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POLYHEDRAL CHARACTERISTICS OF BALANCED
AND UNBALANCED BIPARTITE SUBGRAPH PROBLEMS

VLADIMIR BONDARENKO, ANDREI NIKOLAEV, DZHAMBOLET SHOVGENOV

ABSTRACT. We study the polyhedral properties of three problems of constructing an optimal
complete bipartite subgraph (a biclique) in a bipartite graph. In the first problem we consider a
balanced biclique with the same number of vertices in both parts and arbitrary edge weights. In
the other two problems we are dealing with unbalanced subgraphs of maximum and minimum
weight with nonnegative edges. All three problems are established to be NP-hard. We study the
polytopes and the cone decompositions of these problems and their 1-skeletons. We describe the
adjacency criterion in 1-skeleton of the polytope of the balanced complete bipartite subgraph
problem. The clique number of 1-skeleton is estimated from below by a superpolynomial func-
tion. For both unbalanced biclique problems we establish the superpolynomial lower bounds on
the clique numbers of the graphs of nonnegative cone decompositions. These values characterize
the time complexity in a broad class of algorithms based on linear comparisons.

INTRODUCTION

We consider the well-known balanced complete bipartite subgraph problem.

Balanced complete bipartite subgraph (BCBS). Given a bipartite graph G = (U, V, E)
and a positive integer k < |U| + |V/|. Are there two disjoint subsets U, C U and V,; C V such
that |Uz| = |Vz| = k and {u,v} € E for any pair of vertices u € Uy, v € V.

The problem is NP-complete by reduction from Clique [11,13]. The optimization version of the
problem where it is required to find a balanced complete bipartite subgraph with a maximum
number of vertices is extremely hard even to approximate (no constant factor approximation
algorithms are known [10]). A significant number of works are devoted to the study of polyno-
mially solvable special cases of the problem [2,17]. Note that a complete bipartite graph is also
called a biclique [9].

It is interesting that the related unbalanced complete bipartite subgraph problem (if we replace
the condition |Uy| = |Vz| = k by |Uz|+|Vz| = k) is polynomially solvable. The algorithm is based
on the well-known Konig’s theorem [9].

Theorem 1 (Konig). In any bipartite graph, the number of edges in a maximum matching equals
the number of vertices in a minimum vertex cover.

A maximum matching in a bipartite graph can be found in time O(|E|/|U| + |V'|) by Hopcroft-
Karp algorithm [15]. The proof of Kénig’s theorem is constructive, on its basis one can find a
vertex cover. All vertices that are not included in a minimum vertex cover form a maximum
independent set. If we consider a complement of a bipartite graph, then an independent set is
transformed into a complete bipartite subgraph.

The problems related to the construction of complete bipartite subgraphs often arise in various
applied fields. In particular, in computational biology for biclustering of expression data of genes

Key words and phrases. Biclique, 1-skeleton, cone decomposition, clique number, NP-hard problem.

The research was partially supported by the Russian Foundation for Basic Research, Project 14-01-00333,
the President of Russian Federation Grant MK-5400.2015.1, and the initiative R&D VIP-004 AAAA-A16-
116070610022-6.



2 VLADIMIR BONDARENKO, ANDREI NIKOLAEV, DZHAMBOLET SHOVGENOV

a bipartite graph is constructed in which one side represent genes and the other side their
properties. The goal is to find a maximum balanced biclique in such graph [8]. The BCBS
problem is also applied in VLSI theory for PLA-folding to reduce the size of programmable
logical arrays (PLA) [18].

We consider three optimization versions of the biclique problem in a weighted bipartite graph.

Weighted balanced complete bipartite subgraph (WBCBS). Given a complete bipar-
tite graph G = (U,V, E), |U| = |[V| = n, a weight function C' : E — R, and a positive integer
k < mn. It is required to find a balanced complete bipartite subgraph G, = (U, Vs, E,) with the
largest (least) sum of edge weights such that |U,| = |V,| = k.

Maximum weighted complete bipartite subgraph (maxWCBS). Given a complete
bipartite graph G = (U,V, E), |[U| = |V| = n, a weight function C' : E — Ry, and a positive
integer k < 2n. It is required to find a complete bipartite subgraph G, = (U,, V,, E,) with the
sum of edge weights being as large as possible such that |U,| + |V,| = k.

Minimum weighted complete bipartite subgraph (minWCBS). Given a complete bi-
partite graph G = (U,V, E), |U| = |V| = n, a weight function C' : E — R, and a positive
integer k < 2n. It is required to find a complete bipartite subgraph G, = (U, Vy, E;) with the
sum of edge weights being as small as possible such that |Uy| + |V;| = k.

We note that for the problem of a balanced biclique, the question of whether the problem is
on minimum or maximum is not crucial. In both cases, the solution is a k-balanced complete
bipartite subgraph. Further, we only consider the maximum problem. The minimum problem
can be obtained from it by inverting the sign of edge weights.

At the same time, for an unbalanced case, the minimum and maximum problems are fun-
damentally different. Indeed, if we consider a graph G with identical positive edge weights (all
missing edges have a zero weight for the maximum problem, or an infinity weight for the mini-
mum problem, thus we can assume that the graph is complete), then the maximum is achieved
on a balanced or almost balanced biclique with the largest number of edges, while for the min-
imum problem biclique has to be as unbalanced as possible. In order to take this into account,
we consider these problems with nonnegative edge weights.

1. CONE DECOMPOSITIONS

The object of the research is the construction of cone decomposition. Let X be a finite set of
points of RY. We consider the problem of maximizing a linear objective function over X:

(¢,x) — max, x € X.
We denote by
(1) Kx)={ceRy: (c,z) > (c,y), Yy e X}.

Since K (z) is the set of solutions of a finite system of homogeneous linear inequalities, it is a
convex polyhedral cone.
Given that
U K@) =R,
zeX
the set of all cones K (z) is called the cone decomposition of the space R? by the set X. The
cone decomposition is similar to the Voronoi diagram, exactly coinciding with it, if the Euclidean
norms of all points of the set X are equal to each other.
We consider the graph of the cone decomposition with the cones being the vertices, and two
cones K (x) and K (y) are adjacent if and only if they have a common facet:

dim(K(z)NK(y)) =d— 1.
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We denote by w(X) the clique number, the number of vertices in a maximum clique, of the
graph of the cone decomposition of the space R? by the set X. It is known [4] that the complexity
of the direct type algorithms, based on linear comparisons, of finding the minimum (or maximum,
if we change the sign of inequality in the definition of cone) of a linear objective function over
the set X, or, in other words, finding the cone K (x) with the vector ¢, cannot be less than the
value of w(X) — 1. Thus, w(X) characterizes the time complexity in a broad class of algorithms.

Let M (X) be the convex hull of X: M(X) = conv(X). The convex hull of a finite set of points
is a convex polytope that is called the polytope of the problem.

We note that the following lemma holds for the cone decomposition over the entire space R?

(1) 4]

Lemma 1. Vertices © and y of the polytope M (X) are adjacent if and only if the cones K(x)
and K(y) have a common facet.

Thus, for the cone decomposition of the space R? by the set X, the graph coincides with
1-skeleton of the polytope M (X). The skeleton of the polytope M (X) (also called 1-skeleton) is
the graph whose vertex set is the vertex set of M(X) (in this case it is X) and edge set is the
set of 1-faces of M (X).

Similarly, we construct the cone decompositions of the positive orthant Rff_ for problems on
maximum and minimum:

(2) Kox(z) = {c €RY : (c,x) 2 (c,y), Yy € X},
(3) K (z)={ceRL: (c,2) <(c,y), Vy € X}.

min
This construction, in turn, is dual to the polyhedron of the problem that is defined as the
dominant of the convex hull of the set X:

dmt(X) = conv(V) + RZ,

and is used in the analysis of problems with nonnegative input data [12]. In our case it is the
nonnegative weights of edges.

A large number of papers have been devoted to the study of 1-skeletons, graphs of cone decom-
positions, and their interrelation with the complexity of combinatorial optimization problems. In
particular, there are results for 1-skeletons of the traveling salesperson problem |3, spanning tree
problems with additional constraints |7], nonnegative cone decompositions for the shortest and
longest path problems [16], maximum and minimum cut problems [5,6], and many others [4].

2. BALANCED COMPLETE BIPARTITE SUBGRAPH
Theorem 2. The WBCBS problem is NP-hard.

Proof. We consider only the maximum problem. The proof for the case on minimum is completely
similar.

Let G = (U,V, E) be a bipartite graph with |U| = |V| = n. We construct a complete bipartite
graph G* = (U, V, E*) with the weight function:

(i, 7) 1, if (i,5) € E,
c Z? = .
J 0, otherwise.

There exists a biclique x such that |U,| = |V,| = k in the graph G* with the sum of edge weights
equal to k2 (this is the maximum possible weight of a k-balanced complete bipartite subgraph) if
and only if x is a biclique in the graph G. NP-complete problem BCBS is polynomially reduced
to WBCBS, respectively, the latter is NP-hard. O
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Note: for the sake of convenience, we use the weights of edges —1, 0, 1, and 4o00. Since the
number of edges in a complete graph is finite, these weights can be replaced by positive integer
numbers {aj,a2,as,as} such that for any i the weight a; is strictly greater than the sum of
weights of all edges a;—1.

With each feasible solution z of the WBCBS problem, with each k-balanced subgraph of G,

we associate a characteristic vector of the space R by the following rule:

{1, ifi € U(z), j € V(z),
l’i’j =

0, otherwise.

We denote by X, ;. the set of characteristic vectors of all feasible solutions. We consider
the polytope of the weighted balanced complete bipartite subgraph problem WBCBS(n, k) =
conv(X, ;) and the cone decomposition K, j of the space R™ by the set X, . Let ¢ € R™ be
the vector of edges weights of the graph G, then the sum of edge weights of the subgraph G, is
equal to the value of the objective function (c, ).

Lemma 2. Vertices x and y of the polytope WBCBS(n, k) are adjacent if and only if the
corresponding bipartite subgraphs have no common parts:

U(z) # U(y) and V() # V(y),

or the subgraphs coincide in one part, and in the other part they differ exactly in one vertex:

Ux) =U(y), [V(@)\V(y)| =1,
Vi(z) =V(y), [U@N\U(y)| = 1.

Proof. By Lemma 1, the adjacency of vertices of the polytope WBCBS(n, k) is equivalent to
the adjacency of cones of the partition K, . We carry out the proof from the point of view of a
cone decomposition.

Let x,y € X,, 5. Since the cones K, ;(x) and K, ;(y) are adjacent, there is a vector ¢ € R"?
that belongs only to these two cones of the cone decomposition Ky, j, (cones K, ;(x) and K, ;(y)
have a common facet)

(4) dc € R”Z,Vz € Xpp\z,y}t: (c,x) = (c,y) > (¢, 2).

Let the subgraphs z and y have no common parts. We construct the vector ¢ of edge weights
by the following rule (Fig. 1):

(5)

S 1, ifieU(x),jeV(z)oricU(y),je V(y),
E 0, otherwise.

In this case we obtain
(c,z) = {c,y) = k27
and this is the maximum possible weight of k-balanced biclique in the graph.
We consider an arbitrary subgraph z € X, x\{z,y}.

e If z has at least one vertex in the part U that does not belong to U(z) U U(y), then
{c,z) < k?, since all edges incident to this vertex have zero weight.

e If z has vertices both of U(z)\U(y) and U(y)\U(x) in the part U, then in the right part
V' only vertices of V(x) N V(y) have nonzero edges with them at the same time. Since
|V(z) NV (y)| < k, at least one edge has zero weight, hence {(c, z) < k2.

o If U(z) = U(x) (or U(z) = Ul(y)), then we can similarly consider the part V' and show
that since z # z (2 # y, respectively), we have (c, z) < k.
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FIGURE 1. The weight function for balanced subgraphs without common parts

Thus, the cones K, j(z) and K, 1(y) are adjacent by condition (4).

Let the subgraphs z and y have a common part. Without loss of generality, we assume that
V(z) = V(y). Let [U(x)\U(y)| = 1. We construct the vector ¢ of edge weights by the following
rule (Fig. 2):

L ifieU(@)nU(y), jeV(x)=V(y),
cij =40, ifie U(I‘)AU(y), JE€ V(.’E) = V(y),
—1, otherwise.

FIGURE 2. The weight function for balanced subgraphs with a common part

By construction, we obtain
(e,7) = (e, ) = k(k — 1).
We consider an arbitrary subgraph z € X, ;\{z,y}.
e If z has at least one vertex in the part U that does not belong to U(x) U U(y), then all
edges incident to this vertex have negative weights, hence
(c,z)y <k(k—1)—k <k(k—1).

e If z has both vertices of U(x) AU (y), then the edges incident to them have zero or negative
weight, hence
(c,z) < k(k—2)<k(k-1).
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Consequently, the cones K, 1(z) and K, ;(y) are adjacent.
It remains to consider the case |U(x)\U(y)| > 2. We denote by
a=|U()NU(y)| <k-—2.

The symmetric difference U(z)AU(y) contains 2(k — a) vertices. We can choose k — a vertices

from them in
2(k —a)
>6
(i)

different ways. Therefore, there exist subgraphs z,t € X,, \{x,y} such that

V(z) =V(t) =V(z) =V(y),

U(z)NU(t) = U(z) NU(y),

UR)UU(t) =U(x) UU(y).
Thus,

(e.2) + {eoy) = (e U+ (e Ny) = (2 Ut) + (e, 208) = (e,2) + (o),

and at least one of the subgraphs z or ¢ has a weight as large as « and y. The cones K, j(z) and

K, «(y) are not adjacent. O

Theorem 3. The clique number of 1-skeleton of the polytope of the weighted balanced complete
bipartite subgraph problem W BCBS(n, k) is superpolynomial in n and k:

w(WBCBS(n, k)) > (Z) o) ((Z)'j .

Proof. We consider a subset of k-balanced bipartite subgraphs Y,  C X, ;. of the following form:
we number all vertices in each part by numbers from 1 to n and consider only subgraphs whose
vertex numbers on the left and right sides coincide. Any two subgraphs z,y € Y, ; have no
common parts. Hence, by Lemma 2, the corresponding vertices of the polytope WBCBS(n, k)
are adjacent. Thus, Y,, ; forms a clique in 1-skeleton of the polytope of the problem:

n
Yool =(").
wil = ()

The asymptotic lower estimate is standard for the number of combinations. O

3. MAXIMUM COMPLETE BIPARTITE SUBGRAPH

Now we consider the unbalanced case.
Theorem 4. The maxrWCBS problem is NP-hard.

Proof. We use the argument for Theorem 2. Let G be a bipartite graph. We construct a complete
weighted bipartite graph G* whose edges have weight 1 if they belong to the graph G and 0
otherwise. In the graph G* there is a biclique z of weight k2 on 2k vertices if and only if z is a
k-balanced biclique in G. Thus, there is a polynomial reduction of BCBS to maxWCBS. U

Similar to balanced case, with each feasible solution of maxWCBS we associate a characteristic
vector x € ]Rf. Let X, be the set of characteristic vectors of all feasible solutions. We consider
the nonnegative cone decomposition K;”,‘;”” of the positive orthant R’f by the set X:ik for the
maximum problem (2).
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Theorem 5. Clique number of the graph of the cone decomposition K" for the maximum
weighted complete bipartite subgraph problem is superpolynomial in n and k:

stz = (1) =2 ((2)°). we=2s
w(K) > <n;1> :Q(<”;1>) ifk=2s+1.

Proof. 1f k is even, we can use the construction from the proof of Theorem 3 where the vertices
with the same numbers are taken from the left and right parts. The nonnegative cones of s-
balanced bicliques without common parts will be pairwise adjacent by Lemma 2. Note that in
the proof of this part of the adjacency criterion only nonnegative 0/1-weights were used (Fig. 1).

The case with odd k is treated similarly. We fix one vertex in the left and right parts. Let it be
the vertex with the number n. We consider the set Yo of bipartite subgraphs of the following
form:

U =s, Up C{1,2,3,...n— 1},
V(z)| =s+1, {n} € V(x),

that contain the vertex with the number n in the right part.
For any two subgraphs = and y of ¥Y"1%*, we can construct a vector c of edge weights by the
rule (5). The subgraphs = and y have the greatest possible weight for a biclique on 2s+1 vertices:

(c,x) = {c,y) = s(s+1).

Any bipartite subgraph z that includes vertices other than U(z) U U(y), or both vertices of
U(x)\U(y) and U(y)\U (z) will have a sum of weights less than this. Therefore, by the condition
(4), the cones K['*(x) and K]'i*(y) are adjacent, and Y,"i** forms a clique in the graph of the
cone decomposmon If we exclude a vertex with number n, the case of odd k reduces to an even
case for the graph on n — 1 vertices in each part. ([l

We note that all the results and proofs for the maximum complete bipartite subgraph problem
are similar to the balanced case. This is expected, given that to maximize the number of edges
(edge weights) the required subgraph should be as close to a balanced one as possible. For the
minimum problem, it will be different.

4. MINIMUM COMPLETE BIPARTITE SUBGRAPH
Theorem 6. The minWCBS problem is NP-hard.

Proof. We consider a bipartite graph G with edges of two possible weights: 1 and n?. Suppose
that instead of selecting vertices in a subgraph, we exclude vertices and all edges incident to them
from the complete graph. In this case, the minWCBS problem of finding a bipartite subgraph on
k vertices of minimum weight is equivalent to the problem of finding a subset of 2n — k vertices
with a maximum number of incident edges of weight n? for elimination. Note that the total
contribution of all edges of weight 1 is less than the contribution of one edge of weight n?. We
construct an unweighted bipartite graph G* by removing all edges of unit weight from G. The
described problem is the maximum g¢-vertex cover problem on graph G* for ¢ = 2n — k.

Maximum ¢-vertex cover. Given a graph G = (V, E) and a positive integer ¢ < |V|. It is
required to find a subset of vertices U C V with the greatest number of incident edges such that
Ul =q.

The maximum g-vertex cover problem is NP-hard even restricted to bipartite graphs [1,14]. O
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We consider the cone decomposition K ;ﬁcn of the space Rf by Xf;k where X;i i is the set of
characteristic vectors of all feasible solutions of the minWCBS problem (3). Denote by:

e 3]

(6) k= 3s and%m<k<3m,

Theorem 7. Let

then the clique number of the graph of the cone decomposition KZ‘}C" for the minimum weighted
complete bipartite subgraph problem is superpolynomial in n and k:

W ﬁﬁz(?>zg<ﬁﬂg>

Proof. Without loss of generality, we assume that n = 2m. Otherwise, we can choose a vertex in
each part and exclude them from further construction.

We divide the sets of vertices in each part into two equal disjoint subsets U = U; U Uy,
V = Vi U Vs. Inside each set, we number the vertices from 1 to m.

Consider the set er”,j” of subgraphs of the following form: for any subset

{z1,29,..., s} C{1,2...m},

we construct a bipartite subgraph x that includes vertices with numbers {z1,...,z,} from the
sets Uy, Vi, and V5.
Let us prove that the cones corresponding to subgraphs of ¥} are pairwise adjacent. We

consider two arbitrary subgraphs x, y of Yg”,j” Let the function of edge weights ¢ has the following
form (Fig. 3):
0, ifieU(@\U(y), jeV(x),
ori e Uly\U(x), j € V(y),
Cij = orieU(x)UU(y), j€V(z)nV(y),
1, ifieU(x)nU(y), j€V(@)AV(y),

oo, otherwise.

Let |U(z) NU(y)| = a, then
(7) (¢,z) = (¢,y) = 2a(s — a).
Note that by construction of the set Yo
(8) 2s—m<a<s.
We consider an arbitrary bipartite subgraph z with the number of vertices k = 3s.

o If z includes at least one vertex of U that does not belong to U (x)UU (y), then (¢, z) = oo,
since all edges incident to this vertex have infinite weight.

e If z includes both vertices of U(z)\U (y) and U(y)\U(z), then in the right part V only the
vertices of V(z) NV (y) are connected with them by edges of finite weight simultaneously:

V(z) NV (y)| = 2a,
U(z) UU(y)| = 25 —a,
(2s —a)+2a=2s+a<3s=k.

In this case, there are not enough vertices for a bipartite subgraph z of finite weight.
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FIGURE 3. The weight function for minimum unbalanced subgraphs

o If U(z) C U(x), and z includes at least one vertex of U(z)\U(y), then in the right part
only vertices of V(z) have edges of finite weight adjacent to this vertex. In this case, if

(¢,z) < 00, then z = z. The case with a vertex from U(y)\U(z) is treated similarly.
o IfU(z) CU(x)NU(y), then

9) (c,z) =b(3s —b—2a),

where b = |U(z)|. By construction, b satisfies the following constraints:
(10) 3s—2m <b<a.

Suppose that the weight of the subgraph z (9) does not exceed the weights of z and y

(7), then, taking into account the inequalities (6, 8, 10), we have the following system
(b(3s —b—2a) < 2a(s — a),
3m<s<m,
2s—m < a<s,
3s—2m < b < a,

m,s,a,b >0,

\
that has no solutions for any values of the parameters m, s, a, b.

Thus, the weight of any subgraph z is strictly greater than the weights of z and y. By the
condition (4), the cones K" (x) and K]} (y) are adjacent. The set Y} forms a clique in the
graph of the cone decomposition. By construction, we obtain

YR = <m> - (@J)
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5. CONCLUSION

The problems of constructing an optimal complete bipartite subgraph have been investigated
by many authors and have many practical applications. For three considered problems of the
balanced subgraphs with arbitrary edges and unbalanced subgraphs of minimum and maximum
weight with nonnegative edges, NP-completeness of problems and superpolynomial clique num-
bers of 1-skeletons and graphs of the cone decompositions are established. In all three cases, the
polyhedral characteristics correlate with the complexity of the problems.

It should be noted that the minimum complete bipartite subgraph problem is NP-hard, al-
though the close problem of the existence of an unbalanced bipartite subgraph on k vertices is
polynomially solvable. Perhaps in this regard, the minWCBS problem turned out to be the most
difficult to analyze, and the complexity of the dual problem of the maximum g-vertex cover in a
bipartite graph remained unknown for many years [1].
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