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INVARIANT CHAINS IN ALGEBRA AND DISCRETE GEOMETRY
THOMAS KAHLE, DINH VAN LE, AND TIM ROMER

ABSTRACT. We relate finite generation of cones, monoids, and ideals in increasing chains
(the local situation) to equivariant finite generation of the corresponding limit objects (the
global situation). For cones and monoids there is no analog of Noetherianity as in the case
of ideals and we demonstrate this in examples. As a remedy, we find local-global corre-
spondences for finite generation. These results are derived from a more general framework
that relates finite generation under closure operations to equivariant finite generation under
general families of maps. We also give a new proof that non-saturated Inc-invariant chains
of ideals stabilize, closing a gap in the literature.

1. INTRODUCTION

Finite generation of algebraic and geometric objects is a central necessity to efficiently
work with these objects and to represent them in a computer. A well-known and important
finiteness principle in algebra is Noetherianity. A commutative ring R is Noetherian if every
ideal I C R is finitely generated, or equivalently, every ascending chain I} C I, C --- of ideals
eventually stabilizes, that is, from some index on, all C are equalities.

In some cases symmetry can augment finiteness. E.g., the polynomial ring K|xj,...,x,]
over a field K is Noetherian, but K|x;, x>, ...] is not, since (x;) C (x1,x) C -+ is an infinite
ascending chain. Yet, polynomials f € K[x},x2,...] have finitely many terms, so each is con-
tained in some Noetherian subring K|[xi,...,x,] C K[x{,xp,...]. This finiteness can be sys-
tematically investigated, for example, by exploiting the action of symmetric groups, which
renumber the indeterminates. The chain (x;) C (xj,x;) C --- has the property that its n-th
ideal (x,...,x,) arises from the first (x;) by an action of the symmetric group Sym(n) and
ideal closure: (xi,...,x,) = (Sym(n)({x1))). A theorem of Cohen [7] and Aschenbrenner-
Hillar [1] states that if a chain of ideals (1), with I, C K[x|,...,x,] is Sym-invariant in the
sense that (Sym(n+k)(1,)) C I,. for all n,k € N, then eventually the chain stabilizes, in
the sense that for large enough n, (Sym(n+k)(1,)) = I, for all k € N. Additionally, the
union I :=JI, C K[x1,x7,...] is generated by finitely many Sym-orbits. These facts, which
are called Sym-Noetherianity or equivariant Noetherianity of K|x1,x,, .. .|, have interesting
applications [1, 7, 13] and inspired lots of recent work. See, e.g., [9, 14, 15, 16, 17, 20, 21].
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We aim to explore such equivariant finiteness principles in the broader context of discrete
geometry. For example, we are looking for a framework to formulate equivariant versions
of theorems from polyhedral geometry. For this one needs to consider chains of cones (C,),
with C, € R” ) with a suitable equivariance (Definition 2.11 contains the general version).

Equivariant Noetherianity cannot hold in these setting as the ambient R”, ; has no Noethe-
rianity: There are non-polyhedral (i.e., not finitely generated) cones such as the open orthant,
defined by positivity of all coordinates. A chain of open orthants stabilizes but the limit is
not finitely generated. Examples 5.5-5.8 showcase these effects.

What remains of the theory is the equivalence of equivariant finite generation in the limit
(the global situation) and stabilization of the chain (the local one) under appropriate assump-
tions. For example, the local-global principle for cones in Corollary 5.4 states that the limit
C. of a Sym-invariant family of cones is equivariantly finitely generated if and only if the
family (C,), stabilizes and eventually all C, are finitely generated. This is also equivalent to
an eventual saturation condition C,, = C. NRY ; together with finite generation of C,, by rays
of bounded support. Section 5 also contains a parallel development for monoids.

The similarity between the results for cones and monoids points at a generalization and
unification, which we undertake in Sections 2—4. In Section 2 we abstract taking the ideal,
cone, or monoid to any closure operation and the action of Sym(n) to any system of maps
that maps objects of the chain into the later object. The generalization has many advantages.
It allows to formulate a general local-global principle, i.e. the exact conditions under which
the equivalence of finite generation up to symmetry and stabilization hold. This is our central
Theorem 2.16. Specializing the maps to Sym and Inc (the monoid of increasing maps) yields
Theorems 4.10 and 4.11. Further specializations to chains of polyhedral cones and monoids
under Sym and Inc follow in Section 5. In Section 6 we return to equivariant Noetherianity
in polynomial rings and use our results to fill a gap in the proof that Inc-invariant chains of
ideals stabilize, a fact that is used in the literature, e.g. in [11, 20].

Our work could be phrased in the framework of FI-modules by Church, Ellenberg, and
Farb (see, e.g., [4, 5, 6]). This concerns, among other things, equivariant chains of mod-
ules using symmetric groups. The fundamental difference between our developments in all
but the last section is that the elements of our chains are subsets of finite-dimensional vec-
tor spaces which rarely appear with module structures, but rather take into account various
closure operations. In the broader context of representation stability and twisted commuta-
tive algebras, there is, in particular, the fundamental work of Sam and Snowden (see, e.g.,
[22, 23]). Unlike in our situation, Noetherianity abounds and is a central tool in this theory.
In summary, while it would be possible to generalize our results in Section 4 and, based
on [21], phrase them in the language of FI-modules we chose a direct approach that is most
suitable for applications like the algebraic and geometric situations in Sections 5 and 6.

Finite generation is essential for computation. To make our results effective, more re-
search is needed on the concrete stability indices, for which very little is known. On the side
of polyhedral geometry, there is software for dual description conversion modulo symme-
try [2], but computer algebra for symmetric ideals or monoids is in its infancy.
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2. CHAINS OF SETS

We begin with a general framework of chains of sets and closure operations. Our goal is
to be able to transfer properties from such chains of sets to their union (or limit) and back.
Throughout this section S is any set and S = (S,),>1 is an increasing chain of subsets

QY S1C8C--C8, -+ suchthat S = | J S
n>1
The set Se has its notation for consistency with the limits below. One could think of S.. as

an ambient set and S as an ambient chain in which the chains of interest live. A chain of sets
A = (Ap)n>1 with respect to S is an increasing chain

Al CAC--CAC e
with A,, C S, for all n > 1. The limit set of A is
A=A, C 5.
n>1
A chain of sets (A is saturated (respectively, eventually saturated) if
Ay =AxNS, forall n > 1 (respectively, for all n > 0).
Here and in the following “for all n > 0” means that there exists some N € N such that the

property holds for all n > N. B
Any chain A with limit set A has a saturation that is a chain A = (A,),>; defined by

A, =A.NS, foralln > 1.

Evidently, A is the only saturated chain with limit set A..

The key objects of this paper are chains of sets that possess two additional structures: First,
each set is closed with respect to a closure operation, and second, the chains are invariant
under a group or monoid action. In the following we describe these two structures as well
as their compatibility. Our notion of closure follows the idea of E.H. Moore [19] (although
it differs slightly). Let (X) denote the power set of a set X.

Definition 2.1. A closure operation on a set X is a map cl: P(X) — P (X) such that
(i) A C A% forall A € P(X).
(ii) A = (A for all A € P(X).
(iii) If A,B € P(X) with A C B, then A C B!
Aset A € P(X) is cl-closed if A” = A.

Let cl. be a closure operation on S and cl,, a closure operation on S, for all n > 1. We
call clo a global closure operation and <€ = (cl,),> a chain of local closure operations.

Definition 2.2. A global closure operation cl.. is consistent with a chain <€ of local closure
operations (or (<t,clw) is a consistent system of closure operations) if

(ANS,) " =A~nS, foralln>1andA C S..
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Remark 2.3. Definition 2.2 formulates a local-global consistency of the closure operations.
This implies the following local-local consistency:

(AN Sy) = AN, foralln>m>1andA, CS,.
Indeed, it follows from Definition 2.2 that AS" = (A4, N S,,)" = A%~ N S,,. Thus,
AN S, =A%NS, NS, =A%NS,, = (A, NS

On the other hand, local-local consistency does not imply local-global consistency. To see
this, one can simply take cl.. to be the frivial closure operation (i.e. A= = S., for any A C S..)
and < the chain of identity closures considered in the next example.

Example 2.4. The following are some closure operations that appear here.

(i) Letting A% = A for A C S, yields the chain of identity closures (idy),>1. Obviously,

this chain satisfies the local-local consistency described above.

(ii) Taking conical hulls cn,(A) = cone(A) for A € P(R") induces the chain of conical
closures cn = (cn,),>1. See Section 5 for details.

(iii) Taking monoid closures mn,(A) = mon(A) for A € P(R") induces the chain of monoid
closures mn = (mn,),>;. See Section 5 for details.

(iv) Let K[X,] be the polynomial ring from Section 4.1. Taking ideal closures (A), for
A € P(K[X,]) induces the chain of ideal closures ({-),)n>1. See Section 6 for details.

In what follows we fix a global closure operation cl. and a chain <€ = (cl,),>; of local
closure operations.

Definition 2.5. A chain of sets A = (A,),>1 is ct-closed (respectively, eventually <t-
closed) if A, is cl,-closed for all n > 1 (respectively, for all n > 0).

Given a ct-closed chain A, one might ask whether the limit set A is cl.-closed, and
vice versa, if the limit set A is cle-closed, what can be said about the chain A? This type
of local-global question is a frequent theme here. A partial but quite general answer is the
following.

Lemma 2.6. Let (¢?,cl.) be a consistent system and A = (A,),>1 a ¢f-closed chain with
limit set Ao, and saturation A. Then the following hold:

(i) A is clwo-closed if A is eventually cf-closed or A is eventually saturated.
(i1) If A is cle-closed, then A is ct-closed.

Proof. (i) Assume first that A is eventually c¢-closed. Then there exists m > 1 such that
(AN S, = AN S, for all n > m.
Since Seo = Up>1 Sn = Uy>m Sno it follows from Definition 2.2 that

AL =A% NS = [ (AS"NS,) = [ (AN S) = [ (AN Sy) = Awa.

n>m n>m n>m
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Hence, A is clm—closed._lf A is eventually saturated, then A NS, = A, is cl,-closed for all
n > 0. Thus, the chain A is eventually c¢-closed and we conclude by the first case.
(i) If A is cle-closed, then by Definition 2.2,

AN S, =A% NS, = (AunS,)" foralln>1.
This means that the chain A is <¢-closed. U
The following lemma is immediate given Lemma 2.6.

Lemma 2.7. Under the assumptions of Lemma 2.6 the following are equivalent:
(1) Ao 18 Clwo-closed,;
(i1) A is eventually c¢-closed;
(iii) A is ct-closed.
Moreover, these equivalent statements hold if A is eventually saturated.

Now that the chains are described, we focus on group or monoid actions implementing
symmetries within the chain. In the abstract setting we begin with just maps and specialize
to actions later. Let IT be a set of maps Se — Seo, and for m < n let I, , be a set of maps
Sm — Sn. We use the adjectives global to refer to the maps in IT and local for those in the sets
I1,, ,. Let @ denote the family {IL,, , }m<,. We call (0,I1) a system of maps. For A,, C S,,
and A. C S.. set

Hm,n (Am> —
M(A..)

n(v) | m€lpn, vEAR}L C Sp,
ntv)|mell, veEAs} C Sew.

{
{

In most cases of interest here IT,, ,(A,,) is a finite set whenever A,, is a finite subset of S,,.

Definition 2.8. A family @ = {I1,, , }m<n is locally finite if for every n > m > 1 and every
finite subset A,, C S,, the set IT,, ,(A,,) is finite.

It is worth mentioning that a family @ = {I1,, , }m<, can be locally finite even when each
I1,, » 1s infinite; see Lemma 4.5.

Later, when I is a group or monoid, each set IT,, , can be derived from II, and moreover,
the system (@, I1) is (weakly) consistent in the sense of the next definition. In such cases, it
is customary to use IT as a representative for the family @.

Definition 2.9. A system of maps ({0,I1) is
(1) weakly consistent if
(An) = | wn(Am) forallm>1and A, C Sp;
n>m

(i1) consistent if

I, 0 (Am) =II(A,) NS, foralln >m>1andA,, CS,,.
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Remark 2.10.

(i) Consistency is stronger than weak consistency. Indeed, if (&0,I1) is consistent, then
forallm >m>1and A,, C S, one has

H(Am) = H(Am) NSe = H(Am) N ( U Sn) = U (H(Am) ﬁSn) = U Hm,n(Am)'

(i1) Weak consistency is frequently applied in the form of the following easy conse-
quence: For all n > m and A,, C S,,, it holds that I1,, ,(A,,) C I1(A,,).

(iii) The consistency of (@,I1) is a local-global consistency. It implies the following
local-local consistency:

L0 (Am) =g n(Ay) foralln>k>mandA,, CS, C S,
since both sides are equal to I1(A,,) N S,.
We are now ready to introduce the main object of study in this paper.

Definition 2.11. Let (&0,IT) be a system of maps and let <€ = (cl,),> be a chain of closure
operations.
(i) A subset A C Se 18 Il-invariant if
[M(Aw) C A.
(ii) A ct-closed chain A = (A,)n>1 is O-invariant if
(T (An))™ C A, whenever n > m.
A @-invariant chain stabilizes if there exists some integer r > 1 such that for all
n>m > rone has (I, ,(A;))" = A,. The smallest such r is the @ -stability index
(or stability index) of A with respect to ¢¢ and denoted by indcag (A), or ind¢(A),

or even ind(A) if there is no danger of confusion.

Let A = (An)n>1 be a chain of sets. We would like to describe properties of A (i.e. local
properties) that can be transferred to corresponding properties of the limit A (i.e. global
properties) and vice versa. After Lemma 2.6, here is the next example of such a property.

Lemma 2.12. Let (@,I1) be a weakly consistent system of maps and A = (A,),>] be a
@ -invariant ct-closed chain with limit set A.. Then the following hold:

(i) A is IT-invariant. .

(i1) If A is cle-closed, then A is a @) -invariant ct-closed chain.

Proof. (i) It follows from Definitions 2.9(i) and 2.11(ii) that

M(A) = H< U Am) = U@ = | Ma(dn) € Ay = Aw.

m>1 m>1 n>m>1 n>1

Thus, A 1s IT-invariant.
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(ii) By Lemma 2.6(ii), A is ¢f-closed. So it remains to show that A is M -invariant. Let
m,n € N with n > m. According to Remark 2.10(ii) it holds that
I 1 (Ae N Sm) € (A NSy) CII(As) C Ao,
where the last inclusion follows from (i). On the other hand, one has IT,, , (AN Sy) C S, by
definition. Hence, I1,, »(Aw N Sy) € Aw N S, which implies
(Mn(Aeo N S)) ! € A S,y
since A is ¢t-closed. Therefore, A is M -invariant. O
The main focus of this work is to explore under which conditions local finite generation

implies global finite generation and vice versa. We first give a definition of this property in
local and global situations.

Definition 2.13. Let ({0,I1) be a system of maps and (¢¢,cls) a system of closure opera-
tions. Let A = (A,),>1 be a ¢f-closed chain and A C S., a cl.-closed set.

(1) (local) A is finitely generated (respectively, eventually finitely generated) if for all
n > 1 (respectively, for all n > 0) there is a finite subset G,, C A, such thatA, = Gf,l".

(i1) (global) A is I1-equivariantly finitely generated if there exists a finite subset G C A
such that A = I1(G)®!=.

To discuss the relation between local and global finite generation we introduce a crucial
local-local compatibility condition.

Definition 2.14. A chain ¢t = (cl,),>; of closure operations and a family of maps @ =
{ILy n}m<n are compatible if

1,0 (AS") C (T (A)) foralln>m > 1and A, C Sy
Lemma 2.15. If ¢¢ and @ are compatible, then
(T (ASm)) el = (T, (A))! forall n>m > 1 and A,, C Sy
Proof. From Definition 2.14 it follows that
(T (A5)) " C (T (A)) )M = (T (A) )
The reverse inclusion is obvious since A,,;, C Af,{m. O

We are now ready to describe situations where the finite generation property of a chain is
inherited by its limit, and vice versa.

Theorem 2.16. Let (<¢f,cl.) be a consistent system of closure operations and (@,II) a
system of maps. Let A = (A,),>1 be a W-invariant, ¢¢-closed chain with limit set Ae.
Consider the statements:

(a) (local) A stabilizes and is eventually finitely generated.
(b) (global) A is II-equivariantly finitely generated.
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The following hold:

(i) If Aw is clwo-closed, (0, IT) is weakly consistent, and <€ and @ are compatible, then
(a) implies (b).

(ii) If @ is locally finite and (@,I1) is consistent, then (b) implies (a). Moreover, in
this case A is eventually saturated.

Proof. Assume first (a) and the assumptions of (i). Since A stabilizes, its stability index
ind(A) is finite. Since A is eventually finitely generated, we may choose an m > ind(A)
and a finite subset G C A,, such that A,, = G. So for n > m one obtains

Ap = (T (An)) (by Definition 2.11(ii))
= (Hmﬂ(GClm))Cl" (since A,, = G")
= (T (G))M (by Lemma 2.15)
= (Il (G) ﬂSn)d" (since IT,, ,(G) C S,)
C (II(G) N S,) M (by Remark 2.10(ii))
=TI1(G)*~ NS, (by Definition 2.2).

Since A,, C A,,, for n < m it follows that
Aw=|JAn=J A € |JTG)™nNS,) =1(G)".
n>1 n>m n>m

On the other hand, TI(G)= C I1(A. )¢l C AY= = A., by Lemma 2.12(i) and the assumption
that A, is cl..-closed. Hence, A., = I1(G)¢!= is IT-equivariantly finitely generated.

Now assume (b) and the assumptions of (ii). Since A is II-equivariantly finitely gener-
ated, there exists a finite subset G C A., such that A.. = H(G)Cl‘”. Since G is finite, we may
assume G C A,, for some large enough m. Thus, for n > m one has

(T (Am)) C A, C AN,

=TI1(G)"~ NS, (since Ao, = IT1(G)!)
= (II(G) NS, (by Definition 2.2)

= (IT,,(G))M (by Definition 2.9(ii))
C (T n(An)) ™ (since G C A,,),

hence equalities hold throughout. That is,
A8y = Ay = (T n(An))" = (T 4(G))M

This shows that A stabilizes and is eventually saturated. Moreover, (A is eventually finitely
generated because G is finite and @ is locally finite. U

Now we formulate assumptions that guarantee equivalence of (a) and (b) in Theorem 2.16.
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Corollary 2.17. Let (¢t,cls) and (&0,I1) be consistent systems and @ be locally finite and
compatible with ¢¢. If A = (A,),>] is a D-invariant, c¢-closed chain such that the limit A
is cle-closed, then the following statements are equivalent:

(a) (local) A stabilizes and is eventually finitely generated;

(b) (global) A is I1-equivariantly finitely generated.

Moreover, if either of the above equivalent statements holds, then A is eventually saturated.

For later applications it is useful to relax the assumption that (@, IT) is consistent in The-
orem 2.16(ii). Analyzing the proof of this part, we see that its conclusion still holds true if
the consistency of (@,I1) is replaced by the existence of a finite subset G C A., such that

2) Aw =TI(G)" and TI(G)NS, CIL,.(A) forall n>m>> 0.
Hence, we obtain the following.

Proposition 2.18. Let (¢¢,cl.) be a consistent system of closure operations and (@, IT) be
a system of maps. Assume that @ is locally finite. Let A = (A,),>1 be a W-invariant,
ct-closed chain with limit set A... If there exists a finite set G C Ao such that condition (2)
is satisfied, then A stabilizes and is eventually finitely generated.

3. SYMMETRIC GROUPS AND A RELATED MONOID

We are mainly interested in systems of maps that are induced by actions of symmetric
groups or the monoid of increasing functions. We discuss here some properties of these
objects that will be used later.

Let N={1,2,...} denote the set of positive integers and, for n € N, set [n] = {1,...,n}.
We adopt the convention that [«] = N. Let Sym(n) denote the symmetric group on [n] for
any n € N. Since Sym(n) can be naturally regarded as the stabilizer subgroup of n+ 1 in
Sym(n+ 1), we have an increasing chain of finite symmetric groups Sym(1) C Sym(2) C
.-+ C Sym(n) C ---. The limit of this chain is

Sym(eo) = U Sym(n).
n>1

We often use Sym as an abbreviation for Sym(ee). For m < nlet 1, ,: [m] — [n] denote the
canonical embedding, i.e. 1, ,(k) = k for all k € [m]. We define

Sym,, , == Sym(n) oty = {Goty, | 6 € Sym(n)}.

Let Sym denote the family {Sym,, , }m<n. In the cases of interest, (Sym,Sym) is consistent
by Lemma 4.4(ii).
Consider next the monoid of strictly increasing maps on N, defined as
Inc:={n: N— N|7x(n) <rm(n+1)foralln>1}.

When m < n we set
Incy, , :={m € Inc | w(m) < n}.
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Thus, each Inc,, , is a subset of Inc and for any m > 1 there is an increasing chain

3) Inc,m € Incpy g1 € --- CIncppy € --- withlimit  Inc = U Inc,y, -

n>m

Let Jnc denote the family {Inc,, » }m<n. Then in the setting of Section 4, (Fnc,Inc) is a
weakly consistent system of maps by Lemma 4.4(i). Since n([m]) C [n] for any 7 € Inc, 5,
we may view the restriction 7|}, as a map [m] — [n]. It is also useful to consider the set

Incy,, = {7: [m] — [n] | there exists 7 € Inc,, , With T = 7|}, },

which can be regarded as the quotient of Inc,,, by the equivalence relation: m ~ 7, if
9} ][m] = m)| im]- The next lemma records a useful relationship between Sym and Inc.

Lemma 3.1. Let m € N and n € NU {eo} with m < n. Then the following hold:

(i) Sym,, , equals the set of injective maps from [m] — [n] and Inc,,, equals the set of
injective order-preserving maps [m| — [n].
(ii) Incy,, C Sym,, , . In particular, 7 |[m] € Sym,, , for every 7 € Incy, .
(iii) Sym,, , = Incyy 0 Sym(m) := {006 | & € Incyyp, 0 € Sym(m)}.

Proof. (i) and (ii) are easy to check directly from the definitions. Using (i), a proof of
(iii) amounts to checking that each injective map [m| — [n] factors into a reordering of [m]
followed by an order-preserving injective map [m] — [n]. O

We also need the following decomposition, which can be shown to also hold for Sym.
Lemma 3.2. For any m,n € N with n > m it holds that
Incy, n = InCppp1 noIncy i1 =Inc, 1 yoIncy, 1.

Proof. From [20, Proposition 4.6] it follows that Inc,, , = Inc;, 11 5 °InCy, 1 . Based on this
decomposition, one can show by induction that

Incy,p =Inc,—q yolnc, 2,10+ oInCy mi1 = Inc,—q poInc,, ,—1. O

4. SETS UP TO SYMMETRY

In this section we specialize the theory in Section 2 to Sym- and Inc-invariant chains.
For simplicity, we restrict the discussion to a setup which is compatible with the ones in
the forthcoming sections so that the results in this section can be applied in a direct and
effective way. To this end, we only consider chains of sets with respect to an ambient chain
R = (Ry)n>1 in which each R, is either a polynomial ring or a subset of R”.
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4.1. Ambient chains. We describe two types of ambient chains R = (R,),> for the rest of
this paper. The first is a chain of polynomial rings. Let K be a field and ¢ a positive integer.
For any n € N let R,, be the polynomial ring K[X,| .= K[x; ; | i € [c], j € [n]].

Then, for m < n, the embedding 1, ,: [m| — [n] induces a canonical embedding R, — R,
also denoted by 1, ,, that maps each polynomial in R, to the same polynomial considered
as an element of R,,. Thus, we obtain the chain

RiICRyC---CR, C--- with limit R, = URn:K[X] SZK[xiJll'G [C], ]EN]
n>1

The second type of the ambient chain R = (R,),>; are chains with R, C R” for all n > 1
that are Sym-invariant, meaning that

4) Sym,, ,(Rn) C R, foralln>m > 1.

The inclusion is to be understood as follows. Every element & = G o1y, € Sym,, , with
o € Sym(n) gives rise to a map R™ — R”". First, the embedding 1, ,,: [m] — [n] induces a
canonical inclusion 1, ,: R™ — R" that embeds R™ as the first m coordinates in R":

5) lna(v) =(»,0,...,0) € R" forany v € R™.

Then o € Sym(n) acts on R” by permuting coordinates, that is

(6) O(Vi,...,vy) = (chl(l),...,vcfl(n)) for any (vy,...,v,) € R".

Thus, each 7 = 6 © 1y, € Sym,, , defines a map w: R™ — R", and we understand (4) as
Sym,, ,(Rn) = {%(Ry) | ® € Sym,, ,} CR, foralln>m>1.

Via the embedding 1,, , we regard R,, as a subset of R, for m < n and thereby get a chain

with limit R = J,,>| R, contained in the infinite dimensional vector space RN = U1 R™

The canonical basis of R®™N) consists of the vectors g, i €N, with

1 ifi=,
(8i)j={

0 otherwise.

With respect to the identity closures in Example 2.4(i), an ambient chain R = (R,),>1 of
the second type is exactly a Sym-invariant chain in the sense of Definition 2.11(ii). Chains
of this type include the cases where R, equals R", R, Z", or N" for alln > 1.

From now on, we always assume the ambient chain R = (Ry)n>1 is one of the two types
described above. For m € N the canonical embedding 1, .. : R, — Re allows to identify R,,
with a subset of R... Thus, for any v € R,,, the elements v, 1, ,(v), lm.(v) are all identical
for every n > m. By definition, each w € R. is contained in some R,,,. The smallest such m
is the width of w:

width(w) := min{m e N|w € R, }.
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When R.. = K[X], let var(w) denote the set of variables appearing in w. If R C RN, then
we write w = (w1, ws,...) with w; € R. The support of w is

{j €N|x; ;€ var(w) forsome i € [c]} if R = K[X],

In the polynomial ring case our definition of support is coarser than the usual definition, in
which supp(w) is the set of monomials of w. However, the above definition is more useful
for our purposes. We call | supp(w)| the support size of w. Evidently, | supp(w)| < width(w).

4.2. Sym and Inc actions. Given an ambient chain R = (R,),>1, the systems (Sym,Sym)
and (Fnc,Inc) give rise to systems of maps on (R, R.). In particular, this yields actions of
Sym (o) and Inc on the ambient set R... We now collect basic properties of these actions and
discuss the consistency and local finiteness of (Syr,Sym) and (Fne,Inc).

Consider (Sym,Sym) first. Let m <nand T = 6oy, € Sym,, , with ¢ € Sym(n). Then
7 induces a map 7: R,, — R, given by

&€ ifv= € Rm C Rm,
(7 m(v) = Lico1 Vi€n(i) 1V = L1 Vil € R &
K (J) if v=1xij € Rpy = KXy,

where in the first case, 7 is precisely the map induced by the composition of the maps in (5)
and (6), which is well-defined because the chain R is Sym-invariant. By this definition,
Sym,, ,, is identified with a set of maps R, — Rj. In particular, the group Sym,, , = Sym(n)
acts on R,, and moreover, the action of Sym(n+ 1) on R, extends that of Sym(n) on R, for
all n > 1. Since Sym(e) = J,~; Sym(n) and Rw = |J,~| Ry, these actions together build an
action of Sym(eo) on R... We have thus defined the system of maps (Sym,Sym) on (R, R-.).
Some useful observations from the above definition are recorded in the next lemma.

Lemma 4.1. Let m,n € N with m <n and v € R;,,. Then the following hold:

() |supp(v)| = | supp(x(v))| for every 7 € Sym,
(ii) Sym,, ,(v) = Sym(n)(v).

Proof. (i) follows easily from (7). To see (ii), recall that v and 1,, ,(v) are identified in Rj,.
Hence, Sym,,, ,(v) = (Sym(n) o 1n,n)(v) = Sym(n) (tm.n(v)) = Sym(n)(v). O

Next, we construct the system of maps (Fne,Inc), based on the system (Sym,Sym).
Let @ € Incy, ,. Then 7@ = n][m] € Em,n - Symmﬂ by Lemma 3.1(ii). Hence, 7 induces a
map R,, — R,, explicitly described in (7). So we can define a map 7: R,, — R, by letting
n(v) =7(v) for all v € R,,. Now let ' € Inc and w € Re. Then w € R,, for some m and
there exists n > m such that 7’ € Inc,, ,. Evidently, 7’(w) does not depend on the choice of
m and n. This implies that 7’ induces a map 7’: R.. — R... Thus, we obtain the system of
maps (Fnc,Inc) on (R,Rw).

From the construction it is clear that (7) still holds if Sym is replaced by Inc. In particular,
Inc acts as a monoid on R.. The next result compares the actions of Sym and Inc.
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Lemma 4.2. Let m,n € N with m < n. Then for any v € R,, and w € R., the following hold:

(i) InCypn(v) = Incpnn(v) C Sym,, ,(v).
(i) Inc(w) C Sym(w).

Proof. (i) follows from viewing 7 € Inc,, , as 7| im] € ﬁmﬁ. To prove (ii), let & € Inc. Then
w € R, and 7 € Inc,,, , for some n > m. So it follows from (i) and Lemma 4.1(ii1) that

n(w) € Sym,, ,(w) = Sym(n)(w) C Sym(w). O

Sometimes it is necessary to describe the truncated orbits Sym(w) N R, and Inc(w) N R,
of an element w € R... Truncating at the width suffices to not lose information.

Lemma 4.3. Let w € R, and m,n € N with n > m.
(i) If width(w) = m, then Inc(w) N R, = Inc,, ,(w).
(i) If w € Ry, (i.e. width(w) < m), then Sym(w) N R, = Sym(n)(w) = Sym,, ,,(w).

Proof. (i) We may assume that w # 0. Let n > m. It suffices to prove the inclusion
Inc(w) MR, C Incpy pn(w).

Take u € Inc(w) NR,. Then width(u) < n and u = w(w) for some 7 € Inc.

Consider first the case that R. C RN, Using width(w) = m, we write w = Y7 wig
with wy, # 0. Then u = m(w) = YL wi€xr(r)- This implies that 7t(m) < n since wy, # 0 and
width(u) < n. Hence, 7 € Inc,, , and u = (w) € Incy, »(v).

In the case R.. = K[X], w involves a variable x; ,, for some i € [c] since width(w) = m.
Thus u = 7(w) involves x; z(,,)- Since width(u) < n, one again gets 7 € Inc,, , as above.

(ii) The first equality is easy to see, while the second follows from Lemma 4.1(ii). U

We are now ready to discuss the consistency and local finiteness of the systems of maps
(Sym,Sym) and (Fnc,Inc).

Lemma 4.4.
(i) The system (.Fnc,Inc) is weakly consistent.
(ii) The system (Sym,Sym) is consistent.

Proof. (i) follows from (3) and (ii) from Lemma 4.3(ii). 0

The system (Fnc,Inc) is not consistent as Example 5.10 shows.

Because of the preceding result and the way that the family Sym (respectively, Fnc) is
derived from Sym (respectively, Inc), one usually uses Sym (respectively, Inc) as a repre-
sentative for Sym (respectively, Jnc). So, for example, the statement of the next result
is another way of saying that the families Sym and Jnc are locally finite in the sense of
Definition 2.8. For simplicity we also use the terms Sym- or Inc-invariant chain instead of
Sym- or Inc-invariant chain, and so forth.

Lemma 4.5. Sym and Inc are locally finite.
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Proof. Letn > m > 1 and A, C Ry, be a finite subset. We have to show that Sym,, , (Am)
and Inc, (A ) are finite sets. The first set is finite because Sym,, ,, finite. The second one is
also finite since Incy, ,(A;,) = Incy 4 (Ay) by Lemma 4.2(i) and Inc,,, is finite. O

4.3. Sym- and Inc-invariant chains. As a consequence of Lemma 4.2 there are more Inc-
invariant chains than Sym-invariant chains. Generalizing [20, Lemma 7.6] we have:

Lemma 4.6. Let ¢t = (cl,),>1 be a chain of closure operations.

(i) If a ¢f-closed chain (A,),> is Sym-invariant, then it is Inc-invariant.
(i) If A C R is Sym-invariant, then it is Inc-invariant.

Example 4.7. The converses of Lemma 4.6(i) and (ii) are not true. Consider the chain of
identity closures as in Example 2.4(i). Let A} = {0} and A, = {0} x R%,! CR" forn > 2.
Then A = (A,)n>1 is an Inc-invariant chain of sets. However, it is not S_ym—invariant since,
e.g., Sym, ,(Az) contains vectors v € R" with vy # 0.

Remark 4.8.

(i) By Lemma 4.6(i), one can view a Sym-invariant chain as an Inc-invariant chain. This
was used for chains of ideals in [13] and elsewhere. Also in our general setup, with
some more effort, it can be shown that if A = (A,),> is a Sym-invariant, c¢¢-closed
chain of sets, then A stabilizes as a Sym-invariant chain if and only if it stabilizes as
an Inc-invariant chain. In this case ind>Y™(A) = ind™(A).

(i1) By Lemma 4.6(i1), any Sym-invariant subset A C R., is also Inc-invariant. Then it can
be shown with some more effort that equivariant finite generation of a Sym-invariant,
cle-closed set A C R., holds for Sym if and only if it holds for Inc.

The following characterization of stabilization, which generalizes [20, Lemma 5.2], could
be of independent interest.

Proposition 4.9. Let <¢ = (cl,),>; be a chain of closure operations that is compatible
with Inc. Let A = (A,),>1 be an Inc-invariant, ¢¢-closed chain of sets. Then for r € N
the following statements are equivalent:
(i) A stabilizes and its stability index is at most r;
(ii) Incn7n+1(A,,)Cln+1 = A, 11 whenever n > r;
(iii) Incm(A,)CI" = A, whenever n > r.

Proof. The implication (i) = (ii) follows directly from the definition. We prove (iii) from
(i1) by induction on n. First consider the case n = r. Since Inc,, contains the identity map,

one has A, C Inc,.,(4,) C Incnr(Ar)Cl’ CA,, hence A, = Inch(Ar)Clr.
Assume we have shown that A, = Inc,, (A,)C]" for some n > r. Then A, equals

Incy 41 (An)°1n+1 =1Inc, y41(Inc,, (A,)Cl”)dn+1 =Inc, y41(Inc,, (A,))Clﬂ+1 =1Inc, 41 (Ar)d”“,

by (ii), the induction hypothesis, Lemma 2.15, and Lemma 3.2.
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To prove (iii) = (i), take any n > r. We show that A, = (Incmjn(Am))d" foralln >m>r
by induction on m. The case m = r follows from (iii). Assume A, = (Inc,,,(A;))" for
some m with n > m > r. By Lemma 3.2, Inc,, , = Inc;,, 11 5, °Inc;y, 1. It follows that

Ay = (Incm,n (Am))dn = (Incm—i-l,nOIncm,m—H (Am))dn - (Incm—H,n (Am—i-l))d" CA,.

Hence, A, = (Incm+17n(Am+1))°1", which concludes the induction argument. ]

4.4. Finite generation up to symmetry. We apply and refine the results on local-global
finite generation in Section 2 to Sym- and Inc-invariant chains. For this we consider a general
system of closure operations (¢t cls), leaving more specific discussions until later sections.

For Sym-invariant chains, apart from the local-global principle in Corollary 2.17, there is
one additional local characterization. The following result generalizes [1, Theorem 4.7] and
[13, Corollary 3.7]; see Section 6 for more details.

Theorem 4.10. Let (¢?,cl.) be a consistent system of closure operations that is compatible
with Sym. Let A = (A,),>1 be a Sym-invariant, ct-closed chain for which A is cle-closed.
Then the following statements are equivalent:

(a) (local) A stabilizes and is eventually finitely generated;
(b) (local) There exists an r € N such that for all n > r the following hold:

(i) (saturation) A. "R, =A,,

(i1) (support size) A, is finitely generated by elements of support size at most r;
(c) (global) A is Sym-equivariantly finitely generated.

Proof. From Lemmas 4.4(ii) and 4.5 we know that the system of maps (Sym, Sym) satisfies
the remaining assumptions of Corollary 2.17. So (a) and (c) are equivalent. We show the
implications (a)+(c) = (b) and (b) = (a).

(a)+(c) = (b): Since A is Sym-equivariantly finitely generated (by (c)), it follows from
Corollary 2.17 that A is eventually saturated. Thus, there exists r € N such that AR, = A,
for all n > r, which is (b)(i). By (a), ind(A) is finite and A, is finitely generated for n > 0.
So we may assume that r > ind(A) and A, is finitely generated by, say, v, ...,vs € A,. Then
for all n > r we have A, = (Sym, ,(v;)U---USym,, (vs))°". Bach v, € A, C R, has support
size at most r. Since Sym,,, is finite and its elements do not change the support size of v; by
Lemma 4.1(i), we conclude (b)(ii).

(b) = (a): Assuming r as in (b), it suffices to show that for all n > r, (Symr,n(Ar))CI" =A,.
This is trivially true for n = r. Let n > r. By (b)(i1), A, is generated by some uy,...,u, € R,
of support size at most . We want to show that uy,...,u, € (Symm(A,))Cln. For any 7 € [p],
|supp(u;)| < r < n and thus there exists a 6 € Sym(n) such that o(«;) € R,. Hence, 6 (u;) €
R,NAw =A,, using (b)(i). Then by Lemma 4.1(ii),

Ur = G_] (G(ut)> € Sym(n) (Ar) = Symr,n(AV) g (Symr,n(A"))Cln' [

For Inc-invariant chains we obtain a weaker version of Theorem 4.10. The polynomial
ring case of this result and its relation to [13, Theorem 3.6] are discussed in Section 6.
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Theorem 4.11. Let (<¢,cl.) be a consistent system of closure operations so that <€ is com-
patible with Inc. Let A = (A,),> be an Inc-invariant, cf-closed chain such that the limit
set A 18 Clo-closed. Consider the following statements:

(a) (local) A stabilizes and is eventually finitely generated.
(b) (global) A is Inc-equivariantly finitely generated.

Then (a) implies (b) and if A is eventually saturated, then (a) and (b) are equivalent.

Proof. That (a) implies (b) follows immediately from Theorem 2.16(i) and Lemma 4.4(i).
To prove the equivalence, we can assume that A is saturated. To see this, replace A
by its saturation A. Then (b) and the assumptions of the theorem are still satisfied by
Lemma 2.12(ii); (a) remains unchanged since A and A coincide eventually (because A
is eventually saturated). Therefore, it is harmless to assume that (A is saturated.
We prove (b) = (a) using Proposition 2.18. To verify its assumptions, use Lemma 4.5 for
the local finiteness of Inc. Then by (b), there exist wy,...,w; € A such that

Ao = (Inc(w1) U-- - UInc(wy)) ™.
Choose m so that w; € A, for all 7 € [s]. To apply Proposition 2.18, it remains to show that
(8) Inc(w;) NR, C Incyy n(Ap) foralln > mandz € [s].

Let k = k; := width(w;). It is evident that k < m and w; € A N R, = Ay, where we used that
A is saturated. By Lemma 4.3(i), Inc(w;) "R, = Incy ,(w;) C Incy ,(Ax). To prove (8) it
suffices to show that

Incy ,(Ax) € Incpy n(As) forall & < m.

By Lemma 3.2, Incy , = Incy41 ,©Incy 441, and hence

Incy ,(Ax) = (InCgy1 p0Incy gi1)(Ak) C Incrg1 pn(Aks1)-

The proof finishes with a finite induction. U

Remark 4.12. Comparing Theorems 4.10 and 4.11, the following questions are natural:

(1) Can the assumption that A is eventually saturated in Theorem 4.11 be omitted?

(2) Does there exist a characterization for Inc-invariant chains similar to Theorem 4.10(b)?
Precisely, when (A is eventually saturated, is it true that A is Inc-equivariantly finitely
generated if A is eventually finitely generated by elements of bounded support size?

These questions can be affirmatively answered for chains of ideals (Theorem 6.3), but in
general both have negative answers as we show in Examples 5.10 and 5.11.

5. CONES AND MONOIDS UP TO SYMMETRY

In this section we specialize the results of the previous section to invariant chains of con-
vex cones and monoids. We provide various examples to demonstrate that some assumptions
of our results are indispensable and give counterexamples to potential strengthenings.
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The results of this section have recently been employed to extend foundational results in
polyhedral geometry to the equivariant setting [18]. For standard terminology on cones and
monoids the reader is referred to [3] and [24].

(N)

5.1. Cones up to symmetry. We consider convex cones in the nonnegative orthant R ;
of R™) That is, the ambient chain is R = (Ry)n>1 With R, = R, foralln > 1 and R =

Un>1 RSy = R(N) To consider convex cones, the closure operations are cn, = cone(-) in
R, forn > 1 and Che = cone(-) in R., where cone(A) consists of finite nonnegative linear
combinations from A, that is, cone(A) = {Zle Aiai |k €N, a; € A, A; € R>¢}. We restrict
our attention to cones in R., instead of the whole space RM), since the system of conical
hulls (¢n,cn.) is consistent on R.., but not on RN,

Lemma 5.1. Consider the ambient chain R = (R%),>1 of nonnegative orthants as above.
Then the system of conical hulls (<7, cn) is consistent.

Proof. For any A C R(ZI\(])) and n € N we need to show that cn, (A NRY;) = cnw(4) NRY,.
The inclusion “C” is obviously true. For the reverse inclusion, take v € cne.(A) N R’éo. Then

width(v) < n and there exist ay,...,a; € A and Ay,...,4; > 0 such that v = Z;‘Zl Aia;. By
positivity of the A;, and since a; € ]R(ZNO) for all i € [k], we have width(a;) < width(v) < n.
Thus a; € ANRY, for all i € [k], and hence v = Y, A;a; € cn,(ANRL). O

It is easy to give examples showing that (¢, cn.) is not consistent on RN,
Example 5.2. Let A = {(1,1),(1,—1)} C R?. Identifying R with R x {0} C R?, one has
cn (ANR) =cn;(0) = {0} C R>o =cnp(A)NR.

By Remark 2.3, this means that the system (<7,cn.) is not consistent if we choose the
ambient chain with R, = R" for all n > 1.

The next result shows that the chain ¢n of conical hulls is compatible with Sym(eo) and
Inc, even when one considers the whole space RN,

Lemma 5.3. Let IT = Sym(co) or IT = Inc. Then for any m < n and A,, C R™ one has
Iy (cnm(Am)) C ey (I n(Am)). Thus, with R = (R%),>1, on is compatible with IT.

Proof. Let w € I1,,, and v = Zf-;l Aia; € cny(Ay) with a; € Ay and A; > 0. We expand
a; = Z?: 1 a;;j€; in the canonical basis. Then by (7),

m k m k k
J'C(v) :ﬂ(;(;liaﬁ)q) = Z Z al] 8,; Zliﬂ'(al‘).

This yields 7(v) € cn, (I, (An)), as desired. O
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It is obvious that for an increasing chain C = (C,),> of convex cones with C, C R”" for
all n > 1, the limit set C. is a convex cone. With Lemmas 5.1 and 5.3 in place, we are ready
to apply the results of the previous section to chains of cones. At first we formulate the
following version of Theorem 4.10.

Corollary 5.4. Let C = (C,),>1 be a Sym-invariant chain of convex cones C, C RZ, with
limit cone C... Then the following statements are equivalent: -

(a) C stabilizes and is eventually finitely generated;
(b) There exists an r € N such that for all n > r the following hold:

(1) CoNRLy=Cy,

(i1) G, 1s finitely generated by elements of support size at most r;
(c) Cw 1s Sym-equivariantly finitely generated.

We now give several examples that demonstrate the necessity of the conditions in Corol-
lary 5.4. The first shows that in (a) and (b) the word “eventually”” cannot be omitted.

Example 5.5. Consider the chain C = (C,),>; with C; = {0},

G ={(x,y) GRZZO | x>0, y>0}U{(0,0)} and C, =R%, forn>3.

Then C stabilizes as a Sym-invariant chain of convex cones. The limit cone Co., = R(Eg =

Chw(Sym(€;)) is Sym-equivariantly generated by the first basis vector. However, this does
not imply that all cones C,, are finitely generated, since C; is not. Additionally Ceo N ]R2>0 =

Rzzo = C,. Thus, C is not saturated. -

The only insight in this example is that finite subsequences can often be changed rather
wildly without changing the limit C... This suggests that properties of C, can only be related
to the tail of the chain, or alternatively, to the unique saturated chain defining it.

The following example shows that for the implication “(a) = (c)” in Corollary 5.4 it is
necessary to assume that the cones are eventually finitely generated.

Example 5.6. Consider the chain C = (C,),>1 with C; = {0},
C={(x,y) € RZZO |x>0,y>0}U{(0,0)} and C, = cn,(Sym,,(C>)) forn > 3.

By construction, C stabilizes as a Sym-invariant chain of convex cones. However, C. is not
Sym-equivariantly finitely generated, since then Co N ]R2>0 would be finitely generated. But

Co O]Rio = (, because C, contains exactly the elements of C., of width at most two, and C,
is evidently not finitely generated.

We now show that in Corollary 5.4(b) both (i) and (ii) are necessary and independent.

Example 5.7. Forn >2letv, = (n,1,0,...,0) € R%,. Consider the chain C = (C,),>1 with
C1 = {0}, C; = cnp(Sym(2)(v2)) and
Cn = cny (Sym(n) (1y—1,4(Co—1) U{vs})) CRL, for n>3.

Then C is a Sym-invariant chain of convex cones and the following hold:
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(i) All cones C, are pointed, rational and finitely generated (as a cone) by one ele-
ment of support size two up to symmetry. More precisely, for n > 2 we have
C, = cn,(Sym(n)(v,)). In particular, the orbits of all generators of Cy, in C, are
redundant whenever m < n.
(i) Cw is not Sym-equivariantly finitely generated.
(iii) Co NRL, # G, forall n > 2.

Proof. (i) By definition, cn,(Sym,,_; ,(Cy—1)) € C, for n > 2. Thus, C is indeed a Sym-
invariant chain of pointed and rational convex cones. Let C, = cn,(Sym(n)(v,)) for n > 2.
Clearly, C, € G, for every n > 2. We show by induction that equality holds, which is trivially
true for n = 2. Let n > 3 and assume that C,,_; = C,,_;. It suffices to prove that

) cny (Sym,,_; ,(Ca-1)) € G-

Using Lemma 5.3 and the fact that Sym,,_, , = Sym,,_, ,oSym(n — 1) one has

cn, (Sym,,_y ,(Cp-1)) = cnp(Sym,,_y ,(cnp— 1 (Sym(n—1)(va-1))))
C cn,(Sym,, 1, (Sym(n—1)(vp-1)))
= Cnn(symn—l,n(vn—l)) = cn,(Sym(n) (ta—1,0(va—1)))-
Since v,—1 € C,_1, this implies

(10) Cnn(Symnan(Cn_l)) = cn,(Sym(n) (ta—1,0(va—1)))-
So for (9) we only need to show that 1, ,(v,—1) € C,. Applying 1, to
2
n—n—1 1
(n=1L1)=—3——1)+ 57— (Ln)
we obtain
n—n—1 1

lnfl,n(vnfl) = Vn+n2_ la(vn),

n2—1
where o € Sym(n) is the transposition (12). Hence, 1,—1 ,(va—1) € cn,(Sym(n)(v,)) = Co,
as desired. So C,, = C,, for n > 2 and the orbits of all generators of C,,_1 in C,, are redundant.

It follows that the same is true for the cones C,, and C,, whenever m < n.
(i1) We claim that C does not stabilize. Indeed, it suffices to show that

vn € Gy \ eny(Sym,,_ ,,(C,—1)) forall n>2.
Assume the contrary. Then v, € cn,(Sym,,_; ,(C,—1)) for some n > 2. So by (10), there
exist A1,...,A4 > 0and oy,...,0r € Sym(n) such that
k

(11) V=) AiGi(ta—12(Va—1)).

i=1
By the positivity of the A;, width(o;(1,—1,(va—1))) <2 for all i € [k]. It follows that

Gi(ln_17n(vn_1)) = (n— 1, 1,0,...,0) or Gi(ln—l,n(vn—l)> = (l,n— 1,0,...,0)
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for all i € [k]. This together with (11) yields the existence of A, ¢t > 0 such that
(n,1)=A(n—1,1)+u(l,n—1).

But this is impossible. Hence, the chain C does not stabilize.

By Corollary 5.4, C is not Sym-equivariantly finitely generated. One can also show that
C- 1is the subset of ]R{(>NO) consisting of 0 and all elements of support size at least two, leading
to the following explicit description:

N
Co =REN (U Ro080).
n>1
(iii) Since width(v,41) =2, we have v, € Cw ﬂRio C CNRYL, for n > 2. On the other
hand, it has been shown in (ii) that v,.; € C,. Hence, C.. NRS, #C, forall n>2. O

The next example gives a chain with no global bound for the support sizes of generators.

Example 5.8. Forn > 2, letw, = (n—1,1,...,1) € R,. Consider the chain C = (Cy),>1
with C; = {0}, C; = cnp(Sym(2)(w)) and

C, =cn, (Sym(n) (ln—l,n(cn—l) U {wn})) CRY, for n>3.

Then C is a Sym-invariant chain of convex cones and the following hold:

(i) All cones C, are pointed, rational and finitely generated (as cones), but there exists
no global bound for the support sizes of generators of the cones.
(i) Cw is not Sym-equivariantly finitely generated.
(iii) CxNRLy =C, foralln > 2.

Proof. (1) As for Example 5.7(1) we see that C is a Sym-invariant chain of pointed, rational
and finitely generated convex cones. An easy induction shows that C, is generated by

In this generating set, w, is irredundant for C,, whenever n > 3. To see this, consider the
supporting hyperplane H = {(z1,...,z,) € R" | z1 = ¥} , 7} of C,. If w, were redundant,
there would exist A;,...,A4x > 0 and uy,...,u; € G, \ {w,} such that w,, = Zle Aiu;. Since
wy, lies on the supporting hyperplane H, it follows that u; € H for all i = 1,...,n. Thus, each
u; must have m — 1 as its first entry and exactly (m — 1) entries 1 as the remaining nonzero
entries for some m < n. Comparing the second entry in w, = Zé‘:] Aiju;, we find Zﬁ-‘zl A <l1.
Now comparing the first entry yields n — 1 =YX Lu;1 < Y, 4;(n—1) <n— 1, which is
impossible. Hence, C,, has an irredundant generator of support size n.

(i1) By (i) and Corollary 5.4, C- is not Sym-equivariantly finitely generated.

(iii) According to Remark 2.3, the consistency of (¢,cn.) (by Lemma 5.1) gives

Cr MRy = eng(Gr) NRLy =cn, (GkNRL) = cny(Gy) =G,



INVARIANT CHAINS IN ALGEBRA AND DISCRETE GEOMETRY 21

for all kK > n > 2. It follows that
CoNR% = JGNRLy = | J (GcNRYy) =Cy forall n>2. O

k>n k>n

For the reader’s convenience, we briefly summarize the above examples in Table 1.

(a) (b) (©)
C evtl. f. g. by
Example C stabilizes | Cevtl. f. g. | C evtl. satur. | elem. of bound. C(x,'Sym—
. equiv. f. g.
supp. size
v v

33 v (Cy not f. g.) | (C not satur.) v v/

5.6 v X v X X

5.7 X v/ X v X

5.8 X 4 v X X

TABLE 1. Summary of Examples 5.5-5.8

We consider Inc-invariant chains next. By Lemmas 5.1 and 5.3, we obtain the following
cone version of Theorem 4.11.

Corollary 5.9. Let C = (Cy),> be an Inc-invariant chain of convex cones C, C RZ, with
limit C... Consider the following statements: -

(a) C stabilizes and is eventually finitely generated.
(b) Cw is Inc-equivariantly finitely generated.

Then (a) implies (b) and if C is eventually saturated, then (a) and (b) are equivalent.

We again give counterexamples to potential strengthenings of the corollary. The first
shows that, in contrast to Corollary 5.4(b)(i), the equivariant finite generation of the limit
cone C. does not imply that C is eventually saturated, and moreover, that the equivalence
in Corollary 5.9 does not hold without the assumption that C is eventually saturated. By
Theorem 2.16(ii), this also implies that the system (.Frnc, Inc) is not consistent.

Example 5.10. For n > 2 let
Ap=1{€1,...,&-1} and B, ={g+ne, |1 <i<n—1}.

Consider the chain C = (C,),>1 with C; = {0} and G, = cn,(4,UB,) C RY, for n > 2.
Then the following hold:
(i) C is an Inc-invariant chain of convex cones and each C, is finitely generated by
vectors of support size at most two.
(i1) Cw 1s Inc-equivariantly finitely generated.
(iii) C does not stabilize.
(iv) CxNRYL, # C, forall n > 2.
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Proof. (i) Forn>2let B,y = {& +n&,+1 |1 <i<n}. Weclaim that
eyt 1 (Incy 41 (Cp)) = cnyp1 (Ap U§n+1) for n > 2.

One has Inc, ,11(An) = Apt1 and Inc,, ,41(B) = By, U§n+ 1. Evidently, B, C cn,41(Apt1)
and therefore,

eyt 1 (Incy 41 (Cp)) = enyg 1 (Incy g1 (eny (A, UBy))) = enpq i (Incp g1 (A, UB))
= Cnn—l—l(ArH—l UBy UE}H—I) = Cnn—l—l(ArH—l UE,H_I),

where we used Lemma 2.15 in the second equality and also that conical hulls are compatible
with Inc by Lemma 5.3. Now since (n+1)(& +né&,+1) = &+n(€&+ (n+1)&,+1), it follows
that B,,+1 C cnyy1(Ay+1 UBy41). Hence

Cnn+1(InCn,n+l(Cn)) - CNy4q (An—i-l UBrH—l) = Cn—H for n > 27

i.e. C is an Inc-invariant chain of convex cones. The remaining assertion is obvious.
(i1) Since
N N
RY) = (Jenu(4,) € | G =C. CRYY,
n>2 n>2

one obtains Coo = ]Rg\(? = che(Inc(€y)). Thus, Co is Inc-equivariantly generated by &;.

(iii) For all n > 2 and 1 < i < n one has

g+ (n+1)e1 Eenyr1(Ang UEnH) = Cnn+1<InCn,n+1(Cn)>-

This implies cn, 11 (Inc, n4+1(Cpn)) & Cy41 for n > 2, which means that C does not stabilize.
(iv) The assertion follows since g, € RY; = C.. NRY,;, but &, ¢ Cy, forn> 2. O

As announced in Remark 4.12, the equivalence “(b) < (c)” in Corollary 5.4 cannot be
extended to Inc-invariant chains. The following example shows this and also that the equiv-
alence “(a) < (b)” in Corollary 5.4 does not hold for Inc-invariant chains.

Example 5.11. Forn > 2 let
E,={¢&,...,&} and F,={ig;+¢&|2<i<n}.

Consider the chain C = (G,),>1 with C; = {0} and G, = cn,(E,UF,) C R%, for n > 2.
Then the following hold: -

(1) C 1s Inc-invariant and each C,, is finitely generated in support size at most two.
(i) C.NRLy=C, foralln > 2.
(iii) C does not stabilize.
(iv) Cw is not Inc-equivariantly finitely generated.

Proof. (i) Forn >2let Fy | = {i€| + &1, i€2+ &1 | 2 <i<n}. Itis evident that

Incy n41(En) = Epq1 and 1Inc, 41 (Fp) = Fy Ufnﬂ.
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Similarly to Example 5.10 one can show that
CNy g (Il’lCn7n+1 (Cn)> =CNy4q (En+1 UF,U f}l+1> for n > 2.
Since F, C F,, ;| and an Cenyy1(Epp1 UF, 1), it follows that

Ny (InCn7n+1 (Cn)) Cenpy1(Epr1 UFpp1) = Cuyr.

Hence, C is an Inc-invariant chain of convex cones. The remaining assertion is obvious.
(i1) Similar to Example 5.8(iii) one has

CiNRLy = eng(Ex UF) NRYy = cn, ((ExUF) NRY) = ey (E,UF,) =G,
for all kK > n > 2. Therefore,
CoNRLy = | JGNRLy = | (CkNR%y) =C, forall n>2.

k>n k>n

(iii) C does not stabilize since (n+1)&; + €41 € Cpi1 \ ety 1 (Incy, 441(Cy)) foralln > 2.
(iv) Cw is not Inc-equivariantly finitely generated by Corollary 5.9. U

All cones considered here are given in their V-representation, 1.e., generated by vectors.
This is suitable to consider finite generation of cones. By the Minkowski—Weyl theorem [24,
Theorem 1.3], finitely generated cones have a finite H-representation as an intersection of
linear halfspaces. It would be interesting to understand the interaction of this duality with
[T-equivariance. To work on the following problem, it might be necessary to replace the
ambient space, which is a direct limit of (R”),>1, with an inverse limit. In general, inverse
limits as ambient spaces provide many interesting directions for the future.

Problem 5.12. Let a chain of convex cones be given in their H-representations. Find H-
versions of Corollaries 5.4 and 5.9 and relate them to the V-versions provided there. '

5.2. Monoids up to symmetry. In almost complete analogy to the cones discussed above,
one can also consider monoids in Zg\g. Then the ambient chain is R = (Z%,),>1 with

ambient set Reo = U125, = Zg)). The closure operations are mn, = mon(-) in R, for

n > 1 and mn., = mon(-) in R.., where mon(-) denotes the monoid closure. For A C ZM)
it is defined as mon(A) = {Y*_, m;a; | k €N, a; € A, m; € Z>(}. Now the theory develops
in complete analogy to the case of cones, so we omit the details. One first shows that the
system of monoid closures (mn,mn.) is consistent. An easy modification of Example 5.2
shows that (mn, mn.) is not consistent if one works in the ambient chain (Z"),>;. As in
Lemma 5.3, 1nn is compatible with I for IT = Sym(eo) and IT= Inc. Again, if M = (M,,),>;
is an increasing chain of monoids with M,, C Z" for all n > 1, then the limit M., is a monoid
in Re.
With these ingredients one finds the monoid versions of Theorems 4.10 and 4.11.

I This problem has been resolved for Sym-invariant chains of cones in [18].
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Corollary 5.13. Let M = (M,),>1 be a Sym-invariant chain of monoids M, C Z”, with
limit M. Then the following statements are equivalent: B

(a) M stabilizes and is eventually finitely generated;
(b) There exists an r € N such that for all n > r the following hold:

(i) McNZ% ) = My,

(i) M, is finitely generated by elements of support size at most r;
(¢c) M is Sym-equivariantly finitely generated.

Corollary 5.14. Let M = (M,),> be an Inc-invariant chain of monoids M, C Z”, with
limit M... Consider the following statements: N

(a) M stabilizes and is eventually finitely generated.
(b) M. is Inc-equivariantly finitely generated.

Then (a) implies (b) and if M is eventually saturated, then (a) and (b) are equivalent.
Various possible relaxations of the above results are false. We briefly discuss two.

Example 5.15. Let M; = {0}, M, = mny(e; + ke | k € N) and M,, = mn, (Sym, ,(M>)) for
n>3. Then M = (M,),> is a Sym-invariant chain of monoids. One checks that M, is not
finitely generated for n > 2 and M., is not Sym-equivariantly finitely generated. By defini-
tion, M stabilizes. Thus, in Corollary 5.13(a) the second assumption cannot be omitted.

Example 5.16. Let M| = {0}, M, = mny(e; +2e2) and M,, = mn,(Inc,—1 ,(M,—1) U {e; +
ne,}) for n > 3. This Inc-invariant chain of finitely generated monoids does not stabilize
and M.. is not Inc-equivariantly finitely generated, since for i < k < j, the generator ¢; + ke
is irredundant. Thus, the first assumption in Corollary 5.14(a) is necessary for (a)=-(b).
Remark 5.17. As for the cone and monoid situations studied in this section, one can also
consider invariant chains of polytopes in RQ\Q. It is easy to derive the polytope version of
Theorems 4.10 and 4.11 that are analogous to what we have done for cones and monoids.

6. CHAINS OF IDEALS

We apply Theorem 4.10 and strengthen Theorem 4.11 when the equivariant chain consists
of ideals in polynomial rings. These results are known in the literature. However, the proof
in [13] of Theorem 6.3 contains a gap. We fill this gap.

Consider the ambient chain R = (R,),>; of polynomial rings R, = K[X,]. Then R. =
K(xij|i€|c], jeN]. Forn e NU{eo} let (), denote the ideal closure operation in R,, that
is, if A C R, then (A), = {Y* | fia; | k €N, f; € Ry, a; € A}. One checks that these closure
operations satisfy the assumptions of Theorems 4.10 and 4.11: (-). is consistent with the
chain ((-),)n>1; the chain ({-),),>1 is compatible with both Sym and Inc; and for any chain
I = (I,)n>1 of increasing ideals I, C R, the limit set I = (J,,~ I, is an ideal in R.

Hilbert’s basis theorem (see, e.g. [10, Theorem 1.2]) says that R,, is a Noetherian ring for
all n € N, that is, every ideal in R, is finitely generated. The ring R is not Noetherian, but it
is [I-Noetherian for IT = Sym and IT = Inc, in the sense that every Il-invariant ideal in R is
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[T-equivariantly finitely generated. This result was first proved by Cohen [7, Proposition 2],
[8, Theorem 7] and later rediscovered by Aschenbrenner and Hillar [1, Theorem 1.1] and
Hillar and Sullivant [13, Theorem 3.1, Corollary 3.5]. Moreover, [13, Theorem 3.1] shows
that every Il-invariant ideal in R. has a finite IT-Grobner basis with respect to the lexico-
graphic order < on R. induced by

Xij<xk e j<lor j=Iand i<k

Here a subset G of a Il-invariant ideal I C R is a I1-Grobner basis for I with respect to <,
if for any f € I there exist g € G and 7 € IT such that in<(f) is divisible by ing(7(g)).

The above results show that chains of ideals are better behaved than chains of cones and
monoids. In particular, the statements of Theorems 4.10(c) and 4.11(b) on the equivariant
finite generation of the limit ideal are always true for any Sym- or Inc-invariant chain of
ideals. Thus, for Sym-invariant chains of ideals Theorem 4.10 immediately yields the fol-
lowing consequence, the first two statements of which are [13, Corollary 3.7] (see also [1,
Theorem 4.7]).

Corollary 6.1. Let 7 = (I,,),>1 be a Sym-invariant chain of ideals I, C R,. Then

(i) 1 stabilizes.
(i) There exists an r € N such that for all n > 1, I, is finitely generated by elements of
support size at most r.
(iii) 7 is eventually saturated.

For Inc-invariant chains, using that Theorem 4.11(b) always holds, one obtains:

Corollary 6.2. Let 7 = (I,),>1 be an Inc-invariant chain of ideals with [, C R, forall n > 1.
If 7 is eventually saturated, then it stabilizes.

Surprisingly, compared to cones and monoids, this result can be much improved.
Theorem 6.3. Every Inc-invariant chain of ideals stabilizes.

This result is the second part of [13, Theorem 3.6], but its proof contains a gap as we
now explain. In order to show that an Inc-invariant chain of ideals 7 = (I,),>; stabilizes,
the idea in [13] is to consider the global ideal I.. = (J,;~ I, show that this ideal has a finite
Inc-Grobner basis based on Higman’s lemma (see [13, Theorem 3.1]), and then apply [13,
Lemma 2.18] to get the desired conclusion (see [13, Theorem 2.19]). However, the problem
here is that [13, Lemma 2.18] is applicable only to saturated chains, and so this argument
works only for such chains.

To fix the gap, one can still follow the idea of using Higman’s lemma as in [13], but instead
of passing to the global ideal /., one needs to work directly on the chain 7. The following
proof was suggested by an anonymous referee and is much simpler than our original one.

Proof of Theorem 6.3. Let I = (I,),> be an arbitrary Inc-invariant chain of ideals. Using
the lexicographic order and a Grobner basis argument, we may assume that the chain 7
consists of monomial ideals (see, e.g. [20, Lemma 7.1]). For every n € N we have a bijection



26 THOMAS KAHLE, DINH VAN LE, AND TIM ROMER

between the set Mon(R,) of monomials of R, and (N¢)", in which each u € Mon(R,) is
mapped to its exponent vector. Thus, there is a bijection between the disjoint unions
Mon(R) := [H Mon(R,) and (N°)*:= |4 (N°)".
n>1 n>1
Endowing Mon(R) and (N¢)* with the Higman partial order (see, e.g. [13, Definition 3.2])
the above bijection is in fact a poset isomorphism. By Higman’s lemma [12, Theorem 4.3],

the Higman order is a well-partial-order on (N¢)*. Hence, it is so on Mon(R) as well, and
the chain 7 stabilizes. O

Remark 6.4. In the context of FI- and OI-modules, a similar idea to the one used in the
proof of Theorem 6.3 was employed in [21] to show that certain FI- and OI-modules have
finite Grobner bases (see, in particular, [21, Propositions 5.3, 6.2, Theorem 6.14]).

We conclude this section with a discussion of the stability index of Inc-invariant chains.

Example 6.5. Although any non-saturated Inc-invariant chain of ideals stabilizes by The-
orem 6.3, its stability index can behave very badly, unlike that of a saturated chain. Let
I = (I,)u>1 be an Inc-invariant chain of ideals and let G be a finite Inc-Grobner basis for
the limit ideal I, with respect to the lexicographic order <. If 7 is saturated and G C R, for
some r € N, then ind(7) < r by [13, Lemma 2.18]. However, such a bound does not hold if
T is not saturated. Indeed, let m € N and consider the chain 7 = (I,;),,>1 with
(x3,x3,...,x2), if n<m—1,
I, = <x1,x%,...,x,%1>n if n=m,

(InCpp(Ln) ) if n>m+1.

Then ind(Z) = m, while G = {x;} C Ry is an Inc-Grobner basis for the limit ideal I, =
Un>11n = (X1,X2,X3,... )0 = (Inc(x1))ee. This shows that there is no bound for ind(Z) in
terms of the smallest index » with G C R,.

For non-saturated chains one may try to replace the condition “G C R,” by “G C I and
ask for a bound for ind(Z') in terms of the smallest index s with G C I;. This is a reasonable
question because in Example 6.5, G = {x;} C I,, and s = m = ind(J). Unfortunately, this
also does not work. To build an example, note that in the chain 7 above one has

Im+j = <Incm,m+j(lm))m+j = <X1 goen »Xj+1 ,X%Jrz, . ,x,%qﬂ-)mﬂ for ] 2 0.
Now take / € N and consider the chain 7/ = (I}),> with

I, i n<mtl—1,
Iy = < g + (X420 if n=m+1,
(InCpppy (L) )))n if n>m+141.

It is clear that I, = U,>1 1), = (x1,X2,X3,...)es = lo. Thus, G’ =G = {x1} C I, is an Inc-
Grobner basis for I'. However, ind(Z') = m+ 1 is not bounded by m as [ is arbitrary.
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