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THRESHOLD SOLUTIONS FOR THE INTERCRITICAL
INHOMOGENEOUS NLS

LUCCAS CAMPOS AND JASON MURPHY

ABSTRACT. We consider the focusing inhomogeneous nonlinear Schrédinger
equation in H!(R3),

i0u + Au+ |z 70 ul?u = 0,
where 0 < b < % Previous works (see e.g. [IL[I41[26]) have established a
blowup/scattering dichotomy below a mass-energy threshold determined by
the ground state solution Q.

In this work, we study solutions exactly at this mass-energy threshold. In
addition to the ground state solution, we prove the existence of solutions Q=,
which approach the standing wave in the positive time direction, but either
blow up or scatter in the negative time direction. Using these particular solu-
tions, we classify all possible behaviors for threshold solutions. In particular,
the solution either behaves as in the sub-threshold case, or it agrees with e“Q,
Q7*, or Q@ up to the symmetries of the equation.

1. INTRODUCTION

We consider the initial-value problem for inhomogeneous nonlinear Schrodinger
equations (NLS) of the form

?@U+A“+Mr%mu=07 w1

u|t:0 =Up € Hl(Rg),
where u : Ry x R — C and b € (0,3). We define s, = 2 € (3, 3), so that
H*<(R3) is the critical Sobolev space of initial data for ().

This model arises in the setting of nonlinear optics, where the factor |z|=? rep-
resents some inhomogeneity in the medium (see e.g. [I823]). As pointed out by
Genoud and Stuart [I7], the factor |z|~? appears naturally as a limiting case of
potentials that decay polynomially at infinity.

We denote the ground state for (IT]) by Q. That is, @ is the unique nonnegative,
radial solution to

—Q+AQ+a|7'Q =0,
and u(t) = €"Q is a global, non-scattering solution to (1) (the ground state
solution). Several works (see e.g. [ILBIBLI4A[I524126]) have considered the behavior
of solutions below the mass-energy threshold determined by @, i.e. for solutions
satisfying
M(u)' = B(u)® < M(Q)'™*E(Q)™.

We call such solutions sub-threshold solutions. In particular, in this regime one
has a scattering/blowup dichotomy given in terms of the size of the mass and kinetic
1
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energy, namely:

luoll 2 Vuollze < QN =" IVQIj2 = scattering,
luoll 72 IVuoll3z > QN2 IVQIl32 = blowup.

Here scattering (as t — +00) refers to the fact that there exist uy € H'! such that

Pusll g = 0.

. i

) e

Some recent work has also considered the long-time behavior of solutions beyond

the ground state threshold. In particular, in [2], the first author and Cardoso
established a dichotomy for fast-decaying initial data satisfying

/ 2
M) By (1= el ) <0,

where V(t) = [|z[*|u(t)|* dz. This result classifies the long-time behavior for a
(non-empty) set of initial data with arbitrarily large mass and energy. Unlike the
sub-threshold case, the results obtained are generally not symmetric in time, as
the classification depends on the sign of V’(0), which is changed after applying the
time-reversal symmetry.

In this paper, we study the behavior of solutions to (I.I]) with data satisfying

M (uo)' > B(uo)* = M(Q)' " E(Q)*,

which we call threshold solutions. Using the scaling symmetry, it is equivalent to
study initial data satisfying

M(ug) = M(Q) and  E(uo) = E(Q).
For such solutions, we further consider whether
Vuoll2 < [[V@QIlz2 or [[VuolL2 > [[VQ]|L>-
The variational characterization of ) then implies
IVu)lz: <[[VQz2 or [[Vu(t)l[L2 > [IVQ]|L2,

respectively, for all ¢ in the lifespan of u. We call the corresponding solutions con-
strained or unconstrained, respectively. We also note that if | Vugl/z2 = [VQ|| L2,
then u = €@ modulo the symmetries of the equation.

The classification of threshold behaviors has been a topic of recent mathemat-
ical interest. In the setting of pure-power NLS, the first such result was due to
Duyckaerts and Merle [I1] for the energy-critical problem (see also [22] for the
higher-dimensional case). Similar work has also appeared in the setting of the
energy-critical wave equation (see e.g. [10]). In the intercritical setting, Duyckaerts
and Roudenko [12] addressed the (homogeneous) cubic NLS in three dimensions;
this was later generalized to the full intercritical range in any dimension by the
first author, together with Farah and Roudenko [4]. Apart from the pure power-
type NLS, we would also like to point out the work of Yang, Zeng and Zhang [28§],
who considered the energy-critical NLS in the presence of an inverse-square poten-
tial. Finally, we would like to mention some related works on the phenomenon of
threshold scattering (see e.g. [O2125]).

Our main results revolve around the existence and uniqueness of certain orbits.
First, we prove the existence of two particular solutions to (L.IJ).
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Theorem 1.1. There ezist radial solutions QF to (1)) with
M(Q¥)=M(Q) and E(Q¥)=E(Q),
defined on intervals IT O [0, 00), which satisfy
1Q*(t) = " Qs S e
for some ¢ >0 and all t > 0.
The solution Q™ is global (I~ =R), satisfies
IVQ™(0)[lz2 < IVQIlL2,

and scatters in H(R®) as t — —oo.
The solution QT satisfies

IVQ*(0)]2 > IVQIl2,

and blows up in finite negative time (It = (T_,00) for some T_ < 0). Moreover,
zQ*t € L*(R3).

Using the solutions obtained in Theorem [T we can classify all threshold solu-

tions to (LI)).

Theorem 1.2 (Classification of threshold dynamics). If ug € H' satisfies
M (ug) '~ B(ug)* = M(Q)' ™ E(Q)*,

then we have the following:
i) If
[uoll 2 Va2 < QN> IVQI 5%,
then u either scatters as t — 0o or u= Q= up to symmetries.
i) If
luoll 2 Vuollze = Q1= IVQI 32,
then u = e'Q up to symmetries.
iii) If
luoll 72 [IVuoll2 > QN =" IVQII7

and ug is radial or xug € L*(R®), then u either blows up in finite positive
and negative times or u = Q" up to symmetries.

Remark 1.3. The assertion that u = v up to symmetries of (IT) means that there
exist A\g > 0, 6y € R/27Z, and t; € R such that either

2o 2
u(t,x) = N7 v\t —to, ox) or u(t,x) =N, TNE — to, Nox).

That is, u and v agree up to scaling, phase, time-translation and time-reversal.
Note that all these symmetries leave the Hjc-norm invariant.

Remark 1.4. All cases in Theorem do occur. Indeed, by Theorem [[LIl one
only needs to check that blowup in finite positive and negative times and scattering
in both time directions are possible. In fact, this follows from the dichotomy proved
in [2] (which gives results that are symmetric in time for real initial data, since then

V'(0) = 0).
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The argument for Theorems [[LT] and proceeds as follows:

The first main step is to prove that in certain scenarios, forward-global threshold
solutions necessarily converge to the ground state solution (with an exponential
rate). We show this first in the setting of a constrained solution that fails to scatter
(see Section [A]). The idea is first to establish some compactness properties for such
solution (which is achieved via concentration compactness and the sub-threshold
dichotomy results), and then use a combination of virial estimates and so-called
modulation analysis to establish the desired convergence property. We next prove
convergence in the setting of an unconstrained solution, relying once again on virial
estimates and modulation analysis (see Section [6). Modulation analysis, which
refers to obtaining a suitable decomposition of the solution during times when it
approaches the orbit of @, is prerequisite to both of these arguments; accordingly,
we carry out this analysis earlier in the paper, in Section dl This analysis relies in
turn on a spectral analysis of the operator £ arising in the linearization of (L))
around the ground state solution, which we carry out in Section

The second main step (carried out in Section [7)) is to establish the existence of
solutions behaving in the manner described above. That is, we prove the existence
of forward-global solutions converging exponentially to the ground state. For this
part of the argument, we first use explicit functions related to the spectrum of £
(obtained in Section[B]) to build good approximate solutions, and then utilize a fixed
point argument to obtain true solutions. The solutions we build are essentially the
particular solutions Q¥ appearing in Theorem [l

Finally, the third step (carried out in Section []) is to establish a uniqueness
property for solutions converging exponentially to the ground state. Combining
the first and second steps above, we can then obtain the rather rigid statements
appearing in Theorem [[.2] namely, that nonscattering constrained solutions must
coincide with @, while forward-global unconstrained solutions must coincide with
Q.

In Section[@ we put together all of the pieces and quickly complete the proof of
the main theorems.

The inhomogeneity || =" brings some new challenges compared compared to the
homogeneous case; in particular, it introduces a singularity at the origin, which gets
stronger after being differentiated. In a few instances throughout the paper, we have
to work with a restricted range of b precisely because of this issue. In particular, the
modulation analysis of Section M leads us to the restriction b € (0, %) In addition,
the inhomogeneity breaks the translation symmetry (thus breaking conservation
of momentum and Galilean invariance). As translation parameters appear in the
profile decomposition adapted to the linear evolution e, we have to be careful
when passing to the nonlinear profile decomposition in the constrained case; in
particular, it is essential to show that these translation parameters may always be
chosen to be identically zero. This is ultimately possible due to the fact that in
the regime || — oo, the equation () is well-approximated by the underlying lin-
ear equation, which guarantees that profiles with diverging translation parameters
always correspond to scattering solutions (and hence do not appear when we con-
sider a non-scattering threshold solution). Finally, the singularity must be treated
carefully as as we work to establish decay and regularity of the ground state and
other functions related to the spectrum of the linearized operator; these properties
play an important role in the construction of the special solutions in Section [7l
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2. PRELIMINARIES

We write A < B to denote A < CB for some C > 0. If A < B and B < A then
we write A ~ B. We also make use of the standard ‘big-oh’ notation, O. We write
(-,+) for the standard L? inner product.

2.1. The ground state. The ground state @ is the unique nonnegative, radial,
H'-solution to

—Q+AQ + |z|7'Q? =o. (2.1)
It may be constructed as an optimizer to the following sharp Gagliardo—Nirenberg
inequality:
| 4l < Canll I IV FIITE. (2.2)
The Pohozaev identities for @) are obtained by multiplying the (ZI) by Q or
x - VQ and integrating by parts (see [I3] for more details). They read as follows:

—[Qll7= — IVQII72 + Ill]~*Q*|| 1+ =0,
21QIIZ: + FIVQIIZ: = 322l Q | =0.
Combining these identities, we may derive that
IVQIZ: = Z2 |2 * QY |1, so that  E(Q) = [ — 515]IIVQI[7-- (2.3)
2.2. Well-posedness and stability. We define the scattering norm

(7 = ||u _6_
s = Ml ese

where L{L" denotes the standard mixed Lebesgue norm. We further define the

Strichartz norm

lullzry = (qsrl;gA lull Loy (rxmeys

where A is the set of admissible pairs
A={(@n):2+2=3, ¢r>2).
By Sobolev embedding, we have
lullsy S MVIPull pas rxrsy S llull z)-

We also define the dual norm

HUHN(I) = HUHngij/s(]X]RS)'
The relationship between the norms Z(I) and N(I) is given by the so-called
Strichartz estimates:
Lemma 2.1 (Strichartz estimates). If e™? is the evolution associated to the linear
equation
10 + Au = 0,
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then
||eitAf||Z(R) 5 ||f||H; )

/Iei(t—s)AF(s) ds S Iy -

The presence of the inhomogeneous factor |z|~* in (1)) suggests we employ either
Sobolev or Hardy-type inequalities while estimating the nonlinear term. Those can
be combined in a unified way, yielding

Z(I)

]l S NIV Pullgs - (2.4)
provided 1 < p < g < o0, 0 < s < 3and g > 0 satisfy
3 _3_3
< s=374th

(see [27, Theorem B*]).

The local well-posedness for (IL1]) was first studied by Genoud and Stuart in [I7]
(see also Genoud [16]) by an approach using energy estimates as in Cazenave [6]
(i.e., without relying on Strichartz inequalities). They established a well-posedness
result in CYHL(I x R} NCHH (I x R?) for the range 0 < b < 2. More recently,
Guzman [19], Dinh [§] and the first author [I] proved that if 0 < b < 3/2, the
solutions also belong locally (in time) to Z(I).

We also have the following stability result for (II)):

Proposition 2.2 (Stability, c.f. [14]). Let v be a solution to

10w + Av + |z]vPu = e
which satisfies
[ollLge 2 rxrsy + [0lls(r) < M < +oc.

Then there exists €1 = €1(M) > 0 such that if ug € H' satisfies |[ug—v(0)|| g1 < €
and

”eHLE“%b) = (IxRS)JrH@HN(I) <e

for some 0 < € < €1, then there exists a unique solution u to (LI) on I with
u(0) = ug and

lu—=vls) Swm e
For constrained solutions, we have the following:
Proposition 2.3 (Global well-posedness, [13]). Suppose
M (o) = Eug)™ < M(Q)'~* E(Q)*
and
l[uoll 2 Vuoll3s < QI V@3-

Then the corresponding solution to (L)) is global in time and remains uniformly
bounded in H}.
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3. SPECTRAL PROPERTIES OF THE LINEARIZED OPERATOR

We will consistently make use of properties of solutions to the linearized equation
around the ground state. In particular, if u solves (L)), writing u = e (Q + v),
one has

10w + Av+ K(v) + R(v) =0, (3.1)
where
K@) = |z|7°Q*(3v; +iv) and R(v) = |z|*Q3G(Qv), (3.2)
with
Giz)=1+z2P1+2)-1-22-%
=327 425+ 23+ 2128 +i(22120 + 232n + 23).
Note that G(0) = G,(0) = Gz(0) = 0.
By identifying a + bi € C with [a,b]! € R?, equation ([3.I]) can be rewritten as
0w + Ly = iR(v), (3.3)

0 L
£ (—L+ 0 ) ’
Ly=1-A-3z7"Q* L_=1-A—|z]7"Q%

We call B3) the linearized equation, and L the linearized operator.
It is immediate to check that L_@Q = 0. Moreover,

LiQ=—AQ 3|2 "Q° = —2|2|7*Q?,
so that (L4+Q, Q)2 < 0.
We first show that there can be only two non-negative directions for L.
Proposition 3.1. For all v € H'(R? R),
b (L—va) Z ”’UH%(M lf (UvQ) = 07
i (L+U7U) 2 ”’UH%H; Zf (UvAQ) =0.
Proof. Step 1: Writing (V)™ 'L.(V)™! =1 — K4, we claim that Ky : L? — L?
is compact. To see this, we will prove that |2|~*Q?*(V)~! : L? — L? is compact.
Indeed, for v € L2, we can obtain the following estimates:
First, we have

2] Q*(V) ol e S Il ~* Q% (l2a (V) ~ ol

where

with

2o S ollze,
Next,
IV (121 Q*(V) ~'o) | 12
S IV QHV) )l o

Lo+

Sl Q2 oy V) " ol e + 2 ~*QIVQII o, IKV) o]l e
+ 1217 Q% oy IVAV) 1o e

S vl

Finally,

12]7°Q*(V) " vl ra(qizizry) S W llQUL< (V) 0]z S wollvllze.
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The desired compactness then follows from Rellich-Kondrachov.
We thus have that the eigenvalues of I — K4 are discrete, and can only accumulate
at 1. Therefore, in the interval (—oo, %], say, I — K4 has at most a finite number

{AF }Zj\iil of eigenvalues (counting multiplicity), which we assume are ordered in a
non-decreasing way. By Weyl’s Theorem, the essential spectrum is [1, +00).
Step 2: Since @ is the minimizer of the Weinstein functional

(/|Vf|2)# (/|f|2)%
[1alisr

by writing f = vy +ive, the conditions EJ(Q +ev)|e=o < 0 and (v1, AQ) = 0 give

(Lyvs,01) + (L_vs,09) > [1+3b + b(1 — b)] </Qv1>

Therefore, since 0 < b < 1, we deduce that L, is non-negative if (v1, AQ) = 0, and
that L_ is always non-negative.

Step 3: We already showed that A\{ < 0, A; > 0 and A\; = 0. To finish the
proof, it suffices to show that )\;’ > 0 and A; > 0, which is equivalent to showing
that ker L is empty and that ker L_ is spanned by (. These two assertions about
the kernel were proved in [7, Lemma 2.1(ii) and Proposition 5]. O

We can also prove the following:

Proposition 3.2. Let o(L) be the spectrum of the operator L, defined in L?(R?) x
L2(R3) with domain H?*(R?) x H?(R3), and let o.s5(L) be its essential spectrum.
Then

Oess(L) ={iy: yeR, |yl > 1}, oNR={—ep,0,e0} withey> 0.

Moreover, ey and —eo are simple eigenvalues of L with eigenfunctions Y+ and
V_ =Y, respectively. The kernel of L is spanned by iQ.

Proof. From Proposition Bl we see that L_ is non-negative. Since it is also self-
1
adjoint, it has a unique square root L2 with domain H'. We show that the self-

1 1
adjoint operator P := L2L,L> on L? with domain H* has a unique negative
eigenvalue. Indeed, consider

3%
Z = —32 Q—l—x- VQ.
Then we have that Z € H?, Z € {Q}*, a

(L4 7,7) = —=0=b° /Q2 <0.

1
Defining h:= L_2>Z € {Q}*, one also has
(Ph,h) = (L+Z,Z) <.
Hence, by the mini-max principle and an approximation argument, P has a

1
negative eigenvalue —e2 and an associated eigenfunction g. Defining V; := L2g,
Vo = =Ly, and Vi = V1 £ i), we have LV: = FeVs. Uniqueness of
the negative direction of P follows from the non-negativity of L, on {AQ}*. The
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assertions about the kernel of £ follow from the coercivity given by Proposition 311
O

It is also convenient to define a linear form associated to £, namely
B(fu g) = %(L"rfhgl) + %(L_f27g2) = %Im(ﬁfa 9)7

as well as the corresponding bilinear form
®(h) := B(h, h).
We now employ a co-dimensional counting argument to prove coercivity in a

slightly different subspace, which will be needed in Section

Corollary 3.3. Let G be the subspace of all v € H' (seen as a real vector space)
such that

(v2,Q) = B(v,Y4+) = B(v,Y-) = 0.
Then, for all v € G*, we have ®(v) 2 |v]|%:.
Proof. By the characterization of the spectrum of £ given above, it is enough to
guarantee strict positivity of of the quadratic form associated to B. Suppose that
there exists h € GH\{0} such that ®(h) < 0. We claim that this implies that the
set {iQ, V4, h} is linearly independent, Indeed, let a,b, ¢ € R be such that
ai@ 4+ bYy +ch = 0.

We note that B(Y1,YV-) = —eo(L-2,Y2) # 0 and that B(iQ,-) = 0. Hence,
by the definition of G-+, we have that bB();,)_) = 0. Now, since i) and h are
orthogonal in (the real space) L?, we also have a = ¢ = 0.

We now see that ® is non-positive on a subspace of dimension 3, which contra-
dicts Proposition [3.1] O

Finally, we establish some decay and regularity properties of functions related
to the spectrum of L.

Lemma 3.4 (Spectral decay and regularity). If Y. € H?(R3) are the eigenfunc-
tions to L corresponding to the real eigenvalues e and ¢ € C°(R3\{0}), then

lo(F) Vel Sont 7r-

Moreover, Yy € W35 (R3).
If \ € R\o(L) and F € L*(R3) is such that

1Y (E)Fll e Swkd 775

for any ¢ € C(R3\{0}), then the solution f € H*(R?) to
Lf—Af=F

also satisfies

1) fllee Soet 7ir- (3.4)
Jor any ¢ € C(R3\{0}). Moreover, if F € Wh3(R?), then f € W33 (R?).

Remark 3.5. By Sobolev embedding, we see that the functions Y+ and f obtained
above are bounded, have bounded first derivatives and decay fast at infinity.

Remark 3.6. The proof below shows that the functions belong to W?2P? for any
1 <p<3/band to W4 for any 1 < g < 3/(b+1), if F is smooth enough. However,
in our applications below we will only need the W335 estimates.
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Proof of Lemma[57]} We only prove the second item, as the first one follows simi-
larly. The elliptic equation Lf — Af = F implies

{( —A)f1 =3[x[PQ* fi + Ao+ Py (3.5)

(1= A)f2 = |2[7°Q%f2 — A1 + Fu.
That implies, for any ¢ € C2° (Rg\{O})
(1= A)¢(%)f1) = = A¢(%)fi + V(%) - Vi
+ 312l QP G(§)S1 + AS(F) f2 + O Fa.
After differentiating the above equation, we get
(1= A)9; [p(£) 1]
= 32 A0(£)0i f1 + g A0ip(%5) f1 + £VA(%) - Vi f1
+ 2= VOip(%) - Vi + 3]z PQ%¢(%)0: fr
— (b Dl B Q) f1 + 6] QOQ0(%)
+ 212 TPQ?0ip(5) f1 + AD(5)Dif2 + %0i6(%) f2 + 0i(OF2),

with similar equations for fo. Using ¢ and its derivatives are supported away from
the origin, as well as the decay properties of (), we obtain the bound

l6(2) fllas Sy .o 1f1lm +IVQI6ll flls + lo(F) Fll
Se.@ Ifllar +110(5) Flla-
Therefore, equation ([34]) holds for (k,1) = (3,0). Now, assuming it holds for (k,1),
we can deduce from (B3 that
(1= A+ 2% f1 = |a| PQ* Ly fr +3(1 = A)[|lz|*Q* fi] + Ly Fa — AFy. (3.6

Choose ¢ € C°(R3\{0}) to equal 1 at the support of ¢, so that 9%¢ = ¢ ¢ for
all multi-indices a. Since the Fourier symbol of (1 — A)2 4+ A2 is (1 + [£]?)2 + A2 ~
(1+ |€%)?, we can write

l¢rfillgres ~ [I[(1 = A)2 + N)(dr Sl grr-s
Sler((1 = A)? + X)(br 1)l r—s
+I[(X = A)? + X% 6R) (SR f1) | s

The first term in the right-hand side is controlled by ([B.6]) and by the (more than)
polynomial decay of @) and its derivatives, as well as on the hypothesis on F, giving
the bound

[or((1 = A + M) (@rf)llaxs S £l lar— + | QRF|| x
S 2lIOrSllae + 7
The remaining term is controlled by the commutator estimate
(1= A)? + X 0r]| gr-sme S %
We then have
¢rfillmme S Florflar + Fe

The last inequality shows that, if [8.4]) holds for (k,1), then it also holds for (k +
1,1+ 1). As the proof for f5 is completely analogous, we will omit it here.
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With the decay of f in hand, and recalling H?(R?) < L°°(R?), we assume now
that F € W5, so that by ), we have (1 — A)f € LS. After differentiating
B3), we obtain f € W35, as desired. O

4. MODULATION ANALYSIS

The goal of this section is to analyze solutions of (LIJ) during the times that
they are close to the orbit of the ground state solution ¢ (). Here we are measuring
closeness in terms of the functional

) = | [ 1vu - [ 1vQP

When considering a fixed solution u(t) to (III), we will often abbreviate §(u(t)) by
5(t). Later, we will see that (under the constraint E(ug) = F(Q)), the functional
d(u) is proportional to the virial functional evaluated at u, which explains in part
why this functional is so central to the analysis (cf. ([@3) below).

We fix 09 > 0, which will need to be chosen sufficiently small in what follows.
The main result of this section is the following:

Proposition 4.1 (Modulation). Let u : I xR3 — C be a solution to (L)) satisfying
M(uo) = M(Q) and E(ug) = E(Q). Let
Ip={tel:ult)<d}
If 8 is sufficiently small, then there exist a: Iy — R, 0 : Iy = R, and h: Iy — H*!
such that _
u(t) = D1+ ()@ + h(1)],
with
()] ~ [|h(E)l| 2 ~ 6(t)  and  |o’ (t)] +10'(t) — 1] S 3(t). (4.1)
We begin with the following non-quantitative result.
Lemma 4.2. For any € > 0, there exists 6o > 0 such that for any v € H' with
M(v) = M(Q) and E(v) = E(Q),
o(v) < 6y = gré&Hv — Q| <e.
Proof. Tt suffices to show that for any sequence v,, € H' satisfying M (v,) = M(Q),
E(v,) = E(Q), and 6(vy,) — 0, there exists p € R such that
lim |jv, — e?Q| g1 =0
n—oo

along a subsequence. For this, we use concentration compactness. In particular,
choosing v,, as above and passing to a subsequence, we write v,, in a linear profile
decomposition adapted to (Z2)):

¢ (- —ad) +
1

J
’Un:

j:
for 1 < J < J*, with

: : —b|,.J |4 —
Jim i ([~ P = 0. (4.2)

By construction, we have decoupling of the L? and H' norms, along with the
‘potential energy’ quantity appearing in ([£.2). We may also assume that for each
Jj, either 27, =0 or |2 | — oo.
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We first observe that we must have J* > 1, for otherwise using decoupling, (2],
and the fact that E(v,) = E(Q), we would obtain that |||z|~°|Q|*||z: = 0. We next
claim that J* = 1. To see this, we observe that by the decoupling, nesting of ¢
spaces, and the sharp Gagliardo—Nirenberg inequality (2.2)),

27 Q* | 1 — on(1)
J* _
<Y el ol — 2l
j=1

3+b

g J* <

< Can Y 71501997 |34 < cGNuQnizb[Z HWHH (43)
j=1 =t

< Can||QI " IVQITE".

Sending n — oo and using the fact that @ optimizes ([Z2Z), we see that each
inequality above is actually an equality. In particular, equality (@3] guarantees
that J* = 1.

Our decomposition therefore reduces to the form
vp = p(x — xp) + 70
We can preclude the possibility that |x,| — oo by noting that in this case, we
would have
—b
|~z — @n)[*[l 22 — 0,

which would yield the contradiction |||z|~Q?*||;,1 = 0. Finally, if r,, does not
converge to zero strongly in H', then we can estimate as above to obtain

2@+ < (1 = mCanl|QU="IVQITE

for some 7 > 0, contradicting that @ optimizes (2.2). We therefore conclude that
rn — 0 strongly in H!, which then implies that ¢ is an optimizer of [22)). Thus
@ = €% for some 6y € R, and v,, converges strongly to ¢ in H'. O

We turn to the proof of Proposition[Zl The idea is to use Lemma[£2] to obtain
an initial decomposition of u(t) around @, and then to use the implicit function
theorem to obtain a choice of modulation parameters that impose the orthogonality
conditions appearing in Proposition 3.1l With this choice, we will be able to use
the mass and energy constraints to derive the estimates appearing ([1).

Proof of Proposition[{.1} Let ¢ > 0 and choose dy as in Lemma [£2]
Using Lemma [£2], we may first define 6 : [y — R such that

Ju(t) — e®DQ| g <e forall telp.

We will now modify 0(¢) in order to impose an orthogonality condition. We
define
®:H'xR—-R by ®@,0)=Im(v,e?Q)-
and let
(v0,00) = (vo(t), 8o (1)) = ("D Q, 6 (1)).
Now observe that

®(vg,0p) =0 and %—3 (v0,00) = —[1QI7-.
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We may therefore apply the implicit function theorem to the family of zeros
(vo(t),00(t)): choosing n =n(Q) > 0 and € = e(n) > 0 sufficiently small, we have
for each t € Iy a function

a; : B.(eWQ) c H' — B,(60(t)) C R
such that _
®(v,a;(v)) =0 forall ve B.(e!%MQ).

(e Q) for t € Iy, we may therefore define () = a;(u(t)) and
Oo(t)| <mn) obtain

Im(u(t),e?@Q) =0 and |u(t) —e?DQ|; < n < 1.

As u(t) € Be
(using |0(t) —

Now set
g(t) = g1 (t) +iga(t) = e Du(t) — Q, so that (g2(t),Q) =0.
We further define h(t) via

g(t) = a(t)Q + h(t), where «a= l91,4Q) eR.

(Q,AQ)
It follows that _
u(t) = D1+ a()Q + h(t)],
with h satisfying the orthogonality conditions appearing in Proposition 3.1} namely,
(h1(t),AQ) =0 and (ha(t),Q)=0. (4.4)

To complete the proof of Proposition[dT], it therefore remains to prove the bounds
appearing in (). We begin by using the fact that E(u) = E(Q) and M(u) =
M(Q), gauge invariance, and the identity

/ng + Vg1 VQ — 2] 9:1Q% dw = 0
to write
0 = [B(w) + M(w)] - [E(Q) + M(Q)
=3(Lygi, ) + 5(L_g2,92)
- [ el lgl* + Quilgl da
We now note that by Proposition Bl and the condition (g2, Q) = 0,
(L-g2,92) 2 llg2ll3p-
On the other hand,
(L491,91) = (L4 Q 4+ Lyhy, aQ + hy)
= a®(L4+Q, Q) +2a(L+Q, h1) + (L hr, ha)

We will now combine the last three displays: using PropositionBIland (h1, AQ) =
0, Cauchy—Schwarz, the definition of g(t), and the fact that ||g|/z: < 1, we obtain

IRliF < o +llglizn + gl +laLrQ, h)|
S+ |af’ +[|hllGn + lof (L+Q, ha)l-
To estimate the inner product, we first recall that

LiQ=Q—AQ-3[z["Q* = —2|z["Q* and (hi,AQ) =0,

(4.5)
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so that
(@ = AQ = 3[z|~*Q% h1) = (=2|z["Q% 1) = (|2[7°Q% ) = (Q, 1)
= (L4+Q, 1) = —2(Q, h).
To estimate the inner product (@, h1), we use the mass constraint:
M(@Q)=M((1+a)Q+h) = 2(Q,h) = (2a+a?)|Q|7: - [hl72  (4.6)
Continuing from (@A), we find
[AlFn < @® + laf® + || Al
Since
laf S llgllm <1 and  ||A]lm S lal + gl <1,
this implies
[hlla < lal.

Returning to (LG), we also deduce that |a| < ||h|| g1, so that we have now
obtained

1P| 22 ~ e(t)]
for all t € Iy. To relate these quantities to 6(t), we expand

5(t) = ‘/|Vu|2 — |VQP dx

- }/(2a+a2)|VQ|2 + |Vh[? do

~ |20 / VQP dr + O(a?),

which (since |o| < 1) implies
|a(t)] ~ 8(2).
To complete the proof of [I]), it remains to estimate |o/| and |’ — 1|. Setting
f(2) = |z]|7%|2|%2, we use the identity g(t) = e~ ?®u(t) — Q and the equations for
u and @ to obtain

i0ig+ Ag —bg + (1—0)Q + fle u) — f(Q) =0,

which we may interpret as an equation in H—!. We now multiply this equation by
Q, integrate, and take the real part. Recalling the orthogonality conditions (£4),
we obtain

(60 —1)|Ql7> = Re(idhg, Q) — O Re(g, Q) + Re(g, AQ) + Re(f (e u) — f(Q),Q)
= —4Im(g,Q) — O Re(g, Q) + (Q, AQ) + Re(f(e"u) — £(Q). Q)
= —0Re(g, Q) + (Q, AQ) + Re(f(e"u) — £(Q), Q).

Using [|g]|g: < 1, this immediately implies that 1] < 1, which in turn implies that
ORe(g,Q) = O(4(t)). As we also have that

Fle™u) = £(Q) = |27 Ouqlg) and lgllm < lal + [|hlla <6,

we obtain that |§(¢) — 1] < d(t) as desired. Next, we use the definition of a and the
orthogonality condition for hy in [@A) to obtain

= —Im(Ag, AQ) + 0Im(g, AQ) — Im(f (e ""u) — f(Q), AQ).
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We now claim that integrating by parts in the first term, estimating as above, and
using |0| < 1, we can obtain || < 6(¢), as desired. In fact, the only difficult term is
the first one. Using the equation for ) and integrating by parts, we find that the
worst term to estimate will be of the form

(Vg 1ol < IVallza o]~V Q%) e,
where the second term is finite provided 2(b+ 1) < 3, i.e. b < % il

To close the section, we record the following corollary of Proposition ELT]

Corollary 4.3. Let u be a forward-global solution to (ILT)) such that M (u) = M(Q)
and E(u) = E(Q). If

/00 0(s)ds < o0, (4.7)
0

then limy_,o 6(t) = 0 and there exists 6y € R such that

Ju(®) = Qi < [ 65 ds
t
for all t sufficiently large.

Proof. We first show that lim; o, §(¢) = 0. To see this, first observe that (7]
implies that there exists an increasing sequence ¢, — oo such that d(¢,) — 0. If
5(t) # 0, then we may find an € > 0 and a sequence ¢, — oo such that (i) ¢, < ¢,
for each n, (ii) [t,,t),] C I for each n, and (iii) 6(¢),) > ¢ for each n. We then note
that by Proposition [l and ({@71) we have

til
la(th) — a(ty)| < / 5(t)dt -0 as n — oc.
tn

We now observe that |a(t,)| < 6(t,) — 0, so that a(t,) — 0 as well. Applying
Proposition 4] once more, we deduce that §(t),) < |a(t),)| — 0, contradicting the
uniform lower bound in (iii).

With the convergence §(t) — 0 in place, we can now assert that §(t) < dy for all
t sufficiently large. Then, using Proposition ] the assumption that §(¢) — 0, and
the fundamental theorem of calculus, we have

lim a(t) =0 and |a(t)] 5/ 5(s) ds.
t—o0 t
Similarly, there exists 6y € R such that
Hm [0() — 0] = b, with [9(t) — ¢ — o] S / 5(s) ds.
—00 .

Thus, using Proposition 1] we deduce
[u(t) = Qi = [lu(t) = (1 + a(t))e®DQ| a1 + O(/ é(s) ds)
t
< / 5(s) ds.
t
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5. NONSCATTERING CONSTRAINED SOLUTIONS CONVERGE TO THE GROUND
STATE

In this section, we prove that if u is a threshold solution with constrained gra-
dient that fails to scatter as t — oo, then u converges exponentially to the ground
state solution as ¢ — oco. The proof consists of two steps: (i) compactness for
nonscattering constrained solutions, and (ii) convergence for compact constrained
solutions.

5.1. Nonscattering constrained solutions are compact. In this section, we
show that if u is a threshold solution with constrained gradient that fails to scatter
as t — oo, then the orbit of u for ¢ € [0,00) is pre-compact in H!. By scaling, we
may replace the assumptions on the mass-energy by assumptions on the mass and
energy separately.

Proposition 5.1. Suppose M(ug) = M(Q), E(up) = E(Q), and ||Vuo|r2 <
IVQ| L2 Let u:R x R3 — C denote the corresponding solution to (L), which is
guaranteed to be global and uniformly bounded in H' by Proposition [Z3 If

llulls([0,00)) = +00, (5.1)
then
{u(t) : t €[0,00)} is pre-compact in H?.

The analogous claims hold backward in time.

Proof. The argument is fairly standard, so we will keep our presentation brief.
Let {t,} be an arbitrary sequence in [0, 00); without loss of generality, we may
assume t,, — 0o. We apply a profile decomposition to the H'-bounded sequence
{u(ty)} to obtain (along a subsequence)
J
u(ty,) = ZeiTﬂz&Agﬁj( )+l 0<T< T e{1,2,...,00},
j=1
where the ¢/ are nonzero profiles in H!, the parameters (77, zJ ) satisfy asymptotic
orthogonality, the mass and energy decouple appropriately, and the remainder van-
ishes in the sense that
: : itA, T _
Jim - lim {72 s(p0,00)) = 0- (5.2)
We may also assume that either 27 = 0 or |z/| — oo, and similarly 74 = 0 or
|72 — oc.
There are three possible scenarios: (i) vanshing (i.e. J* = 0), (ii) dichotomy (i.e
J* > 2), or (ili) compactness (i.e. J*=1).
(i) If vanishing occurs, then
lim HeitAu(tn)Hs([opo) — 0.

n—roo

By the stability theory, this implies

[[u(t + tn)ll5(0,00)) = lltlls((tn,00)) S 1
for all sufficiently large n, contradicting (&1).
(ii) If dichotomy occurs, then we can use the mass-energy decoupling to show that
each (7 satisfies the subthreshold assumption. Then for each j, we can construct a
scattering solution v/ to (LI). In particular, if 7 = 0 and 77 = 0, we let v) = v’
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be the scattering solution with initial data ¢7; if 27, = 0 and 77 — +o0, we let v/ be
the solution that scatters to ¢7 as t — +o00 and set v (t) = vI(t+7). If |27 | — oo,
then we can construct a scattering solution vf to () with vJ (0) = e 2pd (z—ad)
via the argument of [B, Proposition 3.2]; in particular, this uses approximation by
the linear Schrodinger equation.

We then define an approximate solution to (II]) by setting

E ’U] ztA J

Then, by construction, we have that for each J, u; (0) —u(t,) — 0 in H' as n — oo.
Furthermore, we claim:

i sup im sup [4(0) 1 + il } 5 1 (53)
—J* n—
hmsuphmsup (V)5 (0% + Al + ||~ b|u‘]|2u;{]||L§L2/5([O’OO)X]R3) =0. (5.4)

n—oo

The estimates (5.3)) and (5.4]) together with the stability result imply that ||ul| s ([0,00) <
00, contradicting (B]) and ruling out the possibility of dichotomy. Thus it remains
to establish (B3] and (&4).

The key ingredients for (3] and (B4 are the following (a) asymptotic orthogo-
nality of the profiles, (b) the fact that each v} is a scattering solution to (I1]), and
(¢) the vanishing of the remainder (B.2]). For example, using the space-time bounds
for vJ and approximation by C2° functions, the orthogonality of parameters implies

Jim (bl s Ik VPRl e} =0 for Gk (55)
Using this together w1th the H' decoupling and Strichartz, we can transfer the
estimates for the vJ to the entire approximate solution v/, yielding (53). For
(G4), we denote |z|~%|z|2z by F(z) and observe that

J
(i10; + A)u! + F(u [Z F(vd) (Z vﬁl)} (5.6)
j=1

+ F(ul — ™)) — F(ul). (5.7)

n

We then note that (up to complex conjugates) (5.6) can be written as a finite linear

combination of terms of the form v v*v! | where not all of j, k, £ are equal; the total

n-"n-n’

number of terms depends on J, but this does not matter once one proves

T (V] [l k0] porn = 0

for such triples j, k, £.To prove this, one relies on the orthogonality in the form (G5.5]),
using the fractional product rule and a paraproduct estimate as in [20] to deal with
the presence of the nonlocal operator |V|*c. To deal with (5.1]), one observes that
the factor e’*®r/ is present and uses the space-time bounds for u; together with
the vanishing (52)).

(iii) We have now shown that vanishing and dichotomy cannot occur, so that

compactness (J* = 1) is the only remaining option. In particular, we have

u(ty) = eiT"A[(b(- — )] + T

The mass and energy decoupling guarantee that 7, — 0 strongly in H'. Indeed,
we have weak convergence by assumption, so that if strong convergence fails, the
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profile ¢ would obey the subthreshold hypothesis. Then, arguing as we did to pre-
vent dichotomy, we could deduce scattering for u, contradicting (51J). It therefore
remains to see that we must have 7, = 0 and x,, = 0. Indeed, if |2,,| = oo then we
can argue again as in [Bl, Proposition 3.2] to see that the solution u must scatter;
similarly, if 7,, — o0, then we can use stability theory (comparing u with the
linear solution ei(t"’T”)A@ to deduce scattering for u. In particular, both of these
possibilities would contradict (51). We conclude that u(t,) = ¢ + 0,(1) in H',
yielding compactness as desired. 0

5.2. Convergence for compact constrained solutions. The main goal of this
section is to establish the following:

Proposition 5.2. Suppose u: R x R® — C is a global solution to (L)) satisfying
M) = M(Q), Ew)=E(@Q), ed [Vl < IVQ| 2.
Suppose further that
{u(t) : t € [0,00)} is pre-compact in H".
Then there exists C,c > 0 and 6y € R such that
Ju(t) — e H00Q| g < Ce™t for all > 0.

The key to the proof of Proposition will be a localized virial estimate that
takes the modulation analysis of Section Ml into account. This estimate will allow
us to control the functional §(¢) := 6(u(t)). To obtain the desired convergence to
the ground state, we will ultimately rely on Corollary 3]

Throughout this section, we assume that u is a solution as in the statement of
Proposition

Lemma 5.3 (Virial Estimate). There exists C > 0 such that for any [t1,t2] €
[0, 00),

® 50t) dt < CL6(t1) + (ta).

ty

Proof. Let ¢ be a real-valued, radial function such that

22zl <1 2

= ’ d |16« <, o]
o) {Const TSy 96 S e
We also impose that 0,¢ > 0, where 0, = V - IZEC_I is the radial derivative.
Given R > 1, let

wr(r) = RP(F), weo(z) = [zl

and define for R € [1, 00| the functional

Prlu] =2Im . auVu - Vwpg dz.

Then a direct computation using (II) and integration by parts yields
2 Prlu(t)] = Frlu(t)], (5.8)

where
Frlu] = /(—AAwR)|u|2 + 4Re iyupdip [wi]

— ||t u[* Awg — blz| P 2|u) s - Vwg da.
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In the case R = oo, we use the fact that E(u) = E(Q) and the identity 23) for
E(Q) to write

Foolu] = /8|Vu|2 — (6 + 20)[2| t[ul* do

— 8(3+ b)E(u) — 4(1 4+ b) / Vul? da (5.9)
=4(1+0)d(1).
Next, we claim that
Frle®Q) =0 forall Re[l,00] and 6€R. (5.10)
Indeed, since @ is real-valued, we have
Pr[e Q] =0 forall teR. (5.11)

As e't+9)Q solves (L)), the identity (EX) implies
FR[ei(He)Q] =0 forall teR,

which (evaluating at ¢ = 0) implies (5.10]).
Now we fix R > 1, which will be specified below, and we choose §; € (0,d¢). We
then define

X=xs, J=A{teltrta]:0(t) <},
and denote x¢ =1 — x. Then (58) and (EI0) yield

i Prlul = Foolu] = X“(){ Fru] — Fuolu]}

+ x(){ Frlu] — Fxolu] — (Frle”YQ] — Fu[e®Q))}, (5.12)

where 6(t) is as in Proposition 1] (and, in particular, is defined on the support of
x(t)). Our task is now to bound Pr[u(t;)], as well as the terms on the right-hand-

side of (B12).

Fix j € {1,2}. If §(¢;) > 61, then we use Cauchy—Schwarz to estimate
|Prlu(t))]| < Rllulli~m < 520(t))- (5.13)

~ &1

If instead d(t;) < 61, then we use (B11]) and Proposition 1] to estimate
|Prlu(t;)]] = ‘2Im/(uVu - e_w(tj)QV[ew(tf)Q]) -Vwprdx

S R{lJullpee s + Qe Hlu(t;) — e Q|
S Ri(tg).

(5.14)

We turn to the terms on the right-hand side of (G.12)):
For the x© term, we have 6(¢) > 41, and we can estimate using H'! pre-compactness.
In particular, we let € > 0 and choose R sufficiently large that

sup / |Vu|? + 2|72 |ul? + |z|~Cul* dz < &2
te[0,00) J|z|>R
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We then write
Frlu] — Flu]

= —/ 8|Vul? — (6 + 2b)|z|"|ul* + 4 Re wjurdjx [wr] dx
|z|>R

+ / (—=AAwg)|u® — |2 lu|*Awr - blz| P72 |u|*z - Vwg dr,
|z|>R

from which we may deduce that
|[Frlut)] — Fulu(t)]] < 50(t) uniformly for ¢ € [t1, 2]\ J. (5.15)
For the y term on the right-hand side of (5.12)), we set Q(t) = ¢’ Q and expand

the error term as

- /I |>R8[|Vu|2 —[VQ)[*] = (6 + 20) |z ~*[Jul* — [Q(t)["] dx
+ 4/ ‘ RRe[ﬂjuk — Qi()QkMjrwr — [[u]* — Q1) |AAwg dx (5.16)

- / o |~ lul* = Q)| Awr + blz[ " *[lu|* — [Q(®)|") « - Vwr da.
x|>

The key to estimating the terms in (G.I6]) is to observe that (i) in each term we can
exhibit the difference u(t) — Q(t) measured in H' and (ii) the remaining terms will
contain either u or @ at radii |z| > R, so that (choosing R possibly even larger de-
pending on Q) they are O(e). For example, using compactness and Proposition FT]
we have
| Re[ajur — QjQrlOikwrl|L1(j2|> R)
SIVIw = Q72w r)
S AUIVullzze>ry + IV@l 22 (a> ry Hlu — Q)| 1 S €0(t).

The terms containing negative powers of |z| are simpler, in the sense that we can
exhibit negative powers of R, which can be made to be O(g) directly by choosing
R large enough. In particular, we obtain

| Frlu] — Fxo[u] — (Fr[e®DQ] - Fao[e*DQ))| < £6(t) uniformly for ¢ e J. (5.17)

We now continue from (512), integrating over [t1, t2] and inserting (13)), (514,
E9), ETI38), and (EI0). Recalling §; < 1, we derive that

/t S0 dt < SR[5() + 0(t)] + £ /t ® s dt.

1

Choosing ¢ = £(¢;) sufficiently small, we complete the proof. O

Applying the preceding lemma on intervals of the form [0, 7] and using bound-
edness of §(+), we immediately obtain the following:

Corollary 5.4. We have
/ d(t) dt < oo.
0

We are now in a position to complete the proof of Proposition
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Proof of Proposition 5.3 We begin by upgrading Corollary [5.4] to an exponential
estimate. Using Lemma [5.3] Corollary 5.4l and Corollary £3] (which yields () —
0), we obtain

/ d(s)ds < C4(t) forall t>0.
t

By Gronwall’s inequality, this implies that
/ 5(s)ds <e " forsome ¢>0 andall t>0.
t

Finally, by Corollary 5.4l and Corollary 3], we deduce that there exists #y € R such
that .
u(t) — e TFIQ| i < e forall ¢ > 0.
O

6. GLOBAL UNCONSTRAINED SOLUTIONS CONVERGE TO THE GROUND STATE

In this section, we prove that if w is a threshold solution with unconstrained
gradient that exists globally forward in time, then u converges exponentially to the
ground state solution as t — co. Our proofs require that we impose some additional
localization assumption on u (namely, either u is radial or zu € L?).

Proposition 6.1. Suppose u : [0,00) x R® — C is a radial, forward-global solution
to (L) satisfying
M(u) = M(Q), E(u)=E(Q), and |[Vuglr2 > [[VQ|L:.
Then there exists ¢ > 0 and 0y € R such that
|u(t) — Q| g S e for all ¢ > 0.

Proof. We break the proof into several steps:

Step 1. Modulated virial estimate.

We utilize the localized virial identity as in the proof of Lemma above. In
particular, we recall the notation

Prlu] = 2Im/ﬁVu -Vwg dz.

Fix a time interval [t1,%2] and 01 € (0,dp), and define
X=xJs, J={t€ti,ta] :0(t) <1}, and x°=1-yx.

Adopting the notation from the proof of Lemma [5.3] we fix R > 1 and obtain the
modulated virial identity

@i Prlu] — Folu] = x“(t){ Fr[u] — Fx[u]}
+ X(O{ Frlu] = Fu[u] = (Frle"Q] = Fux[e”Q)) },

where 6(t) is as in Proposition Tl In the present setting, we also impose that the
weight ¢ satisfy

(6.1)

[Vo(z)] <2|z| and |0 <2 forall .
By the computation in (B9), we may write
Foolu] = —4(1+b)d(t),

where here we use the condition ||Vu(t)|| 2 > ||[VQ| 2. Our task is then to control
the terms on the right-hand side of (6] by d(t).
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We first consider the x¢ term. We begin by writing

Frlu] = Foolu] = / 4 Re @udywn — 8Vul?] da (6.2)
|z|>R

+/ O(R?|ul* + R™|u|*) dx (6.3)
|z|>R

By construction, we have that [G2)< 0. On the support of x°(t), we have §(¢) > d1,

and hence we have the trivial estimate
RfQHuH%z < R72%5(t).

~

For the remaining term in (G3), we use the radial Sobolev embedding estimate,
Young’s inequality, the bound [|[Vul[3, < 1+ 6(t), and the fact that 6; < §(t) to
obtain

R7ullfs € B> PllaullFoe ul7-
S B2 ulg2 | Vull 2
S R ullze + 1VulZe]
SR+ S B2V 4+ 18(0).
We turn to the x term in ([G.II) and write
Frlu] - Foolu] — (FRIQ(®)] — Fao[Q(1)))

_ /  ReOheligu — QiOQuO)] - SVl ~ VQU Pl do

+ O[/ R [lu® = [Q)P] + R™*[lul* - |Q(1)|"] dz | dz,
|z|>R

where we denote Q(t) = ¢?)Q. Using Proposition @1l and the decay of @, the
first line on the right-hand side above may be estimated by
{Ilu®) = QW) s + 1@l 1 (11> ) }lw(t) — Q)| &
SA0() +n(R)}o(t) < {do +n(R)}6(1),
where here and below we denote
N(R) = 1@ r1(jz|>R)-

For the second line, we use the the fact u is H'-bounded on the support of y and
obtain an estimate of the form
[R™2 4+ R7Y)6(1).
Continuing from (G1]) and collecting our estimates, we deduce that
£ Prlu) < =2c5(t) + O{R™" + R™%3 + 61 +n(R)}6(1) 6.4
< —ed(t)

for some ¢ > 0, provided we choose d; sufficiently small and R = R(d1, Q) suffi-
ciently large. Integrating over [t1, t3], we obtain the virial estimate

/ " o5ty dt < Prlu(ty)] — Prlu(ts)]. (6.5)

ty

Step 2. Positivity and upper bounds for Prlu).
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A direct computation again using (I and integration by parts shows that

- %/|u|2w3da@.

Now suppose that Prlu(tg)] < 0 for some 5. It then follows from (G.4]) that
Prlu(t)] < —n < 0 for all ¢ > to. Thus

/|u(t)|2wR dz < /|u(t0)|2wR da — n(t — o),

yielding a contradiction for ¢ sufficiently large (as wg is positive). Thus Pglu(t)] is
positive for all ¢ > 0.
Next, we claim that there exists C' > 0 such that

|Prlu(t)]] < CRO(t) forall ¢>0. (6.6)
If §(t) > 41, this follows from the trivial estimate
|Prlu®)]| < Rllull?n S RISE) + 1QI7F:] < RIL+ 07 1QIIF:10(2)-
If instead §(t) < &y, then we use the fact that Pr[Q(t)] = 0 (where Q(t) = ?Q
as above) to obtain
|Prlu(®)]] = |Prlu(t)] — PrIQ(1)]|
SAllu®) = Qe + QN Hiu(®) — Q)|
S + 136() S 6(8)-
Step 3. Limit for Prlu(t)].
In Steps 1 and 2, we have established that Pr[u(t)] is strictly positive and strictly

decreasing. Thus there exists ¢ > 0 such that lim; o, Pg[u(t)] — ¢. In particular,
by (G.3]), we find that

/oo §(1) dt < oo. (6.7)
0

This implies that §(¢,,) — 0 along some sequence ¢, — oo, which (in light of (G.6]))
then implies
tlim Prlu(t)] = 0. (6.8)

Step 4. Exponential bounds and conclusion of the proof.

Using (@8], (G3), and (66), we find that

/OO d(s)ds S O(t),

which (by Gronwall’s inequality) implies

/ d(s)ds Se™©

for some ¢ > 0. Combining this estimate with (67]) and Corollary 43 we conclude
that

lu(t) = Q1 S e
for some 6y and all ¢ sufficiently large, which completes the proof of Proposition[G.11
O

The proof above actually establishes the following:

Proposition 6.2. If u is a solution as in Proposition [6.1, then xu € L>.
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Proof. We showed above that
% / |u|*wg dx = Prlu] >0
This implies that Vg (u = [ |u(t) |wg dx is non-decreasing. As
Hu( ) —e'Qllgr =0 as t— oo,
we have that
Va(u(0)) < Va(u(t)) < Va(Q /|x| Q dz

for all ¢ > 0. In particular, Vz(«(0)) is uniformly bounded in R. Since it is also
non-decreasing, we see that

/IxIQIU(O,x)Ide < /|ac|2c22 dz < oo.
O

Using similar arguments, we can also establish convergence for data with zug €
L2, As the proof is very similar to that of Proposition (in fact, it is strictly
easier, as we do not need to truncate the virial identity), we omit the proof.

Proposition 6.3. Suppose u : [0,00) x R3 — C is a solution to (1) such that
xug € L? and

M(u)=M(@Q), E@) =EB@Q), and [Vuolz> [VQ .
Then there exists ¢ > 0 and 0y € R such that
|u(t) — Q| S e for all ¢ > 0.
7. CONSTRUCTION OF SPECIAL SOLUTIONS

In this section, we show that the mass-energy scattering threshold admits new
dynamics compared to the sub-threshold case. In particular, we construct solutions
that are different from the ground state solution, but whose distance to e”Q de-
creases exponentially in time in one direction. To do so, we construct a family of
approximate solutions to (II]) and then perform a fixed point argument.

7.1. Nonlinear estimates. We begin by establishing some nonlinear estimates
adapted to the linearized equation. Recall the notation K (-) and R(-) introduced
in (32)) and the function spaces N(I), Z(I) introduced in Section

Lemma 7.1 (Preliminary estimates). If I C R is such that |I| <1, then:
IKDllve S 1Tz,
IRA vy S Wz + 110
IR(f) = R()Inry S = gllzay (Iflzay + Mgllzay + 112 + ol

Proof. For the first estimate, we use Holder’s inequality to obtain

I~ Q*Dfl ¢ < Ml @ aog NO9) Fluzesz. (71)
1o QVQfI |, & < el QIVQll2rs I llr2. (72)
ol =@, 5 S el ™7'Q% 3 I agee: (73)

tdx
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For the remaining estimates, we use (Z4]) and Holder to obtain

_ 342 3420
[l bfghl\LQLg SV fllerzlIVIT gllLge 2|l 2 e, (7.4)
—b—1 btl bit btl
el foml, o SUVIE A, e IVIS s 191500, e (75)
for arbitrary f, g, h. As one has
[R(f) = R(9)| < |=[~(QIf| + Qlgl + [ f* +1g[*)|f — gl (7.6)
and
IV(R(f) = R(o)I < =" (@QLf1 + Qlgl + |1 + l91*)If — gl
+ 2] QI+ Qlal + P + gV (f =9l (7.7)
+ 12|~V (@QIf 1+ Qlal + [ £12 + |a*)]If — g,
the estimates now follow (using the decay properties of Q). O

7.2. An approximate family of solutions. We next construct a family of solu-
tions to equations that successively approximate the linearized equation. In what
follows, we utilize the notation for eigenfunctions/eigenvalues of £ from Section Bl

Proposition 7.2. Let A € R\{0}. There exists a sequence {Z{*}r>1 of functions
in H2(R3) N W33 (R3) such that

k
Z =AYy and Vi =Y ez (k>1)

j=1
satisfy
atvl? + EV? = iR(VI?) +0 (67(k+1)e°t) in WY as t— oo

Proof. The sequence is constructed inductively. To simplify notation, we omit the
superscript A throughout the proof. Define 77 = AY, and note that

oV + LV — ’LR(Vl) = —ZR(Vl)
Now note that for any v, we have the pointwise bounds
[R()| S [~ (Qlvl? + [vl*),
IVR()| < |2~ H@Q + [o])Jv]* + [ ~*(Q + [v])[ Vo] [v]
+ 12|V (Qlol + [v]*) v
Thus we have, by (Z4),

3+2b 3+2b 3+2b

IVITs=Qllzz + IVITs vl ) [IVITe vl L2 lv]
QU + vl ) vl e

[ E(v)]

| 6 6
LS L

IZANRYAN



26 LUCCAS CAMPOS AND JASON MURPHY

and, by (Z4) and ([T3),
IVE(v) V15 QI 2 + 11V o]l )11 5 v||2
+ (1QNz2 + llvllz2)[Vollz2 o]l Lo
+ (IV@QIle2llvllze + QI L2 [Volle + lo [l Vol L2) vl s
(o] IR TR P

+(1Qlz + ol ) vl

s S

This yields

1RO g < e [(1Ql o3+ 121 yn )12 s
+1Ql s + e Za )1 211

which yields the base case.
Suppose now that Vy,..., V) are defined and define

€r = VL + LYV — ZR(Vk) (7.8)
We then have
k
OV ==Y jeoe 7' Z,
i=1

which allows us to write

Jeot j60Zj +£Zj) —ZR(Vk)

H'Mpr

Using the explicit expression of R(V;) and Lemma B4 we see that there exist
F; e W8 such that

k+1
er(t,x) =Y eI F;(z) + O(e T2

j=1
for large t. Since ¢, = O(e~(F*+1Deot) by the induction hypothesis, we conclude that
F; =0 for j <k, showing
en(z,t) = ef(k+1)e0tFk+1( )+ O(e—<0 (k+2)t ).
Noting that (k + 1)eg ¢ (L), we now define
Zpy1 = —(L — (k+1)eg) ' Fry € H?

Note that, by Lemma B4l Zj.; also belongs to W18, It therefore remains to
estimate

ehi1 = ep —e FFDoOR (R — R(Vy)).

k1 = €k k1 = H(R(Vis1) = R(Vk))
As we already know that e, — e~ *tDeoFp ) = O(e~(F+2)eot) and the explicit
expression of R gives R(Vi11) — R(Vi) = O(e~*+2)e0t) we deduce the desired
estimate. O

Having constructed the approximate solutions, we now use a fixed point argu-
ment to obtain true solutions to (LI]).
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Proposition 7.3. Let A € R\{0}. There exists kg > 0 such that for any k > ko,
there exists tr, > 0 and a solution U? to (CI) such that for t > ty, we have

U4 = " Q = eV z(ih00)) < € FFD, (7.9)
where the V{* are as in Proposition [7.2
Furthermore, U? is the unique solution to (L1) satisfying (T9) for large t.
Finally, U4 is independent of k and satisfies
|UA®t) — e Q — Ae= Y || g1 < e7 2 for large t. (7.10)
Proof. We seek to construct a solution u to (1)) of the form
ult,z) = e"(Q(x) + Vi (t, z) + hi (1, 2)), (7.11)
which requires that we construct h? satisfying

i0ehit + Ah + K(hid) + ROV + hid) — RVY) +ieit = 0, (7.12)

where €, is as in ([Z8). For simplicity, throughout the proof, we write h instead of
h,‘?. We construct h by finding a fixed point of the following operator

M(R)(t) =i / - e =ADLK (h) + [R(VE' + h) — ROV + iex} ds,

t

which we will show is a contraction on a suitable complete metric space. In partic-
ular, we define the norm E = E(k, ;) by

1
w|| g = sup " 2| Al £(1.00))
t>1),

and take B = B(k,t)) to be the complete metric space
B:={h:|hlls <1}
equipped with the metric
p(h,h) = |[h—hlE.
Then for h, h € B, we have the following:
M) z(1t,00)) S I () N((t,00)) + IRVk + 1) = RVe) [N ((t,00)) + €kl n(it,00))

and

[M(R) = M)l 2(1t.00)) S 1K (h = B)|| 5 ((t.00))
+ Rk + h) = R(Vk + h) || N ([t,00))-
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Now, by Lemma [T} for 0 < 7 < 1:

1K (M) n (it < D IE ()| N (4t (1))
=0
=
S Dbl z (e gr e Gy
=0

T3 Ze*(ﬂé)ef}(t“”HhHE
=0

<

A

oo
_ T%ef(knL%)eot”hHE Z e*j(kJr%)eor
=0
-
— o (kt)eot 7
c ’ 1 — e—(k+3)eor 7] -

Choosing ko := 221 _ 1 we see that for all k > ko(7),

ey T 27
1 (krlye
1K (M) 3 ((t,00)) S 726~ FF20 1] .
Similarly, for I; = [t + j7,t 4+ (j + 1)7], we have
IRVi +h) = ROV + 1)l w1y

S [Vl + Wbl + 10l 2] b = Bz,

i [0t e R Dt (R + )] e 47— o 5
Sk e” BNt [p — p| g eIt )T,

which yields
IR(Vi + 1) = ROVk + B) || ((t,00)) S €~ B = B .

Finally, by construction,

llenll nfe, o0y Sk e et

(cf. the proof of Proposition [T.2).
Collecting the estimates above, we see that for t > tj, with ¢; > 0 large enough,
we have

M) e < [OT% + Cke_(’”%)eotk] <1
A() = M(B) < [0 + Cuemrbeot] o = e < il =

Thus we obtain a unique fixed point hi for M in B = B(k,t}), which then yields
the desired solution via (ZII]). (To be clear, the parameters are chosen as follows:
one first chooses a small universal 7 > 0, then a large k > ko(7), and finally a large
tr(k).) Note that the uniqueness condition still holds if, given k > ko, one chooses
a larger £, > t;,.

Finally, we show that the function U := €®(Q + Vi + hy) is independent of
k. Indeed, given k' > k > kg, tjr > tr and two solutions hy € B(k,t;) and
hir € B(K',t1), respectively, one obtains two solutions on B(k,tx ), namely hy,
restricted to t € [tr, 00) and hy := (Vi — Vi) + hyr. By uniqueness of (Z12), these



THRESHOLD SOLUTIONS 29

must coincide on [t} 00), and hence by uniqueness of solutions to (I1]), they must
also coincide on [y, 00).

Finally, the bound (ZI0) is obtained by writing U4 = e™*(Q + Ae™*t),) +
O(e=2¢0t) in H(R3). O

8. UNIQUENESS FOR SOLUTIONS CONVERGING EXPONENTIALLY TO THE GROUND
STATE

In this section, we establish a uniqueness result for threshold solutions converging
to the ground state. The key technical ingredient will be the following proposition:

Proposition 8.1. Let h be a solution to
8th + Eh = €.

If there exist co > c¢1 > 0 such that for all t > 0,

IR S e, (8.1)
€l n(t,00)) S €, (8.2)

then there exists A € R such that
10(t) = A=Y S e 57 (8:3)

for all t > 0. Moreover, if c1 > ey or ca < eg, we can choose A = 0.

Let us first see how this proposition implies our desired results; we will then
prove Proposition 8] below.

Proposition 8.2. Suppose u : [0,00) x R3 — C is a solution to (LI) such that
) — QL < e (5.4)
for some ¢ > 0. Then there exists A € R such that u = U* (cf. Proposition[7.3).
Proof. For A € R, we define h and V4 via
u=e"(Q+h) and U? =et(Q+ VD),

where U is as in Proposition [L3l Controlling the difference u — U 4 is then equiv-
alent to controlling the difference h := h — V4 for suitable A. In particular, we will
prove that there exists A € R such that for all £ > 1 and all ¢t > 0,

1R = IA() = VAl Sk e™. (8.5)

Assuming for (&3] for the moment, let us derive a similar bound for & in the Z-
norm, which implies the desired conclusion u = U4 from the uniqueness statement
in Proposition [[3l Noting that h satisfies the equation (B3), i.e.

Oth + Lh = iR(h),
we have that h satisfies

idih + Ah + K (h) + [R(VA + h) — R(VA)] = 0.
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Then, choosing 7 € (0,1) and k > eq, we use the estimates (Z4), (1), (C2)), [T3)),
@5, 1), and B3H) to obtain

1A 2ge401)
SR a2 + 72 1Rl 21, 0407) + [||B||L30H;([t,t+r]) + 1P Z 50 b (o)
HIVAOl e my ey + VA1 | 1V B2 28004
SR + 72 12 28,04
+ (||}~l||Lg°H;([t,t+T]) + ||}~l||%gOH;([t,t+T]) + efeot) IR 2t 471)

_ 15 T
Sk e + 2 |hll 2ty + RN Zerm)- (8.6)

This implies that for any k > eq, there exists 0 < 7, < 1 and ¢ > 1 such that for
any t > iy,
Rl 2t e m)) Sk €™ (8.7)

oo
Thus, splitting [¢, 00) = U t+ j7i,t + (4 + 1)7%], we can write

- _ i 1 B
”hHZ([t,oo)) ,Sk € w E e I = me kt,
7=0

as desired.

We turn to the proof of (BH). Using (84, the inequalities ([24), (T6) and (1),
and estimating as we did for (84) and, (81, we have

1)z + 17l z(e,0py S €™ and R nie,o0y) S €7 (8.8)
We now claim that there exists A € R such that
|h(6) = VA®) i S e F.
Observing that (by construction of U#)
VA = Aem 'Yy 4+ O,
we see that it suffices to find Ag € R such that
|A(H) = Aoe™" V|l S e 2", (8.9)

For this, we will utilize Proposition Bl Using this proposition, the triangle in-
equality, an estimating as we did to obtain the bound R(h) in (8], we have the
general implication

IRl < e = ||h(t)|| g < e minteos3alt,

In particular, starting with (8], after finitely many iterations (say .J, where J is
large enough that (2)7c > eg), we obtain the decay estimate ||h(t)| g < e "
From this point, one more application of Proposition Bl (and (88])) implies (83)
for suitable Ay € R.

Now, recall that h = h — VA0 satisfies

Oh+ Lh = ’L[R(iL + VAU) _ R(VAO)]’
so that we can derive
ROl S ™™ = IR(A+ V) = ROA)|n(jr,00) S € 0™
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Thus, beginning with m = 260, repeated applications of Proposition Bl (in which
we can always take ‘A = 0’) yield

RO Se™ = A S e et
This implies (8H) (with A = Ay) and completes the proof. 0

The same argument as in the previous proof also shows:

Corollary 8.3. If A € R and u is a solution to (LI) on [to,o0) such that, for all
large t,

lu(t) = U4 Ol S e,

where ¢ > eq, then u = U?.

We can therefore reduce even further the number of possible special solutions
(up to phase and time translations).

Corollary 8.4. For any A > 0, there exists Ta such that UA = eTAUT(- + Ta).
Similarly, for any A < 0, there exists Ty such that U4 = e TaU1(- +Ty).

Proof. If A >0, let Ty = % In A. Then
le= A UA®) = Ut + Ta)l|
= e TAUA W) — T (Q + e HTDY, 1 + O
= U(t) - e”@ + AT Y|+ O(e7>)
= O(e2h).

Therefore, by the previous corollary, U4 = 74U+ (. +T4). The proof is analogous
for the case A < 0. O

Finally, we need to prove Proposition 81l

Proof of Proposition[81l Throughout the proof, we employ the notation intro-
duced in Section Bl We first observe that [81]) and ([2l), together with Strichartz,

1. C2) and (Z3), imply

—Clt
Se

12l z([t,00))
Recall that
|B(V4, Y-)| = [(L-Y1, )| Z V1]l e > 0.

We now renormalize Yy as to have B(YV;,)-) = 1. We decompose

h(E) = s (00D +a- (V- + Ble) T +9(0)
with g € GL. In particular,
as =B Ys), =l ad e =) +asa.

Moreover, we have

ot ()] + la— (O + 18O + gl e S e
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By differentiation, we then have

4 (eo'ay) = e B(e, V-) (8.10)
demla ) =e “'B(e, V) (8.11)
45 = 42 (8.2
49(h) = 2B(e, h) (8.13)
We first claim that
o (O] + 1BO] + g0 S e 757, (8.14)

Indeed, using Holder and ([T4]), we first observe the general estimate
JIBG@.a®)de 5 0+ ooz

Then, writing [t, +00) = [J;[t + i, t + i + 1) and integrating (8I1]), (8I2) and
BI3) over t € [0, 00), we obtain (8I4).

We now consider ;.. We split the remaining of the proof in three cases:

Case 1: ¢; > eg. As e®la(t) — 0 as t — oo, we can integrate (8I0) over
t € 0,00) to obtain

oy ()] S et < e 5

Combining this estimate with (814, we derive (B3] with A = 0.
Case 2: ¢; < eg < ¢a. As o > ¢p, we can still integrate (8I0) over ¢t € [0, 00)
to obtain A € R such that e’a, (t) — A as t — oo. Moreover,

|y (1) —e A Se 2t <em Rt

This, together with (814), yields (83]).
Case 3: ¢z < eg. Integrating (8I0) over [to,t] (for some ¢y € R), we have

t
s (D] S e [ee°f°|a<to>| + [ eleomear dr] <o

to

In particular, using (814, we obtain (B3], with A = 0. O

9. PROOF OF THE MAIN RESULTS

Finally, we collect the results from the preceding sections to complete the proofs
of the main results, namely, Theorem [Tl and Theorem
First, we describe the particular solutions Q<.

Proof of Theorem L. Define Q* = U*' (cf. Proposition[Z3). Since
IVQE (72 = IVQIZ2 + 26~ | VY472 + O(e "),

we see that [[VQT(t)||r2 > |[VQ| L2 and |[VQ™(t)||z2 < ||[VQ|| 12 for all large t.

Now, if @~ does not scatter backwards in time, then {Q(¢): t € R} is pre-
compact in H'. By time-reversal, Lemma [5.3, Corollary [.4] and Corollary B3] we
have

/5 ) dt < hm Q™ (1) + 1i£n 0(Q~(t)) =0,

so that §(Q(t)) = 0. However, this contradicts that ||[VQ ™ (¢)[|z2 < [|[VQ]|L2-
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Next, since Q7 is radial, Proposition 6.2 implies |2|QT € L?; moreover,
QIm/Qg [z-VQF] > 0.

If QF does not blow up in finite negative time, then applying the same Proposi-
tion 6.1 to the time-reversed solution Q% (¢) = QT (—t), we derive the contradiction

2Im/Q_g[x-VQ3’]>O.

Finally, we have the classification result.

Proof of Theorem[L.2. Let ug be such that M (ug)' =% E(ug)* = M(Q)' = E(Q)*-.
Using the scaling symmetry, we may assume M (ug) = M(Q) and E(ug) = E(Q).
If |[Vuollzz < ||IVQ]|L2 and the corresponding solution u does not scatter in
both time directions, then Propositions 5.1] and [£5.2] Corollaries and B4 and
Theorem [T imply that « = @~ (up to the symmetries of the equation).
Similarly, if ||Vuo||L2 > [|[V@Q| L2 and u does not blow up in both time directions,
then by Proposition [G.1], Corollaries B3] ,and B3] and Theorem [l we have u = QF
(up to the symmetries of the equation). O
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