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Abstract

For each integer k > 2, we determine a sharp bound on mad(G) such that V(G) can be
partitioned into sets I and F}, where I is an independent set and G[Fj] is a forest in which
each component has at most k vertices. For each k we construct an infinite family of examples
showing our result is best possible. Our results imply that every planar graph G of girth at least
9 (resp. 8, 7) has a partition of V(G) into an independent set I and a set F' such that G[F] is
a forest with each component of order at most 3 (resp. 4, 6).

Hendrey, Norin, and Wood asked for the largest function g(a, b) such that if mad(G) < g(a, b)
then V(G) has a partition into sets A and B such that mad(G[A]) < a and mad(G[B]) < b. They
specifically asked for the value of ¢g(1,b), i.e., the case when A is an independent set. Previously,
the only values known were ¢g(1,4/3) and g(1,2). We find g(1,b) whenever 4/3 < b < 2.

1 Introduction

An (I, Fy)-coloring for a graph G is a partition of V(G) into sets I and F such that I is an (I, Fy,)-coloring
independent set and F' induces a forest in which each component has at most k& vertices. The

average degree of G is 2|E(G)|/|V(G)]. The mazimum average degree of G, denoted mad(G), is mad(G)

the maximum, taken over all subgraphs H, of the average degree of H. In this paper, we prove

a sufficient condition for a graph G to have an (I, F})-coloring, in terms of mad(G).

Theorem 1. For each integer k > 2, let

3— 2~ k even f(k)
— 3k—1
F(k) = { 3— —3k372 k odd

If mad(G) < f(k), then G has an (I, F},)-coloring.

Theorem [ is best possible. For each positive integer k there exists an infinite family of
graphs with maximum average degree approaching f(k) (from above) such that none of these
graphs has an (I, Fy)-coloring. Note that f(3) = 18, f(4) = 3%, and f(6) = 2. Each planar
graph G with girth g has mad(G) < %. So Theorem [l implies that every planar graph G of
girth at least 9 (resp. 8, 7) has a partition of V(@) into an independent set I and a set F' where

G[F] is a forest with each tree of order at most 3 (resp. 4, 6); for girth 9, this is best possible,
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since [9, Corollary 4] constructs girth 9 planar graphs with no (I, F3)-coloring. This strengthens
results in [8 [T0]. Theorem [ is implied by a more general result below, our Main Theorem.
Before introducing definitions and notation to state it, we briefly discuss related work.

Choi, Dross, and Ochem [0] studied a variant of (I, F)-colorings where they did not require
the components of G[Fi] to be acyclic, but only to have order at most k. They proved that G has
such a coloring whenever mad(G) < §(1 — B‘kIT) Theorem [I] allows a weaker hypothesis (and
a stronger conclusion). Moreover, the argument on the sharpness of Theorem [I] (see Lemma
) does not require the acyclic nature of Fj, and therefore Theorem [ is also a sharp result
for this variant of the problem. Dross, Montassier, and Pinlou [§] studied a different variant of
(I, Fy,)-colorings, where G[Fy] has bounded maximum degree, but perhaps not bounded order
(earlier related results are in [5] and [2]). Under hypotheses very similar to those in Theorem []
they proved that G has such a coloring. These results, too, are strengthened by Theorem [l

We can also view Theorem [l in a more general context. Hendrey, Norin, and Wood [T}

Problem #14] asked for the largest function g(a, b) such that if mad(G) < g(a,b) then V(G) has g(a,b)
a partition into sets A and B such that mad(G[A]) < @ and mad(G[B]) < b. They specifically
asked for the value of g(1,b), which corresponds to the case that A is an independent set.
Nadara and Smulewicz [10] used maximum flows to give a short proof that g(1,b) > b+ 1 and
9(2,b) > b+ 2. However, the only exact values previously knownl] were g(1,4/3) and g(1,2)
(see [] for g(1,4/3) and see below for ¢g(1,2)). We find the value of g(1,b) whenever 4/3 < b < 2.

We also study a related function g(a, ). This is the largest value for which there is a finite set g(a, b)
Ga.p of graphs such that if mad(G) < g(a, b) and G has no graph in G, ; as a subgraph, then V(G)
has a partition into sets A and B where mad(G[4]) < a and mad(G[B]) < b. That is, (a,b) is
the minimum value such that there is an infinite family of graphs G; with mad(G;) approaching
g(a,b) from above (as j — o0) and each V(G;) has no partition A4, B with mad(G;[4]) < a and
mad(G;[B]) < b. Clearly, g(a,b) < g(a,b), and sometimes this inequality is strict.

In [7] we observed that g(1,2) = 3. The lower bound follows from degeneracy The upper
bound ¢(1,2) < 3 comes from K,. However, K, is the single obstruction to strengthening this
bound. In fact, we proved that §(1,2) = 3.2. Each component of a graph G with mad(G) < 2
is a forest. Thus, a partition of V(@) into sets I and F with mad(G[I]) < 1 and mad(G[F]) <
2—2/(k+1) is precisely an (I, Fi)-partition. In the present paper, we show that ¢g(1,2—2/(k+
1)) =9g(1,2-2/(k+1)) = f(k) for every integer k > 2 (here f(k) is as defined in Theorem [I]).

This is particularly interesting because g(1,2) = 3.2, but g(1,b) < 3 for every b < 2.

A precoloring of G is a partition of V(G) into sets Uy, Un,...,Uk—1, F1, Fa,..., Fg, and I. precoloring
Intuitively, we think of a vertex in F}; as being already colored F' and having an additional j —1 Uo,...,Uk-1
(fake) neighbors that are also already colored F. So, for example, if a vertex is in Fj then Fi,. .., Fy, 1
we cannot color any of its neighbors in Uf;é U; with F, since this would create a component
colored F' with at least k£ + 1 vertices. Similarly, a vertex v in Uj is uncolored, but has j fake
neighbors that are colored F'. So coloring v with F' would create a component colored F' with
J + 1 vertices. An (I, Fy)-coloring of a precolored graph G is an (I, Fy)-coloring (I’, F') of the
underlying (not precolored) graph G such that I C I, U?Zle C F' and each component of
G[F’] has at most k vertices including any fake neighbors arising from the precoloring. A graph
G is precolored trivially it Uy =V (G),soUy =+ =Up1=F1 = -=F, =1=0.

A precolored graph G is (I, F)-critical if G has no (I, Fy)-coloring, but every proper sub- (I, Fy)-critical
graph of G does and, furthermore, for any vertex precolored U; or F}, reducing j by 1 allows
an (I, Fy)-coloring of G. So Theorem [Ilis equivalent to saying that every (trivially precolored)

(I, Fy)-critical graph G has mad(G) > f(k). To facilitate a proof by induction, we want to
extend Theorem [I] to allow other precolorings. However, a vertex in U; (with j > 0) or in
F; imposes more constraints on an (I, Fj)-coloring than one in Uy. Intuitively, a vertex in

'Borodin, Kostochka, and Yancey [3] also showed that g(4/3,4/3) = 14/5.
2@Given a vertex v of degree at most 2, by induction we partition G —v into sets I and F such that I is independent
and G[F] is a forest. If v has no neighbor in I, then we add v to I. Otherwise, we add it to F.



V(G) \ Up should “count more” toward the average degree than one in Uy. This motivates
weighting vertices differently, as we do below. (In Section[[:2] we explain our choice of weights.)

Definition 2. For each integer k > 2, let
e Cp := {3k —1 for k even, 3k — 2 for k odd};
o Cyp:= 33
o Cpyji=Cpo—3j=3E3_3jfor0<j<k
e Cp;j =Cpyj1+Cr—Cg=Cg—3jfor1<j< L%J,
Crp;j = OU,L%j +CU.,[%] +OU,j—L#J —3CE =3(k —j) for L%J < j <k;and
o Cr:=Cpyo+Crir—Cg = %

Main Theorem. Fix an integer k > 2. Let

k—1 k
PEe(R) ==Y Cu lU;N R+ Cry|Fy N R+ Ci|I N R| - Cu|E(G[R])],
§=0 j=1

for each R C V(G). If a precolored graph G is (I, Fy)-critical, then pk(V(G)) < —3.

Now is a good time to define more terminology and notation. We typically write p¥, rather
than p’&, when there is no danger of confusion. We also write coloring to mean (I, Fy)-coloring.
An F-component is a component of G[F] (either for an (I, F)-coloring of a graph G or for a
precoloring of GG, where F' = U?lej). We will often want to move a vertex v from U, to U,y
or from F, to Fy,p, for some integers a and b. Informally, we call this “adding b F-neighbors
to v”. If an uncolored vertex v ever has k or more F-neighbors, then we recolor v with I (since
coloring v with F' would create an F-component with at least k+ 1 vertices, which is forbidden);
see Lemma [0l and the comment after it. Note the following easy proposition.

Proposition 3. The Main Theorem implies Theorem [1.

Proof. Observe that % = f(k), as defined in Theorem [Il Thus, if G is precolored trivially,

then the condition p*(V(G)) > 0 is equivalent to % < f(k). By the Main Theorem, each
(I, Fy,)-critical graph G has p*(V(G)) < —3. Thus, if mad(G) < f(k), then p(R) > 0 for all

R C V(G); so G contains no (I, Fy,)-critical subgraph. Hence, G has an (I, F},)-coloring. O

The proof of the Main Theorem differs somewhat depending on whether k is even or odd.
However, the two cases are similar. Thus, we begin the proof (for all k) in Section[2l In Section 3l
we conclude it for k even, and in Section ] we conclude it for k odd. Before proving the Main
Theorem, we discuss the sharpness examples and the gadgets that motivate our weights in
Definition B2l We then conclude the introduction with a brief overview of the potential method.

1.1 Sharpness Examples

Example 4. We write add a pendent 3-cycle at a vertex z to mean identify z with a vertex of
a new 3-cycle. Adding ¢ pendent 3-cycles at z means repeating this ¢ times. Similarly, adding a
2-thread from y to z means adding new vertices y’ and 2’ and new edges yy’,y'2’, 2’2. (Adding
£ 2-threads is defined analogously.)

We form an (I, Fy,)-critical graph Gy as follows (Figure [l shows Gy 3). Start with vertices
VOs -« -+« Vgy WO, - - -y Wi, T, - - -, Ty, Where {vj, wj, z;} induces K3 for each j € {0,...,t}. Now add
|52 pendent 3-cycles at vy, |%51] pendent 3-cycles at wo, and |£] pendent 3-cycles at z.
For each j € {1,...,t}, add | %52 ] 2-threads from v;_; to v;, 552 2-threads from v;_; to wy,
and L%J 2-threads from v;_; to x;. Finally, add a single pendent 3-cycle at v;.

Cg

Cu,;
Cr;j

coloring

F-component

Gp,t



The proof that Gy, ; is (I, Fy,)-critical is a bit tedious, but we include it below for completeness.
It is not needed for the proof of our Main Theorem, so the reader should feel free to skim (or
skip) it. Intuitively, if we start to color Gy, from the left, each v; will be in an F-component
of order k; but for vy, due to the extra pendent 3-cycle, we get an F-component of order k + 1,
a contradiction. When we delete some edge e, at some point we are able to use I on some vj-,
and we continue using I on each v; with j > j'. The coloring of Gy, — e is some combination
of the two colorings at the bottom of Figure[ll (It is interesting to note that the family Ga is
precisely those sharpness examples given by Borodin and Kostochka in [4].)

Lemma 5. Gy is (I, Fy,)-critical for all integers k > 2 and t > 0.

Proof. Let Gi , denote the subgraph of Gy ; induced by vo,...,v;,wo,...,w;, zo,...,x; along

with their pendent 3-cycles and any 2-threads between them. We show by induction that Gi '
has an (I, Fy)-coloring for each j < ¢; furthermore, in each such coloring v; is in an F-component
of order k. Consider Gg)t. Because of their pendent 3-cycles, wy and x will have at least Lk%lj

and %] F-neighbors (respectively) in every coloring of G} - Tf both wy and g are colored F,

then they lie in an F-component of order at least | 51| + | 4] +2 =k + 1, a contradiction. So
one of wy and zy must be colored I. Thus, vy is colored F'; so vy lies in an F-component of
order at least |#52] + [E=1| +2 = k. To see that G}, has a coloring, color o with I and v
and wy with F. For each 3-cycle pendent at vy or wp, use I on one vertex and F' on the other.
For each 3-cycle pendent at zg, use F' on both vertices. This proves the base case. _

Now we consider the induction step. Since v;_1 is in an F-component of order £ in Gi;l, each
neighbor of v;_1 on a 2-thread to {v;,w;,x;} must be colored I; thus, each of their neighbors
must be colored F'. Now the analysis is nearly identical that that for j = 0. To extend the
coloring to all of Gy, ,, color z; with I and color v; and w; with F. If we instead tried to color
v; with I, then w; and x; must both be colored F, so they lie in an F-component of order
L%J + Lkglj +2=k+1, a contradiction.

To see that G ; has no coloring, note that such a coloring would have v; in an F-component
of order k (as in the induction step above). However, due to the extra pendent 3-cycle at v,
this creates an F-component of order k + 1, a contradiction.

W]?.X 3 \k;‘zX 3 \‘,V‘?A 3
2 2 2
/ Tk - 0/ Tk - v/

L(k—2)/2] L(k —2)/2] L(k—2)/2]

Lk —1)/2]
O

Lk —2)/2]

KALAL “}éﬁéﬁéﬁ?

() QP

Figure 1: Top: The sharpness example G, 3. Bold edges denote multiple pendent 3-cycles at a vertex
or multiple 2-threads between two vertices. Bottom left: An (I, Fj)-coloring of Gx,3 — e, where e
is on the 3-cycle pendent at v;. Bottom right: An (I, Fy)-coloring of Gi,3 — woxo. (Throughout,
vertices in I are black and vertices in F' are white.)



Finally, we show that Gy is (I, Fy)-critical. That is, for each e € E(Gj,) subgraph Gy, —e
has a coloring. By induction we first prove the stronger statement that if e € E (Gf;tl), then

Gi,t — e has a coloring with v; colored I. (The intuition is that once we get this for some j,
then we can ensure it for all 7' > j, so can finish the coloring.) Afterward, we use this to prove
that G ¢ — e has an (I, Fy)-coloring for every e € E(Gj.t).

Base case: j = 1. If e is not on a pendent 3-cycle at vy, then Gfﬂ;l — e has a coloring in
which vg is colored I, as follows. Either (a) e € {vowo,vozo}, so we can color two vertices in
{vo, wo,x0} with I or (b) e = wpzp or e is on a 3-cycle pendent at wy or xg, so we can color
both wg and zg with F. If we can color vy with I, then we extend to G,lw — e by using F' on
all neighbors of vy on 2-threads, using I on v; and neighbors of w; and x; on 2-threads, and
using F' on all remaining vertices. Assume instead that e is on a pendent 3-cycle at vy. Now
we color both endpoints of e with I, so that vy is in an F-component of order only £ — 1. This
enables us to use F' on some neighbor of vy on a 2-thread to z; (and use I on its neighbor on
that 2-thread). Now we use F' on wy and z1, and use I on v;. This finishes the base case.

The induction step is nearly identical to the base case. Suppose e € E(Gi_tl) Ife € E(Gi__f),

then Gf;tl — e has a coloring in which v;_; uses I. We extend it to Gi , — e in exactly the same
way as extending the coloring of G}, — e to G}, , — e above. Otherwise e € E(GI M\ EGL).
Recall, from above, that Gif has a coloring, and it has v;_o in an F-component of order k.

Now the extension to Gi__tl is nearly identical to coloring G%t — e (from the base case at the
start of the proof). This proves our stronger statement by induction.

Finally, we prove that G}, — e has a coloring for every e € E(G} ). If e is not on the 3-cycle
pendent at v, then we can color G+ — e with I on v, so the extra pendent 3-cycle does not
matter. If e is on the pendent 3-cycle, then we color so that v; is in an F-component of order k
without the extra 3-cycle. However, now v; has only a single neighbor on that pendent 3-cycle,
so we color that neighbor with I and the remaining vertex with F'. [l

1.2 Gadgets: Where the Coefficients Come From

Here we explain our choice of weights in Definition Cg, Cu;j, Cr,j, Cr. Everything starts
with our sharpness examples in Section [Tl We must choose Cpo and Cg so that all of these
examples have the same potential, i.e., p*(Gg 1) = p*(Gk,) for all positive t. Note that
[V (Gras1)l = [V(Gra)l = 3+2(15] + [554] + [552]) = Cp and |[E(Gre41)| — |E(Gre)| =
3+3(15] + |52 ] + |%52]) = Cuy. This is how we chose Cg and Cyp.

For each of I, F; and U; (j > 0) we construct a gadget, consisting of edges and vertices in Up.
Each gadget has a specified vertex v which the gadget simulates having the desired precoloring;
see Figure The easiest of these is U;. The gadget is simply a 3-cycle. Suppose we add a
pendent 3-cycle C' at any vertex v. In any coloring of G (with C added), at least one neighbor
of v on C is colored F. Further, if v is colored F', then we can color the remaining vertices of
C so that exactly one is in F'. Thus, this gadget precisely simulates v being in U;. For each
larger j, the gadget for U; simply adds j pendent 3-cycles at v. Alternatively, we can define the
gadgets recursively, where adding a pendent 3-cycle moves a vertex from U; to Uj;i1.

But how do we simulate a vertex in F;? It is simpler (surprisingly) to start with the gadget
for Fy. This is just the subgraph of G}, induced by vg,wo,zo and their pendent 3-cycles.
Precisely, it is formed from a K3 by adding Lk—gzj pendent 3-cycles at v and adding L%J and
L%J pendent 3-cycles at the two other vertices of the K3; see the left end of Figure[ll In the proof
of Lemma [B] we showed that any coloring of this subgraph must have vy in an F-component of
order k. The potential of this subgraph is 0, so Cr = 0. The gadget for I is simply an edge to
a vertex in Fy. So Cr = Cyo—Cg+ Cri = 015273. Finally, the gadget for F} is an edge to a
vertex in I. So Cp;1 = Cyo+ Cr — Cg = Cg — 3. Adding a pendent 3-cycle at a vertex in Cp ;
moves it to Cp j41. So we are tempted to say that Cr ;11 = Cp; — 3 for all j; but this is not




L(k—1)/2] [k/2]

v I

Uj — Ujt+1 (always) Uo = F|(k+3)/2) Up — 1 Uo — F1
Fj = Fjp1 (5 # L(k+1)/2])

Figure 2: Gadgets to simulate precoloring.

quite right! We must simulate each F; as efficiently as possible. We can do slightly better for
F; when j' = L#J The best gadget for F: is shown in Figure[2} it is formed from the gadget
for Fy, by removing k — j' pendent 3-cycles at vg. This gadget gives Cp; = 3k — 35’ (rather
than Cg — 3j', which we get if we build up from the gadget for F;). Now for each j > j/, we
add j — j’ pendent 3-cycles at v. Thus, Cr; = 3k — 3j for all j > j'.

It is enlightening to notice that the Main Theorem is logically equivalent to its restriction to
graphs that are precolored trivially. Since this is not needed for our proof of the Main Theorem,
we are content to provide only a proof sketch.

Equivalence Lemma. The Main Theorem is true if and only if it is true when restricted to
graphs with no precolored vertices.

Proof Sketch. The case with a trivial precoloring is clearly implied by the general case. Now
we show the reverse implication. Suppose the Main Theorem is false for some specific value of
k. Let G be a counterexample; among all counterexamples, choose one that minimizes [V (G).
We will construct another counterexample @ (for the same value of k) with Uy = V(G).

If G has a vertex v precolored I, then we form G’ from G — v by coloring each neighbor
of v (in G) with F. Since G is (I, Fy)-critical, so is G’. Since G’ is smaller than G, we know
that pk, (V(G')) < —3. It is straightforward to check that pf (V(G)) < pk,(V(G')) < —3 (see
Lemma [f] for details); so G is not a counterexample, a contradiction. Thus, I = (.

Now we form a graph G from G by identifying each vertex v € V(G) colored U; or F; with
the vertex v in the corresponding gadget (and removing the precoloring). It is easy to check
that —2 < p&(V(Q)) = p’é(V(é)), indeed, this is exactly why we chose the values we did for
Cy,; and Cp ;. So all that remains is to show that G is (I, Fy)-critical.

First, note that each gadget precisely simulates the precoloring. That is, every (I, Fy)-
coloring of the gadget for each U; either gives v at least j F-neighbors or it colors v with I;
furthermore, some coloring of the gadget for U; colors v with I and some other coloring of the
gadget for U; colors v with F' and gives v exactly j F-neighbors. Similarly, every (I, Fy)-coloring
of the gadget for each F; colors v with F' and puts it in an F-component of order at least j; and
some coloring of the gadget for F; colors v with F' and puts it in a component of order exactly
Jj. Second, note that deleting any edge from the gadget for U; allows a coloring in which v has
at most j — 1 F-neighbors. Similarly, deleting any edge from the gadget for F}; allows a coloring

in which v is in an F-component of order at most j — 1. Thus, G is (I, Fy,)-critical. O

Since the Main Theorem is equivalent to its restriction to graphs with trivial precolorings,
what is the point of allowing precolorings? The point is to order the graphs in a way that
is more useful for induction (note that V(G) > V(G), so allowing precolorings enables us to
simulate G with a precolored graph G that is smaller than @) In fact, we could write the whole
proof without precolorings, but the partial order on the graphs needed for that version would
be much harder to understand and keep track of.



1.3 The Potential Method: A Brief Introduction

The function p* is called the potential function, and the proof technique we employ in this paper
is called the potential method. Here we give a brief overview.

The essential first step in any proof using the potential method is to find an infinite family of
sharpness examples. These examples determine a sharp necessary condition on mad(G). So we
use them to choose the coefficients Cy o and Cf, which define p. The necessary generalization
(allowing precoloring and specifically all the different options U; and F}) varies with the problem.
For some problems, we do not use precoloring at all. In one case we allowed parallel edges [7].
Whenever a generalization allows precolorings, the coefficients are all determined by the gadgets,
as discussed in the previous section (so it is essential to find the gadgets with highest potential).

Behind every proof using the potential method is a typical proof using reducibility and
discharging. Consider, for example, Theorem [II Suppose we are aiming to prove that theorem
and we want to show that a certain configuration H is reducible. Typically, we color G — V (H)
by induction and then show how to extend the coloring to V(H). The reason we can color
G — V(H) by induction is that, by definition, mad(G — V(H)) < mad(G); since G — V(H) is
smaller than G, the theorem holds for G — V(H). The heart of the potential method is to show
that we can slightly modify G — V(H) before we color it by induction. This modification (say,
adding some F-neighbors) enables us to require more of our coloring of G — V(H). Since this
coloring of G — V(H) is more constrained, we may be able to extend it to V(H), even if we
could not do so for an arbitrary (I, Fy,)-coloring of G — V(H). To make all of this precise, we
need a lower bound on p*(R) for all R C V(G). Such a bound is called a Gap Lemma. Our
modifications may lower p¥(R), but if we can ensure that even this lowered potential is at least
—2 for all R, then we know by induction that G’ cannot contain an (I, Fy)-critical subgraph, so
it must have an (I, Fj)-coloring.

Once we have proved that various configurations are reducible, we use discharging to show
that a (hypothetical, smallest) counterexample G to our Main Theorem cannot exist. We assign
charge so that the assumption p*(V(G)) > —2 implies that the sum of all initial charges is
at most 4. (This is analogous, for graphs with mad < «, to using the initial charge ch(v) :=
d(v) — a.) As a first step, we show that each vertex ends with nonnegative charge. With a bit
more work, we show that if G has no coloring, then its total charge exceeds 4, so G is not a
counterexample.

Our proof of the Main Theorem naturally translates into a polynomial-time algorithm. This
is typical of proofs using the potential method. The translation is mostly straightforward. The
least obvious step is efficiently finding a set of minimum potential, which can be done using a
max-flow/min-cut algorithm. We discuss algorithms at length in [7], Sections 2.3 and 5].

2 Starting the Proof of the Main Theorem

Fix an integer k > 2. In what follows, we typically write p rather than p*. We say that a
graph G; is smaller than a graph Gy if either (a) |V(G1)| < |[V(G2)| or (b) |V(G1)| = |V (G2)|
and |E(G1)| < |E(G2)|. Assume that the Main Theorem is false for k. Let G be a smallest
counterexample. In this section, we prove a number of lemmas restricting the structure of G.

Lemma 6. TUU, U F}, = 0.

Proof. Assume, to the contrary, that I UUy U Fy # 0. First, suppose there exists v € Fy. Form
G’ from G by deleting v and adding each neighbor of v to I. For each R’ C V(G'), subgraph
G'[R'] has an (I, F})-coloring if and only if G[R’' U {v}] does. Since G is (I, F})-critical, so is
G’. Since G’ is smaller than G, by the minimality of G, we have pg/(V(G')) < —3. However,
now pg(V(Q)) < par(V(G")) + (Cuo — Cr — Cg)d(v) = pe'(V(G')) < =3. Thus, G is not a
counterexample.

potential
function

potential method

smaller



Suppose instead there exists v € I. Form G’ from G by deleting v and adding each neighbor
of v to F' (we assume d(v) > 1). For each R’ C V(G’), subgraph G’[R’] has an (I, F)-coloring
if and only if G[R' U {v}] does. Since G is (I, Fy)-critical, so is G’. Since G’ is smaller than G,
by the minimality of G we have pg/(V(G’)) < —3. Coloring a vertex in U; with F' moves it to
Fji1, so decreases its potential by Cpyj — Cpjp1 < 298=3 —3j — (Cp —3(j + 1)) = <23, So
pe(V(G)) < por (V(G)) + (2552)dg (0) — Crpder(v) + Cr = par(V(G')) + (222 )d(v) + €23 <
pc'(V(G')) < —3. Thus, G is not a counterexample.

Finally, suppose there exists v € Ug. Form G from G by coloring v with I. For each
R’ C V(G'), subgraph G’'[R’] has an (I, Fy,)-coloring if and only G[R'] does. Since G is (I, F})-
critical, so is G'. Note that pg' (V(G")) = pa(V(G)) — Cuy i + Cr > pa(V(G)). Now repeating
the argument in the previous paragraph shows that G is not a smallest counterexample. [l

At various points in our proof, we will construct a graph G’ from some subgraph of G by
adding F-neighbors to one or more vertices. If this ever produces an uncolored vertex v with at
least k F-neighbors, then we recolor v with I, as in the final paragraph of the previous proof.

Lemma 7. For each edge vw, at least one of v and w is in U.

Proof. Suppose, to the contrary, that v € F; and w € F;. Form G’ from G by contracting
edge vw to create a new vertex v * w € Fj;;. Further, for each vertex x incident to both v
and w, remove edges vz and wx and put x into I. Contracting edge vw decreases potential by
(Cri+ Cr; — Cg) — Crpiyj < 0. Putting a vertex z into I and deleting two incident edges

decreases potential by at most Cyy0 —2Cg — Cr = —Cp; that is, it increases potential by at least
Cg. Since G’ is smaller than G, we have pg/(V(G')) < —=3. Thus, pe(V(G)) < pa(V(G")) <
—3. So G is not a counterexample. O

Lemma 8. For each v € V(G), either d(v) > 2 or v € F; with j > Lk—;ﬂ

Proof. Assume, to the contrary, that d(v) < 1 and v ¢ F; with j > &3], Since G is critical,
it is connected, so d(v) = 1; denote the unique neighbor of v by w. If v is uncolored, then color
G —v by the minimality of G. Now extend this coloring to G by coloring v with the color not used
on w. So assume, by Lemma [6] that v is precolored F; for some j € {1,..., L%J} Lemma [7]
implies that w € U, for some £. Form G’ from G — v by increasing the number of F-neighbors
of w by j. Note that pg(V(GQ)) — par(V(G")) < Cyys+ Cr; — Cg — Cyesj = 0. (If the new
total number of F-neighbors of w is at least k, then we color w with I.) For each R’ C V(G'),
subgraph G’[R’] has an (I, F},)-coloring if and only G[R'U{v}] does. Since G is (I, F})-critical, so
is G'. Since G’ is smaller than G, by the minimality of G, we have pg (V(G')) < —3. However,
now pg(V(Q)) < per(V(G') < —3. Thus, G is not a counterexample. O

Recall, from Section [[.3] that the heart of any proof using the potential method is its gap
lemmas. Our next definition plays a crucial role in the first of these.

Definition 9. Given R C V(G) and an (I, F},)-coloring ¢ of G[R], we construct G’ := H(G, R, ¢)
as follows; see Figure Bl Let R := V(G)\ R. Let V(R) := {v € R: 3w € R,vw € E(G)}. To
form G’ from G, delete R and add two new vertices vp, vy, where vg is precolored Fj and vy is
precolored I. (So G’[R] = G[R].) For each vw € E(G) with w € R, v € R and ¢(v) = F, add
to G’ the edge wvp. For each vw € E(G) with w € R, v € R and p(v) = I, add to G’ the edge
wvy. Finally, delete vr or vy if it has no incident edges. So V(G’) € RU {vp,v;}. In each case,

let X :=V(G')\R.

G', H(G, R, ¢)
R,V(R)



Figure 3: The construction of G’ from G, R, and ¢ in Definition [ and the vertex subset R’ of a
critical subgraph of G’ in the proof of the Weak Gap Lemma. The picture is nearly identical for
the proof of the Strong Gap Lemma.

Lemma 10 (Weak Gap Lemma). If R C V(G) and |R| > 1, then p(R) > 1.

Proof. Suppose, to the contrary, that there exists such an R with p(R) < 0. Choose R to
minimize p(R). By Lemma [6] F;, = 0. So each vertex has positive potential. Thus, |R| > 2
and R induces at least one edge. Since G is critical, G[R] has an (I, Fy)-coloring ¢. Let
G’ := H(G,R,p). If G’ has an (I, F},)-coloring ¢’, then the union of ¢ and ¢’ is an (I, Fy)-
coloring of G (since each edge from R to R has endpoints with opposite colors). So G’ has
a critical subgraph G”; let R’ := V(G”) (it is possible that some vertices in R’ have fewer
F-neighbors in G” than in G’). Note that |[V(G')| < |V(G)| and |E(G")| < |E(G)|; thus, G’ is
smaller than G. As a result, G” is smaller than G. Thus, pg/(R’) < pgr(R') < —3. Since G'[X]
is edgeless, pg/(X') > 0 for every X' C X. Now

pc((R'\ X)UR) < per(R') — per (R' N X) + pc(R)

< =3+ pc(R) (1)
< pg(R).
Since pa((R'\ X)UR) < pg(R) and we chose R to minimize pg(R), this implies that (R"\ X)U
R =V(G). But now p(V(G)) < —3, so G is not a counterexample. O

The Strong Gap Lemma, which we prove next, is one of the most important lemmas in the
paper. Very roughly, the proof mirrors that of the Weak Gap Lemma, but it is much more
nuanced, which allows us to prove a far stronger lower bound (one that grows linearly with k).

: Cp—3
Lemma 11 (Strong Gap Lemma). If R C V(G) and G[R] contains an edge, then p(R) > =&==.

Before proving the lemma formally, we give a proof sketch. Choose R to minimize p(R)
among R C V(G) such that G[R] contains an edge. For the sake of contradiction, assume that
p(R) < 015273; by integrality, p(R) < CE2*5. Let t := {%J. Again, by integrality, 3t > p(R).
By the Weak Gap Lemma, ¢t > 1.

We essentially repeat the proof of the Weak Gap Lemma, but more carefully. In that
proof it was crucial that pe/(V(G') \ R) > pg(R). To ensure this now, we will show that
per(V(G')\ R) > €&=2. To do this, before using induction to get an (I, Fy)-coloring ¢ of
G[R], we modify G[R] slightly, to get a graph Gr. Denote V(R) by v1,...,vs. We must ensure
that in the coloring ¢ of G[R] the components colored F' containing v1,...,vs do not each
contain k vertices. Specifically, if F',..., F™ are the F-components of ¢ containing vertices
V1, ..., Vs, then we want to maximize Y 7", (k — |F7|). When constructing G’, this will allow
us to create vertices v; that are precolored Fjr;|, rather than Fj,. When j < L%J, recall that
Cri—j = 3j. Thus, to ensure that p(X) > p(R), it suffices to have E;n:l(k: — |F7|) > t, since
then p(X) > 32, 3(k — [F]) > 3t > p(R), as desired.

We construct Gg from G[R] by adding “fake” neighbors precolored F to vertices in V(R); in
total, we must add at least ¢ such fake F-neighbors. More formally, we move vertices from Fy;,
to [, where ) bj =t+ ) a;. The reason that we can color the resulting graph G is that we




chose R to minimize p(R). In particular, pg(Y) > pg(R) for all Y C R (that induces at least

one edge). Thus, pg,(Y) > pa(Y) — 3t > pa(R) — 3L%J > —2. Thus, Y cannot induce a
critical graph in G or some subgraph of it; so, G is colorable. Making all this precise requires

more details, which we give below in Case 2.

Proof. We exactly repeat the first paragraph above; in particular, we define R and t as above.
Before proceeding to the main case, we handle the easy case that p(V(R)) < p(R).

Case 1: p(V(R)) < p(R). By our choice of R, we know that G[V(R)] is edgeless; also
R\ V(R) # (). That is, V(R) is an independent separating set. Moreover, each vertex of V(R)
is colored F, since min{Cyy_1,C;} > min{3k-23 €2=3} 5 Ce=5 > j(R). Form G from G by
moving each vertex of V(R) into Fy. For each S C V(G) such that G[S] contains an edge, we
have pa(S) > pa(S) — pa(V(R)) > pa(S) — pa(R) > 0. Furthermore, ps(S) > 0 for each
S C V(G) such that G[S] is edgeless, since each vertex has nonnegative potential. Thus, every
proper induced subgraph of G has an (I, Fy)-coloring. Denote the components of G — V(R)
by C1,C?,...,C". For each j, by induction we have an (I, F})-coloring of G[CY U V(R)]. The
union of these colorings is a coloring of GG, which contradicts that G is a counterexample.

Case 2: p(V(R)) > p(R). Now we show how to form Gg from G[R] so that our (I, F})-
coloring ¢ of G ensures pg/(V(G') \ R) > pa(R). Denote V(R) by vy, ..., vs. First suppose
that some vy is uncolored; say vy € Up,. To form Gr from G[R], we move vy to Up,; if
pe+t >k — 1, then we instead move v to I. (We leave all other vertices in V(R) unchanged.)
Now assume that each v; € V(R) is colored F. Say v; € F,, for each v; € V(R). We pick
nonnegative integers ¢; iteratively as follows. Let £; := min{k — p;,t — >, _; {;»}. Note that
p({v;}) <3(k—p;) forall j. So,if >~ ¢; <t—1, then p(V(R)) < 3(t—1) < p(R); this contradicts
the case we are in. Thus, Y ¢; =t (also, £; > 0 for all j). Form Gg from G[R] by moving each
v; into Fy. 1.

We claim Gg has an (I, Fj)-coloring. Since Gp is smaller than G, this will hold by induction
once we show that pg,, (R') > —2 for each R’ C R. Assume, to the contrary, that pg,(R') < —3,
for some R'. Now

pc(R) < pep(R)+3t < -3+3t=3 ({%J - 1) < pa(R).

By our choice of R, this implies that R’ is edgeless. But this contradicts pg,(R') < —3, since
each vertex contributes nonnegative potential. Thus, G has the desired (I, F)-coloring .

We construct G from G, R, and ¢ as follows. As described above, G’ contains G[R], to
which we add new vertices that we call X. Let F', F2,..., F™ denote the components of F in ¢
that contain at least one vertex of V(R). For each F7, let (k — ¢/) be the number of vertices in
FJ when ¢ is viewed as a coloring of G[R] (not Gr); when constructing G’, add to X a vertex
vp,j € Fi—g. 1f ¢ uses I on one or more vertices in V(R), then add to G’ a single vertex vy € I.

Next, we must show that pg/(X) > pa(R). Recall that X denotes the vertices in G’ that
are not in G. By construction, G'[X] is edgeless, so pa/(X) =, cx par(vj). If v; € X, then
pcr(X) > per({vr}) = Cr = €2 > pe(R), so we are done. Thus, we assume that v; ¢ X.
Essentially, we want to show that each v; € X N Fk,g; adds 36;- to per (X). Since > é;- >t, we
get par(X) =2 par({vj}) = 2_3¢; > 3t > pc(R). But there is a small complication.

We only have pgr ({v;}) = 3¢ when (; < [£37; otherwise per ({v;}) = Cp —3(k—1}), which
is 3¢ — 1 when k is even and 3¢} — 2 when k is odd. If ¢ > [5517 for at least two values of j,
then pe/ (X) > 2(Ce — 3(k — [52])) > % > pc(R), as desired. So assume that £ > Ea

for at most one value of j. If k is even, then pg(R) < €25 = 3626 g5 ¢ = |32 ] = |52

Thus, either ¢; < [5517 for each j, or > U5 > t. In both cases, pg/(X) > pg(R). Assume
instead that k is odd. If po(R) < €275 then t < |£52], and the analysis is similar to that

2
above for k even. So we instead assume that pe(R) = €25 and ¢, = 251 = ¢ for some i (with

2

10

v,



¢ = 0 for all other j). But in this case, pg/(X) = 3t —2 and pg(R) = 3T = 33 9 =3t-2.
So, again pg/ (X) > pa(R), as desired.

The graph G’ is smaller than G, since by construction |V (G’)| < |V(G)| (equality may be
possible if G[R] & K; ;1) and |E(G")| < |E(G)|, since G[R] contains an edge. Each vertex
v € R has at most one neighbor in R since otherwise

CE+3<OE—5 OE+37
2~ 2 2
If RU{v} =V(G), then p(V(G)) < —4, which contradicts that G is a counterexample. Other-
wise, RU{v} € V(G) and p(RU{v}) < p(R), which contradicts our choice of R. So each v € R
has at most one neighbor in R. This means that G’ does not have an (I, F},)-coloring, since
such a coloring could be combined with ¢ to produce an (I, Fy)-coloring of G. So G’ contains
an (I, Fy)-critical subgraph G”. Let W” := V(G"), and by induction pg»(W") < —3.
Because G is (I, Fy)-critical (and thus does not contain proper (I, Fy)-critical subgraphs)
W"NX # 0. Since G'[X] is edgeless, pg/(X’') > 0 for all X' C X. Let W := (W"”\ X)UR. By
submodularity,

p(RU{v}) < p(R) + Cupo — 2CE < p(R) —4.

pc(W) < par (W) = per (X N W) + pa(R) < (=3) = (0) + pc(R). (2)

By our choice of R, this implies that W = V(G). We are then in one of two cases, each of which
improves the bound in @). If X € W”, then X N W"” = X, so we use the prior result that
pe(X) > pa(R) to strengthen ([2) and conclude that pg(V(G)) = pa(W) < per (W) < =3,
which is a contradiction. So assume that X \ W # 0. Because W = V(G), we have R C W".
By construction, every vertex in X has a neighbor in R in G’, and therefore at least one edge
with an endpoint in R and the other endpoint in R was not accounted for in (&). Thus, ()
improves to pe(W) < pg(R) —3 — Cp < —<2HL < 3 which is a contradiction. This finishes
Case 2, which completes the proof. O

It will be convenient to write U} for the set of vertices with degree i in Uj; similarly for F.
When we do discharging, vertices in Uf will need lots of charge, particularly when j is small.
This motivates our next lemma. It says that when j is small enough, such vertices do not exist.

Lemma 12. IfU? # 0, then j > Ce-t,

Proof. Assume, to the contrary, that there exists j < % and v € Uj2 . Denote the neighbors
of v by v; and vy. Our basic plan is to delete v and add j + 1 F-neighbors to each of v; and
vg; call this new graph G’. We show that G’ has an (I, F})-coloring ¢, and extend ¢’ to G as
follows. If both v1 and vy are colored with F, then color v with I. Otherwise, color v with F'. It
is easy to see this yields an (I, F)-coloring of G, a contradiction. Mainly, we need to show that
per(R') > =2 for all R’ C V(G’), which we do by the Strong Gap Lemma. This proves that G’
has the desired (I, Fy)-coloring. We also need to handle the possibility that our construction of
G’ creates a component of F' with more than k vertices.

Case 1: For each v; € N(v) either v; € U or else v; € Fp, and ¢; +j+ 1< k.
We follow the outline above, but need to clarify a few details. If adding j + 1 F-neighbors
to some v; € U results in v; having at least k F-neighbors, then we instead color v; with I.
By design, we do not create any vertices in U with more than & — 1 F-neighbors or vertices
in F-components of order more than k. We also need to check that we do not create any
edges with both endpoints colored I. By Lemma [6] no vertex of G is colored I. So we only
need to check that we do not use I on both v; and vy when vive € E(G). Suppose that
we do. Assume that v; € Uy, and vo € Up,. So b1 +j+1>kand lo+j+1 > k. Now
pg({v,vl,vg}) =Cuye, +Cue, +Cu; —3CE = chTig -3+ 4 +£2) —3Cg = 30ET79 -3+
C4+1) =3l —1) < €822 —3(p— 1) < €82 —3(k —2— €2=2) = Cp — 3 — 3k < —3. This
contradicts the Weak Gap Lemma. Thus, G’ has a valid precoloring.
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Now we must show that pg/ (R') > —2 for all R’ C V(G’). If G[R'] is edgeless, then clearly
p(R’) > 0. So assume G[R'] has at least one edge. If R" NN (v) = 0, then pg'(R’) = pa(R') > 1,
by the Weak Gap Lemma. Instead suppose that |R' N N(v)| = 1. By the Strong Gap Lemma,
per(R') > pa(R) —3(j +1) > €83 —3(j +1) > €2=3 — 3€2=3 — (. Finally, suppose that
|R' N N(v)| = 2. Now the Weak Gap Lemma (and the fact that pg(V(G)) > —2) gives

PG (R/) > pG(R/ U {’U}) +2Cg — CUJ' — 3(] + 1)2

3Cg -3 _ .
= p6(R U {v}) +2Cp — (75— = 3j) = 6(j + 1)
Cg+3
= pa(R' U{v}) + E; ~3j—6
Ce 3 Cg—-9
> ¢ — 4 - — —
= p6(R' U {v})
> —2.

Case 2: There exists v; € N(v) such that v; € Fp, and j + ¢; > k. If v; and vs are
both precolored F', then we simply delete v (since we can extend ¢’ to G by coloring v with
I). So, we assume that v; € Fp, with j+ ¢ > k and vy € Up,. Now we simply delete v and
color vy with F. We must again ensure that pg/(R’) > —2 for all R' C V(G'). If vo ¢ R/, then
pe(R') = pc(R') > 1. So, assume that vo € R'. If G'[R’] is edgeless, then clearly pg/(R’) > 0.
So assume that G’[R’] has at least one edge. Now, similar to above:

par(R') > pa(R'U{v,v1}) +2CE — Cry, — Cuj — Cupy + Cru, 1
> pa(R'U{v,v1}) +2Cp = 3(k = £1) = (3Cp =3 = 3(j + £2)) + (Cp — 3({2 + 1))
= pa(R U{v,v1}) — 3k + 301 + 35 + 30y — 3(
= pc(R' U{v,v1}) = 3k +3(j + (1)
> p(G"U{v,01})
> 9. 0

w1 urn ou at when j > vertices 1m Uz wi ave nonnegative initlal cnarge. by
It will t t that when j > €2=5 vertices in U? will h tive initial charge. B

Lemma [I2] we know that Uj2 = when j < 0156*7. Thus, to finish the proof we focus on the
Cp-5
6

vertices in U J2 when j =
where k is odd).

(in Section[3 where k is even) and when j = % (in Section[4]

3 Finishing the Proof when £k is Even

Throughout this section, k is always even. Recall that when k is even Cr = 3k — 1. We let
f.— Ce=5 _ 3k=6 _ k _q

6 6

Lemma 13. G does not contain adjacent vertices v and w with v,w € UZ.

Proof. Assume the lemma is false. Let v’ and w’ denote the remaining neighbors of v and w,
respectively (possibly v/ = w'). By symmetry between v’ and w’, we assume that v’ ¢ F; with
j > k—¢ (otherwise p({v, w,v',w'}) < 2Cp s +2Cy, —3CE = 6(+2(3E=2 —3() - 3Cf = -3,
which contradicts the Weak Gap Lemma). Form G’ from G\ {v, w} by adding £+ 1 F-neighbors
to v'. If v" now has at least k& F-neighbors, then move v’ to I. (By our assumption on v’, we
know that v’ is not in an F-component of order at least k + 1.)

Fix R’ C V(G'). If G’'[R'] has no edges, then pg/ (R') > 0, since each individual vertex
has nonnegative potential. If v’ ¢ R/, then pg/(R') = pa(R’') > 1, by the Weak Gap Lemma.
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Cg



Assume instead that v' € R’ and G[R'] contains at least one edge. By the Strong Gap Lemma,
pcr(R) > pa(R') —3(L+1) > €223 —3(¢+1) = €&=3 _ €56 — _9 Thus, by minimality,
G’ has an (I, Fy)-coloring ¢'.

We extend ¢’ to v and w as follows. If ¢'(v') = I, then color v with F' and color w with
the color unused on w’. Similarly, if ¢'(w’) = I, then color w with F' and color v with the
color unused on v'. (If ¢/(v') = ¢'(w’) = I, then v and w lie in an F-component with order
2(0)+2 = % +2=2(£-1)+2 =k.) Suppose instead that ¢'(v') = ¢'(w') = F. Now
color w with I and v with F. Note that this is an (I, F})-coloring of G, because of the extra
F-neighbors of v' in G'. O

Now we use discharging to show that G cannot exist. We define our initial charge function
so that our assumption p(V(G)) > —2 gives an upper bound on the sum of the initial charges.
(Recall the values of Cy; and Cp; from Definition 2l By Lemmal6] I = ().) Precisely, let

e ch(v) := Cgd(v) — 2Cy,; = Crd(v) — 2(35=2 — 3j)
= Cg(d(v) — 3) + 3 + 65 for each v € Uj; and
[ Ch(’U) = CEd(’U) - 2OFJ' = CEd(’U) - Q(OE — 3])
= Cg(d(v) — 2) + 65 for each v € F; with j < £+ 1; and
o ch(v) :== Crd(v) — 2CF; > Crd(v) —2(3k — 3(¢£ + 2))
= Cgd(v) — 3k +6 = Cg(d(v) — 1) + 5 for each v € F; with j > ¢ + 2
(and this inequality is strict when j > ¢+ 2).

This definition of ch(v) yields the inequality

> ch(v) = =2p(V(G)) < 4. (3)
veV(G)
dw) | Up | U | F | U | U | Us | Fryo |
1 4|
2 4 0 ‘ 2 ‘ 8 ‘
3 0 6 Cg+3
4 Cr—1|Cg+5|2Cg+2

Table 1: Lower bounds on the final charges (when k is even).

We use a single discharging rule, and let c¢h*(v) denote the charge at v after discharging.

(R1) Each vertex in U} takes 1 from each neighbor.

Lemma 14. After discharging by (R1) above, each vertex v with an entry in Tabled has ch*(v)
at least as large charge as shown. Each other vertex v has c¢h*(v) > 5.

Proof. Note that ch™(v) > ch(v) — d(v) for all v € V(G). If v € Uj, then ch"(v) > Cg(d(v) —
3)+3+6j —dv) = (Cg —1)(d(v) —3)+6j. If v € Fj and j < ¢+ 1, then ch*(v) >
Ceg(d(v) —2)4+ 65 —d(v) = (Cg —1)(d(v) —2)+6j —2. If v € F; and j > ¢ + 2, then
ch*(v) > Cg(d(v) — 1) +5 —d(v) = (Cg — 1)(d(v) — 1) + 4 (and this inequality is strict when
j > 0+42). By Lemmal[6l I = 0; by Lemma[2, U7 = § when j < ¢ . By Lemma[8 each v € V(G)
has d(v) > 2 unless v € F} with j > (42. If v € U7, ;, then ch*(v) > —Cp+1+(Cp—5+46) = 2.
Thus, if v ¢ UZ, then the lemma follows from what is above.

By Lemma [[3] if v € U2, then v does not give away any charge. So v finishes with ch(v) +
2(1)2—CE+3+6€+2(1)=—CE+5+(CE—5)=O. O
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Corollary 15. V(G) C U} U U+1 UU§UUG UF),UF? (with U = 0 when k > 4) and
20U |+ 4UG] + 4| Fyo| + 41 FF| < 4.

Proof. This follows directly from Lemma [I4] and (3. O

Lemma 16. G has an (I, Fy)-coloring, and is thus not a counterexample.

Proof. We now construct an (I, FJ,)-coloring of G. We color each v € U? with I and each v ¢ U?
with F. By Lemma [[3| we know that U? is an independent set. So we only must check that
G-U, f is a forest in which each component has order at most k.

Suppose that G — U contains a cycle, C. Clearly C' has no vertex in Uj U FZ, since such
a vertex would end with charge at least 6, a contradiction. (Also, C' has no vertex in F, £1+2.)
Furthermore, each vertex in U? U U3 on such a cycle would end with charge at least 2. Since
G is simple, C has length at least 3, so its vertices end with charge at least 6, a contradiction.
Thus, G — U} is acyclic. If Uj U F}, UF? # 0, then U?,; = 0 and |Uj U F},, U F?| = 1.
Furthermore, G is a bipartite graph with UE as one part and Ug U Ug U Fél+2 U F? as another
(otherwise G has total charge at least 5, a contradiction). So G has an (I, F})-coloring using I
on U7 and F on U3 UU§ U F}, U FL.

Assume instead that Uj U F},, U FZ = 0. Recall that G — U} is a forest. Let T’ denote
a component of this forest, let ny := [UZ,; N V(T)], and let ng := [U§ N V(T)|. The number
of edges incident to T"is (3_,cy () d(v)) — 2|E(T)| = 2n2 + 3ng — 2(n2 + n3 — 1) = ng + 2.
Recall that T' gives away 1 along each such edge. Each vertex counted by ms begins with 3,
and each vertex counted by ng begins with 4. Thus the total final charge of vertices of T is
dng 4 3ns — (ng +2) = 4ns + 2n3 — 2. Since G has total charge at most 4, either ny = 1 and
ng < 1 or else no = 0 and n3 < 3. Now color all vertices of T" with F', except when ny = 0,
nz = 3, and k = 2. In that case, the total final charge of T is 4, so every other component of
G — U} is an isolated vertex in Ug. Now color the leaves of T' with F and the center vertex, say
v, with I. Also recolor the neighbor of v outside of T with F. O

4 Finishing the Proof when k£ is Odd

4.1 Reducible Configurations when k is Odd

Throughout this section, & is always odd. Recall that when k is odd Cg = 3k — 2. Further,
let ¢ := CEG T — 3k 9 = k23. (Note that Cr and ¢ are defined differently from the previous

section.) We will frequently use the fact that 2¢ + 3 = k.

Lemma 17. G does not contain adjacent vertices v and w with v € U and w € U} U UZQ_H.

Proof. Assume the lemma is false. Let v’ and w’ denote the remaining neighbors of v and w,
respectively (possibly v = w'). Form G’ from G \ {v,w} by adding ¢ + 1 F-neighbors to v'.
(Suppose this puts v’ in an F-component of order at least & + 1. In this case, p({v',v,w}) <
Cri—t + Cuy + Cuypg1 — 2Cp = 30+ (392=2 — 3¢) + (39=3 _3(¢ + 1)) — 2C5 = 3CE — 3 —
20p —3((+1)=Cp—3-3(“5—"L+1) = C&-2

v' is not in an F-component of order at least k + 1.)

Now we show that pg/(R') > —2 for all R C V(G’). Fix some R’ C V(G'). If v/ ¢ R’, then
pe(R') = pa(R’) > 1, by the Weak Gap Lemma. If G’[R’] has no edges, then pg/(R') > 0,
since each coefficient in Definition [2] is nonnegative. Assume instead that v' € R’ and G[R'] has
at least one edge. By the Strong Gap Lemma, pg:(R') > pg(R’) —3(0+1) > €83 _3(0+1) =
CE =3 w = —1. Thus, G’ has an (I, Fy,)-coloring ¢'.

We extend ¢’ to v and w as follows. If ¢/(v') = I, then color v with F' and color w with
the color unused on w’. Similarly, if ¢’(w’) = I, then color w with F' and color v with the color
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unused on v’. (If ¢'(v') = ¢'(w') = I, then v and w lie in an F-component with order at most
2(0)+ 3= % +3 =394 3=k.) Suppose instead that ¢'(v') = ¢'(w’) = F. Now color w
with I and v with F. Note that this is an (I, Fj)-coloring of G, because of the extra F-neighbors
of v/ in G'. O

Lemma 18. G does not contain a vertex v € Uy with all three neighbors in UZ.

Proof. Suppose the lemma is false. Form G’ from G by deleting v and its three 2-neighbors.
Since G is critical, G’ has an (I, Fy)-coloring ¢'. Now we extend ¢’ to all of G. Color each
2-neighbor of v with the color unused on its neighbor in G’. If all three 2-neighbors of v are
colored F', then color v with I. Otherwise, color v with F'. This produces an (I, F)-coloring of
G (because 20 + 3 = k). O

Lemma 19. G does not contain adjacent vertices v,w € U§ such that v has two neighbors in
Uf and w has at least one neighbor in Uf.

Proof. Suppose the lemma is false. Denote the 2-neighbors of v by z and y, and denote a
2-neighbor of w in UZ by z. Denote by w’, 2/, ¥/, and z’ the remaining neighbors of w, z, v,
and z (other than v, w, and z); see Figure dl We want to form G’ from G by deleting y and
contracting both edges incident to z; however, this creates parallel edges when w'z’ € E(G), so
we consider two cases. Before doing that, we briefly consider the possibility that y = z.

If y = z, then by criticality we color G — {v,w, z,y/z}. To extend the coloring to G, we
color w with the color unused on w’ and color x with the color unused on z’. If both w and z
are colored F', then we color v with I; otherwise, we color v with F. Finally, if both v and w are
colored F, then we color y/z with I; otherwise, we color y/z with F. It is easy to check that
this coloring has no cycle colored F' and no edge with both endpoints colored I. It also has no
F-component of size larger than 2¢ + 3 = k. Thus, we assume y # z.

Case 1: w'2’ ¢ E(G). Form G’ from G by deleting y and contracting both edges incident
to z; the new vertex w2z’ formed from w and 2’ inherits the precoloring of z’.

Consider R' CV(G"). f wx 2z’ ¢ R, then pg/(R') = pa(R') > 1, by the Weak Gap Lemma.
If G’[R’] has no edges, then pg/(R') > 0, since each individual vertex has nonnegative potential.
So assume that w % 2/ € R and G’[R’] has at least one edge. Now

pcr(R') = pa(R' \ {w* 2'}) U{w, 2,2'}) = Cup — Cuo + 2CE
= pc(R'\{w*2'}) U{w, z,2'}) — (3Cr — 3 —30) + 2Ck

- pG((R/ \ {w * ZI}) U {wvzvzl}) - CE +3+ CEQ_ :
— pa((R\ {wx2'}) U{w, z,2'}) — CE2+ 1

v

_2,

where the final inequality holds because the Strong Gap Lemma gives pg(R' \ {w * 2'}) U
{w, z,2'}) > % Thus, G’ has an (I, Fy)-coloring ¢’.

Case 2: w'z’ € E(GQ). Again form G’ from G by deleting y and contracting both edges
incident to z; the new vertex w * 2’ formed from w and z’ inherits the precoloring of 2’. Since
w'z’ € E(QG), this creates parallel edges between w’ and w * z’. If one of w' and w * 2’ is
colored with F', then delete both of the parallel edges and color the other endpoint with I. (By
Lemma [7] at least one of w’ and z’ is not colored F. ) If neither w’ nor w * 2’ is colored with
F, then we delete one edge between w’ and w * 2z’ and add % F-neighbors to each of them.
(It is not possible that each of w’ and w * 2z’ ends with at least k F-neighbors, so gets recolored

I, since in that case pg({w, z,w’, 2’'}) violates the Strong Gap Lemma.)
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Now we must show that pg/(R') > —2 for all " C V(G'). If R’ n{w',w* 2’} = @, then
per(R') = pa(R') > 1 by the Weak Gap Lemma. So, we assume that R’ N {w’, w2’} # 0. We
will compute pe/ (R') — pa((R'\ {w * 2'}) U {w, z,w’, 2’}). For convenience, let o := —2Cy,o —
Cue+ Cr+3Cg. We have 5 cases to consider.

1. We added F-neighbors to both w’ and w x 2z’ and |R' N {w’,w x 2’}| = 2. Now pg/(R’) —
pg((R'\{w*z’})U{w z,w',z'}) = —Cyo—Cus+3CEg—3(k—1) = a+Cpo—Cr—3(k—1) =
o+ 3¢e=3 T—(C’E—l)—a—l—l

2. We added F-neighbors to both w’ and w * 2’ and |R' N {w',w * z'}| = 1. Now pg(R') —
o (R {wrs 21) U w, 2,0/, ') > ~2Cisg — g+ ACk — 553 = a4 Cp — Oy — B —
oz—l—CE—M % =+ 2.

3. We moved w’ or w* 2z’ to I and |R'N{w’,wx*2"}| = 2. Now pg'(R’) — pc((R'\ {w*2'})U
{w, z,w',2'}) > =2Cyo — Cye+ Cr + 3Cg = a.

4. We moved w’ or w * 2’ to I and R’ contains the one we moved to I, but not the other.
Now pe/(R') — pa((R' \ {w * 2'}) U{w, z,w', 2’'}) > —2Cpo — Cue — Cp1 + Cr + 4Cg =
Oé—CF11+CE > a+ 3.

5. We moved w’ or w2z’ to I and R’ contains the one we did not move to I, but not the other.
Now pg/ (R') — pa(R'\{w*2'})U{w, z,w', 2’}) > =2Cy,0—Cu+4Cg = a—C1+Cg > a.

Note that a = —2Cp0— Cy ¢ +3Cp+Cr = —3Cp+3— (CE+2)+SCE+ Ce=3 — el Now,

by the Strong Gap Lemma, pg/(R') > pg((R’\{w*z’})U{w z,w', 2'})— CEH =Ce-3_Cetl -
—2. Thus, G’ again has an (I, Fj)-coloring ¢'.

We will show how to extend ¢’ to G (after possibly modifying it a bit). We first extend ¢’
to an (I, Fy)-coloring ¢ of G — y by uncontracting the two edges incident to z, coloring both w
and 2’ with ¢’ (w=*2"), and coloring z with the opposite color.

Figure 4: Forming G’ from G in the proof of Lemma [T9

Suppose that ¢(y') = I. If p(v) = I, then we color y with F' and are done. So assume
p(v) = F. If p(w) = p(x) = I, then we again color y with F" and are done. If p(w) = ¢(z) = F,
then we recolor v with I and are done as above. So assume that exactly one of w and x uses
I in ¢ and the other uses F. First suppose that ¢(w) = I and p(z) = F. If ¢(2') = I,
then we color y with ' and are done. Instead assume that p(z') = F. Now we recolor x
with I and color y with F. Thus, we assume instead that p(w) = F and ¢(z) = I. If
both neighbors of w other than v are colored I, then we color y with F' and are done. So
assume that z is the only neighbor of w colored I. Let s; and sa denote the orders of the
F-components of ¢ that contain w and z’, respectively. If s; < k — (¢ + 1), then we color y
with F. If so < k — (¢ 4+ 1), then we recolor z with F', recolor w with I, and color y with
F. The key observation is that one of these two inequalities must hold. Suppose not. The
F-component in ¢’ containing w * z shows that k > s1 + so — 1. If both inequalities above fail,
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thenk > s1+s2—1> (k—(l+1)+ D)+ (k—((+1)+1)—1=2k—2{—-1=2k— (k—3)—1=k+2,
which is a contradiction.

Suppose instead that ¢(y') = F. If p(v) = F, then we color y with I and are done. Assume
instead that ¢(v) = I. First suppose w’ and z are colored I. Now recolor v with F' and color
y with I; finally, if 2’ is colored F', then recolor x with I. This gives an (I, F)-coloring of G.
Suppose instead that w’ is colored F'. Let s; and so denote the orders of the F-components of ¢
that contain w and z’, respectively. Suppose that s; < k— (¢+2). Color y with I, recolor v with
F, and if o(z') = F, then recolor z with I. This gives an (I, Fj)-coloring of G. Suppose instead
that so < k — (£ + 1). Again color y with I, recolor v with F, and if p(2’) = F, then recolor
with I. Finally, recolor w with I and recolor z with F'. Again, this gives an (I, F)-coloring of
G. The key observation is that one of these two inequalities must hold; the proof is identical to
that in the previous paragraph, except that the first inequality is tighter by 1. [l

4.2 Discharging when £ is Odd

Now we use discharging to show that G cannot exist. It is helpful to remember that I = (), by
Lemma [6] and Uj2 = () when j < £, by Lemma Furthermore, by Lemma [§ each v € V(G)
satisfies d(v) > 2 unless v € F; with j > % We define our initial charge function so that our
assumption p(V(G)) > —2 gives an upper bound on the sum of the initial charges. (Recall the
values of Cy; and Cp ; from Definition 1) Precisely, let
e ch(v) := Cpd(v) — 2Cy; = Cgd(v) — 2(3°2=2 — 3j)
= Cg(d(v) — 3) + 3 + 65 for each v € Uj; and
o ch(v) := Crd(v) — 2CF; = Crd(v) — 2(Cg — 3j)
= Cg(d(v) — 2) + 65 for each v € F; with j < %; and
e ch(v) := Cpd(v) — 2CF; > Crd(v) — 2(3k — 32)

= Cpd(v) —3k+9 = Cg(d(v) — 1) 4+ 7 for each v € F; with j > ££3.

This definition of ch(v) yields the inequality

S ch(v) = —2p(V(G)) < 4. (4)
veV(G)
d(v) H Uo ‘ U1 ‘ U2 ‘ F1 ‘ F2 ‘ Ug ‘ Ug+1 ‘ Ug+2
2 2 8 o[ o | 4
3 0 3 9 Cg Crp+6
4 Cg—5|Cg+1|Cg+7]2Cg—2

Table 2: Lower bounds on the final charges (when k is odd).

We use two discharging rules, and let c¢h®(v) denote the charge at v after discharging.
(R1) Each v € U? (2-vertex) takes 2 from each neighbor.
(R2) Each v € U3 (3-vertex) with two neighbors in U? takes 1 from its other neighbor.

Lemma 20. After discharging with rules (R1) and (R2) above, each vertex v with an entry in
Table[2 has ch™(v) at least as large charge as shown. Each other vertez v has ch*(v) > 5.

Proof. Note that ch™(v) > ch(v) — 2d(v) for all v € V(G). If v € Uj, then ch*(v) > Cg(d(v) —
3)+3+6j —2d(v) = (Cp —2)(d(v) —3) +6j —3. If v € Fj and j < 2 then ch*(v) >
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Cp(d(v) —2) + 65 — 2d(v) = (Cp —2)(d(v) —2) +6j —4. If v € F; and j > %53 then
ch*(v) > Cp(d(v) — 1) + 7 —2d(v) = (Cg — 2)(d(v) — 1) + 5. If v ¢ U? UUZ,; UUS, then the
lemma follows from what is above.

If v € U}, then v has no neighbors in U7UUZ, ,, by Lemma[I7l Thus, ch*(v) = —4+2(2) = 0.
If v € U7, , then v has no neighbors in U, by Lemma[I7l Thus, ch*(v) > 2—2(1) = 0. Finally,
suppose that v € Ug. By Lemma[I8 v does not have three neighbors in UE. A vertex in Ug is
needy if it has two neighbors in U, 42. By Lemma[Id a vertex in U3 cannot have both a neighbor
in U7 and a needy 3-neighbor. Thus, we have ch*(v) > min{3—2,3—-2(2)+1,3-3(1)}=0. O

Corollary 21. V(G) = U UUZ,  UUZ, ,UFEUUSUUF UUG. Furthermore 4|UZ, ,| 4 2|F7|+
3|UE| + (Cr = 5)|Ug| < 4. (In particular, Us = 0 when k >5.)

Proof. This corollary follows directly from Lemma 20l and (). O

If we knew that cev(G ch( ) < 0, then Lemma 200 would yield a contradiction. However,
we only know that Zvev ch( ) < 4, so we are not done yet. We will now try to construct
the desired coloring. We show that we can do this unless Zvev(c) ch(v) > 4, which gives the
desired contradiction. Our basic plan is to color all of U? with I. This will force all neighbors
of U? into F. Furthermore, all but a constant number of vertices in V(G) \ U? will go into F.
To do this, we consider the components of G\ UZ. All but a constant number of these have size
at most 4, and all have size at most 8.

Lemma 22. Fach component of G\ Uf is one of the 30 shown below in Figures [, and has
final charge as shown. (The coloring of vertices as black and white can be ignored for now.)

Proof. Let J be a component of G\UZ. Let ch*(.J) := > vev(s)ch’(v). We will prove that if J is
some component other than one of those shown, then either G contains a reducible configuration
or ch*(J) > 4; both possibilities yield a contradiction.

Case 1: V(J)NUy # 0. (By Corollary 21}, this is possible only when k = 3.) Assume
v e V(J)NUS. If V(J) = {v}, then we are done. Otherwise, ch*(v) > 3. So, by Table B we
know V(J) \ {v} C U3 UUZ,,. Let w be a neighbor of v in J. If w € UZ,, then ch*(J) >
ch*(v) + ch*(w) > 4 + 1, a contradiction. The same is true if w € U3 unless w is needy (recall
that w cannot have both a neighbor in U? and a needy 3-neighbor, by Lemma [IJ). If v has at
most two needy 3-neighbors, then we are done. Otherwise, ch*(v) > 5, a contradiction.

Case 2: V(J) NUZ_, # 0. Assume v € V(J) NUZ,. If V(J) = {v}, then we are done.
Otherwise, ch*(v) > 5, a contradiction.

Us us  Us us us U8 Utys

(0] Oo——oO oO———O0—0 (0]

2 3 4 4

F?2 F2 Us v  F: U U3 ud us
(o] Oo————oO0 oO——0o0—0 (o] Oo————oO0
2 3 4 3 4

Figure 5: The 9 possible components of G \ UZ in Cases 1-4.

Case 3: V(J)NF2#0. Assume v € V(J)NFE If V(J)

= {v}, then we are done.
Otherwise, let w be a neighbor of v in J. If w € UZ, ,, then ch™(J) > ch”

(v) + ch*(w) >4 +1,

18

needy



a contradiction. Thus, we must have w € Ug. If w is not needy, then ch*(v) 4 ch*(w) > 4 + 1,
a contradiction. Thus, v has one or two needy neighbors (and this is all of .J).

Case 4: V(J)NU #0. Assume v € V(J)NU;. If V(J) = {v}, then we are done.
Otherwise, let w be a neighbor of v. If w is not a needy 3-neighbor of v, then ch*(v) > 5, a
contradiction. Further, v has at most one needy 3-neighbor. Thus, we are done.

Ui Ud Ui us Ug
[ ] & [ ] e—O
U U3 U U3 U U3 U U3 U
4 4 3 4

Figure 6: The 4 possible components of G'\ U7 in Case 5, those that have a cycle.

Case 5: V(J) C Uz2+1 U UJ and J contains a cycle. Let C be a cycle in J; see Figure[6l
It is easy to check that each cycle vertex finishes with charge at least 1; thus |C| < 4. If |C| = 4,
then each cycle vertex is in U3 and has a neighbor in UZ. Thus, J 2 Cy. Now suppose |C| = 3.
If C contains a vertex in U, , then it contains exactly one such vertex, and its other two vertices
are in U§, each with a neighbor in U7. So J = C3 (with a single vertex in U7, ;). So assume C
is a 3-cycle with all vertices in Ug. If no vertex on C has a neighbor in J \ C, then we are done.
Otherwise, exactly one cycle vertex does, and it is a needy 3-neighbor.

Case 6: V(J) CUZ , UUS and J is a tree. Let T := J. Let ng := [U7,; N V(T)| and
nz := |Us NV(T)|. Recall that no vertex in U7, has a neighbor in U7, by Lemma[[7 So each
leaf of T is in U§. Form T” from T by replacing paths with internal vertices in U7, by edges.
So [V(T")| = ns. Let ch*(T") := ch™(T) —2|U7, NV (T)|. Note that ch*(T") is precisely the sum
of charges that would have ended on 7" if it had appeared in G when we did the discharging.
Since each vertex of T' has degree 3 in G, the number of edges (externally) incident to T is
3IT!| = > e drr(v) = 3|T'| =2(|T'| = 1) = |T"| 4 2. Since ch(T") = 3|T"|, and T" sends 2 along
each incident edge, we have ch*(T") = 3|T'| — 2(|T"| 4+ 2) = |T'| — 4 = ng — 4. Since ch™(T") < 4,
we get that ng < 8. Recall that a vertex in U$ with three neighbors in U} is reducible, by
Lemma[I8 So n3 > 2. Note that ch*(T) = n3 — 4+ 2ns < 4. So ny < 8*%. For brevity, we
henceforth denote |V (T)| by |T’|. We consider the seven possibilities when |T7] € {2,...,8}.

Suppose |T’| = 2. By Lemma [[9, the edge of T/ must be subdivided in T by one or more
vertices of UZQH. We have no < 3, which gives the 3 possibilities in Figure [

Ug’ U1z2+1 US’ Ug’ U1z2+1 Ue2+1 Ug’ US’ U1z2+1 Ue2+1 U152+1 U03
o— e—0 o— e—0— 0 o——e ° o)
0 2 4

Figure 7: The 3 possible components of G\ UZ in Case 6 when |T"| = 2.

Suppose |T’| = 3. By Lemma [[3 no vertex in Ui has both a needy 3-neighbor and a
neighbor in U7. Thus, each edge of 7" must be subdivided in T' by a vertex in U7, ;. Recall that
ngg&%. So ng = 3 and ny = 2.

Suppose |T’| = 4. The only 4-vertex trees are K 3 and Py. Recall that ny < 87% =2. If
T’ = P4, then T must contain a vertex in UEQJr1 incident to each leaf. There is a unique such
tree, a 6-vertex path with each neighbor of a leaf in U7, ; (and the four other vertices in Ug).
So assume T” 2 K4 3. Now ng € {0,1,2}. This results in 1, 1, and 2 possibilities with orders 4,
5, and 6.
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T ) S
Uus Ui U3 Ul US 9 ox]g Ug U§ Ul U3 Ul US
o—e—0—0—0 ® Uit s 0 o—e e—o0
0
3 0
U us 4
4
3
o Yoo u o5
v Uk 0§ J g Uka 03 U Uba Ul U3
+1
(ig/o—o—o—o (ig/o—o—o ng/.—O—O—O
3 L s 9 4

Figure 8: The 7 possible components of G\ UZ in Case 6 when |T"| € {3,4,5}.

Suppose |T’| = 5. The only 5-vertex subcubic trees are Ps and K; 3 with an edge subdivided.
Now nz < 1. Thus, we cannot have T 2 P, since then T' would have a vertex in U§ with both
a needy 3-vertex and a neighbor in U?, which contradicts Lemma 9 So 7" is formed from K 3
by subdividing a single edge. Now we have a single possibility for 7', which is formed from K 3
by subdividing a single edge twice.

Suppose |T’| = 6. Now ny < 1. There are 4 subcubic trees on 6 vertices. However, two of
them contain two copies of a leaf adjacent to a vertex of degree 2 (in the tree). Neither of these
are valid options for T”, by Lemma Thus, either T” is formed by subdividing a single edge
of Ki 3 twice or else T” is a double-star (adjacent 3-vertices, with 4 leaves). The first option
yields one case, and the second yields 3 cases (since we might not add a vertex of Ue2+1)'

Suppose |T'| = 7. Now ny = 0; that is, 7/ = T. Thus, each leaf of 7" must be adjacent to a
vertex of degree 3 in T”. Since T’ has a 3-vertex, it has at least 3 leaves. Since each leaf has a
neighbor of degree 3 in 7', tree T" has at least two 3-vertices. There is a single possibility.

Suppose |T’| = 8. The analysis is nearly the same as when |T’| = 7. Now 7’ must contain
at least 4 leaves and at least two 3-vertices. Either 7" has 5 leaves and three 3-vertices or else

T’ has 4 leaves, two 2-vertices, and two 3-vertices. Each case gives a single possibility. (|

Us Us v Us Us Us Us

v vs vty AU U WUty v,

; @—O0——O0—0—0 3 @ 3 3 0—O0—@ 3@ 1 g
Us Uy Us Uy \ZO Us o Uo

4 2 4 4
Us Us U U Ug Us Us
s us us Ui ous | us ous Uy us Ui Ui Ui U§ Uy U U3
3 4 4

Figure 9: The 7 possible components of G \ U7 in Case 6 when |T”| € {6,7, 8}.
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Lemma 23. G has an (I, Fy)-coloring, and is thus not a counterezample.

Proof. We now construct an (I, Fy)-coloring of G. As we described above, our plan is to color
all vertices of U, f with I (since they form an independent set, by Lemma [[7)). For each possible
acyclic component J of G\ U?, shown in Figures B [[l Bl and [@ we show how to extend this
coloring to J. Those vertices drawn as white are colored with F' and those drawn as black are
colored with I. Doing this preserves that I is an independent set and G[F] is a forest with at
most k vertices in each component. The only complication is the four possible components J
that contain a cycle, shown in Figurel@l In fact, the second and fourth of these are fine. Suppose
instead that J € {C3,Cy} with all vertices in U3. Now we color one vertex v of J with I (and
the rest with F'). To preserve that I is an independent set, we recolor the neighbor w of v in
U? with F. We must ensure that w does not become part of a tree on k + 1 vertices. Since
ch*(J) > 3, every other component J' of G\ U has ch*(J’) < 1; in particular, this is true of
the component containing the neighbor of w other than v. So J' is either K 3 (with all vertices
in Ug) or else Ps (with its center vertex in U7, ; and leaves in U§). In each case for J', the
subgraph induced by its vertices colored F' is an independent set. Thus, recoloring w with F
creates a tree colored F' with at most 2 vertices. O
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