected to be small compared to the basic magnetic moment. In the
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absence of this additional term, the equation reduces to the Pauli-like equation for a
hypothetical spin-2 particle, as derived in [40].

2. Initial System of Equations

The basic system of equations for a massive spin-2 field, comprising a set of a sym-
metric second-rank tensor and a third-rank tensor symmetric with respect to two indices,
is known. (Initially, in the 50-component theory, the following set of tensors was used: a
scalar, two vectors, a symmetric second-rank tensor, a symmetric third-rank tensor, and a
3-rank tensor antisymmetric in two indices. In the present paper, we apply a different but
equivalent representation of the Lorentz group, where new variables are used: a symmet-
ric second-rank tensor and a third-rank tensor symmetric in two indices. The symmetry
properties of these new variables resemble the symmetry of the metric tensor and Christof-
fel symbols in General Relativity. This approach simplifies the elimination of additional
components and the derivation of second-order equations for the basic symmetric tensor.
Moreover, the relationships between nonlinear equations for gravitational fields (mas-
sive and massless) and linear Lorentz-invariant equations (massive and massless) emerge
naturally in this framework. Notably, the 50-component approach can also describe the
spin-2 particle without an anomalous magnetic moment, achieved by fixing the additional
parameter of the model to sinh a = 0) [38]:

-3 (Da‘fﬁa + D/ﬁ’w) —bDe¥op — % (gw(x)Dﬁ‘Y,f‘ + gg[;(x)Da‘Y},@

1
~bugupDo®y" — 4§ (a0 (X)D¥"s + 8op(X)Du¥"s ) = bsgap(x) D ¥ + M¥ o = 0,
° P Hp P P
3 (Da¥’ y+ Dp¥’ 00 ) — magap()D " + %4 (Da¥ 0 + Dy, "
~1gap ()Dp ¥, + asDp ¥’y + % (Do, + Dy " ) + M¥ep =0,
where D, = 9, + ieA;. In Minkowski space, the metric tensor has the signature

(+r A 7)
The above system contains numerical coefficients 4; and b;, determined by a free
parameter « according to the relations [38]:

a) = %i(Z\@(\@ —3)sinh« — 6v2cosh« —3v6),

1.
— =1

2= "3

(2\/5(3 +2v/2) sinha + 24v/2 cosha +3v/2(V/3 — 3)),

1
as = —§i(5\f65inhoc —6v2cosha + 3\/5),

_ 1t
~ 36

as = —%i\@(\@sinhzx — 6cosh1x>, ag = Zi(\/gsinhtxwL \fZ(:oshzx),

ay i(—8f6sinhoc+24f2cosha—3f3+9),

i(COShIX—Z\/gSinh“) ) __i(\@sinhzx—i-coshzx)
3\/§ 7 2 3\/§ 4

by = 5i4i(\/§(8 +5v/2) sinha — 3v/2 cosha + (1 4 4v/2)(3 + \@)),

b1 =

by = —ﬁi(\/@(u 7v/2) sinhaw — 6v/2 cosha + (54 2v2)(3 + f3)),

bs = 75141'(2\/5((16 +V2)sinha +8v2 +2) — 3ﬁcosha),
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be

7ii
Y

(V3((8+23V2) sinha +4v2 + 10) — 3v2 cosha).

We use the following notations for the 50 components [38], organizing them into five

10-dimensional columns:

¢ 90 1 72 v
Yu=a  Yoay=/fo Yy =/fu Youny=fa Yy =/a
Yo=Ff Yoxm)=fo Y =fi You)=fo Vo) =fa
Yss=/fs  Yoss =fs  Yies) =fi3 Yo@s) =fiz Fse) = fas
Y3 =01 Yo(23) = con Yies) =1 Yops) = a3 =031
Ya=c  ¥oa)=cn  Yie) =cn2 Fye) =2 e = ®)
Yio=c Yoz =cos  Yyap =ciz Youz =c3 Tz =c33
Yo =di Foo =don  Yyoy =du ¥ =du Fa1) = dnn
Yos=ds  Yoo3) =dos Y3 =diz Toos) =d2s Y3003 = d33
FYoo=/fo  Fowo) =foo  Fao0) =fro Fa0) = S0 F3(00) = fro-

3. Projective Operators, Large and Small Components

It is convenient to apply the matrix form of the main 50-component system [38]:

0 K, K" Ky, Kj* ) @
Ly" 0 0 0 0 o ¥o
(0, T* + M)¥Y = 9, L% 0 0 0 0 p1 |+M| @1 | =0. 4)
L,y 0 0 0 0 @2 ¢2
Ly 0 0 0 0 @3 ¢3

The component ¢ refers to the second-rank symmetric tensor, while the components
@a refer to the third-rank tensor symmetric in two indices. The explicit form of all 32 matrix
blocks of dimension 10 x 10 was provided in [38]. These blocks depend on an arbitrary
parameter that, as shown below, determines the value of the anomalous magnetic moment
of the spin-2 particle.

In accordance with the general method for performing the nonrelativistic approxima-
tion, we specify the matrix I'” of the main equation in its explicit form.

Using the explicit form of the 50-dimensional matrix I', we verified that its minimal
equation is

(r%)7 = (@)°=o.

This allows the introduction of three projective operators (let T = T):
los ls 6
P+:P1:§F (T'+1), P,:P2:§1" ('=1), Pp=P3=1-T" )

We derived explicit expressions for these 50 x 50 projective matrices, which depend
on the free parameter «; their detailed forms are omitted for brevity. The complete wave
function is decomposed as

Y=¥"+¥ +Y¥°

where ¥ represents the large component, and ¥~ and ¥ represent the small components.
In the nonrelativistic limit, only the large components contribute to the final equations. The
procedure involves dividing all components into two groups: large components (L) and
small components (S), where S < L.
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Among the elements of each component, independent variables are identified (detailed
derivations are omitted). For the symmetric tensor ¢, the projective constituents are

+ £
f1 6iv/2 +
f 2 cosha—2+/3 sinh 33 1
f 6iv/2 d+
i_ " cosha—2+v/3sinha 33
o cf
gt gt = C%r _ ey )
C3 sy
+
d:. 0
d%. 0
d:i 0
0 0
_ . 0 0
fl _ f16l\f 1 1
f_ _fl - 33 0 0
2 cosh(a)— 2\/§smh(o¢) 2 1
fs o2 g it
> cosh(a)—2+/3sinh(a) 33 0 0
G cy “
¥ _ CZ_ B Cl_ 0 _ Cg - 0
L o | CZ— r P = gl |o
~ 3 0 0
dy 0 d(lJ d(l)
d2 0 d2 d2
d3_ 0 dg dg
_ 0 0
fO 0 0 fO

To simplify, we introduce the following notation for the 15 independent variables (for
convenience, large L and small S):

ot ff=L, =Ly cf =L3 cf =Ly df;=1Ls;

¢ fl_ =54, Cl_ =S5, C2_ =83, C; = Sy, d53 = Sg; (6)
0. (0 _ 0 _ 0_ 0_ 0 _

¢ : fi=8 di=S5;, dy=5s, d3=259, f5 =S

4. Nonrelativistic Approximation

By eliminating the 40 variables associated with the three-rank tensor ¢,, we de-
rive a system of ten second-order equations for the symmetric tensor ¢. Using the
following notations:
ie

—F,, A% =sinh’a, @)

1
(Dap + Dea)s - Diap) = 5(Dab = Dpa) = =5

NI =

Dayy =

the system takes the form
1
6ieA*(Fiacs — Fsic + Fudh) — M2 fy

(3+\f) 1253—*( -3+V3)D 2301—*(3+\f)
(3+\f) ond1 + 3 (3+f) 2)d2 + 5 (3+\f)

5 Du(~((3+2V3)fo) ~3fi + (3 +2V3) (fa + f3)) + f—2022<3f0 £ 9+ (3-2v3)f — 3f3)

+25D5(3fo +9f1 ~3f2 + (3= 2V5)f3) + 15 Doo((3 = 2v3)fo + 3(=3i + fo+ ) =0,
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6ieA2(F23C1 — Fipes + F02d2) - M2f2
1 1
(3 + \@)D(lz)tﬁg, - 7(3 + \/g)D 23)€1 — 7(73 + \/g)D

-3+V3)D oy + 3 (3+\f) o2+ 2 ( 3+ V3)D,

+35 D11(3fo+(3 2f)f1+9f2—3f3)+ 5 Do (= ((3+2V3)fy)
+(3+2V3)fy —3f2+(3+2\f)f3)

+5 D33(3f0—3f1+9f2+(3 2f)f3)+ Doo((3—2\@)fo+3(f1—3f2+f3)):0,

3
6i€A2(F03d3 — P31 + F31C2) - M2f3

—1(—34‘ V3)D(yp)c3 — 1(34‘ V3)D(a3)61 — 1(3+ V3)Da1)c2
+2(=3+V3)Dgyd1 + 3 ( —3+V3)D(p)d2 + 7 (3+\[)

UJ\»—\

t3 D11(3f0+(3 2V3)fi —3f>+9f3)

+%Dzz(3fo —3fi+(3-2V3)fr+9f3)

+35D9(~(3+2v3)fo) + B+ 2V3)fi + (3+2V3)fs ~ 3fs)

+ 5Dl ~2V3)fo +3(f1 + fo— 3f3) =0,

3i€A2< — Fiaca — F3(f2 — f3) + Fa1c3 + Fopds + F03d2> - M%cy

1
+¢D@) ( — (34 V3)fo) + B+ V3)fi + (-3+ V3)(£2 +f3)) (12)¢2 — D@a1yes
+D11¢1 + Dgz)d3 + Dypz)d2 — Doocr = 0,
5

3ieA? <F12C1 — Fxes + Fa1(f1 — f3) + Fouds + F03d1) — M?¢; + Dyycy — Doocz + Dyo1yd3 + Doz

#2001 (= B+ VB)fo+ (=34 VA)fi + 3+ VE)fa + (~3+V3)f3) — Diazyer — Diagys =0,
6

31'61‘12( — Fia(f1 — f2) + Fasca — Fs11 + Fonda + Fozdl) — M?¢3 + Dascs — Doocs + Dg1)d2 + D(op) 1

+éD<u> (= (3+V3)fo) +(=3+ V3)fi + (=34 V3)fo + (3+ V3)fs) — D2 — Dianyer = 0,

7

3ieA? <F12d2 — Fs1dz + (Fo1 (fo + f1) + Fooes + Foscz)) — M?dy + Dapdy + D3zdy — D(1p)dy — D(31)d3

+%D(01)<* (=3+V3)fo+ (-3+V3)fi+(3+ \f)(f2+f3)> (02)¢3 — D(3)c2 = 0,

8

3ieA? ( — Fipdy + Fazds + Forcs + Foa (fo + f2) + F0301> — M?dy + Dy1d; + D3ada — Dy12ydy — D(23)d3

*D<01)C3+2D(02)(*((*3+\/g)f0)+(3+\/g)fl + (- 3+f)fz+(3+f)f3) (0361 =0,

9

3ieA2( — Faada + Fyydy + Fonca + Fooct + Fos (fo + f3) ) — M2d3 + Diads + Doods — Digzoda — Diayé
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—D(o1)c2 = D)1 + %Dms) ( —(-3+V3)fo+ B+ V3)fi+ B+ V3)fa+ (-3+ \/§)f3> =
10

6ieA?(Fyrdy + Fopda + Foads) — M2 fo + - ( —-3+/3)D (12)C3 + 3 ( 3+\[)

++ 2 (=34 V3)Dgp)e2 — (3+\f) (o1)d1 — (3+\[) (02)d2 — (3+\f) (03)43

3(

+112D33 (9f0 +3(fi+f2) + (= 3+2\[)f3) + 1121322 <9f0 +(-3+2vV3)f, +3(fy +f3))

3500 (9o + (=3+2V3)fi +3(f2 + ) + 35000 (3fo + B+ 2VB) (i + fo + ) =0

It may be noted that the parameter A2 = smh2 « stays near the electromagnetic tensor F,.
Taking into account the decompositions of the 10 components through large and
small variables (6), we obtain the following presentations for ten equations (for brevity, let
D (ab) — Dyp):
1
616( —F5; (L3 + Sg) + Fi» <L4 + S4> + F0157) A? + M2< — L1 —5— S6>

(73+\@)D23<L2+Sz> - %<3+\@)D31<L3+53) - %<3+\/§)D12(L4+S4)

121'\/2( 34 \/5) <L5 - 55)
cosha —24/3sina

+ L D11< ((3+2\/§) <L1+51 —256)) —3(L1 +5 +Se) - (3+2\/§)Slo)

12
i\/i(—3+\@)(L5—55) .
cosha —24/3sina T

1
3

+11—2D22<2<3+ \@)Ll +2(3+ \/5)51 _

+ (9 - 2\/5) Se+ 3510)

+D33<L1+51+ ((9 2\f)56+3510))

+25 (4(3+ V3) iy +4( ~ 3+ V3) (DoaSs + Dosso)

—D00<3(4<L1 +51) +56) + (—3+2\@)510)) -0,
2
6iv/2 (85— Ls)
cosha — 2v/3sinw a Sé)

Gie (F23 (Lz + 52) —Fp <L4 + 54) + Fozsg) A2 4 M2 (L1 15+

—%<3+\/§)D23<L2+52) - 1<—3+\/§)D31(L3+s3) - %<3+\/§)D12(L4+S4)

3
12iv/2(3+ v3) (Ls - Ss )
cosha — 24/3sina
+<3+4\f3)56 - (3+2\/§>S10)
6iv2(Ls—55) 4
cosha —2+/3sina + ﬁ(
+%(4(( -3+ \/§)D01S7 + <3 + \/§)D0258 + < -3+ \/§>D0359)
72iv/2(Ls - Ss )
cosha — 2v/3sinw

+D33<i\/i£§hz\f§2>\£§;;;5) + 11—2 ((9-2v3)s6+3(s10-4(L1+51)))) =0,

3

+112D22< (3+v3)L +2(3+V3)s; -

+Dr ( ~2(3+v3) L1 ~2(3+ V3) 81 + (9-2v3)Ss + 351 )

+Dgo (12L1 125, —

35+ (3 - 2\6) 510))

6iv/2 (L5 - 55)
cosha — 2v/3sina B 56)

—6ie (FB (Lz n 52) —Fy (L3 n 53) — F0359)A2 + MZ(
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(3+\@)D31(L3+s3) - %(—3+\/§)Dl2(L4+s4)

va(3+v3) (Ls -
+%D22<2(73+\/§>L1 +2(f3+\/§)51 2 ngz:;\)/ngnass)

+(9—2\/§)56+3sw) +D11(%<—2(—3+\/§>L1 —2(—3+\/§)51+ (9—2\@)56+3510>

6i\/§<L5 - S5)
~ cosha — 2v/3sina

—%<3+\/§)D23<L2+52) —%

)+11—2(4(<—3+\/§)D01S7

72iﬁ(L5 - 55)
cosha — 2v/3sina

~ 356 + (3 - 2\/§)slo)>

+( —3+ \/§>D0258 + (3+ \/§>D0359) +DOO(

Z\/i():hz\j?gzm;s) + 11—2 ((3 + 4\/5) S6 — (3 + 2\/3) Sm)) =0,

1Dy (

.
(S T P e

—Fy3Sg — F0259)A2 + M2( - 52) + Dy (Lz + s2>

—Dyp (Lz + 52) + D12< —Ly— 53) + Dy ( - 54) + Dp3Ss + DpaSo

+D23(L1+51+%<—1+\/§>S6—é<3+\/§>510) =0,

6iﬁ(L5 - 55)
cosha — 2\/§sintx)

ie(Fio (Lo + ) — B (La+ ) + B (Ly + 81 +
+F3S7 + 1:0159)1‘\2 + MZ( —L3— 53)
+D12< —L,— 52) + Dy <L3 + Ss) — Do (Ls + 53) + D(z30< —Ly— 54> + D357 + D159

31—
Coz;;_(z%:;)(a) + %(— 1+ V3) 86— %(3 +V3)s1) =0,

+D31<—L1—51+

6
31\/2(55 - L5)

cosha — Zﬁsinzx)

—3ie(F31 <L2 + 52) Py (L3 + 53) +2F, (L1 L5+
—FppSy — F0158)A2 + M2< Ly 54)
+Da1( — Lz = $2) + Dos  — Ls — S3) + Daa(La + 54 ) — Doo (Ls + 1) + DoaS7 + Dot S

6i\/§<L5 - 55)
cosha — 24/3sina

o - IEG S O TR
7

31'6(1-"03 (L3 + 53) 1 Fp <L4 + 54) 4 FipSg — F31S0 + Fop <L1 + S+ Sg + 510) ) A2~ M2S;

—Do3 <L3 + 53) — D2 <L4 + 54) + DSy + D33S7 — D12Sg — D31S9

—%Dm (6L1 +68 73<1 +V3)Ss+ (=3+3)s1) =0,

—3ie( — Fy (Lz n sz> —Fy <L4 + 54) 4 F12S7 — F»350

6i\@<L5 - 55)

—S6—S10) ) A% — M?3S
cosha — 2v/3sinw 6 10)> 8

+Fyp (Ll + 51—
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—Dos (Lz + 52) — Doy (L4 + 54) — D12S7 + D11Ss + D33Sg

6i\/§<L5 - 55)
cosha — 2¢/3sina

—D2359+D02<L1+51— +%<1+\/§)S6—%<—3+\/§)510>:O,

9

6i\/§(55 - L5)
cosha — 2+/3sina

3ie<F02 (Lz + 52) Y Fy (L3 + 53) + F31 Sy — F3Ss + Fos ( 1S+ 510> ) A2 — M2,

—Dqp (Lz + 52) — Do (L3 + 53> — D3157 — D23Sg + D11S9 + D225

36i/2 <L5 - 55)
cosha —2+/3sinw

J%DO?,( +3<1+\/§>567<73+\/§)510>:0,

10
Gie <F01S7 4 FpSs + F0359> A% — M2+

+%<—3+\/§)Dz3<L2+52) +%(—3+\/§)D31(L3+s3)

+% ( 3+ \@) D1 <L4 + 54) (3 + \@) (D0157 + DySs + D0359> + by ( (3 +2\/§) S+ sw)

4
121‘&( 34 \/5) <L5 ~ 55)
cosha —2+/3sina

+(3+2\f3>56 +9le> + %Dn(f?;(Ll +S fzs6) + (73+2\f3> (L1 +S; +sé) +9le)

A3+ ) (1-5)
cosha — 2v/3sin(a) > o
According to the general method, the first step is to separate the rest energy, achieved

via a formal transformation [40], where y is a real-valued parameter related to the
particle’s mass:

1
3

+11—2D22<—2<73+\/§>L1—2(73+\/§)Sl+

1Ds3 (%2 ((3 + 2\@) Se + 9510) —

Dy = (Do +in), Dgo = DoDg == (Dy +ip)(Dy + i) = Dog + 2iuDo — 4%,

1 . , , ®
DOj = E(DODj + D]'Do) — D()]‘ + l}lD]‘, D[k]] = zeFk]-, D[O]} = leFoj.

When performing the nonrelativistic approximation, we assume specific orders of small-
ness for different quantities [40]. These are derived from the analysis of plane wave scenarios:

€ =M+E, Mistherestenergy, Eisthenonrelativisticenergy, E << M. (9)

The operator counterpart is

iDgp = M +iD E—P—2:>£—P—2 (10)
0 =T oM M 2M’
with the following scaling rules:
P; D; E D
MEY MUY MY M ay

In the presence of an external electromagnetic field, additional rules must be considered:

D.D;, — D;D . D DoyD; — D;Dy . Fy;
% ~ 1671{21 ~ _Xz, # ~ Zeﬁ]z ~ x3. (12)
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Applying these principles to the current system, we obtain:

1 D

L~1, S~ux, —D;~zx, —waz,
H
2 ’ 2 ’ 2 ’
H H H

Dpyy  ieFyj Dyy  ieFy;

kil _ %, 2 o] _ o .3

T

These rules are fundamental for determining the procedure to derive nonrelativistic
equations from relativistic ones. This methodology remains consistent regardless of the
particle’s spin.

To avoid imposing constraints on the independent large variables L,, n = 1,...,5,
we assume y? = M? and set 4 = —M. This ensures the formal transformation effectively
separates the positive rest energy M:

Do = (Do +in), i(Dg+iu)=>E+M, u=—M. (14)

Using this transformation, the equations are reorganized to classify terms by their
orders of smallness. Setting terms of orders x and x? to zero yields linear constraints for
the small parameters, which are absent in other equations.

The remaining equations are grouped as follows: Group I relates the small variables
Sk to terms D;L;, and Group I includes terms of the form DyL;,. Substituting the small
variables from Group I into the equations of Group II and performing the necessary
calculations, we derive a system of equations for the five independent large components,
which exhibit a nonrelativistic structure.

The details of these calculations are provided in Appendix A.

The final nonrelativistic equation is

) 1 e 5

DyL = ——AL+ —(1+3A°)(F, F F L 1

iDo o AL+ 53 (14 3A%) (ExsS1 + F5152 + FioS3) L, (15)
where A2 = sinh® &, and S; are the 5 x 5 spin matrices. For A = 0, this equation corresponds
to a spin-2 particle without an anomalous magnetic moment, with A2 accounting for the
contribution from the anomalous magnetic moment.

5. Conclusions

We began with the well-established 50-component relativistic matrix equation for a
hypothetical spin-2 particle interacting with external electromagnetic fields. This equa-
tion accounts for the particle’s proposed anomalous magnetic moment. The complete
wave function comprises a second-rank symmetric tensor and a third-rank tensor that is
symmetric in two of its indices.

Through a nonrelativistic approximation, we decomposed the wave function into
three parts: one dominant component and two smaller ones. This process revealed five
independent large variables and 45 small ones.

To simplify the problem, we eliminated the variables associated with the third-rank
tensor, leading to a relativistic system of second-order equations for the 10 components of
the symmetric tensor. We then expressed these 10 variables as linear combinations of the
large and small components, aligning with the nonrelativistic framework.

Following the general method, we separated the rest energy from the wave function
and established the orders of smallness for various terms in the equations. By systematically
performing the necessary calculations, we derived a system of five coupled equations for the



Axioms 2025, 14, 35

11 of 20

large variables. These equations are presented in matrix form, exhibiting a nonrelativistic
structure. Crucially, this system includes an interaction term representing the coupling
with the external magnetic field through the three spin projections.

The interaction multiplier consists of two terms: the intrinsic magnetic moment and an
additional contribution due to the proposed anomalous magnetic moment. This additional
term is controlled by the framework’s free parameter, sinh? &, which, on physical grounds,
must be small relative to unity.

The resulting Pauli-like equation for the hypothetical spin-2 particle, derived within
this framework, offers potential for generalization to curved space-time models.

It is worth noting that the presented framework applies to spin-2 particles with non-
vanishing mass, a feature that distinguishes it from the massless Pauli-Fierz equations.
While the Pauli-Fierz approach can be adapted to massive particles with known modi-
fications that forgo gauge symmetry, our framework inherently incorporates mass. This
distinction is of particular relevance in the context of covariant quantum gravity theories,
where the necessity of a non-zero graviton mass has been emphasized as a prerequisite for
theoretical consistency (see, for example, [41]). The inclusion of mass in our framework
not only broadens its scope but also aligns with the physical requirements for the graviton
proposed in these theories, providing a consistent and generalized equation for massive
spin-2 particles.
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Appendix A. Technical Details

Group [ of equations:

I
id1Lq id3L3 id2L4 _

M M M 7=0
o 6v2Ls o ) )
dz( cosh(a)—2v/3 sin(«) 1L1> i idsLy n id1Ly S =0
M M M s
6v/2d3Ls idyLy  idqiLs
+ - S9 = 0/
M(cosh(oc) 72\/§sin(oc)> M M
Group I of equations:
(6ieFipLy — 6ieF31L3) A2
7 M2
. _3_ _ 1 _1_ 1 _1_ L
| 2iDoLy ( 3 ﬁ) DLy (1 \/§>D23L2 ( 1 \/§>D31L3 ( 1 \/§>D12L4
M 6M2 M2 M?2 M2

cosh(a)—2v/3sin(a) cosh(a)—2v/3sin(«)
M2 M2
i(3+ ﬁ)Dls7 i(—3+\@>D258 i<—3+\@>Dgsg
3M B 3M B 3M o

D22<%<3+\@)L1— iV2(-3+v3)Ls ) Dss(L1+ iv2(-3+V3)Ls >
+ +

(6ieFa3Ly — 6ieFipLy) A2 n (fl B %)D23L2 (1 B %)D“% <*1 B %)DHL‘*

+ 2 + M2

2
’ M2 M2 M
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274 — 12215 1(_9_ 6iv2Ls
DO( 2iLy cosh(zx)—Zﬁsin(zx)) D1y (6 ( 3 \/§> L+ cosh(zx)—Zﬁsin(zx))
+ M + M2
1 _iV2(3+VB3)Ls
D2 (6 (3 + ﬁ) Ly cosh(a)—2+/3sin(a)
+ M2
i\ﬁ(3+\/§)L5 . ) .
D33(m—Ll) z(—3—|—\@>D157 1<3+\/§>D258 z(—3+ﬁ)D359 .
* M2 a 3M a 3M B 3M o
3 (6ieF3 Lg — 6ieFozLy) A2
4 M2
1 1 1
(-1-J5)Psta (-1-5)Puts  (1-J5)Duls 12V2DyLs
+ 2 + 2 + M2
M M M(cosh(a) fZﬂsin(zx)>
. 1(a_ _ 6iv/2L
+ lﬁ(?) * \/g) DsslLs + bu (E (3 ﬁ) L cosh(tx)72\/%sin(a)>
M2 <Cosh(a) — 2\/§sin(oc)> M?
1(_ _ i\/z(3+\/§)L5
D2 <6 < 3+ \/g) Ly cosh(a)—2v/3sin(a)
+ M2
i(—3 + \/5) D;S; i(—3 + ﬁ) D Ss i<3 + \/§> D556
a 3M B 3M B 3M Y
. a . 36\/2ebL 2
\ <3zeF23L1 BieFiaLa + 3ieFs Ly + ooy 2efate s ) A
4 M2
Dyl n 2iDgL, n Dul, _Dipls  Dsnly iD3Sg  iDySg _ 0
M?2 M M2 M?2 M2 M M !
. . Y __ 18V2eFyls 2
i <316F31L1 + BieFipLy — BieFpLy — otV \/gsin(a)>A
7 M2
6iv2Ls _ ) )
_ Dyply | 2iDoLs | DypLls  Dysly n D31<cosh(oc)—2\/§sin(¢x) Ll) _iD3S; _iD1Sy _ 0
M2 M M2 M2 M2 M M !
Y _a; . _ 18v/2eFp L 2
. ( 616F12L1 316F31 L2 + 318F23L3 Cosh(tx)72\}2§ssin(zx) )
7 M2
_D31L2 _ Dy3Ls 2iDgLy I D33Ly _ 61.\/§D12L5 _ iDySy _ iDq1Sg —0
Mm? M? M M? M2 (cosh(a) —2V/3 sin(a)) M M

We solve for the variables Sy, Sg, and Sg from the equations in group I and substitute
these expressions into the equations of group II. We then obtain the following:

2iDyL4 N (6ieFipLy — 6ieF31L3) A2

1/

M M2
(—3 - \/§> Dy1Lq (1 - %)Dzﬁz (-1 - %)DmLs (—1 - %>D12L4
+ 6M?2 M2 M2 + M2
Dy ((1 + \%)DlLl + (1 + %>D3L3 + (1 + %)D2L4>
+ M2

1 iv2(—=3+V3)Ls iv2(—3+V3)Ls
D2 (5 <3 + \/g) Ly~ cosh(zx)—Z\/C';sin(ac)) D33 (L1 + cosh(a)—2v/3sin(«)

* M2 M2
1 1 1 2iv2(=3+v3)DsLs
+D2 ((1 B %)Dle + (71 * %)D?’Lz * (71 + %>D1L4 + cosh(a)—2v/3sin(a)
M2
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2iv/3( 3+¢3)D;L5)
0

DS((—H%)DZLZJF( 1+f)DL R

+ M2 - 4

i 12V2Ls . :
Do( 2iL4 cosh(a)—2v/3 sin(a )) n (6ieFp3Ly — bieFipLy) A

M M2

(71 - %)D%Lz . (1 - %)Dlea N (*1 - %)D12L4
M2 M2 M2

D1<<—1+%>D1L1+(—1+%)D3L3+( 1+W>D2L4>
M2 +

2/

_|_

+

1 6iv/2L 1 _ M)
Du (§(-3-V3)Li+ 5o ) .\ D2 (6 (3+V3)Li ~ ) avasn@
M? M2
ivV2(3+v3)Ls
D33 (m B Ll)
M?2

+

+

Dz((—l 7)D2L1+<1+\[>D3L2+(1+\[)D1L4+%)

M?2

+

1 2iv/2(—3++/3)DsLs
Ds ((71 + %>D2L2 * ( \[)DlL?’ N cosh(a)—2+/3sin(x)
+ e =0,

12v/2DyLs N (6ieF31 L3 — 6ieFy3Ly) A2
M(cosh(tx) — 2\/§sin(a)> M?

M2 M2 M?

D1<< 1+\[>D1L1+( 1+\2[>D3L3+< 1+%)D2L4)
M

L W23+ 3)Dals +D11<%(3**/§)L1*mm§i—{%)

M2 (cosh(zx) - 2\/§sin(oc)) M?

D (}(-3+ VAL - e )

cosh

M?2

Jr

+

_|_
D2(<1* )DLy + (<14 5 ) Dsla + (- 1+\[>D1L4+%>

+ M2
2iV2(3+V3)DsLs )
0

1

7
( D2L2 + <1 + \[)DlL N cosh(a 2\/?;5m («)
M? ’

. _ s . 36\/>€F23L5 2
2iDyLy N (31€F23L1 3ieFipL3 + 3ieF31 Ly + —cosh )—2/3sin(@) )A
! M M?

DLy " DLy Dipls  DziLy
M2 M2 M2 M2
D3<—D2L1 4+ D3Ly + DyLy + ML‘(Q Dz(Dsz +DyLs— M)
_l’_

+

cosh(a)—2v/3 sin(« cosh(a)—2+/3sin(a)
M2 M2

- =0,

) i i _3i _ M) 2
2iDiLy | <3zeF31L1 +3ichily ~ BiePnls — OABE ) AT b Dol Dyl

5 M M2 e M2 M2
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6iv/2Ls .
+ D3(D1Ly + D3L3 + DyLy) n D (cosh(uc)—2\/§sin(a) Ll)

M2 M
_ ___6iV2Dsls
Dy <D2L2 +DiLs cosh(a)—2v/3sin(a) >
M2

+ :0/

T _a: . _ 18\/§€F12L5 2
2iDOL4 ( 6ZEF12L1 3161:31 Lz + 318F23L3 —Cosh(tx)72\/§sin(zx) )A
M M2

_Dg1Ly  Dozlz | Dszly n Dy(DyLy + D3L3 + DyLy)
M? M2 M? M2
_ 6iv/2D, L5
_ 6i\ﬁD12L5 n Dl( DaLy + D3l + DyLy + cosh(tx)72\/§sin(¢x)>
M2 (cosh(tx) -2V3 sin(oc)) M?

=0.

The structure of the equations can be concisely illustrated as follows:
1 D()Ll,' 2 D(Ll D L5),‘ 3 DOL5,' 4 DQLz; 5 DOL3,' 6 DOL4.
In Equation (2), let us take into account the results of Equations (1) and (3):

6i\/§<\/§71) DyLs

D2<m + (1 - ﬁ) DyLy + (\/57 1) D3l + (\/§, 1) D1L4)

2, e
iv2| v3-1)DsLs
+D3< - M + (\@— 1>D2L2 + (\/3— 1)D1L3>
MZ
D1((V3-1)Diba+ (V3-1)Dska+ (V3-1)Dabs)  6iv/2 5 /3DwLs
" M? i M2<COSh(lX) - 2\/§sin(4x)>
a3 )
M2
N ( 1 —2;\/452)131@1 N ( 1 —A\/E)DBLZ N (— 1 —A\ﬁ)DﬂLB N (— 1 —]:4/Z§>D12L4 )
In Equation (10), let us take into account the equations from Group I; this leads to the
following:
0 Dz(—m+<l+\}3>D2Ll+<—l—13>D3L2+<—1—13>D1L4)
, e
2i\/§<3+\/§> DsLs 1 1
+D3(m (1= p)Pata+ (—1- ) Duks)
M?2
(1= o (1= K)o (-1 3o
M2

wa(va-3) s
)

iﬁ(\@—3>D33L5 Dzz(%<3— \/§)L1 4
Y < cosh(a) —2v/3 sin(uc)) " Mm?

<\/§— 3)D11L1 (% - 1) DL, (% - 1) D31L3 N <% - 1>D12L4

6M2 M2 + M2 M2 =0

—+



Axioms 2025, 14, 35

15 of 20

Again, taking in mind the identities,
1 1 .
DDy = E(D“Db + DyDy) + E(D“Db — DyDy) = Dy, + ieFy,

We transform all seven equations to the form where only the terms D, and ieF,;, are
presented. In this way, we derive

1, ZiMDoLl =+ (6i€Fl2L4 — 6i€F31 L3)A2 + 2i€F12L4 — 2i6F31 L3
iv2 (73 + ﬁ) Ls
cosh(a) — 2v/3 sin(a)

+Ds33 (Ll Zﬁ( o \/5) - ) +(=1+ L) (D23L2 + D31Ls + D12L4) =0,
cosh(a) — 2v/3sin(a) V3

+2(3+V3 D11L1+Dzz(é<9 V3L +

2

2, 1(_3 ++3)Duily + Dy (; (3- V3L + Ci;ﬁ()—_a:fﬁli))

3iﬁ<_3 + ﬁ) Ds3Ls /s
cosh(«) — Zﬁsin(zx) ( ( 23142 31L3 12L4)

12v/2MDyLs
cosh(a) — 2v/3sin(a)

’

1
+(61'€F31 L3 — 6i€F23L2)A2 — 2i€F23L2 + 2i6’F31 L3 -+ (*1 + —

vl
6iv/2L
+D11( (-3+v3)L - vaLs )
+ (3i€Fz3L1 — 3ieFipL3 + 3ieF3 Ly +

DiaLy + Dasly + Dy Ls )

cosh(a) — 2v/3sin(a)
i\/i(—9 n ﬁ) Ls ) ) i\fz(3 n \@) DasLs

7

(37\/§)L1+

N =

cosh(a) — 2v/3sin(a) cosh(a) —2v/3 sin(a)
4,  2iMDgL, + (Dyy + Dy + D33) Ly

36v/2¢Fx3 L5 A2
cosh(a) —2+/3 sin(a)
) ) ) 12\/2eFy3L5
+ielFy3Ly —ieFjpLs +ieF31L4 + =0,

23 1273 A cosh(a) — 2+/3 sin(a)

5, 2iMDgyLs + (Dij + Doy + D33)L3

18+/2eF31Ls A2
cosh(a) —2+/3 sin(a)
. . . 6\/§€F31L5
+ieF31L1 + ieFjp Ly —ieFoz Ly — =0,

31 1252 2 cosh(a) —2v/3 sin(a)

6,  +2iMDyLy + (D11L4 + Dpo + D33) Ly

18v/2eFypLs A2

cosh(a) — 2v/3sin(a)

+ (3i€F31 Ly + 3ieFpLy — 3ieFp3Ly —

+ <6i8F12L1 — 3i€F31 L2 + 3i€F23L3 —

—2ieFjp Ly —ieF31Ly +ieFy3L3 — Cosh(is/iegu\/gzin( ) =
i\@(g + \6) Ds33L5 (9 + \6) Ls
10 cosh(a) — 2v/3sin(a) + Dzz( (9 + I>L ~ cosh(a) — zfsm( ))
+%(—9—\@>D11L1+(—3—\%)D23L2+< 3—f>D31L3+< 3— >D12L4—0
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We can observe that in all equations, the variable L5 consistently appears in the form:

Ls
cosha — 2v/3sinha’

Thus, it is reasonable to redefine the variables as follows:

Ls
cosha — 2v/3sinh a

Ll/ Lz, L3, L4, - L5. (Al)

With this substitution, all equations adopt a simpler form:

1
2iMDyL; + (6ieFipLy — 6ieFs31L3) A? + 2ieFi5 Ly — 2ieFs L3
1 1 .
+2 (3 + \/§>D11L1 + Dy <8 (9 - \/§)L1 + z\/E(—3 + \6) L5)
, 1
+D33(L1 - z\/i(—a + \/5) L5) 1+ ) <D23L2 + Dy L3+ D12L4) —0,
3
+12\/§MDOL5 + (6i6F31 L3 - 6i€F23L2)A2 - 2i€F23L2 + 2i€F31 L3
1 , 1 .
Dy (8 (—3 + \/§> L — 61\6L5) + Dy (6 (3 - \/3) L+ zﬁ(—9 + \/5) L5>
—iﬁ(3 + \/’3’) DasLs + (=1 + —=) (D23L2 4 Dy Ls + D12L4) —0,
V3
2
1 1 . .
> (—3 + x/§) DyLy + Dy (E (3 - \/§)L1 + 31\/5(—3 + \6) L5) - 31\5(—3 + \/5) Ds3Ls

1
+3(—1+ —=)( D23l + D31L3 + D1pLg) = 0.
( \/3)( 23L2 3143 12L4)

From Equation (2), let us express the term
(=1+1/V3)(DysLy + D31 L3 + DipLy)

and substitute it in Equations (1) and (3), obtaining
1/

A? (6i€F12L4 — 6ieF31 L3) +2iDgL1M + Dq1L1 + Do L1 + D33Lq — 2ieF31 L3 + 2ieFp Ly = 0;

3
A2 <6F\2/3§L2 - EF\“[zLB’) +2iDyLsM + Dy;Ls + DapLs + DssLs + 652\3}%2 - e?\l/gg’ =0
4
2iMDoL; + (D11 + Dy + D33) Ly
+ (3ieF23L1 — 3ieFpLs + 3ieFs Ly + 36\f2eF23L5) A2
+ieFy3Lq — ieFjpLs + ieFs Ly + 127/ 2eFp3L5 = 0;
5

2iMDyL3 + (D11 + D2y + D33) L3
+ <3ieF31L1 1 BieFipLy — 3ieFpLy — 18\f2eF31L5) A2

+ieF31 L1 +ieFpLy —ieFy3Ly — 6\/§€F31L5 =0
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6
+2iMDoLy + (D11Ls + D2y + D33) Ly
+ (—6ieF12L1 — 3ieFy Ly + 3ieFpLs — 18ﬁeFlzL5) A2
—2ieFypLy — ieFy Ly + ieFazLs — 67/ 2eF5Ls = 0;
10

2(D23L2 + D31 L3 + D12L4) = —Dy1L + 61'\@[)33[,5 + Dyp (L1 — 6i\/§L5);

The last is an identity incorporated into the above equations.
Thus, we have derived 5 equations with the needed structure.

2iMDyLy + (Dn 4 Dy + D33) L + 2ie(F12L4 — F31L3> 1 6ieA> <F12L4 - F31L3) —0,

2iMDgyLy + (D11 + Dy + D33>L2 + +ie (F23L1 - 12i\/§F23L5 + F31L4 — F12L3>

+3ieA2 (F23L1 —12iV/2FsLs + F3y Ly — F12L3> —0,

2iMDyL3z + (Dll + Doy + D33> Lz + +ie (F31 L+ 61'\61:31 Ls — FosLg + F12L2>
+3i€A2 <F31L1 + 6i\/§F31L5 — F3Ly + F12L2> =0,
+2iMDgLy + <D11L4 + Do + D33>L4 + ie <F23L3 — F31Ly —2FpL + 6i\6F12L5>

+34%e(ExLs — B Ly — 2oLy + 6iv/2FaLs ) = 0.

¢ 1
3v2 V2
This system can be rewritten differently (let A = D11 + D2y + Ds33):

2iMDyLs + <D11 + Dy + D33>L5 + <F23L2 - F31L3> + eA? <F23L2 — F31L3> =0.

2iMDyLy + ALy + ie(1 + 3A2) (2F12L4 2FyL;) =

2iMDyLy + AL, + 16(1 + 3A2> (F23L1 — 121\/§F23L5 + F31L4 — FipL3

2iMDyLs + ALs + ie(1 + 3A2) (F31L1 4 6iv/2F3 Ls — Fy3Ly + F12L2>
+2iMDoLy + ALy + ie(1 + 3A2) <F23L3 — Fy Ly — 2FpL + 6z'f2P12L5)

0,
0,
0, (A2)
0,
0.

. . o1 o1
2iMDyLs + ALs + ie(1 + 3A%) ( —izslatizphls) =
This system can be presented in the matrix form:
Ly
L
2iMDgL + AL + ie(1 4 3A2)(Fp3Ty + F3 1T + FipT3)L =0, L=| L3 |,
Ly
Ls
where
0 0 0 0 0 0 0 -2 0 0
1 0 0 0 =12iv2 0 0 0 1 0
;=0 0 0 -1 0 | L,=|1 0 0 0 6ivV2]
0 0 1 0 0 0 -1 0 0 0
0 —i-L- 0 0 0 0 0 i 0 o0
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0 0 0 2 0
0 0 -1 0 0

3=/ 0 1 0 0 o0 |
-2 0 0 0 6iv2
0 0 0 0 0

We can verify that the following commutation relations hold:
1T, —T,T; = —T3, and so on.
Introducing the new matrices,
S1=—iTy, Sy=—-iT,, S3=—iT3,
we arrive at the commutation relations of the rotation group:
5182 — 5551 = iS3, 5253 — 535S, = iS5y, 5351 — 5153 = i5;.

This implies that S; represents the spin matrices for a particle of spin 2.
The final form of the nonrelativistic equation is

. 1 e
iDL = — 522 AL + m(1 +3A2%)(F2381 + F315; + F1253) L. (A3)
At A = 0, this equation describes a spin-2 particle without an anomalous magnetic moment.
Recall that A2 = sinh® &, where « is an arbitrary parameter.
To simplify further, let us find a basis in which the matrix S3 becomes diagonal:

g 0 0 0 O
0 0 0 O
S3¥=0¥Y, ¥=SY, ST'¥=%, SS35'=|0 0 o5 0 0 |=38s.
0 0 0 o4 O
0 0 0 0 o3
The required transformation is
-i 0 0 1 -3V2 0 3v2 0 -i
01 —i 0 0 o3 o § o0
S=lo o0 o0 1 | S'=l0o i 0o -i o0 (A4)
01 i 0 0 10 0o o 1
i 0 0 1 3V2 00 1 0 0
This transformation leads to the new spin matrices:
0o 1 0 0 0 0 i 0 0 0
1 0 -92 0 0 —-i 0 -9vV2 0 0
c 1 1 c j i
Si=10 —55 0 g5 0| S2= & O Tem O
0o 0 92 o0 -1 0 9iV2 0 —i
0 0 0 -1 0 0 0 0 i 0
-2 0 000
0 -1 00 0
Ss5=[ 0 0 000
0 0 010
0 0 00 2
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