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Abstract

The problem of checking whether a recursive query can be
rewritten as query without recursion is a fundamental reason-
ing task, known as the boundedness problem. Here we study
the boundedness problem for Unions of Conjunctive Regu-
lar Path Queries (UCRPQs), a navigational query language
extensively used in ontology and graph database querying.
The boundedness problem for UCRPQs is ExpSpace-
complete. Here we focus our analysis on UCRPQs using sim-
ple regular expressions, which are of high practical relevance
and enjoy a lower reasoning complexity.
We show that the complexity for the boundedness problem for
this UCRPQs fragment is Πp

2-complete, and that an equiv-
alent bounded query can be produced in polynomial time
whenever possible.
When the query turns out to be unbounded, we also study
the task of finding an equivalent maximally bounded query,
which we show to be feasible in Πp

2 . As a side result of inde-
pendent interest stemming from our developments, we study
a notion of succinct finite automata and prove that its mem-
bership problem is in NP.

� This pdf contains internal links: clicking on a notion
leads to its definition.1

1 Introduction
Regular Path Queries (RPQ) and its extension under con-
junctions, known as Conjunctive RPQ (CRPQ) are a well-
known generalization of conjunctive queries with a mild
form of recursion, which are extensively used for querying
knowledge bases and graph-structured datasets. In particu-
lar, CRPQs are part of SPARQL, which is the W3C standard
for querying RDF data, including well known knowledge
bases such as DBpedia and Wikidata. In particular, RPQs
are extensively used according to recent studies (Bonifati,
Martens, and Timm 2019; Malyshev et al. 2018). More gen-
erally, CRPQs are basic building blocks for querying graph
databases (Angles et al. 2017; Baeza 2013).

As knowledge bases become larger, reasoning about
queries (e.g. for optimization) becomes increasingly impor-
tant. In this vein, many static analysis aspects of CRPQ
have been studied, starting with the seminal papers on
containment of CRPQs (Florescu, Levy, and Suciu 1998;

1https://ctan.org/pkg/knowledge

Calvanese et al. 2000) (i.e., whether the results of a query
q1 always contain those of q2), which spawned many subse-
quent works. In particular, for queries with recursion such as
CRPQ, a basic reasoning task is whether the recursion can
be bounded. In other words, whether a given query can be
equivalently written as a finite union of conjunctive queries
(UCQ), known as the BOUNDEDNESS problem. UCQs form
the core of most systems for data management and ontolog-
ical query answering, and, in addition, are the focus of ad-
vanced optimization techniques. The BOUNDEDNESS prob-
lem has garnered attention, in particular for Datalog pro-
grams. For ontology-mediated query answering (OMQA),
the problem is known as the “FO-rewritability” or “UCQ-
rewritability” problem, which typically takes, as ontology-
mediated query, a conjunctive query and some TBox for-
mulated in some description logic (see, e.g., (Bienvenu et
al. 2016)). In this sense, the current work can be seen
as a preliminary study for investigating FO-rewritability of
ontology-mediated CRPQ queries.

Boundedness of CRPQs has been shown to be decid-
able, ExpSpace-complete (Barceló, Figueira, and Romero
2019), that is, as hard (or easy) as the containment prob-
lem for CRPQs (Calvanese et al. 2000). This holds also for
the extension with union (UCRPQ) and two-way navigation
(UC2RPQ). Further, whenever a query is bounded the equiv-
alent UCQ may be of triply exponential size, and hence not
directly amenable to an optimization procedure.

However, the lower bounds for boundedness —and gener-
ally for most static analysis problems on CRPQ— use rather
complex regular expressions that are hardly used in practice.
This has raised the question of the status of these problems
when restricted to simpler basic regular expressions.

In fact, recent studies reveal that most CRPQ use ex-
tremely simple regular expressions of the form a∗ or a1 +
· · · + an. Studies on query-logs (Bonifati, Martens, and
Timm 2019; Malyshev et al. 2018) show that these expres-
sions cover more than 98% of all RPQ queries made on
Wikidata and more than 46% of the queries made in DB-
pedia —see (Figueira et al. 2020a, Table 1) for more details.

A line of research was then established into understand-
ing the difficulty of treating CRPQ over such simple regular
expressions. It has been shown that over simpler expressions
the situation improves drastically for the containment prob-
lem (Figueira et al. 2020a, Table 2) and the “semantic tree-
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width problem”, that is, whether the query is equivalent to a
query of low tree-width (Figueira and Morvan 2023, §6).

Contributions We study the boundedness problem for
UCRPQs restricted to a class of simple regular expressions.
Such regular expressions can be either of the form w∗, where
w is a word, or any regular expression which does not use
Kleene star. We even allow for “succinct exponentiation” of
the form wn and w≤n where n is encoded in binary.

For such queries we show that the boundedness problem
is Πp

2-complete. Both the upper and lower-bound proofs are
non-trivial, but our main technical contribution is the upper
bound (Section 5). Whenever the UCRPQ is bounded, it can
be written as a UCRPQ of polynomial size which does not
contain expressions with Kleene star.

As a necessary ingredient for the Πp
2 upper bound proof,

in Section 4 we introduce a notion of “succinct automata”
and use its membership checking problem, which we prove
to be in NP, to solve the boundedness problem. Succinct au-
tomata are classic finite automata extended with transitions
of the form p

wn

−−→ p′ to indicate a path of transitions from
p to p′ reading the word wn, where n is represented in bi-
nary. These automata could be of independent interest when
looking for succinct models of computation.

We also consider the related problem of bounding the
query “by letters”, i.e. whether the query is equivalent to
one not making any recursion on a given subset of letters
(Section 7). In this setting, the boundedness problem cor-
responds to bounding all letters occurring in the query. We
show that there is a notion of “maximally bounded” query,
i.e., a query that is bounded in a maximum number of letters
which is also computable within the Πp

2 bound.
Finally, in Section 6 we prove that the Πp

2 lower bound
holds even for CRPQs with very simple regular expressions
of the form a∗ or a.

Organization Section 2 describes the preliminaries
needed for the paper. Then we formally state our main re-
sults in Section 3. We dedicate Section 4 to the discussed
side result on “succinct automata” and Section 5 to the main
upper bound result. Section 6 elaborates on the lower bound.
Section 7 delves into the problem of bounding a query “by
letter”. We conclude with Section 8.

2 Preliminaries
Let A be a finite alphabet. A graph database over A is a fi-
nite edge-labelled directed graph G = (V,E) over A, where
V is a finite set of vertices and E ⊆ V × A × V is the
set of labelled edges. We write u

a−→ v to denote an edge
(u, a, v) ∈ E. We write Im(f) to denote the image of any
function f .

We denote A∗ as the set of all finite words over A and ε
to denote the empty word. A path from u to v in a graph
database G = (V,E) over alphabet A is a (possibly empty)
sequence of edges σ = v0

a1−→ v1, v1
a2−→ v2, . . . , vk−1

ak−→
vk where each vi

ai+1−−−→ vi+1 ∈ E, v0 = u, vk = v. The
label of the path σ from u to v is the word a1a2 . . . ak of

edge labels seen along the path. When k = 0, the label of
the path is ε; this is called the “empty path”, and there is
always an empty path from u to u, for every vertex u.

Unless otherwise stated, we assume that regular lan-
guages L ⊆ A∗ are encoded via regular expressions. A
regular path query (RPQ) over A is a regular language L
given as a regular expression. The semantics of L on a graph
database G = (V,E) over A, written L(G), is the set of
pairs (u, v) ∈ V × V such that there is a directed path from
u to v in G whose label belongs to L.

A Conjunctive RPQ (CRPQ) over A is an expression

q := ∃x̄
(
(y1

L1−−→ z1) ∧ (y2
L2−−→ z2) ∧ . . . ∧ (ym

Lm−−→ zm)
)

where each Li is an RPQ over A. We call each yi
Li−→ zi

an atom. Further, x̄ is a tuple of variables contained in
{y1, z1, . . . , ym, zm} and the variables of q not contained in
x̄ are the free variables of q. A query with no free variables
is called Boolean.

To simplify the definitions and technical developments we
shall henceforth assume that all queries we deal with are
Boolean. However, all our results and bounds hold for non-
Boolean queries as well (modulo some slightly more clut-
tered definitions and proofs).

In the context of graph databases a conjunctive query
(CQ) over A can be defined as a CRPQ over A of the form
∃z̄∧1≤i≤m xi

Li−→ yi where each Li is a regular expres-
sion of the form a for some letter a ∈ A, which denotes the
singleton set {a}.

Given Boolean CQs q, q′, a homomorphism from q to q′

is a mapping h : vars(q) → vars(q′) such that for every
atom x

a−→ y of q, we have that h(x) a−→ h(y) is an atom of
q′. We write q

hom−−→ q′ when such homomorphism exists and
h : q

hom−−→ q′ to denote that h is one such homomorphism. A
homomorphism q

hom−−→ G on a graph database G = (V,E)
is defined analogously, as a mapping h : vars(q) → V such
that for every atom x

a−→ y of q, we have h(x) a−→ h(y) ∈ E.

Expansions Any UCRPQ can be equivalently seen as an
infinite union of CQs. We define formally the shape of such
CQs, which we call expansions.

CRPQs with equality atoms are queries of the form
q(x̄) = δ ∧ I , where δ is a CRPQ (without equality atoms)
and I is a conjunction of equality atoms of the form x = y.
We define the binary relation =q over vars(q) to be the
reflexive-symmetric-transitive closure of the binary relation
{(x, y) | x = y is an equality atom in q}. In other words,
we have x =q y if the equality x = y is forced by the equal-
ity atoms of q. Note that every CRPQ with equality atoms
q(x̄) = δ∧I is equivalent to a CRPQ without equality atoms
q≈, which is obtained from q by collapsing each equiva-
lence class of the relation =q into a single variable. This
transformation gives us a canonical renaming from vars(q)

to vars(q≈). For instance, q =̂ ∃x, y, z x
K−→ y ∧ y

L−→
z ∧ (x = y) collapses to q≈ =̂ ∃x, z x

K−→ x ∧ x
L−→ z.

For any atom x
L−→ y of a CRPQ q and w = a1a2 . . . ak ∈

L, the w-expansion of x
L−→ y is the CQ P defined as



follows: (i) If w ̸= ε then P =̂ x
a1−→ z1 ∧ z1

a2−→
z2 ∧ · · · ∧ zk−1

ak−→ y where each zi is a fresh variable
(ii) If w = ε then P =̂ (x = y). By a slight abuse
of notation, we write P =̂ x

w−→ y to denote such a w-
expansion, with w = a1 · · · ak where the zi variables are
implicit. For m ∈ N, an atom m-expansion of x L−→ y is
a w-expansion for some w ∈ L such that |w| ≤ m. An
m-expansion of a CRPQ q is the CQ resulting from (i) re-
placing each atom with an atom m-expansion and (ii) re-
moving the equality atoms canonically. An atom expansion
is an atom m-expansion for some m, likewise an expansion
is an m-expansion for some m. For instance, for the atom

A = (x
ab∗c−−−→ y), one example of a 3-expansion would be

x
a−→ z1

b−→ z2
c−→ y. A does not have any 1-expansion.

Let Exp(q) denote the (possibly infinite) set of all ex-
pansions of q. and let Expm(q) ⊆ Exp(q) denote the (fi-
nite) set of all m-expansions of q. A homomorphism from a
(Boolean) CRPQ q to a graph database G = (V,E), is de-
fined to be any homomorphism h : vars(λ) hom−−→ G for some
λ ∈ Exp(q). We further say that G satisfies q, denoted by
G |= q, if there is such a homomorphism. We will consider
Expm(q) as a query, which holds true in a graph database G
if G |= λ for some λ ∈ Expm(q).

A union of CRPQs (UCRPQ) is of the form q =̂∨
1≤i≤n qi , where each qi is a CRPQ. The set of expan-

sions of a UCRPQ is the union of the expansions of the CR-
PQs therein. Similarly, Unions of CQs (UCQs) are finite
unions of CQs. As mentioned earlier, we assume that UCR-
PQs/UCQs are Boolean, in the sense that they only contain
Boolean CRPQs/CQs. A graph database satisfies a union of
CRPQ (resp. CQs) if it satisfies at least one of its disjuncts.

For any syntactic object O, we write vars(O) to denote
the set of variables it contains. Let |q|at and |q|var be the
number of atoms and variables of q, respectively.

Given two Boolean queries q and q′ (which may be
(U)CQs, (U)CRPQs, Expm(q)-expansions, etc.), we write
q ⊆ q′ if for every graph database G such that G |= q we
have G |= q′, in which case we say that q is contained in
q′. We say that q and q′ are equivalent, written q ≡ q′, if
q ⊆ q′ and q′ ⊆ q. The following lemma characterizes the
containment in terms of expansions and homomorphisms.

Lemma 1 (Folklore). Given two UCRPQs q and q′, we have
q ⊆ q′ if, and only if, for every λ ∈ Exp(q) there is λ′ ∈
Exp(q′) such that there exists a homomorphism λ′ hom−−→ λ.

A UCRPQ q is bounded if it is equivalent to some UCQ
Φ. The following key property characterizes boundedness in
terms of m-expansions.

Proposition 2. (Barceló, Figueira, and Romero 2019,
Proposition 3) A UCRPQ q is bounded if, and only if, q is
equivalent to Expm(q) for some m ∈ N.

The BOUNDEDNESS problem for a class C ⊆ UCRPQ of
queries is the problem of, given a query q ∈ C whether q
is bounded. This is the main problem we will study in this
paper. While the BOUNDEDNESS problem has been shown
to be decidable for UCRPQ (as stated below), we will focus
on small fragments thereof.

Theorem 3. (Barceló, Figueira, and Romero 2019, The-
orem 11) BOUNDEDNESS for UCRPQs is ExpSpace-
complete. Further, the upper-bound holds also in the pres-
ence of two-way navigation, and the lower bound holds al-
ready for CRPQs.

3 Main Results
The lower bound in Theorem 3 uses regular expressions that
are rather complex. However, as explained in Section 1,
queries used in practice often contain simple regular expres-
sions. Our results focus on UCRPQs where atoms are of
the form a∗, where a ∈ A is a label, and more generally of
the form w∗, where w ∈ A∗. We next formally define this
restricted class of regular expressions.

Let RE(A) denote the set of all regular expressions over
A using concatenation (□ · □), union (□ + □), Kleene star
(□∗) from the basic letter-expressions (a, for each a ∈ A)
and from the symbol ε denoting the empty string. Let
a ⊆ RE(A) denote regular expressions of the form a ∈ A
(atomic regular expressions) and a∗ denote regular expres-
sions of the form a∗ where a ∈ A. We write a∗A ⊆ RE(A)
for some A ⊆ A to denote the regular expressions of the
form a∗ where a ∈ A. Similarly, let w ⊆ RE(A) denote
regular expressions of the form w ∈ A∗ (i.e., expressions of
the form w = a1 · · · an with ai ∈ A) and w∗ denote regular
expressions of the form w∗ where w ∈ A∗.

Let SF (star-free expressions) denote the set of all star-
free regular expressions over A, that is, all expressions
formed using {ε, (a)a∈A,+, ·}. We will further consider the
class SSF of succinct star-free expressions which are star-
free regular expressions which additionally allow for expres-
sions of the form wn and w≤n, where w ∈ A∗ and n is en-
coded in binary. The expressions wn and w≤n are succinct
representations of w · · ·w︸ ︷︷ ︸

n times

and (ε+ w) · · · (ε+ w)︸ ︷︷ ︸
n times

.

Observation 4. Observe that a ⊊ SF ⊊ SSF and a∗ ⊊ w∗.
However, SF and SSF are equivalent in terms of expressive
power.

The size of an SSF expression is the number of symbols
needed for its encoding, for example the size of wn is |w|+
⌈log(n)⌉. The size of an expression w∗ is |w|.

The size of an atom is the size of the regular expression
therein. The size of a CRPQ or CQ is the sum of sizes of all
its atoms and the size of a UCRPQ or UCQ is the sum of the
sizes of all its CRPQs or CQs.

For any given class C of regular expressions (denot-
ing regular languages), let UCRPQ(C) be the class of
UCRPQs whose atoms contain languages specified by ex-
pressions from C. We write UCRPQ(C1, C2) to denote
UCRPQ(C1 ∪ C2) and CRPQ(C) to denote the subclass of
UCRPQ(C) consisting of CRPQs. For instance, a query in
CRPQ(SSF,w∗) can have an edge label of the form (ab)n

(where n is written in binary) or (abb)∗.
The goal of the paper is to prove that BOUNDEDNESS for

UCRPQ(SSF,w∗) is Πp
2-complete and, further, that the

bounded query can be produced efficiently.



Theorem 5. BOUNDEDNESS for UCRPQ(SSF,w∗) is Πp
2-

complete. The problem remains Πp
2-hard for CRPQ(a,a∗).

Moreover, if q ∈ UCRPQ(SSF,w∗) is bounded then it is
equivalent to a query q′ ∈ UCRPQ(SSF) of linear size which
can be computed.

For proving Theorem 5, we will use the membership prob-
lem for non-deterministic finite automata (NFA) whose tran-
sitions may be succinctly represented as q wn

−−→ q′, where n
is encoded in binary, which we call succinct-NFA. We will
show in Section 4 that the membership problem for such suc-
cinctly represented automata is still in NP, which is a result
of independent interest.
Theorem 6. The membership problem for succinct-NFA is
in NP.

If a query q in UCRPQ(SSF,a∗) is not bounded, then it is
natural to ask if it can be bounded “as much as possible”. In-
tuitively, we want a query q′ that is equivalent to q where the
atoms of q′ are either SSF expressions or a∗ only for those
letters a ∈ A that cannot be bounded in q. Formally, for any
given A ⊆ A, we say q is A-bounded if it is equivalent to
a query from UCRPQ(SSF,a∗

Ā
) for Ā = A \ A. Observe

that such q is bounded iff it is A-bounded. The problem of
checking whether q ∈ UCRPQ(SSF,a∗) is A-bounded is
called the A-BOUNDEDNESS problem.
Theorem 7. For the class UCRPQ(SSF,a∗) of queries:

1. The A-BOUNDEDNESS problem is Πp
2-complete. The

problem remains Πp
2-hard even for CRPQ(a,a∗). More-

over, an equivalent query q′ ∈ UCRPQ(SSF,a∗
Ā

) of lin-
ear size can be computed.

2. There is a unique maximal A ⊆ A such that q is
A-bounded, and there is a Πp

2 algorithm for finding it.

4 Succinct Automata and Succinct CQs
In this section we study a problem, of independent interest,
which will be necessary to obtain our upper bounds (more
precisely, the upper bound of Theorem 5, covered by Theo-
rem 11).

Let us define a succinct-NFA over an alphabet A as a
classical non-deterministic finite automaton (NFA) where
transitions can be of the form q

wn

−−→ q′ where w ∈ A∗

and n ∈ N is encoded in binary. More formally, a
succinct-NFA over A is a tuple (Q, δ, q0, F ), where q0 ∈ Q
is the initial state, F ⊆ Q is the set of final states, and
δ ⊆fin Q×A∗×N×Q is a finite set of succinct-transitions.

We sometimes write q
wn

−−→ p instead of (q, w, n, p), and n
is always encoded in binary. An accepting run of a given
succinct-NFA A is, as expected, a sequence of transitions
(p0, w1, n1, p1), (p1, w2, n2, p2), . . . , (pm−1, wm, nm, pm)
such that p0 is initial state, and pm is a final state.
The word from A∗ associated to the accepting run is
wn1

1 · · ·wnm
m ∈ A∗. The language associated to a given

succinct-NFA A, denoted by L(A), is the set of all words
associated to accepting runs.

Given a word w = a1 · · · an ∈ A∗ over a finite alphabet
A, we define the factor of w between i and j, denoted by
w[i..j], as ε if j ≤ i or ai+1 · · · aj otherwise.

The membership problem for succinct-NFA is the prob-
lem of, given a word v ∈ A∗, a number m ∈ N (in binary),
and a succinct-NFA A, whether vm ∈ L(A). We observe
that this is somewhat close to the automata on compressed
strings of (Martens, Neven, and Schwentick 2009, §2.3), al-
though in their case, the succinct representation is not on the
NFA but only on the input word for testing membership.
Theorem 6 (Restatement). The membership problem for
succinct-NFA is in NP.

Proof. Let A be a succinct-NFA, v ∈ A∗ be a word and m
be a number represented in binary. We assume w.l.o.g. that
all numbers in δ are positive (i.e. there are no ε transitions).

We first build a new succinct-NFA A′ from A so that
vm ∈ L(A) iff L(A′) contains a word of length m × |v|.
We define it as follows. The set of states of A′ is Q ×
{0, . . . , |v| − 1}.

There is a succinct-transition (q, i)
wn

−−→ (p, j) if (i) q wn

−−→
p is a succinct-transition of A, and (ii) wn is of the form
v[i..|v|] · vℓ · v[0..j] for some ℓ ≥ 0, or equal to v[i..j].
The initial state of A′ is (q0, 0) and the set of final states is
F × {0}.
Claim 8. We can build A′ in polynomial time.

Proof. If suffices to prove that checking whether wn is of
the form v[i..|v|] · vℓ · v[0..j] for some ℓ ≥ 0, or equal to
v[i..j] is indeed in polynomial time. Towards this first we
build a directed graph G having {0, . . . , |v|} as vertices, and
an edge i → j if w = v[i..|v|] · vℓ · v[0..j] for some ℓ.
Notice that ℓ is bounded by |w| and hence G can be built in
polynomial time.

Now in order to check if wn is of the form v[i..|v|] · vℓ ·
v[0..j] for some ℓ ≥ 0, it suffices to check if there is a path
of length n from i to j in G. The set of all sizes of paths from
i to j in G can be seen as the Parikh-image2 of an NFA over
a one-letter alphabet. Since the problem of testing member-
ship of a vector in the Parikh-image of an NFA is in poly-
nomial time as soon as the alphabet is bounded (Kopczyński
and To 2010), the statement follows.

Claim 9. vm ∈ L(A) iff L(A′) contains a word of length
m× |v|.

Proof. Left-to-right implication. Assuming vm ∈ L(A)
consider an accepting run (p0, w1, n1, p1), (p1, w2, n2, p2),
. . . , (pt−1, wt, nt, pt) on vm. Then, for each i ∈ {1, . . . , t},
we have that wn1

1 · · ·wni
i is a prefix of vm and thus can be

written as vmi · v[0..ji] for some ji and mi, where in partic-
ular jt = 0 and mt = m.

Hence, ((p0, 0), w1, n1, (p1, j1)), ((p1, j1), w2, n2, (p2, j2)),
. . . , ((pt−1, jt−1), wt, nt, (pt, jt)) is an accepting run of A′

on vm.
Right-to-left implication. First observe that L(A′) ⊆
L(A) since an accepting run of A′ on a word w induces

an accepting run of A on the same word by projecting the
run onto Q.

2Remember that the Parikh-image of a language L ⊆ A∗ over
a one-letter alphabet A = {a} is {t ∈ N : at ∈ L}.



Observe that an accepting run of A′ on a word w forces
w to be of the form vℓ. Since L(A′) has an accepted word
of length m× |v|, this forces ℓ = m, i.e., the accepted word
has to be exactly vm. Since L(A′) ⊆ L(A) by projecting
the run onto Q, we obtain vm ∈ L(A).

Claim 10. Testing if L(A′) contains a word of a given
length is in NP.

Proof. By replacing each transition q
wn

−−→ p in A′ with

q
|w|×n−−−−→ p we obtain a “succinct one counter automaton”,

whose reachability problem is in NP (Haase et al. 2009,
Theorem 1).

This concludes the proof of Theorem 6.

4.1 Containment Problem for Succinct CQs
A succinct CQ is a CRPQ(SSF) whose every atom has an
expression of the form wn for w ∈ A∗, n ∈ N, with
the expected semantics. Remember that we assume that
n is given in binary and that the size of each atom wn is
|w| + ⌈log(n)⌉, and hence that every succinct CQ has an
equivalent corresponding CQ of at most exponential size
(i.e., its only expansion). The containment problem for a
class Q of queries is the problem of, given two queries
q, q′ ∈ Q, whether q ⊆ q′.

Theorem 11. The containment problem for succinct CQs is
in NP.

Proof. Given two succinct CQs q, q′ it suffices to check if
there is a homomorphism from q̃′ to q̃, where q̃′ and q̃ are the
CQs corresponding to q′ and q, respectively. Towards this,
we first non-deterministically “break” some atoms x

wn

−−→
x′ of q introducing new variables x

w
n1
1−−−→ y1 ∧ y1

w
n2
2−−−→

y2 ∧ · · · ∧ yk−1
w

nk
k−−−→ yk where wn = wn1

1 · · ·wnk

k in such
a way that we introduce at most |vars(q′)| new variables.
To verify that wn = wn1

1 · · ·wnk

k , we can build a succinct-

NFA of the form p0
w

n1
1−−−→ p1 . . . pk−1

w
nk
k−−−→ pk with p0 and

{pk} as initial and final states respectively and check if wn

is accepted by this automaton (which can be done in NP, by
Theorem 6).

This results in a succinct CQ q̂ which is equivalent to q
(in fact, q̃ is still its corresponding CQ) and of polynomial
—even linear— size. We now guess a function f from the
variables of q′ to the variables of q̂. Finally, for each atom
x

wn

−−→ y of q′, we check if there is a path from f(x) to f(y)
in q̂ reading wn. For this, we can see q̂ as a succinct-NFA
whose initial state is f(x) and its set of final states is {f(y)},
and where we check if wn belongs to its language, which is
in NP by Theorem 6.

5 Upper Bound
In this section we prove the upper bounds of Theorem 5.
Formally, we will prove the following statement.

Theorem 12. The BOUNDEDNESS problem for
UCRPQ(SSF,w∗) is in Πp

2. Further, an equivalent
UCRPQ(SSF) query of linear size can be computed.

The goal of this section is to prove Theorem 12. From
Observation 4, the bound applies also to UCRPQ(w,w∗) ⊆
UCRPQ(SF,w∗) ⊆ UCRPQ(SSF,w∗).

For q ∈ UCRPQ(SSF,w∗) and m ∈ N, let q(m) ∈
UCRPQ(SSF) be the result of replacing each regular expres-
sion of the form w∗ in q with w≤m. We begin with the fol-
lowing observation.

Observation 13. If q ≡ Expm(q), then q ≡ q(m). If
q ≡ q(m) then q ≡ Expm·m′(q) for m′ the maximum length
of a word w in an expression of the form w∗. Hence, by
Proposition 2, q ∈ UCRPQ(SSF,w∗) is bounded if, and
only if, q is equivalent to q(ℓ) for some ℓ ∈ N.

In view of the previous observation, we will rather work
with the more intuitive query q(m) rather than Expm(q). For
economy of space we will simply write “λ ∈ q(m)” to de-
note λ ∈ Exp(q(m)).
Recursive and non-recursive atoms. An atom of the form
x

w∗
−−→ y is called recursive. Let Rq ⊆ A∗ be the set of

all words w from the labels w∗ of recursive atoms of q. Let
Nq ∈ N be the maximum length of a word in a non-recursive
atom of q. We will prove Theorem 12 via the following
intermediate results.

Lemma 14. If q ∈ UCRPQ(SSF,w∗) is bounded, then it is
equivalent to q(Zq) for Zq =̂ |q|3at ·Nq · |q|var ·Πw∈Rq

|w|.
Lemma 15. A query q ∈ UCRPQ(SSF,w∗) is bounded iff
q(Zq) is equivalent to q(Z+

q ), for Z+
q =̂ |q|at · Zq + 1.

Lemma 15 reduces the BOUNDEDNESS problem for
UCRPQ(SSF,w∗) to the containment problem for succinct
CQs. The proof of Lemma 15 will use Lemma 14. Assum-
ing these two results, we will first prove Theorem 12.

Proof of Theorem 12. From Lemma 15, to test whether a
query q is bounded can be reduced to checking whether
q(n) ≡ q(n′) for some n, n′ ∈ N of polynomial space (in
binary). Given that the “succinct” labels of SSF expressions
appearing in q have the form w≤m or wm with m in bi-
nary, the expansions of q(n) and q(n′) are at most single-
exponential in the size of q. Moreover, every expansion of
q(n) can be expressed as a succinct CQ of polynomial size.

In order to check that q(n) ⊆ q(n′) does not hold, we
first guess an n-expansion λ of q that is not contained in
q(n′), as a succinct CQ of polynomial size. This is possible
by the discussion above. Then we check that λ ⊆ q(n′)
does not hold. To check λ ⊆ q(n′), it suffices to guess an
n′-expansion λ′ of q, which, once again, we assume is a
succinct CQ of polynomial size, and then check that λ ⊆ λ′.
This is in NP by Theorem 11; thus, we have a procedure
which is in co-NP for testing λ ̸⊆ λ′.

This gives a Σp
2 algorithm to test q(n) ̸⊆ q(n′), in other

words a Πp
2 algorithm to test q(n) ⊆ q(n′), and thus whether

q is bounded.
Finally, the existence of the equivalent query is trivial

since q(Zq) can be produced in linear time.



Hence it is enough to prove Lemma 15 which in turn
needs Lemma 14. The next two subsections are focused on
the proofs of these two lemmas.

5.1 Proof of Lemma 14
We recall the statement of Lemma 14:
Lemma 14. If q ∈ UCRPQ(SSF,w∗) is bounded, then it is
equivalent to q(Zq).

Before proving the result formally, we describe the key
ideas informally. Suppose q is bounded, then by Observa-
tion 13, it is equivalent to q(M) for some M . Assume for
contradiction that this M is necessarily larger than Zq . This
means that there exists some λ ∈ Exp(q) such that for every
λ̂ ∈ q(Zq) there is no homomorphism from λ̂ to λ but there
is some λ′ ∈ q(M) (of minimal size) such that there is a ho-
momorphism h : λ′ hom−−→ λ. Since λ′ /∈ q(Zq) there is some

atom x
w∗
−−→ y in q such that it is expanded as x wl

−→ y in λ′

for some l > Zq . The choice of Zq is large enough such that
we can argue that using the homomorphism h : λ′ hom−−→ λ,
we can transform λ′ into some λ′′ (by contracting some re-
cursive expansions) such that there is a homomorphism from
λ′′ to λ. This would contradict the minimality of λ′. The
main technical difficulty is then to produce λ′′ and the ho-
momorphism from λ′′ to λ.

To prove Lemma 14 we shall need the following claim.
Claim 16. There is λ′ ∈ q(M) and h : λ′ hom−−→ λ such that
the size of the image Im(h) of h is at most Zq .

We first prove that Claim 16 implies Lemma 14.

Proof of Lemma 14. By means of contradiction, suppose q
is bounded but not equivalent to q(Zq). Then, there is no
λ̂ ∈ q(Zq) such that there is a homomorphism λ̂

hom−−→ λ. By
Claim 16, there is some λ′ ∈ q(M) and h : λ′ hom−−→ λ such
that the size of the image Im(h) of h is at most Zq . Pick a
minimal3 λ′ that satisfies this property.

By assumption, λ′ /∈ q(Zq). Hence, there is some re-

cursive atom expansion x
wℓ

−−→ y = x
w−→ x1

w−→ · · · w−→
xℓ−1

w−→ y of λ′ where ℓ > Zq .4 By Claim 16 and the pi-
geonhole principle, there will be two variables xi, xj such
that h(xi) = h(xj) for some i < j. But then we can

replace the atom expansion with x
wℓ−(j−i)

−−−−−−→ y = x
w−→

x1
w−→ · · · w−→ xi

w−→ xj+1
w−→ · · · w−→ xℓ−1

w−→ y, ob-
taining an expansion λ′′ ∈ q(M) which is strictly smaller
than λ′ such that h restricted to λ′′ forms a homomorphism
h′ : λ′′ hom−−→ λ. Moreover, since h′ ⊆ h, the size of Im(h′)
is still at most Zq , contradicting the minimality of λ′.

Thus it remains to prove Claim 16.

Proof of Claim 16. Let M ′ be the size of q(M) (seen as a
UCQ). Let λ+ be the result of replacing each atom expan-

sion x
wℓ

−−→ y of λ such that ℓ > Zq with x
wM′

−−−→ y. Notice

3By minimal λ′ we mean in terms of the number of variables.
4Remember that a recursive atom expansion of λ′ is simply an

expansion of a recursive atom of q in λ′.
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<latexit sha1_base64="jowR+7O+g3vstHi7EqzDsLYdAaM=">AAAB6HicbZC7TgJBFIbP4g3xhpfOZiPRWJFdC7STxEJLSOSSwIbMDmdhZHZ2MzNrgoQnsLHQGFsfwIexs+QNfASHS6Hgn0zy5f/PyZxz/JgzpR3ny0otLa+srqXXMxubW9s72d29qooSSbFCIx7Juk8UciawopnmWI8lktDnWPN7V+O8do9SsUjc6n6MXkg6ggWMEm2sst/K5py8M5G9CO4Mcpffo+uPg4dRqZX9bLYjmoQoNOVEqYbrxNobEKkZ5TjMNBOFMaE90sGGQUFCVN5gMujQPjZO2w4iaZ7Q9sT93TEgoVL90DeVIdFdNZ+Nzf+yRqKDC2/ARJxoFHT6UZBwW0f2eGu7zSRSzfsGCJXMzGrTLpGEanObjDmCO7/yIlTP8m4hXyg7ueIJTJWGQziCU3DhHIpwAyWoAAWER3iGF+vOerJerbdpacqa9ezDH1nvP70rkUU=</latexit>

b
<latexit sha1_base64="keORfFJpgi3t8OAMm0tWJiUqwlw=">AAAB6HicbZC7TgJBFIbP4g3xhpfOZiPRWJFdC7STxEJLSOSSwIbMDmdhZHZ2MzNrgoQnsLHQGFsfwIexs+QNfASHS6Hgn0zy5f/PyZxz/JgzpR3ny0otLa+srqXXMxubW9s72d29qooSSbFCIx7Juk8UciawopnmWI8lktDnWPN7V+O8do9SsUjc6n6MXkg6ggWMEm2sMmllc07emcheBHcGucvv0fXHwcOo1Mp+NtsRTUIUmnKiVMN1Yu0NiNSMchxmmonCmNAe6WDDoCAhKm8wGXRoHxunbQeRNE9oe+L+7hiQUKl+6JvKkOiums/G5n9ZI9HBhTdgIk40Cjr9KEi4rSN7vLXdZhKp5n0DhEpmZrVpl0hCtblNxhzBnV95EapnebeQL5SdXPEEpkrDIRzBKbhwDkW4gRJUgALCIzzDi3VnPVmv1tu0NGXNevbhj6z3H7unkUQ=</latexit>

a

<latexit sha1_base64="YzVkt15pqK7nPooorMK/hsvtBQU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdi2hnwMYyAXOBZAmzk7PJmNnZZWZWCEuewEILRWx9FB/Bzrew0drJpdDEHwY+/v8c5pzjx5wp7TgfVmZldW19I7uZ29re2d3L7x80VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8nOTNW5SKReJaj2L0QtIXLGCUaGPVBt18wSk5U9nL4M6hcPH59XbfKX5Xu/n3Ti+iSYhCU06UartOrL2USM0ox3GukyiMCR2SPrYNChKi8tLpoGP7xDg9O4ikeULbU/d3R0pCpUahbypDogdqMZuY/2XtRAfnXspEnGgUdPZRkHBbR/Zka7vHJFLNRwYIlczMatMBkYRqc5ucOYK7uPIyNE5LbrlUrjmFShFmysIRHEMRXDiDClxBFepAAeEOHuHJurEerGfrZVaaseY9h/BH1usPbPSRyA==</latexit>

h
<latexit sha1_base64="YzVkt15pqK7nPooorMK/hsvtBQU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdi2hnwMYyAXOBZAmzk7PJmNnZZWZWCEuewEILRWx9FB/Bzrew0drJpdDEHwY+/v8c5pzjx5wp7TgfVmZldW19I7uZ29re2d3L7x80VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8nOTNW5SKReJaj2L0QtIXLGCUaGPVBt18wSk5U9nL4M6hcPH59XbfKX5Xu/n3Ti+iSYhCU06UartOrL2USM0ox3GukyiMCR2SPrYNChKi8tLpoGP7xDg9O4ikeULbU/d3R0pCpUahbypDogdqMZuY/2XtRAfnXspEnGgUdPZRkHBbR/Zka7vHJFLNRwYIlczMatMBkYRqc5ucOYK7uPIyNE5LbrlUrjmFShFmysIRHEMRXDiDClxBFepAAeEOHuHJurEerGfrZVaaseY9h/BH1usPbPSRyA==</latexit>

h

<latexit sha1_base64="YzVkt15pqK7nPooorMK/hsvtBQU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdi2hnwMYyAXOBZAmzk7PJmNnZZWZWCEuewEILRWx9FB/Bzrew0drJpdDEHwY+/v8c5pzjx5wp7TgfVmZldW19I7uZ29re2d3L7x80VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8nOTNW5SKReJaj2L0QtIXLGCUaGPVBt18wSk5U9nL4M6hcPH59XbfKX5Xu/n3Ti+iSYhCU06UartOrL2USM0ox3GukyiMCR2SPrYNChKi8tLpoGP7xDg9O4ikeULbU/d3R0pCpUahbypDogdqMZuY/2XtRAfnXspEnGgUdPZRkHBbR/Zka7vHJFLNRwYIlczMatMBkYRqc5ucOYK7uPIyNE5LbrlUrjmFShFmysIRHEMRXDiDClxBFepAAeEOHuHJurEerGfrZVaaseY9h/BH1usPbPSRyA==</latexit>

h

<latexit sha1_base64="udw2QVP9BL+cxENsM+jBPOs8hrg=">AAAB6HicbZC5TgMxEIZnwxXCFY6OxiICUUW7FIGOSBRQJhI5pGQVeZ3ZxMR7yPYiQpQnoKEAIVoegIeho8wb8Ag4RwGBX7L06f9n5JnxYsGVtu1PK7WwuLS8kl7NrK1vbG5lt3eqKkokwwqLRCTrHlUoeIgVzbXAeiyRBp7Amte7GOe1W5SKR+G17sfoBrQTcp8zqo1Vvmtlc3benoj8BWcGufOv0eX73v2o1Mp+NNsRSwIMNRNUqYZjx9odUKk5EzjMNBOFMWU92sGGwZAGqNzBZNAhOTROm/iRNC/UZOL+7BjQQKl+4JnKgOqums/G5n9ZI9H+mTvgYZxoDNn0Iz8RREdkvDVpc4lMi74ByiQ3sxLWpZIybW6TMUdw5lf+C9WTvFPIF8p2rngEU6VhHw7gGBw4hSJcQQkqwADhAZ7g2bqxHq0X63VamrJmPbvwS9bbN96DkVs=</latexit>

x

<latexit sha1_base64="h5E07SWWB26LFtAz9ficAsoK+cs=">AAAB6HicbVDLSgNBEOyNryS+ooIXL4tBEYSwqxA9BrzkmIB5QLKE2UknGZ2dXWZmhWXJF4jgQRGvfpI3P8G/cPI4aGJBQ1HVTXeXH3GmtON8WZmV1bX1jWwuv7m1vbNb2NtvqjCWFBs05KFs+0QhZwIbmmmO7UgiCXyOLf/+ZuK3HlAqFopbnUToBWQo2IBRoo1UT3qFolNyprCXiTsnxUru6fCyev5d6xU+u/2QxgEKTTlRquM6kfZSIjWjHMf5bqwwIvSeDLFjqCABKi+dHjq2T4zStwehNCW0PVV/T6QkUCoJfNMZED1Si95E/M/rxHpw7aVMRLFGQWeLBjG3dWhPvrb7TCLVPDGEUMnMrTYdEUmoNtnkTQju4svLpHlRcsulct2kcQozZOEIjuEMXLiCClShBg2ggPAIL/Bq3VnP1pv1PmvNWPOZA/gD6+MHNhmPYw==</latexit>

y
<latexit sha1_base64="ePDC5P7v985daEby5G+NwMSmtto=">AAAB6HicbZDJTgJBEIZrcEPccLl56Ug0nsiMB/QmiQc9QiJLAhPS09RAS8+S7h4TIDyBFw8a49UH8GG8eeQNfASb5aDon3Ty5f+r0lXlxYIrbdufVmppeWV1Lb2e2djc2t7J7u5VVZRIhhUWiUjWPapQ8BArmmuB9VgiDTyBNa93Nclr9ygVj8Jb3Y/RDWgn5D5nVBurPGhlc3benor8BWcOucuv8fX7wWBcamU/mu2IJQGGmgmqVMOxY+0OqdScCRxlmonCmLIe7WDDYEgDVO5wOuiIHBunTfxImhdqMnV/dgxpoFQ/8ExlQHVXLWYT87+skWj/wh3yME40hmz2kZ8IoiMy2Zq0uUSmRd8AZZKbWQnrUkmZNrfJmCM4iyv/hepZ3inkC2U7VzyBmdJwCEdwCg6cQxFuoAQVYIDwAE/wbN1Zj9aL9TorTVnznn34JevtG+GLkV0=</latexit>

z

Figure 1: Consider the query x
(aba)n−−−−→ y ∧ x

(aba)∗−−−−→ z, where
(aba)n is a SSF with n = 11 in binary (i.e., 3).. Below, we have
the corresponding coloring scheme in λ+ with the respective colors
according to a homomorphism h.

that λ+ ∈ Exp(q) —indeed, atom expansions of this kind
can only come from recursive atoms (because Zq is suffi-
ciently large). Now pick a λ′ ∈ q(M) such that λ′ is of
minimal size and there is a homomorphism h : λ′ hom−−→ λ+.
We show the following:

(1) |Im(h)| ≤ Zq;

(2) h is also a homomorphism to (an isomorphic copy5 of)
λ, i.e., h : λ′ hom−−→ λ.

(1) Let us start with the expansion λ′ ∈ q(M) such that
h : λ′ hom−−→ λ+. First, we devise a color scheme for the
variables of λ+.

Let us color with blue any variable of λ+ which is the
h-image of a variable of a non-recursive atom expansion of
λ′. Color a variable green if it is the h-image of a variable
of q, and color it red if it is the h-image of a variable from
a recursive atom expansion. Of course, some variables may
be colored with multiple colors (see Figure 1).

Consider any recursive atom expansion of λ+ of the form

x
wM′

−−−→ y. Recall that M ′ is the size of the M -expansion
q(M) considered as a UCQ, and λ′ ∈ q(M). Since M ′

is larger than any expansion of q(M) (in particular λ′), the

expansion x
wM′

−−−→ y must contain some uncolored variables.

Let x0, . . . , xM ′ be the variables of the path x
wM′

−−−→ y, in
order, with x0 = x and xM ′ = y. If there is an interval
I = {xi, xi+1, . . . , xj} with j − i = Zred =̂ Πw∈Rq |w|
which is purely-red (i.e., whose every variable is colored red
and by no other color), this means that the h-preimage of
I consists of intervals of recursive atom expansions of the
form w̃k for some w̃ and k such that |w̃k| = Zred (note that w̃
need not be a recursive atom, it could be some word in A∗).
Concretely, h−1(I) = I1 ∪ · · · ∪ Ir such that each Is is of
the form Is = {z(s,0), . . . , z(s,Zred)} where h(z(s,t)) = xi+t

for every s, t and Is forms a directed path reading some w̃k.
Consider λ′′ as the result of contracting these intervals Is

from λ′: for each interval Is, we remove all atoms of λ′ in-
side Is, and we rename z(s,0) as z(s,Zred)(see Figure 2). Since
this operation corresponds to removing some iterations of a

5By isomorphic copy of λ we mean an expansion λ̃ such that
there is a bijection f between the variables of λ and λ̃ such that
x

a−→ y is an atom of λ iff f(x) a−→ f(y) is an atom of λ̃.



<latexit sha1_base64="YzVkt15pqK7nPooorMK/hsvtBQU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdi2hnwMYyAXOBZAmzk7PJmNnZZWZWCEuewEILRWx9FB/Bzrew0drJpdDEHwY+/v8c5pzjx5wp7TgfVmZldW19I7uZ29re2d3L7x80VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8nOTNW5SKReJaj2L0QtIXLGCUaGPVBt18wSk5U9nL4M6hcPH59XbfKX5Xu/n3Ti+iSYhCU06UartOrL2USM0ox3GukyiMCR2SPrYNChKi8tLpoGP7xDg9O4ikeULbU/d3R0pCpUahbypDogdqMZuY/2XtRAfnXspEnGgUdPZRkHBbR/Zka7vHJFLNRwYIlczMatMBkYRqc5ucOYK7uPIyNE5LbrlUrjmFShFmysIRHEMRXDiDClxBFepAAeEOHuHJurEerGfrZVaaseY9h/BH1usPbPSRyA==</latexit>

h

<latexit sha1_base64="GFNJTPIZ0Lqpin9yG8ySowaBNlQ=">AAACL3icjVDLSgNBEJyNrxhfUY8iDAbFU9hViB4DgugtgnlAEsLsbCcZMju7zMwKyxI/xrMX/8GzYC4iinj1L5w8Dpp4sKChqOqmu8sNOVPatl+t1Nz8wuJSejmzsrq2vpHd3KqoIJIUyjTggay5RAFnAsqaaQ61UALxXQ5Vt3c29Ks3IBULxLWOQ2j6pCNYm1GijdTKnjci4YF0JaGQ3P4P/VbS8JgKOYmVjjngy34rm7Pz9gh4ljgTkise86fH3ee7Uis7aHgBjXwQmnKiVN2xQ91MiNSMcuhnGpGCkNAe6UDdUEF8UM1k9G8f7xvFw+1AmhIaj9SfEwnxlYp913T6RHfVtDcU//LqkW6fNhMmwkiDoONF7YhjHeBheNhjEqjmsSGESmZuxbRLTHbaRJwxITjTL8+SylHeKeQLVyaNAzRGGu2gPXSIHHSCiugClVAZUXSPBugNvVsP1ov1YX2OW1PWZGYb/YL19Q3CT7M3</latexit> | {z }
I

<latexit sha1_base64="hbFKsBC/wU1/U1YNVh4R1ljyWdM="></latexit> | {z }
recursive atom expansion of �+

<latexit sha1_base64="CAvhGuCAnSAQTGPEa+nLKTbzHJE=">AAACInicdVBNS8NAEN3Ur1q/oh69LIriqSSiVW8FL3pTsK3QlLDZTHXpZhN2N0II8eDVH+HF3yF48OJBUU+CP8Zt68HPBwOP92aYmRcknCntOG9WaWR0bHyiPFmZmp6ZnbPnF5oqTiWFBo15LE8CooAzAQ3NNIeTRAKJAg6toLfX91vnIBWLxbHOEuhE5FSwLqNEG8m3d71UhCADSSjkF/+g8HMvZCrhJFM644APfLfw7RWn6gyAfxP3k6zUtxY3L2+v7g59+8ULY5pGIDTlRKm26yS6kxOpGeVQVLxUQUJoj5xC21BBIlCdfPBigVeNEuJuLE0JjQfq14mcREplUWA6I6LP1E+vL/7ltVPd3enkTCSpBkGHi7opxzrG/bxwyCRQzTNDCJXM3IrpGTFxaZNqxYTg/nz5N2luVN1atXZk0lhDQ5TRElpG68hF26iO9tEhaiCKrtE9ekRP1o31YD1br8PWkvU5s4i+wXr/AP8Kqyo=</latexit> | {z }
I1

<latexit sha1_base64="aUvrg7QEtflJb4LXsR0UNGUaeZU=">AAACHnicbVBNS8NAEN3Ur1q/qj16WRTFU0mKrR4LXvSmYFVoSthsJnVxswm7GyGEevDqT/DiLxF68aCI4En/jdvWg7Z9MPB4b4aZeX7CmdK2/W0VZmbn5heKi6Wl5ZXVtfL6xoWKU0mhRWMeyyufKOBMQEszzeEqkUAin8Olf3M08C9vQSoWi3OdJdCJSFewkFGijeSV624qApC+JBTyuynoebkbMJVwkimdccAnXq3nlbftqj0EniTOL9lu1iv7988P/VOv/OkGMU0jEJpyolTbsRPdyYnUjHLoldxUQULoDelC21BBIlCdfPheD+8YJcBhLE0JjYfq34mcREplkW86I6Kv1bg3EKd57VSHh52ciSTVIOhoUZhyrGM8yAoHTALVPDOEUMnMrZheExOVNomWTAjO+MuT5KJWdRrVxplJYxeNUESbaAvtIQcdoCY6RqeohSh6RH30it6sJ+vFerc+Rq0F63emgv7B+voBB1apCw==</latexit> | {z }
I2

<latexit sha1_base64="YzVkt15pqK7nPooorMK/hsvtBQU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdi2hnwMYyAXOBZAmzk7PJmNnZZWZWCEuewEILRWx9FB/Bzrew0drJpdDEHwY+/v8c5pzjx5wp7TgfVmZldW19I7uZ29re2d3L7x80VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8nOTNW5SKReJaj2L0QtIXLGCUaGPVBt18wSk5U9nL4M6hcPH59XbfKX5Xu/n3Ti+iSYhCU06UartOrL2USM0ox3GukyiMCR2SPrYNChKi8tLpoGP7xDg9O4ikeULbU/d3R0pCpUahbypDogdqMZuY/2XtRAfnXspEnGgUdPZRkHBbR/Zka7vHJFLNRwYIlczMatMBkYRqc5ucOYK7uPIyNE5LbrlUrjmFShFmysIRHEMRXDiDClxBFepAAeEOHuHJurEerGfrZVaaseY9h/BH1usPbPSRyA==</latexit>

h

<latexit sha1_base64="o1LLzo+Vb3YvDlOn+NNlDainbO4=">AAAB8HicbVC5TsNAFHwOVwhXODqaFRFHFdkUAdEQiQLKIJEDJVa0Xq+TVdZra3eNFKx8BQ0FCNFS8DF0lPkDPoHNUUBgpCeNZubpHV7MmdK2/Wll5uYXFpeyy7mV1bX1jfzmVk1FiSS0SiIeyYaHFeVM0KpmmtNGLCkOPU7rXu9i5NfvqFQsEje6H1M3xB3BAkawNtJti5uojw/P2vmCXbTHQH+JMyWF86/h5fvO/bDSzn+0/IgkIRWacKxU07Fj7aZYakY4HeRaiaIxJj3coU1DBQ6pctPxwgO0bxQfBZE0JTQaqz87Uhwq1Q89kwyx7qpZbyT+5zUTHZy6KRNxoqkgk0FBwpGO0Oh65DNJieZ9QzCRzOyKSBdLTLT5Uc48wZk9+S+pHRedUrF0bRfKBzBBFnZhD47AgRMowxVUoAoEQniAJ3i2pPVovVivk2jGmvZswy9Yb98XpZRR</latexit>

�0 :

<latexit sha1_base64="2CIP75+HJzLL8YtpTR3HSmxiXm8=">AAAB8XicbVC7SgNBFL0bXzG+4qOzGQyKIIRdiyg2Biy0jGAemKxhdnaSDJmdXWZmhbjkL2wsFLEV/Bg7y/yBn+DkUWjigQuHc87lPryIM6Vt+8tKzc0vLC6llzMrq2vrG9nNrYoKY0lomYQ8lDUPK8qZoGXNNKe1SFIceJxWve7F0K/eU6lYKG50L6JugNuCtRjB2ki3DW6iPr47Omtmc3beHgHNEmdCcuffg8uPnYdBqZn9bPghiQMqNOFYqbpjR9pNsNSMcNrPNGJFI0y6uE3rhgocUOUmo437aN8oPmqF0pTQaKT+7khwoFQv8EwywLqjpr2h+J9Xj3Xr1E2YiGJNBRkPasUc6RANz0c+k5Ro3jMEE8nMroh0sMREmydlzBOc6ZNnSeU47xTyhWs7VzyAMdKwC3twCA6cQBGuoARlICDgEZ7hxVLWk/VqvY2jKWvSsw1/YL3/ANSelL0=</latexit>

�+ :

<latexit sha1_base64="Iz8ZtT3VGUnQB/lxsrqIgtA6Tpo=">AAACCXicbVC7TsMwFHXKq5RXgZHFokLqVCUMBbFQiYURJEorNVHluG5j4cSRfQOtonZkYeBHWBhAiBH+gI2/YIEZ9zEA5UhXOj7nXvne48eCa7DtdyszMzs3v5BdzC0tr6yu5dc3zrVMFGVVKoVUdZ9oJnjEqsBBsHqsGAl9wWr+xdHQr10ypbmMzqAXMy8knYi3OSVgpGYeu13FOwEQpeRVOhgMggMXWBfSQIZ98+w38wW7ZI+Ap4kzIYXDj8+XW7f4ddLMv7ktSZOQRUAF0brh2DF4KVHAqWD9nJtoFhN6QTqsYWhEQqa9dHRJH+8YpYXbUpmKAI/UnxMpCbXuhb7pDAkE+q83FP/zGgm0972UR3ECLKLjj9qJwCDxMBbc4opRED1DCFXc7IppQBShYMLLmRCcvydPk/PdklMulU/tQqWIxsiiLbSNishBe6iCjtEJqiKKrtEdekCP1o11bz1Zz+PWjDWZ2US/YL1+A97poM8=</latexit>

h
:h

o
m

�������!

<latexit sha1_base64="hbFKsBC/wU1/U1YNVh4R1ljyWdM="></latexit> | {z }
recursive atom expansion of �+

<latexit sha1_base64="2CIP75+HJzLL8YtpTR3HSmxiXm8=">AAAB8XicbVC7SgNBFL0bXzG+4qOzGQyKIIRdiyg2Biy0jGAemKxhdnaSDJmdXWZmhbjkL2wsFLEV/Bg7y/yBn+DkUWjigQuHc87lPryIM6Vt+8tKzc0vLC6llzMrq2vrG9nNrYoKY0lomYQ8lDUPK8qZoGXNNKe1SFIceJxWve7F0K/eU6lYKG50L6JugNuCtRjB2ki3DW6iPr47Omtmc3beHgHNEmdCcuffg8uPnYdBqZn9bPghiQMqNOFYqbpjR9pNsNSMcNrPNGJFI0y6uE3rhgocUOUmo437aN8oPmqF0pTQaKT+7khwoFQv8EwywLqjpr2h+J9Xj3Xr1E2YiGJNBRkPasUc6RANz0c+k5Ro3jMEE8nMroh0sMREmydlzBOc6ZNnSeU47xTyhWs7VzyAMdKwC3twCA6cQBGuoARlICDgEZ7hxVLWk/VqvY2jKWvSsw1/YL3/ANSelL0=</latexit>

�+ :

<latexit sha1_base64="MLtmvLCfrXmjYOrmW4A0yI0/v28=">AAACCHicbVC7TgJBFL2LL8QXamnhRNRYkV0KtJPERjtM5JEgIbPDBSfMzm5mZjUEKG38FRsLjbH1E+z8Cz/BYaFQ8SQ3OTnn3pl7jx8Jro3rfjqpufmFxaX0cmZldW19I7u5VdVhrBhWWChCVfepRsElVgw3AuuRQhr4Amt+72zs125RaR7KK9OPsBnQruQdzqixUiu7G8vkEWwThV0rka4K7zTx+2R/eDHcb2Vzbt5NQGaJNyW50y9IUG5lP67bIYsDlIYJqnXDcyPTHFBlOBM4ylzHGiPKerSLDUslDVA3B8kOI3JglTbphMqWNCRRf04MaKB1P/BtZ0DNjf7rjcX/vEZsOifNAZdRbFCyyUedWBATknEqpM0VMiP6llCmuN2VsBuqKDM2u4wNwft78iypFvJeMV+8LORKh5M0IA07sAdH4MExlOAcylABBvfwCM/w4jw4T86r8zZpTTnTmW34Bef9G5GQmmI=</latexit>

uncolored region grows by |I|<latexit sha1_base64="UK7NFmz8wAnub7EIIgwA0CV9rfU=">AAAB6XicbZC5TgMxEIZnwxXCtRwdjUXEUUW7FIGOSBRQBkQOKVlFXsebWPF6V7YXKazyBjQUIERLz8PQUeYNeASco4CEX7L06f9n5JnxY86UdpwvK7OwuLS8kl3Nra1vbG7Z2ztVFSWS0AqJeCTrPlaUM0ErmmlO67GkOPQ5rfm9y1Feu6dSsUjc6X5MvRB3BAsYwdpYt93jlp13Cs5YaB7cKeQvvodXH3sPw3LL/my2I5KEVGjCsVIN14m1l2KpGeF0kGsmisaY9HCHNgwKHFLlpeNJB+jQOG0URNI8odHY/d2R4lCpfuibyhDrrprNRuZ/WSPRwbmXMhEnmgoy+ShIONIRGq2N2kxSonnfACaSmVkR6WKJiTbHyZkjuLMrz0P1tOAWC8UbJ186gomysA8HcAIunEEJrqEMFSAQwCM8w4vVs56sV+ttUpqxpj278EfW+w8mupF8</latexit>

h0

<latexit sha1_base64="BuBBmHlDSu9y4/91Wn4bVh1vd2o=">AAACCnicbVC7SgNBFJ2NrxhfUUub1SCmCrsWUWwM2FhGMA/IhjA7mWSHzO4sM3c1YUlaG8EvsbFQxE78Ajv/wkZrJ49CEw9cOHPOvcy9xw05U2BZH0Zibn5hcSm5nFpZXVvfSG9ulZWIJKElIriQVRcryllAS8CA02ooKfZdTitu52zoV66oVEwEl9ALad3H7YC1GMGgpUZ61+lK1vYASymu48Fg4B2cOEC7EHvC7+t3v5HOWDlrBHOW2BOSOf38er1zst/FRvrdaQoS+TQAwrFSNdsKoR5jCYxw2k85kaIhJh3cpjVNA+xTVY9Hp/TNfa00zZaQugIwR+rviRj7SvV8V3f6GDw17Q3F/7xaBK3jesyCMAIakPFHrYibIMxhLmaTSUqA9zTBRDK9q0k8LDEBnV5Kh2BPnzxLyoc5O5/LX1iZQhaNkUQ7aA9lkY2OUAGdoyIqIYJu0D16RE/GrfFgPBsv49aEMZnZRn9gvP0ASRihAA==</latexit>
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<latexit sha1_base64="Ow67p/N5YU1dXlW6hprKD4Z55fM=">AAACCHicbVC7TsNAEFzzDOFloKTAIgJRRXaKQEckGsogkYcUR9H5sklOOZ+tu3OkyEpJw6/QUIAQLZ9Ax1/wCVycFJAw0kmj2d3ZvQlizpR23S9rZXVtfWMzt5Xf3tnd27cPDusqSiTFGo14JJsBUciZwJpmmmMzlkjCgGMjGN5M640RSsUica/HMbZD0hesxyjRRurYJz5FoVEy0c8nIvPDru+PiGTEeKiOXXCLbgZnmXhzUrj+hgzVjv3pdyOahMaVcqJUy3Nj3U6J1IxynOT9RGFM6JD0sWWoICGqdpotnjhnRuk6vUiaJ7STqb8nUhIqNQ4D0xkSPVCLtan4X62V6N5VO2UiTjQKOlvUS7ijI2eaitNlEqnmY0MIlczc6tABkYSaaFTehOAtfnmZ1EtFr1ws35UKlfNZGpCDYziFC/DgEipwC1WoAYUHeIIXeLUerWfrzXqfta5Y85kj+APr4wcSKZte</latexit>

uncolored
variables

<latexit sha1_base64="aiQOKWG11PpqboiO+/MZo2Usb5o=">AAAB8XicbVC7SgNBFL0bXzG+4qOzGQwaq7BrEcXGgIWWEcwDkyXMzk6SIbOzy8ysEJf8hY2FIraCH2NnmT/wE5w8Ck08cOFwzrnchxdxprRtf1mphcWl5ZX0amZtfWNzK7u9U1VhLAmtkJCHsu5hRTkTtKKZ5rQeSYoDj9Oa17sc+bV7KhULxa3uR9QNcEewNiNYG+muyU3Ux/n8eSubswv2GGieOFOSu/geXn3sPQzLrexn0w9JHFChCcdKNRw70m6CpWaE00GmGSsaYdLDHdowVOCAKjcZbzxAh0bxUTuUpoRGY/V3R4IDpfqBZ5IB1l01643E/7xGrNtnbsJEFGsqyGRQO+ZIh2h0PvKZpETzviGYSGZ2RaSLJSbaPCljnuDMnjxPqicFp1go3ti50hFMkIZ9OIBjcOAUSnANZagAAQGP8AwvlrKerFfrbRJNWdOeXfgD6/0HesCUgg==</latexit>

�00 :

Figure 2: (Left) An example of a homomorphism from λ′ to λ+ with a large purely-red interval I . In λ′, red (resp. blue) edges correspond
to expansions of recursive atoms (resp. non-recursive atoms), and green vertices correspond to variables of q. The h-preimage of I contains
two intervals I1 and I2 coming from recursive atom expansions of words of length 2 and 3 respectively.
(Right) The resulting λ′′. The intervals I1, I2 are contracted to a single variable in the homomorphism to λ+. The image of the variables
which appeared to the right of I are now shifted to the left, making the number of uncolored variables grow by |I| − 1.

recursive atom expansion (and only recursive atom expan-
sion since the color is exclusively red), we have λ′′ ∈ q(M).

Further, note that since there is always at least one uncol-
ored variable λ+ (which is a recursive atom expansion), we
have λ′′ hom−−→ λ+ because it suffices to shift the image of the
variables appearing of one side of I as shown in Figure 2,
in particular making the uncolored region grow. This is in
contradiction with λ′ being minimal.

Hence, in an atom expansion x
wM′

−−−→ y of λ+, there can-
not be a purely-red interval of size Zred. On the other hand,
since |q|var is the number of variables in q, there cannot be
more than |q|var green-colored variables. Finally, there can-
not be more than |q|at ·Nq blue-colored variables.

Thus, there cannot be a colored interval of size greater
than Zcol =̂ |q|at · Nq · |q|var · Zred (as it would imply a
Zred-sized purely-red interval). Since |q|at is the number of
atoms, there cannot be more than |q|at colored intervals of

maximal size in such atom expansions x wM′

−−−→ y (actually,
the number of connected components of q would suffice).

How many colored variables does λ+ have? Since the
maximum length of a colored interval is Zcol and since there
are no more than |q|at intervals on any given atom expansion
of λ+, there cannot be more than Zq = |q|2at · Zcol colored
variables in λ+. Hence, |Im(h)| ≤ Zq .
(2) Next, we show that h is also a homomorphism to an

isomorphic copy of λ. Observe that if we have an uncolored

interval of x
wM′

−−−→ y of size |w| we can simply contract
it obtaining some λ± such that h is still a homomorphism
λ′ hom−−→ λ± and λ± ∈ Exp(q).

Consider any recursive atom expansion from λ+ of the

form x
wM′

−−−→ y. By construction of λ+, recall that x wM′

−−−→ y

was obtained by replacing some atom expansion x
wm

−−→ y of
λ where m > Zq . If we could find M ′ −m such uncolored

intervals of an atom expansion x
wM′

−−−→ y as before, we could
contract them and obtain (an isomorphic copy of) x wm

−−→ y.
Further, h would still be a valid homomorphism.

But how many such uncolored |w|-sized intervals are

there? The worst-case scenario in which we could not find
any such uncolored interval is the one where every pair of
colored-intervals (and there are at most |q|at many) separated
by |w| − 1 uncolored-intervals. Since the size and number
of colored-intervals is bounded by Zcol and |q|at respectively,
the length of such worst-case atom expansion is bounded by
Zworst =̂ |q|at · Zcol + (|q|at + 1) · (|w| − 1). Hence, there
are at least ⌈((M ′ · |w|) − Zworst)/|w|⌉ uncolored-intervals
of size |w|, and since

⌈((M ′ · |w|)− Zworst)/|w|⌉
≥M ′ − Zworst/|w|
≥M ′ − |q|at · Zcol · |w|
≥M ′ − Zq (since Zq > |q|at · Zcol · |w|)
≥M ′ −m, (since m > Zq)

we can contract (M ′−m)-many uncolored intervals among
the available ones. If we repeat these contractions for every
M ′-atom expansion, we obtain (an isomorphic copy of) λ
from λ+, which shows h : λ′ hom−−→ λ.

This concludes the proof of Claim 16 and hence of
Lemma 14.

5.2 Proof of Lemma 15
We will actually prove the following statement, which en-
tails Lemma 15.
Lemma 17. For every query q ∈ UCRPQ(SSF,w∗), the
following are equivalent:
(1) q is bounded,
(2) q ≡ q(Zq),
(3) q(Z+

q ) ≡ q(Zq).

Proof. (2)⇒ (1) is by definition of being bounded.

(1)⇒ (3) By the previous Lemma 14, if q is bounded
then it is equivalent to q(Zq), and hence also to q(Z+

q ) since
Z+
q ≥ Zq .

(3)⇒ (2) We show the contrapositive statement, namely
that q ̸⊆ q(Zq) implies q(Z+

q ) ̸⊆ q(Zq). Assume that q ̸⊆



q(Zq). Then there is some expansion λ ∈ Exp(q) such that
λ ̸⊆ q(Zq). Observe that the size of every expansion from
q(Zq) is strictly bounded by Z+

q = |q|at·Zq+1. Consider the
expansion λ′ as the result of replacing each atom expansion

x
wℓ

−−→ y of λ such that ℓ > Zq with x
w

Z+
q−−−→ y. Clearly,

λ′ ∈ q(Z+
q ).

We want to show that λ′ ̸⊆ q(Zq). By means of contra-
diction, assume that there is an expansion λ̂ ∈ q(Zq) such
that h : λ̂

hom−−→ λ′. Then, each replaced atom expansion

x
w

Z+
q−−−→ y of λ′ must contain at least one vertex which is not

in the image of h. Then, we can expand it back6 to x
wℓ

−−→ y

still results in a homomorphism. Therefore, λ̂ hom−−→ λ′ im-
plies λ̂ hom−−→ λ; and since λ ̸⊆ q(Zq), we have λ′ ̸⊆ q(Zq).

Hence, q ̸⊆ q(Zq) implies q(Z+
q ) ̸⊆ q(Zq).

6 Lower Bound
Here we show that even for the simplest fragment, namely
CRPQ where the regular expressions are of the form a∗ or
just a, the BOUNDEDNESS problem is already Πp

2-hard.
Theorem 18. The BOUNDEDNESS problem for
CRPQ(a,a∗) is Πp

2-hard.
Observation 19. The queries q1 and q2 defined in the proof
of Theorem 18 are constructed in the same way as the
queries Q1 and Q2 of (Figueira et al. 2020a, proof of Theo-
rem 4.3), except that the following changes have been made:

1. • t−→ • has been replaced with • b←− • a←− •;
2. • f−→ • has been replaced with • b←− • a−→ •;
3. • t+f−−→ • in D has been replaced with • b←− • a∗

←− • a−→ •;
4. a self-loop on s has been added to all roots of the D/E-

trees in q1;
5. a self-loop on s · s∗ (same as s+) has been added to all

roots of each clause sub-query in q2.
The proof goes by reduction from ∀∃-QBF satisfiability.

Consider an instance of ∀∃-QBF

Φ = ∀x1, . . . , xn∃y1, . . . , yl φ(x1, . . . , xn, y1, . . . , yl)
(1)

where φ is quantifier free and in 3-CNF. We define Boolean
CRPQ(a,a∗) queries q1 and q2 on the alphabet A =
{b, a, s, j, x1, . . . , xn, y1, . . . , yl} as depicted in Figures 3
and 4 respectively. Note that q1 does not depend on the
structure of φ and q2 encodes every clause occurring in φ
as a disjoint gadget. We will prove that Φ is satisfiable iff
the CRPQ q1 ∧ q2 is bounded.

The construction is similar to the proof of (Figueira et al.
2020a, Theorem 4.3). However, the context is different since
the cited theorem proves Πp

2-hardness for the containment
problem for the fragment of CRPQs where disjunctions of
letters (i.e., expressions like “a+ b”) are allowed.

6Remember that ℓ > Z+
q and we can add sufficiently many new

vertices in the neighborhood of the vertex that is not in the image

of h to obtain x
wℓ

−−→ y.

<latexit sha1_base64="4cNmdz3wcKK1M5GRwsDd4tbyKiM=">AAAB63icbZDLSgMxFIbPeK31VnXpJlgUV2VGpIobC25cVrAXaIeSSTNtaJIZk4xQhr6CGxdqcevDuHXn25hpu9DWHwIf/38OOecEMWfauO63s7S8srq2ntvIb25t7+wW9vbrOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDmyxvPFKlWSTvzTCmvsA9yUJGsMmsh4531SkU3ZI7EVoEbwbF68+3TONqp/DV7kYkEVQawrHWLc+NjZ9iZRjhdJRvJ5rGmAxwj7YsSiyo9tPJrCN0bJ0uCiNlnzRo4v7uSLHQeigCWymw6ev5LDP/y1qJCS/9lMk4MVSS6UdhwpGJULY46jJFieFDC5goZmdFpI8VJsaeJ2+P4M2vvAj1s5JXLpXvzouVE5gqB4dwBKfgwQVU4BaqUAMCfXiCF3h1hPPsjJ33aemSM+s5gD9yPn4AsYiSaw==</latexit>

q1 :
<latexit sha1_base64="QlWKHyhVHQk2zPJo/gL10tT6qng=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWBQrMKuSLQzoIVlAuYCyRJmJ2eTMbMXZmaFEPIENhaKxNK3sbXzbZxNUmjiDwMf/38Oc87xYsGVtu1vK7Oyura+kd3MbW3v7O7l9w/qKkokwxqLRCSbHlUoeIg1zbXAZiyRBp7Ahje4SfPGI0rFo/BeD2N0A9oLuc8Z1caq3nbyBbtoT0WWwZlD4fpzkuq90sl/tbsRSwIMNRNUqZZjx9odUak5EzjOtROFMWUD2sOWwZAGqNzRdNAxOTFOl/iRNC/UZOr+7hjRQKlh4JnKgOq+WsxS87+slWj/yh3xME40hmz2kZ8IoiOSbk26XCLTYmiAMsnNrIT1qaRMm9vkzBGcxZWXoX5edErFUvWiUD6FmbJwBMdwBg5cQhnuoAI1YIDwBC/waj1Yz9abNZmVZqx5zyH8kfXxA8oakVY=</latexit>

D

<latexit sha1_base64="XW4vnaYI/rLcUfsnLI6SyqT78d8=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8GiuCqJSBU3FnThsoq9QBvKZDpph04mYWYilNA3cONC0W59GrfufBsnTRfa+sPAx/+fw5xzvIgzpW3728otLa+sruXXCxubW9s7xd29hgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94XWaNx+pVCwUD3oUUTfAfcF8RrA21v3NZbdYssv2VGgRnBmUrj7fU01q3eJXpxeSOKBCE46Vajt2pN0ES80Ip+NCJ1Y0wmSI+7RtUOCAKjeZTjpGR8bpIT+U5gmNpu7vjgQHSo0Cz1QGWA/UfJaa/2XtWPsXbsJEFGsqSPaRH3OkQ5SujXpMUqL5yAAmkplZERlgiYk2xymYIzjzKy9C47TsVMqVu7NS9Rgy5eEADuEEHDiHKtxCDepAwIcneIFXa2g9W2/WJCvNWbOeffgj6+MHRzmRmg==</latexit>

D :

<latexit sha1_base64="+41PpkCnpTlICeGGXrU+p3nXTFI="></latexit>

⇢ :

<latexit sha1_base64="kJO0V8LKF7sPnBeAbteBd9gguF8=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjUt1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76MW3e+jZm2C239IfDx/+eQc44fC66N43yjpeWV1bX13EZ+c2t7Z7ewt1/XUaIoq9FIRKrpE80El6xmuBGsGStGQl+whj+4zvLGA1OaR/LeDGPmhaQnecApMda6e+y4nULRKTkT4UVwZ1C8+hxneqt2Cl/tbkSTkElDBdG65Tqx8VKiDKeCjfLtRLOY0AHpsZZFSUKmvXQy6ggfW6eLg0jZJw2euL87UhJqPQx9WxkS09fzWWb+l7USE1x6KZdxYpik04+CRGAT4Wxv3OWKUSOGFghV3M6KaZ8oQo29Tt4ewZ1feRHqZyW3XCrfnhcrJzBVDg7hCE7BhQuowA1UoQYUevAEL/CKBHpGY/Q+LV1Cs54D+CP08QM+YZIu</latexit>

x1
<latexit sha1_base64="ZuLO0usKNYXpO7yZqYiX/0m4Lak=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjUt1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76MW3e+jZm2C239IfDx/+eQc44fC66N43yjpeWV1bX13EZ+c2t7Z7ewt1/XUaIoq9FIRKrpE80El6xmuBGsGStGQl+whj+4zvLGA1OaR/LeDGPmhaQnecApMda6e+zITqHolJyJ8CK4MyhefY4zvVU7ha92N6JJyKShgmjdcp3YeClRhlPBRvl2ollM6ID0WMuiJCHTXjoZdYSPrdPFQaTskwZP3N8dKQm1Hoa+rQyJ6ev5LDP/y1qJCS69lMs4MUzS6UdBIrCJcLY37nLFqBFDC4QqbmfFtE8UocZeJ2+P4M6vvAj1s5JbLpVvz4uVE5gqB4dwBKfgwgVU4AaqUAMKPXiCF3hFAj2jMXqfli6hWc8B/BH6+AGa1ZJr</latexit>

xn
<latexit sha1_base64="SUFk/C5na0Bq0zrFvF9fiIfW02E=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8GiuCqJSHVnwY3LivYCbSiT6aQdOpmEmYkQQh/BjQuluvVl3LrzbZykXWjrDwMf/38Oc87xIs6Utu1vq7Cyura+UdwsbW3v7O6V9w9aKowloU0S8lB2PKwoZ4I2NdOcdiJJceBx2vbGN1nefqRSsVA86CSiboCHgvmMYG2s+6Tv9MsVu2rnQsvgzKFy/TnN9Nbol796g5DEARWacKxU17Ej7aZYakY4nZR6saIRJmM8pF2DAgdUuWk+6gSdGGeA/FCaJzTK3d8dKQ6USgLPVAZYj9Rilpn/Zd1Y+1duykQUayrI7CM/5kiHKNsbDZikRPPEACaSmVkRGWGJiTbXKZkjOIsrL0PrvOrUqrW7i0r9FGYqwhEcwxk4cAl1uIUGNIHAEJ7gBV4tbj1bU+t9Vlqw5j2H8EfWxw8/55Iv</latexit>

y1
<latexit sha1_base64="buuocHB4xb1jEX6ErP7IUpbYiUo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8GiuCozItWdBTcuK9gLtEPJpGkbm0mGJCMMQ9/BjYsWceuzuHXn25hpu9DWHwIf/38OOecEEWfauO63k1tb39jcym8Xdnb39g+Kh0cNLWNFaJ1ILlUrwJpyJmjdMMNpK1IUhwGnzWB0l+XNZ6o0k+LRJBH1QzwQrM8INtZqJN0O5bxbLLlldya0Ct4CSrefk0zTWrf41elJEodUGMKx1m3PjYyfYmUY4XRc6MSaRpiM8IC2LQocUu2ns2nH6Mw6PdSXyj5h0Mz93ZHiUOskDGxliM1QL2eZ+V/Wjk3/xk+ZiGJDBZl/1I85MhJlq6MeU5QYnljARDE7KyJDrDAx9kAFewRveeVVaFyWvUq58nBVqp7DXHk4gVO4AA+uoQr3UIM6EHiCF5jA1JHOq/PmvM9Lc86i5xj+yPn4AdU1k7U=</latexit>

y`

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a
<latexit sha1_base64="CBVMQiO67DFVYPdMXG6LXSBEUtI="></latexit>

0⇤

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b
<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a
<latexit sha1_base64="CBVMQiO67DFVYPdMXG6LXSBEUtI="></latexit>

0⇤

<latexit sha1_base64="c8CFfUoxci2xe63OD8tPCZoWCw4="></latexit> . . . <latexit sha1_base64="c8CFfUoxci2xe63OD8tPCZoWCw4="></latexit> . . .

<latexit sha1_base64="NAC8QWuUqysUGfp06GxRJJ31NtY=">AAAB7nicbZBNS8NAEIYn9avWr6pHL8GieJCSiFRvFrx4rGA/oA1ls922SzebsDsRQuiP8CJYEa/+Fa/e/Ddu2h609YWFh/edYWfGjwTX6DjfVm5ldW19I79Z2Nre2d0r7h80dBgryuo0FKFq+UQzwSWrI0fBWpFiJPAFa/qj2yxvPjKleSgfMImYF5CB5H1OCRqrmXRT9xzH3WLJKTtT2cvgzqF08/mSaVLrFr86vZDGAZNIBdG67ToReilRyKlg40In1iwidEQGrG1QkoBpL52OO7ZPjNOz+6EyT6I9dX93pCTQOgl8UxkQHOrFLDP/y9ox9q+9lMsoRibp7KN+LGwM7Wx3u8cVoygSA4Qqbma16ZAoQtFcqGCO4C6uvAyNi7JbKVfuL0vVU5gpD0dwDGfgwhVU4Q5qUAcKI3iCCbxakfVsvVnvs9KcNe85hD+yPn4ARMuT7w==</latexit>

y1,t
<latexit sha1_base64="KM5E3xLXv/OxRiyoXMbRa1KBcUY=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8GiuJCSiFR3Fty4rGAv0IYymU7aoZNJmJkIIfQh3AhWxK2v4tadb+Mk7UJbfxj4+P9zmHOOF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vs3y9iOVioXiQScRdQM8FMxnBGtjtZN+6pz7k365YlftXGgZnDlUbj5fMk0b/fJXbxCSOKBCE46V6jp2pN0US80Ip5NSL1Y0wmSMh7RrUOCAKjfNx52gE+MMkB9K84RGufu7I8WBUkngmcoA65FazDLzv6wba//aTZmIYk0FmX3kxxzpEGW7owGTlGieGMBEMjMrIiMsMdHmQiVzBGdx5WVoXVSdWrV2f1mpn8JMRTiCYzgDB66gDnfQgCYQGMMTTOHViqxn6816n5UWrHnPIfyR9fEDL4WT4Q==</latexit>

y1,f

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a
<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b
<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a
<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="XqAGbacpwqWqikheCnZKHa1G174=">AAAB8XicbZBNS8NAEIYn9avWr6pHL8GieJCSiFRvFrx4rGA/sA1ls520SzebsLsRQui/8FJBEa/+Eq/e/DduWw/a+sLCw/vOsDPjx5wp7ThfVm5peWV1Lb9e2Njc2t4p7u41VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8nuTNB5SKReJOpzF6IekLFjBKtLHu027WQc5Pg1G3WHLKzlT2Irg/ULr6GE/0VOsWPzu9iCYhCk05UartOrH2MiI1oxxHhU6iMCZ0SPrYNihIiMrLphOP7CPj9OwgkuYJbU/d3x0ZCZVKQ99UhkQP1Hw2Mf/L2okOLr2MiTjRKOjsoyDhto7syfp2j0mkmqcGCJXMzGrTAZGEanOkgjmCO7/yIjTOym6lXLk9L1WPYaY8HMAhnIALF1CFG6hBHSgIeIRneLGUNbZerbdZac766dmHP7LevwHKlJVn</latexit>

y`,f
<latexit sha1_base64="YOZaNGzxAXLJ1ahvWcoTJ86vNF4=">AAAB8XicbZBNS8NAEIYn9avWr6pHL8GieJCSiFRvFrx4rGA/sA1ls520SzebsLsRQui/8FJBEa/+Eq/e/DduWw/a+sLCw/vOsDPjx5wp7ThfVm5peWV1Lb9e2Njc2t4p7u41VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8nuTNB5SKReJOpzF6IekLFjBKtLHu027WQc5P9ahbLDllZyp7EdwfKF19jCd6qnWLn51eRJMQhaacKNV2nVh7GZGaUY6jQidRGBM6JH1sGxQkROVl04lH9pFxenYQSfOEtqfu746MhEqloW8qQ6IHaj6bmP9l7UQHl17GRJxoFHT2UZBwW0f2ZH27xyRSzVMDhEpmZrXpgEhCtTlSwRzBnV95ERpnZbdSrtyel6rHMFMeDuAQTsCFC6jCDdSgDhQEPMIzvFjKGluv1tusNGf99OzDH1nv39/alXU=</latexit>

y`,t

<latexit sha1_base64="kJO0V8LKF7sPnBeAbteBd9gguF8=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjUt1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76MW3e+jZm2C239IfDx/+eQc44fC66N43yjpeWV1bX13EZ+c2t7Z7ewt1/XUaIoq9FIRKrpE80El6xmuBGsGStGQl+whj+4zvLGA1OaR/LeDGPmhaQnecApMda6e+y4nULRKTkT4UVwZ1C8+hxneqt2Cl/tbkSTkElDBdG65Tqx8VKiDKeCjfLtRLOY0AHpsZZFSUKmvXQy6ggfW6eLg0jZJw2euL87UhJqPQx9WxkS09fzWWb+l7USE1x6KZdxYpik04+CRGAT4Wxv3OWKUSOGFghV3M6KaZ8oQo29Tt4ewZ1feRHqZyW3XCrfnhcrJzBVDg7hCE7BhQuowA1UoQYUevAEL/CKBHpGY/Q+LV1Cs54D+CP08QM+YZIu</latexit>

x1
<latexit sha1_base64="ZuLO0usKNYXpO7yZqYiX/0m4Lak=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyyKqzIjUt1ZcOOyor1AO5RMmmlDM5khyYhl6CO4caFUt76MW3e+jZm2C239IfDx/+eQc44fC66N43yjpeWV1bX13EZ+c2t7Z7ewt1/XUaIoq9FIRKrpE80El6xmuBGsGStGQl+whj+4zvLGA1OaR/LeDGPmhaQnecApMda6e+zITqHolJyJ8CK4MyhefY4zvVU7ha92N6JJyKShgmjdcp3YeClRhlPBRvl2ollM6ID0WMuiJCHTXjoZdYSPrdPFQaTskwZP3N8dKQm1Hoa+rQyJ6ev5LDP/y1qJCS69lMs4MUzS6UdBIrCJcLY37nLFqBFDC4QqbmfFtE8UocZeJ2+P4M6vvAj1s5JbLpVvz4uVE5gqB4dwBKfgwgVU4AaqUAMKPXiCF3hFAj2jMXqfli6hWc8B/BH6+AGa1ZJr</latexit>

xn
<latexit sha1_base64="SUFk/C5na0Bq0zrFvF9fiIfW02E=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8GiuCqJSHVnwY3LivYCbSiT6aQdOpmEmYkQQh/BjQuluvVl3LrzbZykXWjrDwMf/38Oc87xIs6Utu1vq7Cyura+UdwsbW3v7O6V9w9aKowloU0S8lB2PKwoZ4I2NdOcdiJJceBx2vbGN1nefqRSsVA86CSiboCHgvmMYG2s+6Tv9MsVu2rnQsvgzKFy/TnN9Nbol796g5DEARWacKxU17Ej7aZYakY4nZR6saIRJmM8pF2DAgdUuWk+6gSdGGeA/FCaJzTK3d8dKQ6USgLPVAZYj9Rilpn/Zd1Y+1duykQUayrI7CM/5kiHKNsbDZikRPPEACaSmVkRGWGJiTbXKZkjOIsrL0PrvOrUqrW7i0r9FGYqwhEcwxk4cAl1uIUGNIHAEJ7gBV4tbj1bU+t9Vlqw5j2H8EfWxw8/55Iv</latexit>

y1
<latexit sha1_base64="buuocHB4xb1jEX6ErP7IUpbYiUo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8GiuCozItWdBTcuK9gLtEPJpGkbm0mGJCMMQ9/BjYsWceuzuHXn25hpu9DWHwIf/38OOecEEWfauO63k1tb39jcym8Xdnb39g+Kh0cNLWNFaJ1ILlUrwJpyJmjdMMNpK1IUhwGnzWB0l+XNZ6o0k+LRJBH1QzwQrM8INtZqJN0O5bxbLLlldya0Ct4CSrefk0zTWrf41elJEodUGMKx1m3PjYyfYmUY4XRc6MSaRpiM8IC2LQocUu2ns2nH6Mw6PdSXyj5h0Mz93ZHiUOskDGxliM1QL2eZ+V/Wjk3/xk+ZiGJDBZl/1I85MhJlq6MeU5QYnljARDE7KyJDrDAx9kAFewRveeVVaFyWvUq58nBVqp7DXHk4gVO4AA+uoQr3UIM6EHiCF5jA1JHOq/PmvM9Lc86i5xj+yPn4AdU1k7U=</latexit>

y`

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="c8CFfUoxci2xe63OD8tPCZoWCw4="></latexit> . . . <latexit sha1_base64="c8CFfUoxci2xe63OD8tPCZoWCw4="></latexit> . . .

<latexit sha1_base64="NAC8QWuUqysUGfp06GxRJJ31NtY=">AAAB7nicbZBNS8NAEIYn9avWr6pHL8GieJCSiFRvFrx4rGA/oA1ls922SzebsDsRQuiP8CJYEa/+Fa/e/Ddu2h609YWFh/edYWfGjwTX6DjfVm5ldW19I79Z2Nre2d0r7h80dBgryuo0FKFq+UQzwSWrI0fBWpFiJPAFa/qj2yxvPjKleSgfMImYF5CB5H1OCRqrmXRT9xzH3WLJKTtT2cvgzqF08/mSaVLrFr86vZDGAZNIBdG67ToReilRyKlg40In1iwidEQGrG1QkoBpL52OO7ZPjNOz+6EyT6I9dX93pCTQOgl8UxkQHOrFLDP/y9ox9q+9lMsoRibp7KN+LGwM7Wx3u8cVoygSA4Qqbma16ZAoQtFcqGCO4C6uvAyNi7JbKVfuL0vVU5gpD0dwDGfgwhVU4Q5qUAcKI3iCCbxakfVsvVnvs9KcNe85hD+yPn4ARMuT7w==</latexit>

y1,t
<latexit sha1_base64="KM5E3xLXv/OxRiyoXMbRa1KBcUY=">AAAB7nicbZDLSsNAFIZP6q3WW9Wlm8GiuJCSiFR3Fty4rGAv0IYymU7aoZNJmJkIIfQh3AhWxK2v4tadb+Mk7UJbfxj4+P9zmHOOF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vs3y9iOVioXiQScRdQM8FMxnBGtjtZN+6pz7k365YlftXGgZnDlUbj5fMk0b/fJXbxCSOKBCE46V6jp2pN0US80Ip5NSL1Y0wmSMh7RrUOCAKjfNx52gE+MMkB9K84RGufu7I8WBUkngmcoA65FazDLzv6wba//aTZmIYk0FmX3kxxzpEGW7owGTlGieGMBEMjMrIiMsMdHmQiVzBGdx5WVoXVSdWrV2f1mpn8JMRTiCYzgDB66gDnfQgCYQGMMTTOHViqxn6816n5UWrHnPIfyR9fEDL4WT4Q==</latexit>

y1,f

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a
<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="XqAGbacpwqWqikheCnZKHa1G174=">AAAB8XicbZBNS8NAEIYn9avWr6pHL8GieJCSiFRvFrx4rGA/sA1ls520SzebsLsRQui/8FJBEa/+Eq/e/DduWw/a+sLCw/vOsDPjx5wp7ThfVm5peWV1Lb9e2Njc2t4p7u41VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8nuTNB5SKReJOpzF6IekLFjBKtLHu027WQc5Pg1G3WHLKzlT2Irg/ULr6GE/0VOsWPzu9iCYhCk05UartOrH2MiI1oxxHhU6iMCZ0SPrYNihIiMrLphOP7CPj9OwgkuYJbU/d3x0ZCZVKQ99UhkQP1Hw2Mf/L2okOLr2MiTjRKOjsoyDhto7syfp2j0mkmqcGCJXMzGrTAZGEanOkgjmCO7/yIjTOym6lXLk9L1WPYaY8HMAhnIALF1CFG6hBHSgIeIRneLGUNbZerbdZac766dmHP7LevwHKlJVn</latexit>

y`,f
<latexit sha1_base64="YOZaNGzxAXLJ1ahvWcoTJ86vNF4=">AAAB8XicbZBNS8NAEIYn9avWr6pHL8GieJCSiFRvFrx4rGA/sA1ls520SzebsLsRQui/8FJBEa/+Eq/e/DduWw/a+sLCw/vOsDPjx5wp7ThfVm5peWV1Lb9e2Njc2t4p7u41VJRIinUa8Ui2fKKQM4F1zTTHViyRhD7Hpj+8nuTNB5SKReJOpzF6IekLFjBKtLHu027WQc5P9ahbLDllZyp7EdwfKF19jCd6qnWLn51eRJMQhaacKNV2nVh7GZGaUY6jQidRGBM6JH1sGxQkROVl04lH9pFxenYQSfOEtqfu746MhEqloW8qQ6IHaj6bmP9l7UQHl17GRJxoFHT2UZBwW0f2ZH27xyRSzVMDhEpmZrXpgEhCtTlSwRzBnV95ERpnZbdSrtyel6rHMFMeDuAQTsCFC6jCDdSgDhQEPMIzvFjKGluv1tusNGf99OzDH1nv39/alXU=</latexit>

y`,t

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b
<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a
<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b
<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a
<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b
<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a
<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b

<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="62cYyZE+IYujtWJ0Mq1/rB36p40=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg11S0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgBEWWRhQ==</latexit>

s <latexit sha1_base64="VcpW3UlG6taW1kjTklMal5h04t0=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uUg0VuTOGLSTxMYSEvlI4EL2lgEW9vYuu3sm5MIvsLHQGCz9N7Z2/hv3gELBN9nkyfvOZGfGjzhT2nG+rcza+sbmVnY7t7O7t3+QPzyqqzCWFGs05KFs+kQhZwJrmmmOzUgiCXyODX90l+aNR5SKheJBjyP0AtIXrMco0caqDjv5glN0ZrJXwV1A4fZzmuq90sl/tbshjQMUmnKiVMt1Iu0lRGpGOU5y7VhhROiI9LFlUJAAlZfMBp3YZ8bp2r1Qmie0PXN/dyQkUGoc+KYyIHqglrPU/C9rxbp34yVMRLFGQecf9WJu69BOt7a7TCLVfGyAUMnMrDYdEEmoNrfJmSO4yyuvQv2y6JaKpepVoXwOc2XhBE7hAly4hjLcQwVqQAHhCV7g1Rpaz9abNZ2XZqxFzzH8kfXxAwPBkXw=</latexit>

j

<latexit sha1_base64="62cYyZE+IYujtWJ0Mq1/rB36p40=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg11S0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgBEWWRhQ==</latexit>

s
<latexit sha1_base64="62cYyZE+IYujtWJ0Mq1/rB36p40=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg11S0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgBEWWRhQ==</latexit>

s
<latexit sha1_base64="62cYyZE+IYujtWJ0Mq1/rB36p40=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg11S0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgBEWWRhQ==</latexit>

s
<latexit sha1_base64="62cYyZE+IYujtWJ0Mq1/rB36p40=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg11S0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgBEWWRhQ==</latexit>

s<latexit sha1_base64="VcpW3UlG6taW1kjTklMal5h04t0=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uUg0VuTOGLSTxMYSEvlI4EL2lgEW9vYuu3sm5MIvsLHQGCz9N7Z2/hv3gELBN9nkyfvOZGfGjzhT2nG+rcza+sbmVnY7t7O7t3+QPzyqqzCWFGs05KFs+kQhZwJrmmmOzUgiCXyODX90l+aNR5SKheJBjyP0AtIXrMco0caqDjv5glN0ZrJXwV1A4fZzmuq90sl/tbshjQMUmnKiVMt1Iu0lRGpGOU5y7VhhROiI9LFlUJAAlZfMBp3YZ8bp2r1Qmie0PXN/dyQkUGoc+KYyIHqglrPU/C9rxbp34yVMRLFGQecf9WJu69BOt7a7TCLVfGyAUMnMrDYdEEmoNrfJmSO4yyuvQv2y6JaKpepVoXwOc2XhBE7hAly4hjLcQwVqQAHhCV7g1Rpaz9abNZ2XZqxFzzH8kfXxAwPBkXw=</latexit>

j
<latexit sha1_base64="VcpW3UlG6taW1kjTklMal5h04t0=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uUg0VuTOGLSTxMYSEvlI4EL2lgEW9vYuu3sm5MIvsLHQGCz9N7Z2/hv3gELBN9nkyfvOZGfGjzhT2nG+rcza+sbmVnY7t7O7t3+QPzyqqzCWFGs05KFs+kQhZwJrmmmOzUgiCXyODX90l+aNR5SKheJBjyP0AtIXrMco0caqDjv5glN0ZrJXwV1A4fZzmuq90sl/tbshjQMUmnKiVMt1Iu0lRGpGOU5y7VhhROiI9LFlUJAAlZfMBp3YZ8bp2r1Qmie0PXN/dyQkUGoc+KYyIHqglrPU/C9rxbp34yVMRLFGQecf9WJu69BOt7a7TCLVfGyAUMnMrDYdEEmoNrfJmSO4yyuvQv2y6JaKpepVoXwOc2XhBE7hAly4hjLcQwVqQAHhCV7g1Rpaz9abNZ2XZqxFzzH8kfXxAwPBkXw=</latexit>

j
<latexit sha1_base64="VcpW3UlG6taW1kjTklMal5h04t0=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uUg0VuTOGLSTxMYSEvlI4EL2lgEW9vYuu3sm5MIvsLHQGCz9N7Z2/hv3gELBN9nkyfvOZGfGjzhT2nG+rcza+sbmVnY7t7O7t3+QPzyqqzCWFGs05KFs+kQhZwJrmmmOzUgiCXyODX90l+aNR5SKheJBjyP0AtIXrMco0caqDjv5glN0ZrJXwV1A4fZzmuq90sl/tbshjQMUmnKiVMt1Iu0lRGpGOU5y7VhhROiI9LFlUJAAlZfMBp3YZ8bp2r1Qmie0PXN/dyQkUGoc+KYyIHqglrPU/C9rxbp34yVMRLFGQecf9WJu69BOt7a7TCLVfGyAUMnMrDYdEEmoNrfJmSO4yyuvQv2y6JaKpepVoXwOc2XhBE7hAly4hjLcQwVqQAHhCV7g1Rpaz9abNZ2XZqxFzzH8kfXxAwPBkXw=</latexit>

j

<latexit sha1_base64="i7nIjnmpZ0GiOAXCgBpp0Q2H5Ik=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozItGdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0b9y682/sSbLQxAsNh3ur6KryYsGVtu1vK7Oyura+kd3MbW3v7O7l9w/qKkokwxqLRCSbHlUoeIg1zbXAZiyRBp7Ahje4SfPGI0rFo/BeD2N0A9oLuc8Z1caq3nbyBbtoT0WWwZlD4fpzkuq90sl/tbsRSwIMNRNUqZZjx9odUak5EzjOtROFMWUD2sOWwZAGqNzRdNAxOTFOl/iRNC/UZOr+7hjRQKlh4JnKgOq+WsxS87+slWj/yh3xME40hmz2kZ8IoiOSbk26XCLTYmiAMsnNrIT1qaRMm9vkzBGcxZWXoX5edErFUvWiUD6FmbJwBMdwBg5cQhnuoAI1YIDwBC/waj1Yz9abNZmVZqx5zyH8kfXxA8uekVc=</latexit>

E
<latexit sha1_base64="i7nIjnmpZ0GiOAXCgBpp0Q2H5Ik=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozItGdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0b9y682/sSbLQxAsNh3ur6KryYsGVtu1vK7Oyura+kd3MbW3v7O7l9w/qKkokwxqLRCSbHlUoeIg1zbXAZiyRBp7Ahje4SfPGI0rFo/BeD2N0A9oLuc8Z1caq3nbyBbtoT0WWwZlD4fpzkuq90sl/tbsRSwIMNRNUqZZjx9odUak5EzjOtROFMWUD2sOWwZAGqNzRdNAxOTFOl/iRNC/UZOr+7hjRQKlh4JnKgOq+WsxS87+slWj/yh3xME40hmz2kZ8IoiOSbk26XCLTYmiAMsnNrIT1qaRMm9vkzBGcxZWXoX5edErFUvWiUD6FmbJwBMdwBg5cQhnuoAI1YIDwBC/waj1Yz9abNZmVZqx5zyH8kfXxA8uekVc=</latexit>

E
<latexit sha1_base64="i7nIjnmpZ0GiOAXCgBpp0Q2H5Ik=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozItGdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0b9y682/sSbLQxAsNh3ur6KryYsGVtu1vK7Oyura+kd3MbW3v7O7l9w/qKkokwxqLRCSbHlUoeIg1zbXAZiyRBp7Ahje4SfPGI0rFo/BeD2N0A9oLuc8Z1caq3nbyBbtoT0WWwZlD4fpzkuq90sl/tbsRSwIMNRNUqZZjx9odUak5EzjOtROFMWUD2sOWwZAGqNzRdNAxOTFOl/iRNC/UZOr+7hjRQKlh4JnKgOq+WsxS87+slWj/yh3xME40hmz2kZ8IoiOSbk26XCLTYmiAMsnNrIT1qaRMm9vkzBGcxZWXoX5edErFUvWiUD6FmbJwBMdwBg5cQhnuoAI1YIDwBC/waj1Yz9abNZmVZqx5zyH8kfXxA8uekVc=</latexit>

E
<latexit sha1_base64="i7nIjnmpZ0GiOAXCgBpp0Q2H5Ik=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8aguAozItGdARFcJmAekAyhp1OTtOl50N0jhJAvcONCkbj0b9y682/sSbLQxAsNh3ur6KryYsGVtu1vK7Oyura+kd3MbW3v7O7l9w/qKkokwxqLRCSbHlUoeIg1zbXAZiyRBp7Ahje4SfPGI0rFo/BeD2N0A9oLuc8Z1caq3nbyBbtoT0WWwZlD4fpzkuq90sl/tbsRSwIMNRNUqZZjx9odUak5EzjOtROFMWUD2sOWwZAGqNzRdNAxOTFOl/iRNC/UZOr+7hjRQKlh4JnKgOq+WsxS87+slWj/yh3xME40hmz2kZ8IoiOSbk26XCLTYmiAMsnNrIT1qaRMm9vkzBGcxZWXoX5edErFUvWiUD6FmbJwBMdwBg5cQhnuoAI1YIDwBC/waj1Yz9abNZmVZqx5zyH8kfXxA8uekVc=</latexit>

E

Figure 3: Query q1 used in the proof of Theorem 18. Variables with
identical yi,α label of the gadgets D and E (across all E) represent
the same variable (e.g., y1,f in D and E are the same variable).

Claim 20. The Boolean query q = y
a←− x

a∗
−→ z

b−→ w is
bounded. More precisely, q ≡ Exp1(q), i.e. q is equivalent

to the disjunction of patterns • b←− • a−→ • and • b←− • a←− •.

Proof. Let λm denote the m-expansion of a∗ in q. Note that
λ0 and λ1 are equivalent to the two patterns • b←− • a−→ • and
• b←− • a←− •, respectively. Also observe that λ1

hom−−→ λn for
every n > 0 via the homomorphism {w 7→ w, z 7→ z, y 7→
z, x 7→ z′}, where z′ is the variable such that z′ a−→ z is an
atom of λn. Hence, q is equivalent to the disjunction of λ0

and λ1.

Note that this query q in Claim 20 is attached as a ‘tail’
for each of the xi variable in the D gadget of q1. As a con-
sequence we have the following.

Claim 21. q1 is bounded.

Proof. From Claim 20, we have that • b←− • a←− • a−→ • can

be embedded into any non-zero expansion of • b←− • a∗
←−

• a−→ •. Since these gadgets are “leafs” in the definition of
q1, it follows that for any expansion λ of q1 there is a cor-
responding expansion of Exp1(q) (choosing one of the two
gadgets depending on whether the corresponding expansion
was 0 or > 0) which can be homomorphically mapped to λ.
Thus, the claim follows.

Theorem 18 is a consequence of the following lemma.

Lemma 22. Let Φ be an instance of ∀∃-QBF and q1 and q2
as described. Then the following are equivalent:

(1) Φ is satisfiable, (2) q1 ⊆ q2, and (3) q1∧q2 is bounded.



Proof. (1)⇔ (2) (Proof sketch.)7 This follows by an
adaptation of the proof of Theorem 4.3 of (Figueira et al.
2020a).8

The proof goes by reduction from ∀∃-QBF satisfiability.
Given a ∀∃-QBF formula Φ as in (1), we construct queries q1
and q2 as depicted in Figures 3 and 4. The query q2 consists
of gadgets as in Figure 4 per clause, while q1 is defined in
Figure 3.

The “tail parts” of the edges labeled xi in the D gadget
allows any assignment to the variable xi, that is, the a∗ in
D can be expanded for a ‘true’ assignment • b←− • a←− • or
shrunk for a ‘false’ assignment • b←− • a−→ •. The valuation
for the yi variables comes from q2 (as in Figure 4): the yi,tf
node in q2 embeds uniquely into one of the yi,t or yi,f nodes
of q1 to witness the containment.

When the formula is satisfiable, there exists a valuation
for all the yi variables for any valuation of the xi variables.
The D gadgets allows the choice of any true/false assign-
ments for xi variables, and we can embed the y−,tf nodes of
q2 into exactly one of the y−,t, y−,f nodes of q1 (depending
on whether the yi takes on true or false to make the formula
true). Thus, this gives the containment of q1 in q2.

For the converse, assume the containment. Then we have
an embedding of each clause of q2 into the given graph
database for a given choice of “tail parts” of the xi labeled
edges of D. In particular, we can always map a literal in each
clause of q2 to D: this ensures satisfiability of the formula.

(2)⇔ (3) For the left-to-right direction, suppose q1 ⊆ q2.
Note that we always have q1∧q2 ⊆ q1 and since q1 ⊆ q2 we
also have q1 ⊆ q1 ∧ q2. Thus, q1 ∧ q2 ≡ q1. From Claim 21,
q1 is bounded and hence q1 ∧ q2 is also bounded.

For the right-to-left direction, assume Q = q1 ∧ q2
is bounded. In view of Proposition 2, it is equivalent to
Expm(Q), for some m. We show that this implies q1 ⊆ q2.
By contradiction, assume there is an expansion λ1 of q1 such
that for all expansions λ2 of q2, λ2 does not homomorphi-
cally map to λ1.

Now consider the expansion λ2 of q2 in which all s∗

atoms are expanded exactly m + 1 times —i.e., • s∗−→ •
is replaced with an sm+1-path and hence we get a loop on
sm+2 at each ‘base’ node in q2.

Let λ = λ1 ∧ λ2, which is an expansion of Q. Since
Q is equivalent to Expm(Q), we have λ ⊆ Expm(Q). In
other words, there is an expansion λ̂ of Expm(Q) and a ho-
momorphism h : λ̂

hom−−→ λ. Note that λ̂ must be of the form
λ̂ = λ̂1∧ λ̂2, where λ̂1 is an expansion of q1 and λ̂2 is an ex-
pansion of q2 where every s-cycle in λ̂2 is of length at most
m+ 1.

But then λ̂2
hom−−→ λ1 is not possible by the choice of λ1.

This implies that we have λ̂2
hom−−→ λ2 which means that an s-

7For a formal proof along similar lines, we refer the reader to
(Figueira et al. 2020b, Theorem 3)

8Indeed, it suffices to reproduce the cited proof by replacing
each occurrence of • t−→ • with • b←− • a←− •, and each occurrence
of • f−→ • with • b←− • a−→ •.

<latexit sha1_base64="bYEgYQw9d3aRu/7fc+ih+UVIv3g=">AAAB63icbZDLSgMxFIbP1Futt6pLN8GiuCozRaq4seDGZQV7gXYomTRtQ5PMmGSEMvQV3LhQi1sfxq0738ZM24W2/hD4+P9zyDkniDjTxnW/nczK6tr6RnYzt7W9s7uX3z+o6zBWhNZIyEPVDLCmnElaM8xw2owUxSLgtBEMb9K88UiVZqG8N6OI+gL3Jesxgk1qPXRKV518wS26U6Fl8OZQuP58SzWpdvJf7W5IYkGlIRxr3fLcyPgJVoYRTse5dqxphMkQ92nLosSCaj+ZzjpGJ9bpol6o7JMGTd3fHQkWWo9EYCsFNgO9mKXmf1krNr1LP2Eyig2VZPZRL+bIhChdHHWZosTwkQVMFLOzIjLAChNjz5OzR/AWV16GeqnolYvlu/NC5RRmysIRHMMZeHABFbiFKtSAwACe4AVeHeE8OxPnfVaaceY9h/BHzscPsw2SbA==</latexit>

q2 :
<latexit sha1_base64="VcpW3UlG6taW1kjTklMal5h04t0=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uUg0VuTOGLSTxMYSEvlI4EL2lgEW9vYuu3sm5MIvsLHQGCz9N7Z2/hv3gELBN9nkyfvOZGfGjzhT2nG+rcza+sbmVnY7t7O7t3+QPzyqqzCWFGs05KFs+kQhZwJrmmmOzUgiCXyODX90l+aNR5SKheJBjyP0AtIXrMco0caqDjv5glN0ZrJXwV1A4fZzmuq90sl/tbshjQMUmnKiVMt1Iu0lRGpGOU5y7VhhROiI9LFlUJAAlZfMBp3YZ8bp2r1Qmie0PXN/dyQkUGoc+KYyIHqglrPU/C9rxbp34yVMRLFGQecf9WJu69BOt7a7TCLVfGyAUMnMrDYdEEmoNrfJmSO4yyuvQv2y6JaKpepVoXwOc2XhBE7hAly4hjLcQwVqQAHhCV7g1Rpaz9abNZ2XZqxFzzH8kfXxAwPBkXw=</latexit>

j
<latexit sha1_base64="VcpW3UlG6taW1kjTklMal5h04t0=">AAAB6HicbZA9TwJBEIbn8AvxC7W0uUg0VuTOGLSTxMYSEvlI4EL2lgEW9vYuu3sm5MIvsLHQGCz9N7Z2/hv3gELBN9nkyfvOZGfGjzhT2nG+rcza+sbmVnY7t7O7t3+QPzyqqzCWFGs05KFs+kQhZwJrmmmOzUgiCXyODX90l+aNR5SKheJBjyP0AtIXrMco0caqDjv5glN0ZrJXwV1A4fZzmuq90sl/tbshjQMUmnKiVMt1Iu0lRGpGOU5y7VhhROiI9LFlUJAAlZfMBp3YZ8bp2r1Qmie0PXN/dyQkUGoc+KYyIHqglrPU/C9rxbp34yVMRLFGQecf9WJu69BOt7a7TCLVfGyAUMnMrDYdEEmoNrfJmSO4yyuvQv2y6JaKpepVoXwOc2XhBE7hAly4hjLcQwVqQAHhCV7g1Rpaz9abNZ2XZqxFzzH8kfXxAwPBkXw=</latexit>

j
<latexit sha1_base64="62cYyZE+IYujtWJ0Mq1/rB36p40=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg11S0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgBEWWRhQ==</latexit>

s
<latexit sha1_base64="kbdTxqTUOOTj/ms96YzLgXMlIkQ=">AAAB7nicbZDLSsNAFIZP6q3WW9Slm9GiiIuSiFR3Fty4rGAv0MYymU7aoZNJmJkIJfQh3AhWxK2v4tadb+Ok7UJbfxj4+P9zmHOOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqyiRhNZIxCPZ9LGinAla00xz2owlxaHPacMf3GR545FKxSJxr4cx9ULcEyxgBGtjNdRD2j48G3XsolNyJkKL4M6geP35kmlc7dhf7W5EkpAKTThWquU6sfZSLDUjnI4K7UTRGJMB7tGWQYFDqrx0Mu4IHRuni4JImic0mri/O1IcKjUMfVMZYt1X81lm/pe1Eh1ceSkTcaKpINOPgoQjHaFsd9RlkhLNhwYwkczMikgfS0y0uVDBHMGdX3kR6uclt1wq310UKycwVR4O4AhOwYVLqMAtVKEGBAbwBGN4tWLr2Xqz3qelOWvWsw9/ZH38APpwk74=</latexit>

s⇤ <latexit sha1_base64="62cYyZE+IYujtWJ0Mq1/rB36p40=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg11S0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgBEWWRhQ==</latexit>

s
<latexit sha1_base64="kbdTxqTUOOTj/ms96YzLgXMlIkQ=">AAAB7nicbZDLSsNAFIZP6q3WW9Slm9GiiIuSiFR3Fty4rGAv0MYymU7aoZNJmJkIJfQh3AhWxK2v4tadb+Ok7UJbfxj4+P9zmHOOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqyiRhNZIxCPZ9LGinAla00xz2owlxaHPacMf3GR545FKxSJxr4cx9ULcEyxgBGtjNdRD2j48G3XsolNyJkKL4M6geP35kmlc7dhf7W5EkpAKTThWquU6sfZSLDUjnI4K7UTRGJMB7tGWQYFDqrx0Mu4IHRuni4JImic0mri/O1IcKjUMfVMZYt1X81lm/pe1Eh1ceSkTcaKpINOPgoQjHaFsd9RlkhLNhwYwkczMikgfS0y0uVDBHMGdX3kR6uclt1wq310UKycwVR4O4AhOwYVLqMAtVKEGBAbwBGN4tWLr2Xqz3qelOWvWsw9/ZH38APpwk74=</latexit>

s⇤ <latexit sha1_base64="62cYyZE+IYujtWJ0Mq1/rB36p40=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg11S0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgBEWWRhQ==</latexit>

s
<latexit sha1_base64="kbdTxqTUOOTj/ms96YzLgXMlIkQ=">AAAB7nicbZDLSsNAFIZP6q3WW9Slm9GiiIuSiFR3Fty4rGAv0MYymU7aoZNJmJkIJfQh3AhWxK2v4tadb+Ok7UJbfxj4+P9zmHOOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqyiRhNZIxCPZ9LGinAla00xz2owlxaHPacMf3GR545FKxSJxr4cx9ULcEyxgBGtjNdRD2j48G3XsolNyJkKL4M6geP35kmlc7dhf7W5EkpAKTThWquU6sfZSLDUjnI4K7UTRGJMB7tGWQYFDqrx0Mu4IHRuni4JImic0mri/O1IcKjUMfVMZYt1X81lm/pe1Eh1ceSkTcaKpINOPgoQjHaFsd9RlkhLNhwYwkczMikgfS0y0uVDBHMGdX3kR6uclt1wq310UKycwVR4O4AhOwYVLqMAtVKEGBAbwBGN4tWLr2Xqz3qelOWvWsw9/ZH38APpwk74=</latexit>

s⇤

<latexit sha1_base64="cMgeDQMbGdkixk48ndArChK3dfw="></latexit>

⇠1
1

<latexit sha1_base64="cm/Q73rF/oTXrRLVHzGkUY9bTFE=">AAAB7HicbZDNTgIxFIXv4B/iH+rSTSPRuCIzxKA7Sdi4xMQBEhhJp3SgodOZtB0TMuEZ3LgQjVvfxa0738YOsFDwJE2+nHNveu/1Y86Utu1vK7e2vrG5ld8u7Ozu7R8UD4+aKkokoS6JeCTbPlaUM0FdzTSn7VhSHPqctvxRPctbj1QqFol7PY6pF+KBYAEjWBvLrfech0qvWLLL9kxoFZwFlG4+p5leG73iV7cfkSSkQhOOleo4dqy9FEvNCKeTQjdRNMZkhAe0Y1DgkCovnQ07QWfG6aMgkuYJjWbu744Uh0qNQ99UhlgP1XKWmf9lnUQH117KRJxoKsj8oyDhSEco2xz1maRE87EBTCQzsyIyxBITbe5TMEdwlldehWal7FTL1bvLUu0c5srDCZzCBThwBTW4hQa4QIDBE7zA1BLWs/Vmvc9Lc9ai5xj+yPr4ARPIkp0=</latexit>

C2
1

<latexit sha1_base64="z9armhWI+Uc5Fr6rFb6LYBzz6Ak="></latexit>

⇠3
1

<latexit sha1_base64="pQ4f9cz3l97dW/133M8CUHP8WZ8="></latexit>

⇠1
1 :

<latexit sha1_base64="+1LLHPL7rcJLywV5q096xGnryh0=">AAAB7XicbZDLTgIxFIbP4A3xhrp000g0rsgMMWjcSMLGJSZySWAkndKBSmc6aTsmZMI7uHEBMW59FrfufBs7wELBP2ny5f/PSc85XsSZ0rb9bWXW1jc2t7LbuZ3dvf2D/OFRQ4lYElonggvZ8rCinIW0rpnmtBVJigOP06Y3rKZ585lKxUT4oEcRdQPcD5nPCNbGalS7zmPpppsv2EV7JrQKzgIKt5+TVNNaN//V6QkSBzTUhGOl2o4daTfBUjPC6TjXiRWNMBniPm0bDHFAlZvMph2jM+P0kC+keaFGM/d3R4IDpUaBZyoDrAdqOUvN/7J2rP1rN2FhFGsakvlHfsyRFihdHfWYpETzkQFMJDOzIjLAEhNtDpQzR3CWV16FRqnolIvl+8tC5RzmysIJnMIFOHAFFbiDGtSBwBO8wASmlrBerTfrfV6asRY9x/BH1scPkf+S4Q==</latexit>

C2
1 :

<latexit sha1_base64="u2DzbBbHg5RYQhSgJ0OE7ryocnE=">AAAB7XicbZDLTgIxFIbP4A3xhrp000g0rsiMGjRuJGHjEhO5JDCSTulApdOZtB0TMuEd3LiAGLc+i1t3vo0dYKHgnzT58v/npOccL+JMadv+tjIrq2vrG9nN3Nb2zu5efv+grsJYElojIQ9l08OKciZoTTPNaTOSFAcepw1vUEnzxjOVioXiQQ8j6ga4J5jPCNbGqlc6zuPFTSdfsIv2VGgZnDkUbj/HqSbVTv6r3Q1JHFChCcdKtRw70m6CpWaE01GuHSsaYTLAPdoyKHBAlZtMpx2hE+N0kR9K84RGU/d3R4IDpYaBZyoDrPtqMUvN/7JWrP1rN2EiijUVZPaRH3OkQ5SujrpMUqL50AAmkplZEeljiYk2B8qZIziLKy9D/bzolIql+8tC+RRmysIRHMMZOHAFZbiDKtSAwBO8wBgmVmi9Wm/W+6w0Y817DuGPrI8fk4SS4g==</latexit>

C3
1 :

<latexit sha1_base64="F76uplkduNhH7pIEMR1g9stWAjI=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVVJhQoblVgYi6AXqY0qx3Vaq44T2Q6iivoILAygwsrLsLLxNjhtB2j5JUuf/v8c+Zzjx5wp7TjfVm5ldW19I79Z2Nre2d2z9w8aKkokoXUS8Ui2fKwoZ4LWNdOctmJJcehz2vSH11nefKBSsUjc61FMvRD3BQsYwdpYd4/dctcuOiVnKrQM7hyKV5+TTG+1rv3V6UUkCanQhGOl2q4Tay/FUjPC6bjQSRSNMRniPm0bFDikykuno47RiXF6KIikeUKjqfu7I8WhUqPQN5Uh1gO1mGXmf1k70cGllzIRJ5oKMvsoSDjSEcr2Rj0mKdF8ZAATycysiAywxESb6xTMEdzFlZehUS65lVLl9rxYPYWZ8nAEx3AGLlxAFW6gBnUg0IcneIFXi1vP1sR6n5XmrHnPIfyR9fEDP+WSLw==</latexit>

x2

<latexit sha1_base64="59Zav6UP2jh3+EP81o2lNSmBBFA=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJgsJGJRbGIuhFaqPKcZ3WquNEtoOooj4CCwOosPIyrGy8DU7bAVp+ydKn/z9HPuf4MWdKO863lVtaXlldy68XNja3tnfs3b26ihJJaI1EPJJNHyvKmaA1zTSnzVhSHPqcNvzBdZY3HqhULBL3ehhTL8Q9wQJGsDbW3WPnvGMXnZIzEVoEdwbFq89xprdqx/5qdyOShFRowrFSLdeJtZdiqRnhdFRoJ4rGmAxwj7YMChxS5aWTUUfoyDhdFETSPKHRxP3dkeJQqWHom8oQ676azzLzv6yV6ODSS5mIE00FmX4UJBzpCGV7oy6TlGg+NICJZGZWRPpYYqLNdQrmCO78yotQPy255VL59qxYOYap8nAAh3ACLlxABW6gCjUg0IMneIFXi1vP1th6n5bmrFnPPvyR9fEDRHGSMg==</latexit>

x5

<latexit sha1_base64="9YlT0XnsYKeC72BFn8zQXgLsIlM=">AAAB6nicbZDLSsNAFIZP6q3WS6su3QwWxVVJpFR3Fty4rGgv0IYymU7aoZNJmJkIIfQR3LhQqltfxq0738ZJ24W2/jDw8f/nMOccL+JMadv+tnJr6xubW/ntws7u3n6xdHDYUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vsny9iOVioXiQScRdQM8FMxnBGtj3Sf9ar9Utiv2TGgVnAWUrz+nmd4a/dJXbxCSOKBCE46V6jp2pN0US80Ip5NCL1Y0wmSMh7RrUOCAKjedjTpBp8YZID+U5gmNZu7vjhQHSiWBZyoDrEdqOcvM/7JurP0rN2UiijUVZP6RH3OkQ5TtjQZMUqJ5YgATycysiIywxESb6xTMEZzllVehdVFxapXaXbVcP4O58nAMJ3AODlxCHW6hAU0gMIQneIFXi1vP1tR6n5fmrEXPEfyR9fEDRHOSMg==</latexit>

y4

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b
<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b
<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a

<latexit sha1_base64="OnWGpxwDAD6rDqrebnEz9KzYdzI=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg1r1so2iV7KrIMzhyKN5+TTO/VbuGr04tYEmComaBKtR071m5KpeZM4DjfSRTGlA1pH9sGQxqgctPpoGNyapwe8SNpXqjJ1P3dkdJAqVHgmcqA6oFazDLzv6ydaP/aTXkYJxpDNvvITwTREcm2Jj0ukWkxMkCZ5GZWwgZUUqbNbfLmCM7iysvQuCg55VK5dlmsnMFMOTiGEzgHB66gAndQhTowQHiCF3i1Hqxn682azEpXrHnPEfyR9fED95KRdA==</latexit>

b
<latexit sha1_base64="niQnAjEDV4PcTyOiOY5IjzNIB8E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyKVdgViXYGbCwTMBdIljA7OZuMmb0wMyuEJU9gY6FILH0bWzvfxtkkhSb+MPDx/+cw5xwvFlxp2/62VlbX1jc2c1v57Z3dvf3CwWFDRYlkWGeRiGTLowoFD7GuuRbYiiXSwBPY9Ia3Wd58RKl4FN7rUYxuQPsh9zmj2lg12i0U7ZI9FVkGZw7Fm89Jpvdqt/DV6UUsCTDUTFCl2o4dazelUnMmcJzvJApjyoa0j22DIQ1Quel00DE5NU6P+JE0L9Rk6v7uSGmg1CjwTGVA9UAtZpn5X9ZOtH/tpjyME40hm33kJ4LoiGRbkx6XyLQYGaBMcjMrYQMqKdPmNnlzBGdx5WVoXJSccqlcuyxWzmCmHBzDCZyDA1dQgTuoQh0YIDzBC7xaD9az9WZNZqUr1rznCP7I+vgB9g6Rcw==</latexit>

a <latexit sha1_base64="0jZqsORlJhg1qamMK6MuNCjAjwg=">AAAB73icbZDLSsNAFIZP6q3WW9Wlm8GiuJCSSKnuLLhxWcFeoA1lMp20QyeTODMRQuhLuBEviFsfxa0738ZJ24W2/jDw8f/nMOccL+JMadv+tnJLyyura/n1wsbm1vZOcXevqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdJXlrXsqFQvFrU4i6gZ4IJjPCNbGaie9tHKq/XGvWLLL9kRoEZwZlC4/nzI913vFr24/JHFAhSYcK9Vx7Ei7KZaaEU7HhW6saITJCA9ox6DAAVVuOpl3jI6M00d+KM0TGk3c3x0pDpRKAs9UBlgP1XyWmf9lnVj7F27KRBRrKsj0Iz/mSIcoWx71maRE88QAJpKZWREZYomJNicqmCM48ysvQvOs7FTL1ZtKqXYMU+XhAA7hBBw4hxpcQx0aQIDDA7zAq3VnPVpv1vu0NGfNevbhj6yPHwuElGI=</latexit>

y4,tf

Figure 4: An example for query q2, used in the proof of Theo-
rem 18, for the clause (x2 ∨ ¬x5 ∨ ¬y4). There will be one such
gadget for every clause of the formula in q2. Variables having iden-
tical yi,tf-label represent the same variable. Only the final variable
of paths representing yi-variables from Φ may have a yi,tf-label.

cycle of length≤ m+1 is homomorphically mapped to an s-
cycle of length m+2, which is not possible. Hence, no such
homomorphism h can exist, which is a contradiction.

7 Boundedness by letter
If a query q in UCRPQ(SSF,a∗) is not bounded, we can
still try to bound it in as many atoms as possible, this is
the object of the A-BOUNDEDNESS problem. Recall that
q ∈ UCRPQ(a,a∗) is A-bounded if it is equivalent to a
UCRPQ(a,a∗

Ā
) query, with Ā = A \A.

For A ⊆ A and m ∈ N, let q(A,m) be the result of
replacing each a∗ s.t. a ∈ A with a≤m. We still have the
characterization along the lines of Proposition 2.

Proposition 23. q ∈ CRPQ(SSF,a∗) is A-bounded if, and
only if, q is equivalent to q(A,m) for some m ∈ N.

Proof. (⇐) follows by definition of A-bounded. For (⇒),
if q is A-bounded then let q′ be the query equivalent to q
where q′ is A-bounded where every atom involving a ∈ A
is an SSFor of the form a≤k. Let m be the maximum such
that a≤m appears in q′.

We claim that q is equivalent to q(A,m). Clearly
q(A,m) ⊆ q. Now let λ ∈ Exp(q). So there is some λ′ ∈
Exp(q′) such that there is a homomorphism h : λ′ hom−−→ λ.

Consider the image of h(λ′). We claim that this forms an ex-
pansion λ̂ ∈ q(A,m) because all atoms that contains a ∈ A
in λ′ are of the form a≤k for some K ≤ m. Hence, the
identity function from λ̂ to λ gives the required homomor-
phism.

In fact, there is a unique maximal A ⊆ A such that q is
A-bounded because of the following property.

Theorem 24. If a query q ∈ UCRPQ(a,a∗) is A-bounded
and B-bounded then q is also (A ∪B)-bounded.

Proof idea. For any A ⊆ A, n ∈ N and UCRPQ(a,a∗)
query q, let q[A 7→ n] be the result of replacing in q every
a∗
−→ with a≤n

−−→ for every a ∈ A. Hence, by Proposition 23,
q is A-bounded if it is equivalent to q[A 7→ n] for some n.
Let q[A 7→ n,B 7→ m] denote (q[A 7→ n])[B 7→ m].

From Proposition 23 let q be equivalent to both q(A,n)
and q(B,m) and let Nq = max(n,m). Since q is
A-bounded and B-bounded, we have q[A 7→ Nq] ≡ q[B 7→



Nq] ≡ q. It suffices to show that q is contained in q[A 7→
Nq, B 7→ Nq · |q|at]. We will show that for every expansion
λ of q there is an expansion λ′ of q[A 7→ Nq, B 7→ Nq · |q|at]
that maps homomorphically to λ.

Take then such λ. Since λ is contained in q[B 7→ Nq],
there is an expansion λB of q[B 7→ Nq] which maps to λ.
Since q[B 7→ Nq] is contained in q[A 7→ Nq], there is an
expansion λA of q[A 7→ Nq] which maps homomorphically
to λB . Pick such a λA of minimal size. Hence, we have the
homomorphisms h1 : λA

hom−−→ λB and h2 : λB
hom−−→ λ.

We next show that λA is in fact an expansion of q[A 7→
Nq, B 7→ Nq · |q|at], which would already prove the state-
ment. By means of contradiction, if it is not the case, there
is some B-atom expansion of length m > Nq · |q|at in λA.

This means that the h1-image of such a B-atom expan-
sion induces a cycle in λB . We can then “cut out” the cycle
producing another expansion λ′

A of q[A 7→ Nq] which is
strictly smaller than λA and which still maps homomorphi-
cally to λB via h1 (restricted to λ′

A). This contradicts the
minimality of λA.

Towards proving the upper bound of Theorem 7,
Lemma 14 and Lemma 15 can be generalized trivially:

Lemma 25. Let q ∈ UCRPQ(a,a∗) and A ⊆ A. If q is
A-bounded, then it is equivalent to q(A,Zq) for Zq =̂ |q|3at ·
Nq · |q|var ·Πw∈Rq |w|.
Lemma 26. Let q ∈ UCRPQ(a,a∗) and A ⊆ A. Then
q is A-bounded iff q(A,Zq) is equivalent to q(A,Z+

q ), for
Z+
q =̂ |q|at · Zq + 1.

The proofs of both statements follow along the same lines
as those of Lemma 14 and Lemma 15 respectively, except
that we need to work with q(A,m) expansions instead of
q(m). Note that in the proof, the operations of extending
and contracting of paths in the recursive atom expansions
are done only for only those a∗ atoms such that a ∈ A. For
all b ̸∈ A we keep the atom expansion paths unaltered and
hence the arguments continue to hold. Together, the two
statements above give us the following upper bound.

Theorem 27. The A-BOUNDEDNESS problem for
UCRPQ(a,a∗) is in Πp

2. Further, an equivalent
UCRPQ(a,a∗

Ā
) query of linear size can be computed,

with Ā = A \A.

Proof of Theorem 7. Item (1) The upper bound follows
from Theorem 27 and lower bound from Theorem 18.
Item (2) The existence of a unique maximal A follows

from Theorem 24. In order to find it, a Πp
2 algorithm can

check if q is {a}-bounded for every a ∈ A, and we know,
thanks to Theorem 24, that the maximal A will be the set of
all the a’s for which q turned out to be {a}-bounded. The
equivalent A-bounded query is then q(A,Zq).

8 Conclusion
We have shown that the BOUNDEDNESS problem for UCR-
PQs with simple recursion of the form a∗ is Πp

2-complete.
This is in line with the complexity for the containment prob-
lem of similar fragments (Figueira et al. 2020a).

Constants and free variables. While we have focused
our study on Boolean queries without constants, our upper
bounds also extend to queries containing constants and free
variables via the classical notion of homomorphism between
conjunctive queries with constants and free variables. For
the case of free variables, one can use a standard reduction to
Boolean queries: For any formula with free variables, con-
sider replacing each free variable x with a bound variable
yx and adding a self-loop yx

ax−→ yx, where ax is a fresh
alphabet symbol depending on x. It follows that the original
query is bounded iff the modified Boolean query is bounded.

Less trivial recursion. Instead of allowing just for one
word or one letter to appear under a Kleene star, as in a∗, one
could also consider the case of a set of letters appearing un-
der a Kleene star, as in (a+b+c)∗. The simplest class of reg-
ular expressions containing such behavior, namely the one
containing only the regular expression a for each a ∈ A and
A∗ for any set A ⊆ A, is denoted by (a,A∗) in (Figueira et
al. 2020a). The containment problem for CRPQ(a,A∗) does
not enjoy a better complexity than the containment problem
for general CRPQ, that is, it is ExpSpace-complete.

We would expect a similar behaviour for the BOUND-
EDNESS problem of UCRPQ(SSF,A∗) but the complexity
checking if such a query is bounded is open. The ExpSpace
upper bound follows from Theorem 3, but no matching
lower bound is known. We can also generalize this ques-
tion to UCRPQ(SSF,W∗) where W∗ denotes the regular
expressions of the form (w1 + . . .+ wk)

∗.
Open problem 28. What is the complexity for the
BOUNDEDNESS problem for UCRPQ(SSF,A∗) and
UCRPQ(SSF,W∗)?

Rewritability of ontology-mediated CRPQs. CRPQs
can also be considered in the presence of an ontology (see,
e.g., (Baget et al. 2017; Gutiérrez-Basulto, Ibáñez-Garcı́a,
and Jung 2018)). In such a context, an ontology-mediated
query (OMQ) (T, q) admits a rewriting in a language L if
there is a query q′ ∈ L such that for every ABox A we have
that A, T entails q if, and only if, A |= q′. For Horn de-
scription logics such as ELHI⊥, the resulting OMQs (T, q)
(where T ∈ ELHI⊥ and q ∈ CRPQ) is closed under homo-
morphisms. In these cases the OMQ is FO-rewritable iff it is
UCQ-rewritable. Hence, our positive complexity result can
be seen as a first step towards investigating the rewritability
of OMQs with CRPQs as query langauges.
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