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DYNAMICS OF TIME-PERIODIC REACTION-DIFFUSION EQUATIONS
WITH FRONT-LIKE INITIAL DATA ON R

WEIWEI DING" AND HIROSHI MATANO?*

ABSTRACT. This paper is concerned with the Cauchy problem

Ut = Uz + f(t,u), zER,t>0,
u(0, z) = uo(z), r €R,

where f is a rather general nonlinearity that is periodic in ¢, and satisfies f(-,0) = 0 and that
the corresponding ODE has a positive periodic solution p(t). Assuming that ug is front-like,
that is, uo(x) is close to p(0) for z &~ —oco and close to 0 for = &~ oo, we aim to determine the
long-time dynamical behavior of the solution u(t, z) by using the notion of propagation terrace
introduced by Ducrot, Giletti and Matano (2014). We establish the existence and uniqueness
of propagating terrace for a very large class of nonlinearities, and show the convergence of the
solution u(t, x) to the terrace as t — oo under various conditions on f or uo. We first consider
the special case where ug is a Heaviside type function, and prove the converge result without
requiring any non-degeneracy on f. Furthermore, if uo is more general such that it can be
trapped between two Heaviside type functions, but not necessarily monotone, we show that
the convergence result remains valid under a rather mild non-degeneracy assumption on f.
Lastly, in the case where f is a non-degenerate multistable nonlinearity, we show the global
and exponential convergence for a much larger class of front-like initial data.

1. INTRODUCTION AND MAIN RESULTS
In this paper, we consider the following Cauchy problem
U = Ugy + f(t,u), reR, t>0, (1.1a)
u(0,x) = up(z), x € R, (1.1b)

where the initial data ug € L*°(R) is piecewise continuous. The nonlinearity f : R x [0,00) — R
is locally Hélder continuous in R x [0,00), and it is of class C'' with respect to u. We assume
that

f(t,0) =0 forallteR, (1.2)
and that f is T-periodic in t for some T > 0, that is,
ft+T,u) = f(t,u) foralteR, u>0. (1.3)
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If the solution wu is spatially homogeneous, then u = u(t) satisfies the following ODE, which
will play an important role in the later argument:

Z—Z; = f(t,u), t>0. (1.4)

We assume that (L4]) has a positive T-periodic solution p(t). Namely, p(t) is a function that
satisfies

dp

dt

p(t) =pt+T) for t € R.
In the special case where f is independent of ¢, that is, when ([LIal) is autonomous, the solution
p of (LX) is nothing but a zero of f = f(u).

In the present work, we study the long-time behavior of solutions of (LIl with “front-like”
initial data. Roughly speaking, ug is assumed to satisfy 0 < ug(-) < p(0) and that it is close
to p(0) for x &~ —oo and close 0 for x &~ oo (our actual hypotheses on uy will be formulated
later). Our aim is to establish results that cover a large class of nonlinearities, including but
not limited to the classical monostable, bistable, ignition nonlinearities.

For f belonging to one of the three classic types of nonlinearities mentioned above, it is well
known that the asymptotic behavior of u(t, z) can be described by periodic traveling waves. By
a periodic traveling wave connecting 0 and p, we mean an entire solution U(t,z) of (II1a))
satisfying that, for some ¢ € R,

f(t,p) forteR, (15)

Ut+T,x+cT)=U(t,x) (1.6)
along with the asymptotics

li_)m U(t,z) =0, li)]gl U(t,z) = p(t) locally uniformly in ¢ € R.

The real number ¢ is called the wave speed of U. It is easily checked that U(t,z) is a
periodic traveling wave connecting 0 and p with wave speed c if and only if it has the form
U(t,z) = U(t,x — ct), where U is T-periodic in its first variable and satisfies U(t, 00) = 0 and
U(t, —o0) = p(t) uniformly in ¢ € R.

It is known that, in the bistable or combustion cases, there exists a unique (up to spatial
shifts) periodic traveling wave connecting 0 and p, and its speed is uniquely determined (see
[1, [l 26l 28]), while in the monostable case, there exists a continuum of admissible speeds
[ce,0) (see [17) 27]). It was also proved in [Il 4 25] that for bistable equations, any solution
with front-like initial data converges to the periodic traveling wave. For the convergence in the
monostable or combustion cases, some additional assumption on the asymptotics of ug(z) as

x — oo is needed (see [106] 27, 29]).

For general f, the situation is more complicated, even for the autonomous equation
Ut = Uge + f(u) for t >0,z €R. (1.7)

Indeed, if there are other stable zeros of f between 0 and p, a traveling wave of (7)) connecting
0 and p may not exist (see e.g., [L1]). In such a case, the asymptotic behavior of (L7)) cannot
be represented by a single wave; it is represented by a combination of multiple waves, namely,
a stacked family of traveling waves whose speeds may differ from one another. Such systems
of traveling waves were first studied by Fife and McLeod in [I1] 12] under the name “minimal
decomposition”. Assuming that f is a stacked composition of two bistable nonlinearities and
that the zeros of f are non-degenerate, they proved in [I1] that, for all front-like initial data,
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solutions of (L) converge to a minimal decomposition, which, in that context, means either a
single traveling wave connecting 0 to p or a pair of traveling waves, one connecting 0 to ¢ and
the other connecting ¢ to p, where ¢ is a zero of f satisfying 0 < ¢ < p. In [12], more general
nonlinearities were considered including multistable nonlinearities with an arbitrary number
stable zeros between 0 and p, and also the combustion type nonlinearities that have continuum
of zeros, but the initial data were assumed to be monotone. The convergence results of [12] have
been extended in [30] BI] to cover more general nonlinearities f that are stacked combinations
of bistable, monostable and combustion type nonlinearities. The results of [I1I] have been
extended to cooperative reaction-diffusion systems on R with multistable nonlinearities [24].
In those works, either the non-degeneracy condition on f or the monotonicity restriction on wg
is assumed. In the recent paper [23], these conditions were all removed, and the convergence of
solutions of (7)) to a family of traveling waves, called “propagating terrace”, was proved for
rather general initial data. In particular, if the steady states 0 and p are stable with respect
to the ODE h; = f(h), then the convergence result holds for all front-like u.

The notion of propagating terrace was first introduced by Ducrot, Giletti and Matano in
[9], which is concerned with a more general framework of spatially periodic equations, namely,
f = f(z,u) is periodic in z (we will give the precise definition of propagating terrace later,
directly in the framework of time-periodic equation ([.Tal)). Under some stability assumption
on the state p, it was shown in [9] that any solution with Heaviside type initial data converges
to a propagating terrace. In a follow-up paper [I3], further properties of propagating terrace
were studied, and the convergence result was generalized. Apart from the aforementioned
works for one-dimensional equations, it is known from some recent progress [7), 14, 22] that the
propagating terrace is also a fundamental concept in understanding the propagation dynamics
of high-dimensional equations.

In the present paper, we focus our attention on problem ([LI]) with time-periodic nonlinearity
f, and assume that the initial function ug is front-like. Our results reveal that the propagating
terrace also plays a crucial role in determining the long-time behavior of solutions of (1)
with general f. We first show the existence and uniqueness of propagating terrace under some
generic condition on f and prove that any solution of ([LI]) starting from Heaviside type function
converges to this propagating terrace. These results do not require any non-degeneracy of f.
The proof is similar to that given in [9] [13] for spatially periodic equations.

The main part of our paper is devoted to the study of the convergence to propagating terrace
for more general front-like initial data. Although this problem has been well addressed in the
autonomous case [23], the presence of time heterogeneity makes it significantly more difficult.
Indeed, the proof given in [23] relies strongly on the method of phase plane analysis, while the
usual ODE tools no longer work in our nonautonomous case. In our results, we develop the
steepness arguments introduced in [9, [13], which allow us to handle the case where ug can be
trapped between two Heaviside type initial functions, but not necessarily monotone (see (H2)
below). We first give a precise description of the asymptotic behavior of solutions of (LI])
with such initial data, and then prove the convergence to a propagating terrace under a mild
non-degeneracy condition on f. Moreover, in the case where f is a non-degenerate multistable
nonlinearity, we show the global and exponential convergence for a much larger class of ug (see
(H3) below). The proof of this result is based on a super and sub-solution method.

As announced above, the present work is concerned with the propagation dynamics of (L))
with front-like initial data. We mention here that, for other types of initial data, such as
nonnegative and compactly supported functions or more general functions with limits at © —
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+00 equal to 0, the asymptotic behavior of (ILI]) has been extensively studied in the autonomous

case (see e.g., [0} [7, 8 19 B3]) and the nonautonomous case (see e.g., [5] 10, 21]).

1.1. Propagating terrace: some definitions. As mentioned above, the notion of propa-
gating terrace was introduced in [9] for spatially periodic equations (see also [I3] for a slightly
generalized version). For our time-periodic equation ([Ial), the definition of propagating ter-
race can be presented as follows.

Definition 1.1. A propagating terrace connecting 0 to p is a pair of finite sequences
(pi)OSiSN and (Ui,Ci)ISiSN such th(lt
e FEach p; is a nonnegative solution of (LA) satisfying

p=po>p1>->pN=0;

e For each 1 <1 < N, U;(t,z) is a periodic traveling wave solution of ([LIal) connecting
i to p;—1 with wave speed ¢; € R;
o The sequence (c;)i1<i<n Ssatisfies c; < cp <--- < ecp.
We denote such a propagating terrace by T = ((pi)o<i<n, (Ui, ¢i)1<i<n) and call (pi)o<i<n the
platforms of 7.

Hereinafter, by a periodic traveling wave U; connecting p; to p;_1 with wave speed c;, we
always mean that U; is an entire solution of ([Ial) satisfying (L.G) with ¢ = ¢;, along with the
asymptotics

lim U(z,t) =p;—1(t), lim U(z,t) =p;(t) locally uniformly in ¢ € R.
T—r—00 T—r00
Note that, in the above definition of propagating terrace, we do not assume any sign condition
on the speed ¢;, 1 < i < N. If ¢; < 0 (resp. ¢; > 0), then U; propagates to the left (resp.
right); if ¢; = 0, then Uj; is a T-periodic solution of (L.Tal).

We will show below that, among all propagating terraces, only some particular terraces can
be used to determine the propagation dynamics of (II). To explain what they are, let us first
introduce the following notion:

Definition 1.2. Let vi(z) and va(x) be two piecewise continuous functions defined on x € R.
We say that vy is steeper than vy if for any x1, x9 € R such that vi(z1) = va(z2), we have

vi(x +21) > ve(x +x9) for x>0, vi(x+x1) <ve(x+x9) for xz <O0;

we say that vy is strictly steeper than wvs if the above two inequalities hold strictly. Fur-
thermore, for any two entire solutions uy(t,x) and us(t,x) of ([LIal), we say that uy is steeper
(resp. strictly steeper) than us if for each t € R, uy(t,-) is steeper (resp. strictly steeper) than
U2 (ta )

From the above definition, one easily sees that the concept of steepness is independent of
the spatial positions of the two functions vy, vo. More precisely, if vy is steeper (resp. strictly
steeper) than vy , then for any constants a, b € R, vi(- 4 a) is steeper (resp. strictly steeper)
than vy (- +b). In other words, the steepness property is preserved by spatial translations. It is
also easily seen that v1 and vy are mutually steeper than each other if and only if either v; = v
up to a spatial translation or the ranges of v; and v9 are disjoint. Moreover, if v is strictly
steeper than vy, then for any a, b € R, the graph of v1(- + a) and that of va(- + b) intersect at
most once; the converse is also true.
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Additionally, it is easily seen from the strong maximum principle that for any two entire
solutions wuy, ug of (LIal), if u; is steeper than ug, then either uq (¢, z) = ug(t, x + x¢) for some
xo € R or uy is strictly steeper than uy. We will also show in Lemma 23] below that, if u; (0, z)
is steeper than uy(0,x), then such steepness is preserved for any ¢ > 0. This property will be
a key tool in showing the main results of the present paper (except Theorem [L.19]).

Remark 1.3. As mentioned above, the notion of steepness which we introduced in Definition
[I2 is independent of the spatial positions of the solutions uy(t,z), ug(t,x) of ([LIal). Note that
this definition is different from that given in [9 3] in which the notion of steepness is defined
by using time shifts uy (t +t1,x), ua(t +to, x) instead of spatial translations, thus this notion is
independent of time shifts. The difference comes from the fact that the papers [9, 13] deal with
equations of the form w, = ug, + f(x,u) that is spatially heterogeneous but time-homogeneous
(autonomous), while our equation (L1al) is time-heterogeneous but spatially homogeneous.

We are now ready to define a special class of propagating terraces.

Definition 1.4. A propagating terrace T = ((pi)o<i<n, (Ui, ¢i)1<i<n) is said to be minimal
if it satisfies the following:

e For any propagating terrace T' = ((p;)o<i<n’, (U}, ¢;)1<i<n’) connecting O to p, one has

{pil0<i<N}C{pil0<i< N

e For each 1 < i < N, U; is steeper than any other periodic traveling wave of (L1al)
connecting p; to p;—1.

Before stating our results, let us recall some basic notions on stability, which will be fre-
quently used below. Let )., denote the set of all nonnegative solutions of (L5]). An element
q € Xper is said to be stable from above (resp. below) with respect to the initial-value
problem

dh

i f(t,h) for t >0, h(0)=hoeR, (1.8)
if it is stable under nonnegative (resp. nonpositive) perturbations of the initial values around
ho = q(0). Otherwise ¢ is called unstable from above (resp. below). An element g €
Xper is said to be isolated from above (resp. below) if there exists no sequence of other

solutions of (LB converging to g from above (resp. below). Moreover, ¢ € X, is said to be

linearly stable (resp. linearly unstable) if fOT Ouf(t,q(t))dt <0 (resp. > 0); it is said to be
degenerate, if it is neither linearly stable nor linearly unstable.

1.2. Existence and uniqueness of minimal propagating terrace. We now proceed to
the statements of our main results. We begin with the uniqueness of minimal propagating
terrace. The uniqueness is meant here up to spatial shifts, that is, given two propagating
terraces ((pi)i, (Ui, ci)i) and ((p))i, (U}, c):), we say that they are equal up to spatial shifts if
pi = p; and ¢; = ¢, for every i, and U;(t, z + a;) = U/(t,z) for some constants a;, i =1, --- , N.
The uniqueness result actually follows immediately from the definition. For the convenience of
later discussions, we state it precisely as follows:

Proposition 1.5. If there exists a propagating terrace T = ((pi)i, (Ui, ¢i)i) that is minimal in
the sense of Definition [1.4), then it is unique up to spatial shifts.
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Proof. According to Definition [L4] all minimal propagating terraces should share the same
platforms. It is also easily seen that, given two adjacent platforms, the steepest periodic
traveling wave connecting them should be unique up to spatial shifts. O

We now discuss the existence of minimal propagating terrace. Note that, in our definition of
propagating terrace, only finitely many platforms can appear. Actually, if we only assume (L.2]),
(C3) and the existence of positive solution p of (LA]), there can exist a minimal propagating
terrace with infinitely many platforms in some pathological cases (see [23] for the existence of
such terraces in the autonomous case). To exclude the possibility of such pathological cases,
we impose the following assumption, which is satisfied by virtually all the important examples

of f.

Assumption 1.6. There exists a decomposition between O and p, that is, there exists a finite
sequence of solutions (qi)o<i<m of (L) such that go =p > q1 > -+ > qu = 0, and that for
each 1 < m < M, there exists a periodic traveling wave V,, connecting ¢, 10 Gm_1.

The term decomposition was introduced by Fife and McLeod [II] for the case f = f(u),
and the above notion of decomposition can be viewed as a generalization of their notion. Note
that a similar generalization has been given in [13] for spatially periodic equations. Unlike
the definition of propagating terrace (see Definition [[LT]), a decomposition does not require the
speeds of the traveling waves to be ordered. Thus, a decomposition is a much weaker concept
than a propagating terrace. However, we will show in Theorem [L.§] below that existence of a
decomposition is enough to guarantee existence of a terrace. Before stating our result, let us
first give some simple sufficient conditions for the existence of a decomposition.

Proposition 1.7. Assume that either of the following conditions holds:
(a) There are finitely many solutions of (L1 between 0 and p;

(b) f = f(u) is independent of t, and the function F(u) := fou f(s)ds has only finitely many
global maximizers in [0, pl|, all of which are isolated zeros of f in [0, p].
Then there exists a decomposition between 0 and p.

It is clear that solutions of (LH]) are all ordered. Thus, under condition (a), the solutions
between 0 and p are numbered, say qo =p > q1 > q2 > -+ > g, = 0, and obviously they are
isolated. Furthermore, equation (Tal) restricted to the region between any adjacent ¢; and ¢;11
has a monostable structure. It then follows from the work [I7] on time-periodic monostable
semiflows that there exists a periodic traveling wave connecting ¢;+1 to ¢;. This immediately
implies that (¢;)o<i<n is a decomposition between 0 and p. Note that finiteness of the number
of solutions of (IO between 0 and p is by no means necessary, since it is known that periodic
traveling wave exists for a time-periodic combustion nonlinearity (see e.g., [28]). The condition
(a) can be relaxed to include such nonlinearities or even a stacked composition of finitely many
such nonlinearities.

Under condition (b), the existence of a decomposition follows from [23] Theorem 1.2], which
actually shows the existence of a propagating terrace directly from (b). It is also known from
[23] that, in the autonomous case, the following condition implies (b):

(b)” There exists a solution of (7)) with compactly supported initial function that converges

to p from below as t — oo locally uniformly on R.
Indeed, (b)’ holds if and only if u = p is the unique global maximizer of the function F in [0, p]
and it is an isolated zero of f. In the more general case where f = f(z,u) is allowed to depend
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on x periodically, under a similar condition to (b)’, it was shown in [9] that there exists a
minimal terrace consisting of traveling waves with positive speeds. After the completion of the
present work, we learned that similar existence result was proved for time-periodic equation
(II) in [32]. Here, inspired by [13], we show the existence of a minimal terrace under the more
general Assumption Our theorem is stated as follows:

Theorem 1.8. Let Assumption [L.@ holds. Then there exists a unique (up to spatial shifts)
minimal propagating terrace ((pi)o<i<n, (Ui, ¢i)i1<i<n) connecting 0 to p. Moreover, it satisfies
(i) For any 1 <1i < N, if ¢; > 0, then p;—1 is isolated from below and stable from below;
if ¢; < 0, then p; is isolated from above and stable from above; if ¢; = 0, then p;_1 is

stable from below and p; is stable from above.

(ii) All p; and U; are steeper than any other entire solutions of (LIal) between 0 and p.

Apart from the existence of a minimal propagating terrace, the above theorem also provides
some information about what kind of solutions of (L3 can possibly be selected as platforms
of the terrace. For example, statement (i) implies in particular that for each 1 <i < N — 1,
p; is either stable from below or stable from above. This property will be used in handling a
case of non-degenerate multistable nonlinearity (see Assumption [[LI8 below and its followed
discussion). In addition, the steepness of p; in statement (ii) also implies that p; is contained
in any decomposition between 0 and p.

1.3. Convergence to minimal propagating terrace. In this subsection, we assume the
existence of a minimal propagating terrace, and establish results on the convergence of solutions
(LI) to the minimal terrace.

In order to formulate our convergence theorems, let us introduce a notion of limit sets. Given
a bounded solution wu(t,z) of (LI, we call w(t,z) an Q-limit solution of w if

u(t + kT, x4+ xj) - w(t,z) as j — oo (1.9)

for some subsequence of positive integers k; — oo (as j — oc0) and some sequence (z;) C R.
Here the convergence is understood in the topology of Lfooc(}Rz). By parabolic estimates, this
convergence also takes place in the C*(R?) topology. Clearly, w(t,x) is an entire solution of
(LIa). Denote by Q(u) the set of all Q-limit solutions. It is easily checked that if w is an
element of 2(u), then so is w(- + kT, - + z) for any k € Z and z € R. In Section 2.2 below, we

will summarize more basic properties of Q(u).

Remark 1.9. Note that, if x; = 0 in (L)), then Q(u) coincides with the set of w-limit solutions
defined in [B]. The latter can capture the asymptotic behavior of u(t,z) around each fized point
x € R but cannot capture the profile of fronts that propagate at non-zero speeds. The above
notion of Q(u), on the other hand, can capture the profile of propagating fronts of any speeds.
This multi-speed observation is particularly important for our study, since, as we will see later,
multiple fronts with different speeds may coexist in a solution.

We are now ready to state our convergence theorems. Let us begin with a special case where
the initial data are of the Heaviside type, that is,

(H1) There is some a € R such that
uo(z) = p(0)H(a —z)

where H denotes the Heaviside function defined by H(x) =0 if x <0 and H(x) =1 if
x> 0.
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Theorem 1.10. Assume that ((pi)o<i<n, (Ui, ¢i)i<i<n) 8 a minimal propagating terrace of
(LIal) connecting 0 to p. Let u(t,z) be the solution of (LI)) with ug satisfying (H1). Then

Q) = {Us(-+ ) €€R,1<i<N}U{p;:0<i<N}. (1.10)

Furthermore, there are C1([0,00)) functions n1(t),--- ,nn(t) such that the following statements
hold:

(i) ni(t) = o(t) ast — oo fori=1,--- ,N;
(i) mir1(t) — ni(t) — 00 as t — oo whenever i € {1,--- | N — 1} satisfies ¢; = ¢iy1;
(iii) The following convergence holds:

N N
u(t,z) — <Z Ui(t,z —ni(t)) — sz(t)> ‘ =0. (1.11)
i=1 i=1

Clearly, (ILI0) follows immediately from statement (iii). Note that, since ¢; is the wave
speed of U;, statements (i) and (iii) imply that the i-th front of u has the asymptotic speed
¢;. In the special case where ¢; = 0, the i-th front of u moves with asymptotically vanishing
speed. A convergence result similar to the above theorem has been established in [9, [I3] for
spatially periodic problem (i.e., f = f(x,u) is periodic in ), but the speed ¢; was required to
be non-zero.

We remark that the functions (n;(t))1<i<y may not be convergent or even bounded. Actually,
by statement (ii), if ¢; = ¢;11 for some 4, then at least either of n;(¢) and n;41(¢) is unbounded.
Besides, even in the simple case where the terrace consists of a single wave, it is known that,
for autonomous KPP equations, the corresponding drift function 7(¢) grows logarithmically as
t — oo (see [3,15]). On the other hand, if N > 2 and if the speeds (¢;)1<i<n are all different,
we will show in Theorem below that (n;(t))i<i<n are convergent provided that f is a
non-degenerate multistable nonlinearity.

lim sup
t—o00 z€R

Theorem [0l is stated under very general assumptions on f (only the standing hypotheses
and the existence of a minimal propagating terrace), but the initial data are rather special. In
the next two theorems, we relax the assumption on wug as follows:

(H2) wg(z) is piecewise continuous, and there are two constants a_ < a4 such that
p(0)H(a- —z) < up(z) < p(0)H(ay —x) for x € R,
where H is the Heaviside function introduced in (H1).

Note that any ug satisfying (H2) is not necessarily monotone. By the comparison principle,
the solution w(t,z) of (II) with such an initial function is bounded from above and below by
two solutions starting from Heaviside type functions for all ¢ > 0, each of which converges to
the minimal terrace as shown in Theorem [[LTOl In the case of the autonomous equation (L7)),
it follows immediately from [23, Theorem 1.2] that w(t,z) converges to the minimal terrace.
However, in the present time-periodic problem, the technique used in [23] does not apply, and
it is much harder to prove the convergence. At the moment, all we can show without any extra
condition on f is the following:

Theorem 1.11. Assume that ((pi)o<i<n, (Ui, ci)i<i<n) s a minimal propagating terrace of
(CIal) connecting 0 to p. Let u(t,x) be the solution of (1) with uy satisfying (H2). Then

{pito<i<n C Q(u).



TIME-PERIODIC REACTION-DIFFUSION EQUATIONS 9

Furthermore, for every w € Q(u), w is either spatially constant or strictly decreasing in x € R,
and one of the following cases holds:

(a) w(t,z) = pi(t) for some 0 <i < N;
(b) w(t,z) is a periodic traveling wave of ([LIal) connecting p; to p;—1 with wave speed c;
for some 1 < i < N;

(¢) There are two periodic traveling waves Vi of ([L1al) connecting p; to pi—1 and sharing
the same wave speed ¢; for some 1 < i < N such that

w(t,x) — Vi(t,z) - 0 ast — too uniformly in z € R,
and that V. is either strictly steeper or strictly less steep than V_.

The above theorem immediately implies that {p; }o<i<n are the only spatially homogeneous
functions in Q(u). Moreover, since the set {w(t,) : t € R, w € Q(u)} is compact and connected

in LS (R) (see Section 2.2 below for more details), we have the following corollary:

Corollary 1.12. Let the assumptions of Theorem [I.11l hold. Then for each 1 < i < N, Q(u)
contains at least one periodic traveling wave connecting p; to p;—1 with speed c;. Furthermore,

if U; is the unique (up to spatial shifts) such periodic traveling wave, then case (c) of Theorem
[L.11] does not occur; hence, (LIQ) holds.

As mentioned earlier, in the autonomous case, it is known from [23] Theorem 1.2] that (LI0])
holds for any solution of (7)) with (H2)-type initial function. In fact, this result can also be
derived directly from the above corollary, as a simple ODE argument can prove that, up to
spatial shifts, U; is the unique traveling wave connecting p; to p;_1 with speed ¢;. Our next
theorem shows that, the same is true for the time-periodic equation (II) under an additional
assumption on f. Recall that X, denotes the set of all nonnegative solutions of (L5]). Our
assumption is stated as follows:

Assumption 1.13. Fach element q € X)e, between 0 and p satisfies the following:

(i) If ¢ > 0 is stable from below, then there exist a real number oy > 0 and a T-periodic
function g(t) such that

/Tg(t)dt <0, and Ouf(t,u) <g(t) for all ue (q(t) —oo,q(t)], t € R; (1.12)
0

(ii) If ¢ < p is stable from above, then there exist a real number oy > 0 and a T-periodic
function g(t) such that

/Tg(t)dt <0, and Ouf(t,u) <g(t) for all ue [q(t),q(t) +0p), t € R. (1.13)
0

By an easy comparison argument applied to (L8], one can check that a simple sufficient
condition for our Assumption [[LI3] to hold is that:

Assumption 1.14. Each element q € Xje, between 0 and p which is stable from above or from
below is linearly stable.

It should be noted that Assumption is weaker than Assumption [LI4 A simple ex-
ample is that f(t,u) = b(t)f(u), where b(t) is a positive T-periodic C(R) function, f(u) is
an autonomous combustion nonlinearity satisfying f(u) = 0 for u € [0,60] U {p}, f(u) > 0 for
u € (0,p) and f'(u) < 0 for u close to p. Clearly, such a nonlinearity satisfies Assumption
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[LI3l but not Assumption [[LT4l In fact, Assumption allows infinitely many elements of
Xper between 0 and p, while there can only be finitely many such elements if Assumption [[.14]
is satisfied. In the latter case, all the elements of A}, between 0 and p are isolated, since any
element of X, that is unstable both from above and from below is isolated by definition, and
any linearly stable element is also isolated as it is asymptotic stable.

Notice that the above two assumptions do not require anything on the elements of &, that
are unstable both from above and from below, therefore those elements can be degenerate.

Under Assumption [[L.T3] we have the following uniqueness result.

Proposition 1.15. Let Assumption hold and let qi, g2 be elements of X,er satisfying
0< q1 < g2 <p. Let V1 and Vs be two periodic traveling waves connecting q1 to qo with wave
speeds ¢1 and ca, respectively. Assume that Vi is steeper than Va. Then there holds ¢y < co.
Furthermore, if c1 = co, then V1 is equal to Vo up to a spatial shift.

Combining Theorem [[.TT] and Proposition [LT5], we easily obtain that (LI0) holds for solu-
tions of (ILI)) with (H2)-type initial data. Furthermore, we have the following theorem.

Theorem 1.16. Let Assumption hold. Assume that there exists a minimal propagating
terrace ((pi)o<i<n, (Ui, ci)1<i<n) connecting 0 to p. Then all the conclusions of Theorem [I.10
hold for solutions of (1)) with (H2)-type initial data.

The following result is an easy consequence of Proposition [L.7 and Theorems [[.8] [[.T6!

Corollary 1.17. Let Assumption[I.13] hold. Then there exists a unique (up to spatial shifts)
minimal propagating terrace ((pi)o<i<n, (Ui, ¢i)i<i<n) connecting 0 to p. Furthermore, all the
conclusions of Theorem [LI0 hold for solutions of (1)) with (H2)-type initial data.

1.4. Convergence in a non-degenerate multistable case. Our last main result is con-
cerned with the asymptotic behavior of solutions of (ILI]) where f is of multistable type in the
following sense:

Assumption 1.18. The elements 0 and p of Xpe, are linearly stable, and any other element
between 0 and p which is stable from above or from below is linearly stable.

Under the above assumption, it is clear that all the elements of &), between 0 and p are iso-
lated, and hence, there are only finitely many such elements. It then follows immediately from
Proposition [[.7] and Theorem [[L8 that a minimal propagating terrace ((p;)o<i<n, (Ui, ¢i)1<i<n)
exists. Furthermore, in view of statement (i) of Theorem [[.8] for each 0 <i < N, p; is linearly
stable. In other words, for each 1 < i < N, U; is a periodic traveling wave connecting two
linearly stable solutions of (ILH).

Clearly, Assumption [[L.I8]is stronger than Assumption [[.I3] therefore Theorem [[.T6] immedi-
ately implies that the minimal terrace attracts solutions with initial data satisfying (H2). But
in this subsection, we will show that this holds for a larger class of initial data. To formulate
our hypotheses on ug, we denote Iy and I_ by the intervals of attraction with respect to the
equation (L) of the periodic solutions p(¢) and 0, respectively. Namely, the set I, (resp. I_)
consists of element hg € R such that the solution of (L)) with initial value hy converges to
p(t) (resp. 0) as t — oo. Since we have assumed that p and 0 are linearly stable, it is easily
checked that I and I_ are open intervals containing p(0) and 0, respectively. Our hypotheses
on ug are stated as follows:
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(H3) wug(z) is bounded and piecewise continuous, and it satisfies

liminf ug(z) € I+, supug(z) € I, (1.14)
Tr—r—00 r€R

limsupug(z) € I_, inf ug(x) € I_. (1.15)
T—00 xre

Theorem 1.19. Let Assumption hold. Assume further that O, f(t,u) is locally Lips-
chitz continuous in w uniformly for t. Let u(t,z) be the solution of (LI with wuy satis-
fying (H3). Then there exists a unique (up to spatial shifts) minimal propagating terrace
((pi)o<i<n, (Ui, ¢i)1<i<n) connecting 0 to p. Furthermore, the following statements hold:
(i) There are C1([0,00)) functions n1(t),--- ,nn(t) such that statements (i)-(iii) of Theo-
rem [L10 hold for u(t,z);

(ii) If the speeds satisfy ¢c1 < ca < --- < cn, then for each i = 1, ---, N, there is some
constant m; € R such that
li (4) = 7
Jim 7 (t) = 7,
and there are constants v > 0, C' > 0 such that

N N
u(t, ) — (Z Ui(t,x — ;) — Zl’i(t))

We remark that Theorem and Theorem (i) treat different cases, and the methods
used to prove them are different. On the one hand, Theorem allows nonlinearities to be
degenerate, but requires more restrictions on initial data. The proof relies heavily on zero-
number arguments. On the other hand, a key step in the proof of Theorem (i) is to show
that, up to some error terms with exponential decay, the solution u(¢,z) can be bounded from
above and from below by solutions with Heaviside type initial data for all large times (see
Lemma [5.2] below). The non-degeneracy of (p;)i<i<n plays an important role in this step.

Theorem (ii) implies that, if the speeds (¢;)i1<i<n are all different, then the functions
(mi(t))1<i<n are convergent, and the solution wu(t,z) converges to the minimal terrace with an
exponential rate. In the autonomous case, similar convergence results have been proved in
[T, 23] for scalar equation (L), and in [24] for cooperative systems. Our proof is based on
ideas in these work, but new techniques are needed to overcome considerable difficulties arising
from time heterogeneity.

In the special case N = 1 (the terrace consists of a single wave), Theorem (ii) covers
earlier stability results of periodic traveling waves for bistable equations [Il 4], and extends
their results to the case where there may exist more than one intermediate solution of (LL3])
between 0 and p. It should be pointed out that, when N > 2, the assumption on the mutual
distinctness of (¢;)i<i<n is necessary. Otherwise, if ¢; = ¢;41 for some 4, then by Theorem
(1), mix1(t) — mi(t) — oo as t — oo, and hence, at least one of 1,11 (t) and 7;(t) cannot be
convergent.

< Ce™ forall t >0,z cR.

Outline of the paper. In Section 2, we will present some preliminaries. We will recall
some basic properties of zero-number arguments and the Q-limit set, and show a lemma on
the stability of certain solutions of (LH]). Section 3 is concerned with the asymptotic behavior
of solutions of ([LI]) with Heaviside type initial functions, and the proof of Theorems [[.§ and
In Section 4, we will study the propagation dynamics of ([LIl) with w satisfying (H2),
and prove Theorems [[.TT] and Section 5 is devoted to the proof of Theorem
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2. PRELIMINARIES

2.1. Zero-number properties. In this subsection, we recall some basic properties of zero-
number arguments (also known as intersection comparison arguments). They will be key
ingredients of our proofs in Sections 3-4.

Let Z(w) denote the number of sign changes of a real-valued function w(z) defined on R,
namely, the supremum over all k& € N such that there exist real numbers z1 < x9 < -+ < T4
with

w(x;) - w(xipr) <0 foralli=1,2,... k.
We set Z(w) = —1 if w = 0. Clearly, if w is a smooth function having only simple zeros on R,
then Z(w) coincides with the number of zeros of w.
The following intersection-comparison principle holds (see [2, [6] @]).

Lemma 2.1. Let w Z 0 be a solution of the equation
W = Wy + c(t,x)w  for t € (t1,t2), x € R, (2.1)

where the coefficient function c is bounded. Then the following statements hold:

(i) For each t € (t1,t2), all zeros of w(t,-) are isolated;

(ii) t — Z(w(t,-)) is a nonincreasing function with values in NU {0} U {oo};

(iil) If w(t*, z*) = w,(t*,2*) = 0 for some t* € (t1,t2), v* € R, then

Z(w(t,-)) > Z(w(s,-)) forall te (t1,t%), s € (t* t2)
whenever Z(w(s,-)) < 0o.

One can check that Z is semi-continuous with respect to pointwise convergence, that is, the
pointwise convergence wy,(x) — w(z) implies
w=0 or Z(w)<liminf Z(wy,). (2.2)
n—oo

This semi-continuity immediately implies the following lemma.

Lemma 2.2. Let (wp)nen : R — R be a sequence of functions converging to w : R — R
pointwise on R. If for each n € N, w,, is steeper than v : R — R, then w is steeper than v.

The following lemma is a consequence of the application of Lemma 2.1l when at most one
intersection occurs and the fact the shape of the intersection remains the same as long as it
exists.

Lemma 2.3. Let uy and uy be two bounded solutions of ([Ial). Assume that ui(0,z) is
piecewise continuous and bounded, uy(0,x) is continuous and bounded, and that uy(0,x) is
steeper than ug(0,x). Then for anyt > 0, the function x — w1 (t, ) is steeper than x — us(t, ).
Furthermore, either uy = us up to a spatial shift or for any t > 0 and z € R, the function
x = uy(t,x) —ua(t,x + z) has at most one (simple) zero.

Proof. The proof follows from that of [9 Lemma 2.4 and Corollary 2.5] with obvious modifi-
cations, therefore we omit the details. O

Remark 2.4. We emphasize that, in the above two lemmas, the steepness of functions is
independent of spatial translations. In view of this, LemmalZ.3 implies that if ui(0, ) is steeper
than uz(0,x), then for any t > 0, the curves (not necessarily simple) {(u1(t,x),0zui(t,x)) :
x € R} and {(uz(t, x), 0zus(t,x)) : x € R} do not intersect unless they are equal. This property
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is indeed a key point in showing the convergence theorems in the autonomous case [23], where
the above curves are called spatial trajectories of solutions of (L.

We also recall the following lemma which will be used repeatedly in proving Theorem [L.111
The proof can be found in [6].

Lemma 2.5. Let wy(t, ) be a sequence of functions converging to w(t,z) in C*((ty,t2) x 1),
where I is an open finite interval in R. Assume that for each t € (t1,t2) and n € N, the
function x — wy(t,x) has only simple zeros in I, and that w(t,z) satisfies an equation of the
form (ZJ)) on (t1,t2) x I. Then for every t € (t1,t2), either w =0 on I or w(t,z) has only
simple zeros on I.

2.2. Basic properties of the set of {2-limit solutions. Recall that for any bounded solution
u(t,z) of (1)), (u) denotes the set of Q-limit solutions defined in Section [[31 Obviously, our
definition of Q(u) is different from the standard notion of w-limit set. In this subsection, we
summarize some basic properties of Q(u).

First, since u(t, -) is uniformly bounded in L*(R) for ¢ > 0, by the regularity assumption on
f and the standard parabolic estimates, u(-, -) is bounded in C*2([1, 00) x R). This immediately
implies that Q(u) is a nonempty compact subset of L2 (R?).

Next, we show that the following set

Qu) :=={w(t,") : t e R, w € Qu)}

coincides with the set of all limit points of the trajectory {u(t,-) : t > 0} with arbitrary spatial
translations, that is,

) = 0 (w), (23)
where
Q*(u) == {¢: u(t), -+ x;) = ¢(-) for some sequences of real numbers t; — co and z; € R}.

Here the convergence is with respect to the topology of Lf (R). Indeed, the relation Q(u) C
Q*(u) is easily seen, so it suffices to prove Q(u) D Q*(u). Choose any ¢ € Q*(u) and let t; — oo
and z; € R be such that u(t;,- +z;) = ¢(-) in L, (R). For each j € N, let us write ¢; =t/ + 7
with t;- € TN and 7; € [0,T). By choosing a subsequence if necessary, we can assume that the

following limits exist:
u(t +th,x + ;) = w(t,z) in Lo(R?), 75— T € (0,7,

Clearly, w belongs to Q(u). Therefore, ¢(-) = w(Too, ) € Q(u), which proves 2.3

Finally, we note that Q(u) is a nonempty, compact and connected subset of L;° (R). Thanks
to (23]), this follows directly from the fact that Q*(u) is nonempty, compact and connected
in L7 (R) (the proof of such a property is standard in the theory of dynamical systems; at
least the same argument that is known for autonomous equations applies to our time-periodic

equations without any changes).

2.3. Stability of solutions of ([J) connected by traveling wave. In this subsection,
given a periodic traveling wave U connecting two solutions ¢+ of ([LH]), we investigate the link
between the stability of ¢+ and the sign of the speed of U. The lemma stated below will be
used frequently in later sections, and it is also of independent interest in its own.
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Lemma 2.6. Let g— < q4+ be two solutions of (LA]). Assume that there is a periodic traveling
wave U(t,z) of (LIal) connecting q— to q4 with speed ¢y € R. Then the following statements
hold:

(i) If co > 0, then q4 is stable from below and isolated from below;
(ii) If co < 0, then q— is stable from above and isolated from above;
(iii) If cg = 0, then qy is stable from below and q_ is stable from above.
Proof. Let us first show that if ¢g > 0, then ¢ is stable from below. Assume by contradiction

that g4 is unstable from below. It then follows directly from [5 Proposition 3.5] that there
exists R > 0 sufficiently large such that the following problem

ot = paa + [t ), for te R, —R<z <R,
ot +T,2) = ¢(t,x), for teR, —R<xz<R,
q—(t) < p(t,z) < g4(t), for teR, —R <z <R,
o(t,£R) = q+(t), for t € R,

has a classical solution (¢, z) satisfying
Opp(t,z) <Ofort eR, z € [—R,0) and J,p(t,z) >0fort e R, z € (0,R].
Notice that the traveling wave U (t, z:) satisfies the following asymptotics

li_)m U(t,x) = q_(t), EIP U(t,x) = q+(t) locally uniformly in ¢ € R. (2.4)

It is easily checked from the above that, at ¢ = 0, there is some zy € R such that U(0,z + xg)
and (0, x) intersects at some & € (—R, 0], and that

U0,z + z0) < ¢(0,2) for x € [-R, R].

Clearly, U(t,x + xg) < @(t,z) for t > 0, x = £R. Then by the strong maximum principle, we
have

U(t,x + o) < p(t,z) fort >0, —R<x <R. (2.5)

If ¢g =0, then U(t,x) is T-periodic in t. Since p(t, z) is also T-periodic, we have U (T, xg +
&) = ¢(T,&), which is a contradiction with (23]). In the case ¢y > 0, since

U(t+ kT,z) =U(t,x — cokT) for each k € Z, (2.6)

it follows from (24) that U(t + kT, z) converges to p4(t) as k — oo locally uniformly in ¢t € R
and = € R. In particular, we have limy_, o U(kT, z9) = p4(0). This also contradicts (Z1]), as
©(kT,0) = ¢(0,0) < p4+(0) for each k € Z. Thus, ¢, is stable from below if ¢o > 0.

In the case ¢y < 0, one can proceed similarly as above to prove that ¢_ is stable from above,
and the details are omitted.

Let us now show that ¢4 is isolated from below in the case ¢y > 0. Assume by contradiction
that ¢4 is an accumulation solution of (LH]) from below, that is, there exists some sequence
(gj)jen of solutions of (LH) such that g; — ¢4 as j — oo and ¢; < g4 for each j € N. It is
then easily seen that

T
/0 Duf (b g1 (1)dt =0,
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and thus the following problem

{ ¢t — Ouf(t,qe(t)p =0 for t € R,

ot +T)=0¢(t) for t e R, ¢(0) =1, (2.7)

has a unique positive solution ¢ € C*(R).
To find a contradiction, we construct a super-solution of (LIal) as follows. Let ¢ € (0,cp),
A € (0,¢) be two constants and v(t,z) be a function defined by

v(t, ) := min {q+(t),e_>‘(m_6t)¢(t) + Qj(t)} for t € R, z € R,

where ¢ is given by (2.7), and j € N is to be determined later. Let t — y(t) be the function
satisfying

v(t,y(t)) = q+(t) fort e R, w(t,x) < q4+(t) for x > y(t), t € R.

Clearly, y(t)/t — c as t — oo. It is also straightforward to compute on the set D := {(t,z) €
[0,00) x R: 2 >y(t)} that

Ut — Uz — f(t,0) = e TN (g + Aegp — N29) + f(t,q5) — f(t,v)
= e (g = X2+ 0uf (104 (1)) — Duf (1,5 + 0= Dg))
for some 6 = 0(t,z) € [0, 1]. Since 0 < A < ¢, and since
(1) + 0 A= D (1) — ¢, (t) as j — oo uniformly in D.
it then follows that for any j sufficiently large
Vg — Ve — f(t,v) >0 in D.

Thus, v is a super-solution of ([Ia)) over D.
Let x1 > 0 be a sufficiently large number such that

U0,z +x1) <wv(0,z) for x> y(0).
Then by the comparison principle, we have
Ut,x 4+ z1) <wv(t,x) for t >0, x> y(t).
This implies in particular that there exists some ¢ > 0 such that
Ut,y(t) + 14+ z1) <v(t,yt) +1) < qi(t) —o for t > 0. (2.8)

On the other hand, since y(t)/t — c as t — oo and ¢ < ¢, it follows that y(t) — cot — —o0 as
t — co. Combining this with (24]) and (2.6]), we obtain

UKT,y(kT)+1+x1) =U(0,y(kT) — cokT + 1+ 1) — q+(0) as k — oo.

This is a contradiction with ([2.8]). Therefore, ¢4 is isolated from below if ¢y > 0.
In the case ¢y < 0, one can argue analogously to conclude that ¢_(¢) is isolated from above.
The proof of Lemma is thus complete. O
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3. EXISTENCE OF MINIMAL TERRACE AND CONVERGENCE WITH HEAVISIDE TYPE INITIAL
DATA

In this section, we show the existence of minimal propagating terrace (i.e., Theorem [LJ]),
and the convergence to a minimal terrace when the initial data are of Heaviside type (i.e.,
Theorem [L10). Recall that by a Heaviside type initial function, we mean a function ug has
the form ug(z) = p(0)H (a — x) for some a € R. Hereinafter, we denote by u(t,x) the solution
of (LI) with such an initial function. In some parts of later sections, we will write u(t, z;a)
instead of u(t,z) to stress the dependence on a.

As mentioned earlier, the proof is inspired from the papers [9, [13] devoted to spatially
periodic equations, but the method has to be adapted here to the time-periodic framework.
Let us first state a key lemma.

Lemma 3.1. Any Q-limit solution of the solution u(t,x) is steeper than any other entire
solution of (LIal) lying between O and p.

Proof. Let w(t,z) be an Q-limit solution of w%(t,x). Then there exist a sequence of positive
integers (kj)jen (kj — oo as j — 00) and a sequence of real numbers (z;) en such that

a(t + k; T,z + x;) — w(t,z) as j — oo in C*(R?).

For any entire solution v(t, z) of (LTal) between 0 and p, it is easily seen that for each j € N,
the function w(0,z + x;) is steeper than v(—k;T,x) in the sense of Definition By using
Lemma 23] for any t > —k;T, u(t + k;T,x 4 x;) is steeper than v(t,x). Then by Lemma 2.2}
passing to the limit as j — oo, we obtain that w(t,z) is steeper than v(t,x), where t € R is
arbitrary. This ends the proof of Lemma [3.1] U

In Subsection 3.1, we will use the above lemma to show the convergence of u(t,z) to a
unique limit function around a given level set, and further prove that the limit function is
either a solution of (3] or a periodic traveling wave connecting two solutions of (LH]). Once
we obtain this convergence property, we will be able to construct a minimal propagating terrace
by an iterative argument, and complete the proof of Theorem (see Subsection 3.2). The
assumption that there exists a decomposition between 0 and p will be used to ensure that the
iteration process ends in a finite number of steps. In Subsection 3.3, we will give the proof of
Theorem [[.10, which also relies on the convergence property established in Subsection 3.1.

3.1. Convergence around a given level set. Let u(t,z) be the solution of (LI]) with a
given Heaviside type initial function. It is clear that 0 < u(t,z) < p(t) for t > 0, z € R, and
for each t > 0, u(t, x) is decreasing in = € R, and satisfies

lim %(t,z) =0 and EI_H u(t,z) = p(t).

T—r00

This implies in particular that for each k € N, there exists a unique ai € R such that
u(kT,ar) = o, (3.1)

where o € (0,p(0)) is a given constant. The following lemma gives the local convergence of
u(t + kT, x + ay) around the level a as k — oo.

Lemma 3.2. For any a € (0,p(0)), let (ag)ren be the sequence provided by [B1)). Then the
following limit exists for the topology of C(R?):

klim u(t+ kT, x + a) := weo(t, x; ). (3.2)
—00
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The function we(t, z; @) is a positive entire solution of (LIal) which is steeper than any other
entire solution between O and p. Furthermore, it is either spatially homogeneous or spatially
decreasing.

Proof. By parabolic estimates, the sequence {u(t+ kT, z + ay) }ren is uniformly bounded along
with their derivatives. Thus, it is relatively compact for the topology of C'(R?). Then there
exists a subsequence (k;);en of integers such that k; — oo as j — oo and that

u(t + kT, z + ay,) = weo(t, 7;0) as j — 00 in C*(R?),

where wy(t, z; ) is an entire solution of (LIal). Clearly, weo(t, z; ) is an Q-limit solution of
u(t,x) and weo(0,0;) = . It is also easily seen from the strong maximum principle that
0 < weo(t, ;) < p(t) for t € R, x € R. Furthermore, by Lemma Bl woo(t, z; ) is steeper
than any other entire solution of ([LTal) lying between 0 and p.

It is easily checked from Definition that, wuo(t, ;) is the unique solution of ([Ial)
that is steeper than any other entire solution between 0 and p and satisfies w(0,0; @) = .
This implies that we, does not depend on the choice of (k;), and hence, the whole sequence
u(t + kT, + az,) converges to weo(t, z;a) as k — oo in C1(R?).

It remains to show that wy, is either spatially homogeneous or decreasing in x € R. Since
for each k € N, the function z — u(t+ kT, z + ay) is decreasing, sending to the limit as k — oo,
we have

OpWoo(t,z;0) <0 fort € R, z € R.

Then applying the strong maximum principle to the equation satisfied by 0w (t, z; ), we
immediately obtain that either 0, wo = 0 or J,ws(t, ;) < 0 for t € R, & € R. This completes
the proof. O

In Lemma [B4] below, we will further prove that the limit function we(t,x; @) is either a
solution of (A or a periodic traveling wave. The proof will need the following spreading
properties of u(t, x):

Lemma 3.3. There exist constants —oo < ¢, < ¢* < 0o such that
(i) for each c > c*, limy oo SUP, > U(t, ) = 0;

(ii) for each ¢ < cs, limyyo0 SUP, < [U(L, ) — p(t)] = 0.

It should be noted that, the above two constants ¢, and ¢* are independent of a € R (the
jumping position of the initial function p(0)H (a — x)).

Proof. The proof follows from the arguments used in the first part of the proof of [0, Lemma
2.9] with some obvious modifications, therefore we omit the details. ]

Let us now define a sequence of real number (Ix)ren as follows:

; ag — ap—1, ifk>1,
" a, if k=0,
where (ay)ken is the sequence given in ([BI)). Clearly, for all £k € N, a; = Z?:o lj. Since
u(kT,ar) = a € (0,p(0)) for each k € N, it follows from Lemma [B.3] that
kT < ap, < kT for all large k € N.
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Thus, we have

k k
P P
ce < liminf =07 < lim sup =07 <c". (3.3)
k—o0 k—00 k

Lemma 3.4. For any given o € (0,p(0)), let woo(t,z; ) be the entire solution provided by
Lemmal32. Then either of the following alternatives holds:

(a) woo(t, z; ) is spatially homogeneous, and it is a positive solution of (LH);

(b) woo(t, ;) is decreasing in x € R, and it is a periodic traveling wave of (LIal). Fur-
thermore, I, converges to some lo € [T, c*T] as k — 00, and loo /T is the wave speed
of Wee-

Proof. We split the proof into two parts, according to whether there exists some subsequence
of (Ix)ken converging to a finite number.
Case (1): There is a subsequence (k;);jen such that k; — oo as j — oo and that Iy, — I
as j — oo for some I, € R.
In this case, by using ([8.2]), we have
Woo(t, T — loos ) = lim u(t + kT, v + ag; — li;)
]—)OO

= lim @t + k; T,z + ag;—1) = woo (t + T, 735 ).

Jj—00

(3.4)

Notice from LemmaB.2that we is either spatially homogeneous or spatially decreasing. There-
fore, woo is a positive solution of (L)) if J,we(t,z) = 0; it is a periodic traveling wave con-
necting two distinct solutions of (LH) if dywee(t, z) < 0.

Clearly, if the latter case occurs, then Il /T is the wave speed of the wave wo,. We now
show that, in such a situation, the whole sequence [;, converges to [, as k — oo. Let g9 > 0 be
a sufficiently small constant. Thanks to the C'! convergence of u(kT,x + arp_1) to weo(T, ;)
as k — oo and the fact that wo (T, ;) < 0 for © € R, there exists some large K € N such
that

O, u(kT,loo + e+ ag—1) < %Oxwoo(T, loo; ) for all € € [0,g9), k > K.
This implies in particular that
QKT o + 20 + ap_1) < AT, loo + ag_1) + %Oﬁxwoo(T, l;a) forall k> K.  (3.5)
Let § be a positive constant given by
0= —%Oamwoo(T, loo; ).

Then, replacing K by some larger integer if necessary, it follows from (B.2]) that

U(kT, oo + ap—1) < Woo(T, loo; ) + 0 for all k> K.
Combining this with ([B.5]), we obtain

UWKkT, loo + €0 4 ar—1) < Woo (T, loo; @) for all k > K. (3.6)
Due to [B4), we have woo (T, loo; @) = woo(0,0; ) = . It follows that

u(kT,loo + €0+ ap—1) < « for all k> K.
Note that for each k € N, w(kT, ax) = o and u(kT, x) is nonincreasing in € R. Then we have
ap—1 + loo + €0 > ay, for all k> K.
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By similar arguments to those used in showing (B.6]), we can prove that
u((k — 17T, —leo + 0+ ag) < Woo (=T, —loo; ) = « for all large k,

and then conclude that
ap — loo + €0 > ap_1 for all large k.

Combining the above, we have |a — ax_1 — lo| < g¢ for all large k& € N. Since gy > 0 can be
chosen arbitrarily small, this immediately gives that I, — [, as k — oo. Furthermore, thanks
to (B3, the limit /o, belongs to the interval [c, T, ¢*T].

Therefore, we can conclude that if case (1) occurs, then either case (a) or case (b) of the
present lemma holds.

Case (2): there is no subsequence of (I )ren converging to a finite number.

In this situation, we want to show that only case (a) occurs. As no subsequence of (Ix)ren
converges to a finite number, we observe from (3.3]) that, there must exist a subsequence Iy,
converging to oo and another one lk; converging to —oo as j — oco. Let M > 0 be arbitrary.

Then we have l; > M and lk;_ < —M for all large j € N. Since u(t, z) is nonincreasing in x, it
follows that
u(t + kT, o + ap;—1) > Ut + kT, 2 4 ap, — M)
for all t € R, € R and large j € N. Taking the limit along the sequence j — oo, we obtain
Woo(t + Ty x5 0) > weo(t,x — M) for t € R, x € R.
Then, passing to the limit as M — oo followed by letting = — oo yields

lim weo(t + T, z50) > lim weo(t,z; ) for t € R. (3.7
T——00

T—r00

Similarly, since
u(t + KT,z + a,—1) < Ut + KT,z + M + ay)

for all t € R, x € R and large j € N, passing to the limits as j — co, M — oo and x — —o0 in
order, we have

lim we(t+T,z;0) < lim weo(t, ;) for t € R. (3.8)
T——00 r—+00
Combining (37), (B8] and the fact that we(t, z; ) is nonincreasing in z, we see that we
is spatially homogeneous, and hence it is a solution of (LH]). The proof of Lemma [3.4]is thus
complete. O

3.2. Existence of a minimal terrace. Based on the preparation in the above subsection,
we are now ready to construct a minimal propagating terrace under Assumption

Proof of Theorem [I.8 Denote by (gm)o<m<n the decomposition between 0 and p, and for each
1 <m < M, let V,,,(t, z) be a periodic traveling wave of (I.Ial) connecting ¢, to ¢,,,—1. Choose
a1 > 0 such that ¢1(0) < oy < p(0) and let weo(t,z; 1) be the entire solution provided by
Lemma

Claim 3.5. Uj(t,2) := weo(t, ;1) is a periodic traveling wave of (LIal) connecting gm, to p
for some my € {1, 2, --- | M}.
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Proof of Claim[33 We first prove that Uj(t,z) is a periodic traveling wave. Suppose the
contrary that it is not true. Then by Lemma B4 ws (¢, x; 1) is spatially homogeneous, and
Woo (1) := Woo(t, z; v1) is a solution of (L)) with ws(0) = ;. Notice that ¢1 < we < p, and
Vi(t, x) is a periodic traveling wave connecting ¢; to p. Clearly, V;(¢,x) is steeper than ws(t)
in the sense of Definition This is a contradiction with the assertion stated in Lemma
that weo is steeper than any other entire solution between 0 and p. Therefore, Uj(t,x) is a
periodic traveling wave.
Next, we prove that
lim Ui(t,z) = p(t) locally uniformly in ¢ € R.

T—r—00

Since wuo (t, ;1) is a periodic traveling wave, the limit lim, oo Woo (¢, ;1) = Weo (t, —00)
holds locally uniformly in ¢t € R, and we (¢, —00) is a solution of (LH]). It is clear that

0 < weo(t, —00) < p(t) for t € R. (3.9)

As woo(t, z;a1) is a steepest solution of (LIal) between 0 and p, in view of Definition and
Lemma [Z2] we see that we(t, —00) is steeper than any other entire solution between 0 and p.
This implies in particular that for any ¢t € R, ws(t, —00) and Vi (¢, z) cannot intersect. Since
Woo (0, —00) > a and V1 (0, zg) = a; for some zp € R, it then follows that we (t, —00) > Vi (0, z)
for all x € R. By the comparison principle, we have
Weo(t, —00) > Vi (t,x) for t >0, x € R.
Due to the T-periodicity of we(t, —o0) and the fact the Vi (¢, z) converges to p(t) as © — —oo,
we have wq(t, —00) > p(t) for t € R. Combining this with ([B3.9]), we immediately obtain
Woo (t, —00) = p(t).
It remains to show

lim U;(t,x) = gm, (t) locally uniformly in ¢ € R

T—r00

for some my € {1, 2, --- ,M}. In fact, by similar arguments used as above, one can conclude
that we(t,00) 1= lim, o0 Weo(t, ;1) is steeper than any other entire solution of (LIal) be-
tween 0 and p. This already implies the desired result. Otherwise, there would exist some

m € {2, -+, M} such that the periodic traveling wave Vj (¢, ) crosses through wa(t,00),
which is impossible. The proof of Claim is thus complete. O

For convenience, let us set mg = 0. Then U; (¢, ) is a traveling wave connecting some ¢,
t0 @my. If my = M, ie., ¢, =0, then we have already obtained a propagating terrace, which
consists of a single wave U;. Suppose, on the other hand, that ¢,,, is positive. We can continue
our iteration as follows:

Claim 3.6. Suppose that for some m; € {1, --- ,M — 1} and some a; € (qm,(0),p(0)), the
function
Ui(t,x) ‘= weo(t, x5 a)
s a pertodic traveling wave connecting g, to some Gy, , > qm;. Then there exists a1 €
(0, gm, (0)) such that
Uir1(t, z) := woo (t, x; iy 1)
is a periodic traveling wave connecting some qm, , < qm; t0 qm,-

Proof of Claim[3.8. The proof is almost the same as that of Claim B3] therefore we omit the
details. 0
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Note that the above iteration process ends when ¢, = 0. Since there is a finite number of
Qm, this clearly happens in a finite number of steps i = N for some 1 < N < M. Therefore,
we obtain a sequence of decreasing numbers (o;)1<i<n, a sequence of decreasing solutions
(@m, Jo<i<n of (LH), and a sequence (U;)1<i<n such that for each 1 <i < N, U;(t, z) a periodic
traveling wave connecting g, to ¢, , satisfying U;(0,0) = «;.

For each 1 <i < N, let ¢; be the wave speed of U;(t,z). Now, we want to prove that

T := ((gm, )o<i<n, (Ui, ¢i)1<i<n)
is a propagating terrace. According to Definition [[L1] it suffices to show that
cp << S en.

For this purpose, for each 1 <i < N, let us denote by (a;x)ren the sequence obtained in (B])
with o replaced by «;. Then Lemma B4l provides that limy_,oo(a;jr — aix—1) = ¢T. This
clearly implies

c; = lim ai’k.
Notice that a;+1 < oy for each 1 < ¢ < N — 1 and that the solution u(t,z) is decreasing in x.
We have aji1 > a;p for all k € N. It then follows immediately from (BI0) that ¢;11 > ¢.
The existence of propagating terrace is thus proved.

From the above construction of U;, one sees that g,,, and U; are steeper than any other
entire solution between 0 and p, which immediately gives statement (ii) of the present theorem
and the minimality of the propagating terrace 7. By Proposition[[.5] 7 is unique up to spatial
shifts. Lastly, statement (i) follows directly from Lemma [2.60 The proof is thus complete. [

(3.10)

3.3. Convergence with Heaviside type initial data. This subsection is devoted to the
proof of Theorem [LI0l Namely, provided that there exists a minimal propagating terrace, we
show that it attracts all solutions of (II]) with Heaviside type initial data.

Proof of Theorem [LI0. Let ((pi)o<i<n, (Ui, c¢i)i<i<n) be a minimal propagating terrace con-
necting 0 to p. By Proposition [[L5] up to spatial shifts, it is the unique minimal terrace.
Moreover, thanks to Theorem [[.8], we know that each of the p; and U; is steeper than any other
entire solution of (LIal) between 0 and p.
Let u(t,xz) be the solution of (1)) with a given Heaviside type initial function. For each
ie€{l, -, N}, let (a;x)ken be the sequence of real numbers such that
u(kT,a;r) = U;(0,0) for all k€ N.
Since Uj(t, z) is steeper than any other entire solution between 0 and p, it follows from Lemmas
and [3.4] that for any ¢ > 0,
u(t + kT, x4+ a; ) = Ui(t,xz) as k — oo in Ly, .(R). (3.11)
Since
Ui(,-) = Ui(- + mT,- + ¢;mT) for all m € Z, (3.12)
(317) implies that
u(t,r +a; 7)) — Ui(t,x +c;[t/T|T) — 0 as t — oo in Ly, (R), (3.13)
where [t/T'] is the floor function of ¢/T', that is, the greatest integer not larger than ¢/T.
For each i € {1, ---, N}, let 1; : [0,00) = R, t = n;(t) be a C*(]0, 00)) function satisfying
ni(t) +cilt/T]T —a;¢yr) — 0 as t — oo. (3.14)
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Now we want to show that (1;)1<;<n are the desired functions satisfying statements (i)-(iii).
Notice from BII]) and BI2]) that limy_oo(a; k41 — @i k) = ¢ T. This implies that

C; Lt/TJT — Q)T _ Lt/TJT (Ci - szLtt//;Jj >

t t

— 0 as t — oo.

It then follows directly from (B.I4]) that n;(t)/t — 0 as t — oco. Thus, statement (i) is proved.
Next, from (BI1]) again, we see that

Qiy1h — iy — 00 as k—oo for ie{l,---, N -1}
This together with ([B.I4]) immediately yields that
Ni+1(t) —mi(t) — oo as t — oo whenever ¢; = ¢;y1.

Thus, statement (ii) is obtained.
It remains to show the uniform convergence in statement (iii). Note that each U; satisfies

lim U;(t,x + ¢it) = pi—1(t) and li_)m Ui(t,z + ¢;t) = p;i(t) uniformly in ¢t € R.

r—r—00

Then given any small € > 0, there exists some M > 0 such that
Ui(t,cit + M) < pi(t) + %’ Ui(t,cit — M) > p;i—1(t) — % for t € R. (3.15)
By BI3) and [BI4]), we can find Ty > 0 large enough such that for ¢ > Tj,
At ) = Usltio —mi(t)| < 5 for et +m(t) = M < < cit +mi(t) + M. (3.16)
This together with (BI5]) implies that
u(t,cit +ni(t) + M) <pi(t)+¢e, u(t,cit +ni(t)— M) > pi_1(t) —e for t > Tp.
Since u(t, x) is decreasing in x € R, it then follows that for each i € {2, --- | N},
—e<u(t,r) —pi—1(t) <e for ciqt+mn—1(t)+ M <z <cit+mn(t)— M, t >Ty, (3.17)

that
0<u(t,z) <e for x>cent+nn(t)+ M, t > T, (3.18)
and that
p(t) —e <u(t,z) < p(t) for z <cit+mn(t)— M, t>Tp. (3.19)
Combining the inequalities (B16)-(BI9]), we obtain that for all ¢ > Tj and = € R,

N N
u(t, ) — <Z Ui(t,x —ni(t)) — ZPi(ﬂ)

This immediately gives statement (iii). The proof is thus complete. O

< Ne.
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4. ASYMPTOTIC BEHAVIOR OF SOLUTIONS WITH INITIAL DATA SATISFYING (H2)
In this section, we study the asymptotic behavior of solutions of (LI]) with initial data
satisfying (H2), and prove Theorems [[.T1] and Throughout this section, we always put
up(z) = p(0) for = € (—o0,a—_], wp(z)=0 for = € [ay,00) (4.1)
for some a; > a_.

Let ((pi)o<i<n, (Ui, ¢i)i<i<n) be the minimal propagating terrace connecting 0 to p. Since
it is only unique up to spatial shifts, for definiteness, we normalize it as follows:
~ pi—1(0) + p;i(0)

Ui(0,0) = — for each i =1, ---, N. (4.2)

With this normalization, each U; is uniquely determined, and we will assume this in our dis-
cussion below.
The following lemma is fundamental in this section.

Lemma 4.1. Let u(t,z) be the solution of (L)) with uy satisfying (H2). Then for every
w € Q(u), either of the following alternatives holds:

(a) w = p; for some integer 0 < i < N;
(b) w(t,x) satisfies
U(t,x +& —a-) <w(t,x) <Ui(t,x+ & —ay) fort e R,z €R, (4.3)
for some integer 1 <i < N and some {; € R, where ayx € R are given in (4T).
Moreover, we have {p;}o<i<n C Q(u).
Proof. Let (k;)jen C N and (z;)jen C R be the sequences such that
u(t +k;T,x + ;) = w(t,r) as j — oo in CH(R?). (4.4)
Since ug satisfies (H2), it follows easily from the comparison principle that, for each j € N,
u(t+ kT, o+ xj50-) <u(t+ kT, v+ x;) <u(t+kiT,z+ xj;a4) (4.5)
for t > 0 and x € R. Here u(t,z;as) denote the solutions of (LI) with initial functions

p(0)H (ax — ).
By standard parabolic estimates and possibly up to a subsequence, we may assume that

Ut + KT,z +2;;0) — @(t,x) as j — oo in CH(R?),
where @w(t, z) is an entire solution of (LIal). Clearly, w(¢,x) is an Q-limit solution of u(t, z;0),
e u(t + kT, z + wp;504) = ©(t,x —ax) as j — oo in CH(R?).
Passing to the limit as j — oo in (4.0), we obtain
w(t,r —a_) <w(t,x) <w(t,zr —ay) fort e R, x € R.
Furthermore, it follows directly from Theorem that
WeUi(+,-+&) :€eR 1<i<N}U{p;:0<i<N}.

This clearly gives the alternatives of the present lemma.
Similarly as above, one can prove that for any Q-limit solution @w of the solution u(¢, z;0),
there exists w € (u) such that

w(t,r —a_) <w(t,x) <w(t,r —ay) fort e R, x € R.



24 W. DING AND H. MATANO

In particular, if @ = p; for some 0 < i < N, then w = p;. This immediately implies the relation
{pito<i<n C Q(u). The proof of Lemma [£.1]is thus complete. O

The reaming part of this section is organized as follows. In Subsection 4.1, we will show
that if w(t,z) is an Q-limit solution satisfying case (b) of Lemma [L1] then it is spatially
decreasing. This immediately gives the first part of the conclusions of Theorem [L1Il The
remaining conclusions will be proved in Subsection 4.2. Subsection 4.3 is concerned with the
proof of Proposition and Theorem

4.1. Monotonicity of -limit solutions. This subsection is devoted to the proof of the
following proposition:

Proposition 4.2. Let u(t,x) be the solution of (L) with ug satisfying (H2) and let w € Q(u)
satisfy case (b) of Lemma[{dl Then for each t € R, w(t,z) is decreasing in x € R.

Before giving the proof, let us first show some properties of the solution u(t, z) at any finite
time, which will be needed later.

Lemma 4.3. Let u(t,x) be the solution of (1)) with ug satisfying (H2). Then for each t > 0,
Ogu(t,z) <0 for x € (—o00,a_)U (ay,00),
where ay are the constants given in ([@1]).

Proof. This lemma can be proved by a simple reflection argument. Fix any zy € (—oo,a_) and
define

v(t,z) == u(t,x) — u(t,2xg —x) for —oo < x <xg, t > 0.
Since u(t, x) is bounded, f(t,u) is C'-smooth in u and T-periodic in ¢, v(t,z) satisfies
Vp = Vg + c(t,z)v for —oo <z <z, t >0,
with some bounded function ¢(t,z). Moreover, it is easily checked that
v(t,zg) =0 for t >0, wv(0,2) >0 for x <z, and wv(0,z)Z0.

Then the strong maximum principle implies that v(¢,z) > 0 for ¢t > 0, © < z(. It further
follows from the Hopf boundary lemma that d,v(t, x¢) < 0, and hence, d,u(t,zo) < 0 for t > 0.
Since x¢ can be chosen arbitrarily in (—oo,a_), one obtains dyu(t,z) < 0 for x < a_, t > 0.
The case © > a4 can be proved in a similar way. The proof of Lemma is complete. O

Recall that Z(w) denotes the number of sign changes of a real-valued function w(x) defined
on R. The following lemma is an application of the zero-number theory introduced in Subsection
2.1.

Lemma 4.4. Let u(t,z) be the solution of ([I.Il) with ug satisfying (H2). Then for any z € R,
we have

Zlu(t, ) —ult, -+ 2)] < oo for t >0, (4.6)
and
Zlu(t+T, ) —u(t, -+ 2)] < oo for t>0. (4.7)

Furthermore, the above two quantities are nonincreasing in t > 0.
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Proof. Let us first prove (L0). Notice that if z = 0, then the result is trivial. Without loss
of generality, we may assume that z > 0, as the case z < 0 can be argued analogously. Since
both u(t,x) and u(t,z + z) are bounded solutions of (LIal), and since f(t,u) is C'-smooth in
u and T-periodic in ¢, u(t,x) — u(t,x + z) satisfies a linear equation of the form (2.l with
c(t,x) == (f(t,u(t,z)) — f(t,u(t,z + 2)))/(u(t,z) — u(t,x + z)) being bounded.

Denote by u(t,x) the solution of the Cauchy problem

Up = Ugg for t >0, x € Ry u(0,2) = up(x) for x € R.

Due to the boundedness of the solution u(t, x), we find some K > 0 such that —Ku < f(t,u) <
Ku for t > 0, z € R. Then, a simple comparison argument implies that

e Kla(t, x) < wu(t,x) < e®la(t,z) for all t >0, z € R.
By the assumption that ug(xz) = 0 on [a4,00), we have
u(z,t) u(z,t)

— 7 > —2Kt)————
u(z+z,t) — exp( )ﬁ(m + 2,t)

" exp( = T2,
= exp(—2Kt) /—oo p< At )o(y)dy

/a+ eXp( - M)w)(y)dy

. m
2z(x —ay) + z2)
4t '

for all z > a4, t > 0. Since z > 0, passing to the limit as * — oo, we obtain that for each
t >0,

> exp(—2Kt)exp (

u(x,t)
u(x + z,1)
Similarly, by using the assumption that ug(x) = p(0) on (—o0,a_], we can conclude that for
each t > 0,

— 0 as r — o0.

p(t) — u(z, t)
p(t) —u(z + z,1)
Then, for any given tg > 0, it is easily checked from the above that there exists L > 0 such
that

—0 asx — —o0.

u(to, ) — u(ty,x + 2) >0 for o € (—oo,—L] U [L,0).
Thus, by Lemma 2]
Zlu(t,) —u(t, -+ 2)] < oo for all t> to,
and this quantity is nonincreasing in t > ¢y. Since tg > 0 is arbitrary, ([€.0]) is proved.

Let us now turn to the proof of ([A7). Similarly as above, we may assume without loss of
generality that z > 0. Since f(¢,u) is T-periodic in ¢, u(t + T, x) is also a solution of (LTal).
Then u(t+7T,z)—u(t, x+ z) satisfies a linear solution of the form (2.1I) with bounded coefficient
c(t, ).

Since 0 < ug < p(0), it is clear that 0 < wu(t,z) < p(t) for t > 0, z € R. Notice that ug
satisfies ([d.I]). Then we can choose ¢ > 0 sufficiently small such that

u(T +t,ay) >u(t,ar +2) >0 and w(T +t,a- —2) <wu(t,a_) < p(t)
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for 0 < ¢t < 4. Since u(T,x) > u(0,z + z) for x > a4, and u(T,z) < u(0,z + z) for z < a_ — z,
the comparison principle implies that

w(T +t,z) >u(t,x+2) for 0 <t <6, z>ay,
and
uw(lT+t,x) <u(t,x+2z) for 0<t < z<a_ — =z
It then follows from Lemma 2] that
Zu(T +t, ) —u(t, -+ 2)] < oo forall 0 <t <4,

and this quantity is nonincreasing in ¢ > 0. This immediately implies (47]). The proof of
Lemma 4] is thus complete. O

We are now prepared to prove Proposition

Proof of Proposition [[.3 Let us denote p(t,z) := d,w(t,z) for t € R, x € R. Clearly, o(t, )
is a solution of the following linear equation

Ot = Qpz + Ouf(t,w)p fort e R, x €R,

where 0, f (t,w) := Of (t,u)/0u|y=w is bounded for t € R, z € R.

For clarity, we divide the proof into 3 steps.

Step 1: we show that for each t € R, Z[p(t, )] < oo, and all zeros of x — ¢(t,-) are simple.

Let us first note that the function v(¢,x) := Oyu(t, z), defined on (¢,z) € [1,00) x R, solves
a linear equation of the form (2I)) with bounded coefficient. Moreover, by Lemma [£.3] for
each t > 1, the function x — v(t,2) does not change sign on the set (—oo,a_) U (ay,00). It
then follows from Lemma 2.1] (i) and (ii) that Z[v(t,-)] < oo, and it is nonincreasing in ¢ > 1.
Therefore, it is a constant for all large ¢, and by Lemma 2] (iii), we have

the function x — v(t, z) has only simple zeros on R for all large ¢. (4.8)

Let (kj)jen C N and (z;)jen C R be the sequences such that ([@.4]) holds for w(t,z). Then
we have

v(t+ kT, x +x;) = o(t,z) as j — oo, (4.9)
where the convergence holds in L2 (R?). For any ¢t € R, since Z[v(t + k;T,-)] < oo for all

loc
sufficiently large k;, it follows from the semi-continuity of Z (see ([22)) that Z[¢(t,-)] < oco.

Furthermore, by standard parabolic estimates, possibly after extracting a subsequence, we
know that the convergence (@) also takes place in C1(R?). In view of this and (&), and
applying Lemma [Z0] we see that for each t € R, either ¢(t,2) = 0 on R or z — (¢, z) has only
simple zeros on R. The former is impossible, as we have assumed that w(t,z) satisfies ([@3]),
thus it cannot be spatially homogeneous. Consequently, x — (¢, x) has only simple zeros on
R. This ends the proof of Step 1.

Step 2: We show that for any z # 0 and ¢ € R, all zeros of z — w(t,xz) — w(t,z + z) are
simple.

The proof follows from similar arguments to those used in Step 1, therefore we only give its
outline. Let z # 0 be fixed. Thanks to (L), it follows from Lemma 2] that, for all large
t > 0, the function = — wu(t,z) — u(t,z + z) has only finitely many zeros on R and all of them
are simple. Note that

w(t + kT, v+ xj) —ult+ kT, 2+ 2+ x;) = w(t,x) —w(t,x 4+ 2) as j — 00
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in C1(R?), and that w(t, x) —w(t,x+ z) solves a linear equation of the form (ZII) with bounded
coefficient. Then by using Lemma and the assumption that w satisfies ([4.3]), we obtain the
desired result of Step 2.
Step 3: We show that for each t € R, w(t,x) is decreasing in = € R.
Assume by contradiction that there exists some ¢ty € R such that w(tp, z) is not decreasing
in z € R. Notice that
lim w(to, z) = pi(to) < pi—1(to) = lm w(ty,x).

li
T—00 T—r—00
It then follows from Step 1 that
1 < Zp(to, )] < oo,
and all zeros of x — ¢(tg,-) are simple. Denote by & the minimum of these zeros, and define

r1 = min{z > & w(to, z) = w(to, &1), ¢(to, x) # 0}.
Clearly, z1 € (&1,00) is well defined and ¢(tg, z1) < 0. Furthermore, let & be the maximum of

the zeros of p(tp,-) to the left of z1, and let z9 be the point such that zo < & and w(tg, x2) =
w(to,&2). Tt is then easily checked that zo < & < & < a7,

p(to,z) <0 for x € [22,£1) U (&2, 71],
and
w(to, x2) = w(to, §2), wlto,&1) = w(to, 1)
This implies in particular that for each = € [, &1], there exists a unique y € [£2,21] such that
w(ty,z) = w(tp,y). Thus, we can find a continuous function v : [ze,&1] — [£2,x1] satisfying
w(to, x) = w(to,y(x)). It is easily seen that v(x2) = &2, v(&1) = 1, and that

P(to, x2) — p(to,v(z2)) <0 and  (to, &) — ¢(to,v(€1)) > 0.
From this, it immediately follows that there exists some zy € (x2,&1) such that

¢(to, xo) = w(to, V(o))
Therefore, z( is a degenerate zero of the function x — w(tg, x) — w(ty,y(xo) — xo + x), which
is a contradiction with the conclusion of Step 2.

Now we can conclude that for each ¢ € R, w(t,z) is decreasing in € R. The proof of
Proposition is thus complete. O

4.2. Completion of the proof of Theorem [I.T1l In this subsection, we prove that elements
of w(u) can be classified as stated in Theorem[[.TTl The key ingredient of our proof is to compare
the steepness between w(t, ) and w(t + T, x), where w is any -limit solution satisfying case
(b) of Lemma LIl We will show that either w(t + T, x) is equal to a spatial shift of w(t,x),
or w(t + T, x) is strictly steeper or strictly less steep than w(t,x). Once we know this, we will
be able to prove that w(t,x) is either a periodic traveling wave or it is a heteroclinic solution
connecting two periodic traveling waves.

Lemma 4.5. Suppose that w € Q(u) satisfies case (b) of Lemmal[{-1. Then one of the following
holds:

(a) w(t,x) is a periodic traveling wave connecting p; to p;—1 with wave speed ¢; for some
1<i<N;

(b) w(t+T,x) is strictly steeper than w(t,z);
(¢) w(t+T,x) is strictly less steep than w(t,x).
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Furthermore, if case (b) (resp. case (c)) occurs, then w(t + kT, x) is strictly steeper (resp.
strictly less steep) than w(t,x) for all positive integer k.

Proof. Let z be an arbitrary real number. We already know from Lemma 4] that Z[u(T +
t,-) —u(t,-+ z)| is finite for all ¢ > 0, and it is nonincreasing in ¢ > 0. By using Lemma [21] we
see that the function z — u(7" +t,x) — u(t,x + z) has only simple zeros for all large ¢. Then,
similarly as in the proof of Proposition 2], one can apply Lemma to conclude that either
of the following alternatives holds:

wt+T,z) =w(t,z+ 2) (4.10)
or for each t € R,
the function x — w(t + T, x) — w(t,z + z) has only simple zeros. (4.11)

As we have assumed that w(t, x) satisfies case (b) of Lemma [£1] there exists some 1 <i < N

such that
lim w(t,z) =pi—1(t), lim w(t,z) = p;(t) locally uniformly in ¢ € R. (4.12)
T—r—00 T—r00

For clarity, we divide the rest of the proof into three steps.

Step 1: We show that if (£I0) holds for some z € R, then z = —¢;T" and case (a) of the
present lemma occurs.

It easily seen from (4I0) and (£I2) that w(t,x) is a periodic traveling wave connecting p;
to pi—1, and —z/T is the wave peed. Thus, we only need to show that z = —¢; 7. Suppose the
contrary that this is not true. We may assume without loss of generality that z > —¢;T". Then,
since U; is a periodic traveling wave with speed ¢;, it follows that

Ui(mT,z —mz) — p;—1(0) as m — oo locally uniformly in z € R.
Notice from (3] that, w satisfies
w(mT,—mz) > U;(mT,&§ — a— —mz) for all m € Z.

Passing to the limit as m — oo, we obtain lim inf,,, - w(mT, —mz) > p;—1(0). This is impos-
sible, since w(mT, —mz) = w(0,0) < p;—1(0) for each m € Z. Therefore, z = —¢; T holds true,
and hence, w(t,z) is a periodic traveling wave with speed ¢;.

Step 2: We assume that ([4.I1]) holds for all £ € R and z € R, and prove either case (b) or
case (c) of the present lemma occurs.

Since w(t,x) is spatially decreasing by Proposition B2, for any ¢t € R, we can find a C!
function o — ((c;t) defined on (p;(t), pi—1(t)) such that

w(t7 C(aﬂ t)) =a for a € (pl(t)7pz—1(t)) (413)
Let tg € R be an arbitrary time and let ((«;tg) and ((«a;tp + T') be the functions given

as in ([@I3). Since p; and p;_; are T-periodic, it is clear that ((a;tg + T) is well defined on
(pi(to), pi—1(to)) and that

w(to, (s tg)) = w(to +T,((a;to +T)) = a for a € (pi(to), pi-1(to))- (4.14)
Next, we claim that
Ozw(to + T, ((a;to +T)) # Ozw(to,((ast)) for all a € (pi(to), pi—1(to))-

Otherwise, there exists some ag € (p;i(to),pi—1(to)) such that the equality holds at o = «p.
This together with (£I4]) implies that = ((«ag;to + T') is a degenerate zero of the function
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z — w(ty + T,x) — w(te,x + ((ap;to) — C(ap;to + 1)), which is a contradiction with our
assumption that ([AI1]) holds for all t € R and z € R. Thus, our claim is proved.
It then follows that either

Ogw(to + T, (c;tg +T)) > dpw(to, ((a;tp)) for all a € (pi(to), pi—1(to)),
or

Ogw(to + T, (e tg +T)) < Oyw(to,((a;to)) for all o € (pi(to), pi—1(to))-
Since «a € (pi(to), pi—1(to)) is arbitrary, we obtain that w(tg + T -) is either strictly steeper or
strictly less steep than w(tg,-) in the sense of Definition Furthermore, by Lemma [2.3] and
the arbitrariness of ¢ty € R, we can conclude that either case (b) or case (c) occurs.

Step 3: We show that if case (b) (resp. case (c)) occurs, then w(t+ kT, ) is strictly steeper
(resp. strictly less steep) than w(t, z) for all positive integer k.

Let us assume without loss of generality that case (b) occurs. Then, for each k € N,
w(t + kT, ) is strictly steeper than w(t + (k — 1)T,z). For any t € R, let a — ((c;t + kT)
be the function given as in ([£I3]). It then follows that for each ¢t € R, a € (p;(t), pi—1(t)) and
k > 1, there holds

and

Opw(t + kT, ((a;t +kT)) > -+ > pw(t +T,((ast +T)) > Opw(t,((c;t)).
This implies that w(t 4+ kT, x) is strictly steeper than w(¢, ). The proof of Lemma is thus
complete. O

In the following lemma, we show that if case (b) or case (c) of Lemma[4.5 holds, then w(t, x)
is a heteroclinic solution connecting two periodic traveling waves.

Lemma 4.6. If w € Q(u) satisfies case (b) (resp. case (c)) of Lemma [[-3], then there are
Vi € Q(u) such that

w(t,x) — Vi(t,z) = 0 ast — too uniformly in z € R, (4.15)

and V (t,x) is strictly steeper (resp. strictly less steep) than V_(t,x). Furthermore, Vi are
periodic traveling waves of (LIal) connecting p; to p;—1 and sharing the same speed c; for some
ie{l,--- ,N}.

Proof. We only give the proof in the case where w(t + T, x) is strictly steeper than w(t, z), as
the proof for the other case is identical.

Note that w satisfies (43 for some 1 < i < N and some & € R. We can find a sequence
(zm)mez C R such that

~ pi—1(0) +p;i(0)

w(mT, zpy,) = — 5 for m € Z.
Furthermore, by the normalization of U; in (4.2)), we have
emT — &+ a_ < zp <emT — &+ ay for m € Z. (4.16)

For each m € Z, let us define
W (t, ) ;= w(t+mT,x + zp,) for t e R, x € R.

Clearly, for each m € Z, w,,(0,0) = (p;—1(0) + p;(0))/2. Moreover, by Lemma [£5] we see that
for any integer k > 1, wy,1k(t, x) is strictly steeper than wy, (¢, x).
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We now show the convergence of w(t,z) to a periodic traveling wave as t — oo. The
convergence as t — —oo can be proved analogously. We proceed with three steps.

Step 1: we prove the convergence of wy,(t, ) as m — oo in L5 (R?).

Let us first notice that from standard parabolic estimates, the sequence {w, (¢, 2)}mez is
uniformly bounded along with their derivatives. Therefore, it is relatively compact for the
topology of L (R?) with respect to (t,x). Then there exist a subsequence of integers (m;);en

(m; — 0o as j — 00) and an entire solution W, (¢,z) of (LIal) such that
Wi, (t,2) = Wi (t,z) as j— oo in L (R?).

Clearly, W, belongs to Q(u), as Q(u) is compact in LS (R?) (see Subsection 2.2). Since for
any fixed m € Z, wp, (t,z) is strictly steeper than wy,(t,z) for all large mj;, it follows from
Lemma [2.2] that W, (¢, z) is steeper than each wy, (¢, z).

Let (m;);en be another subsequence of integers such that m; — oo as j — oo, and that

w, (t, ) — WJr(t,:E) as j — oo in LS (R?)

for some WJF € Q(u). Similarly as above, we can conclude that W+(t, x) is steeper than each
Wi (t, ).

In particular, we have W, (¢, x) is steeper than each wg, (t,), and W, (¢, ) is steeper than
each wp,;(t,z). Then, by using Lemma again, we see that the two functions W, and W
are steeper than each other. Furthermore, neither lies strictly above or below the other one,

since

This implies that W, = W,.. Therefore, the whole sequence w,(t,x) converges to W, (¢, x) as
m — oo in L{° (R?).
Step 2: we show that W is a periodic traveling wave connecting p; to p;_1, and ¢; is the
wave speed .
From the definition of w,, and the fact that w satisfies ([@3]), it is easily seen that for each
m € 7,
wm( +T7, -+ Em+1 — Zm) = wm—l—l(', ')7 (417)

and
Ui(t,x + zm —emT + &0 — a-) < wp(t,z) < Uity + 20 — emT + &g — ag) (4.18)

for t € R, z € R. By ([@I0]), the sequences (2p,4+1 — 2m)mez and (2, — ¢;mT)mez are bounded.
Then there exist a subsequence (my)ren and 1 € R, I3 € R such that my — oo as k — oo, and
that
Zig+1 — Zm, — I and 2z, —emyT — la as k — oo.
Passing to the limits along the subsequence my — oo in (AI7) and [@I8]), we obtain
W+(' +T, -+ ll) = W+('7 ')7

and

U(t,x+lo+& —a—) <Wi(t,z) <U(t,x +1lo+ & —ay) for t e R, z € R.
This implies that W (¢,x) is a periodic traveling wave connecting p; to p;—1, and l; /T is the

wave speed. Furthermore, by the arguments used in Step 1 of the proof of Lemma[£35] we have
ly = ¢;/T. This completes the proof of Step 2.
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Step 3: we show the convergence of w(t,z) to a periodic traveling wave as t — oo in L>(R).

Notice that the limit Iy = ¢;/T does not depend on the choice of the subsequence (my)ren.
Thus, the whole sequence z,,+1 — 2z, converges to l; as m — oo, and hence, the whole sequence
zZm — ¢;mT’ converges to lo as m — oo.

Let us now write

Vi(t,z) == Wi(t,x —1lg) fort € R, z € R.

Clearly, V. (t,z) is a periodic traveling wave connecting p; to p;—1 with speed ¢;. We want to
prove that w(t,z) converges to V4 (t,x) as t — oo in L=(R).

Let € > 0 be a given small number. From the asymptotics of U; and V,, there exists C' > 0
such that

pi—1(t) — = < Ui(t,x), Vi(t,x) < pi—1(t) forall z —ct < —-C,teR,

N ™

and
pi(t) < Ui(t,z), Vi(t,x) < pi(t) + % forall x — ¢t > C, teR.

It then follows from (@3] that, after making C' larger if necessary,
lw(t,z) — Vi(t,z)| <e forall |x —¢it| > C, t € R. (4.19)

On the other hand, we know from Step 1 that wy,(t,z) converges to Vi (¢, +l2) as m — oo
in L$° (R?). Thus, we have

loc
w(t,z + 27)) = Vet +ci[t/T|T +12) — 0 as t — oo in L. (R),

where [t/T'| denotes the floor function of ¢/T', as introduced in the proof of Theorem [[T0l
Notice that ¢;[t/T|T — 2|7 — —l2 as t — oo. There exists some Ty > 0 sufficiently large
such that

lw(t,z) — Vi(t,x)| <e forall t > Ty, |z — ¢;t| < C.
Combining this with (ZI9)), we immediately obtain
lw(t,z) — Vi(t,z)| <e forallt > Tp, z € R.

Since € > 0 is arbitrary, Step 3 is proved.

From the proof of Step 1, we see that V (¢, x) is steeper than w(t,z). Since Vi (¢,x) is not
equal to w(t,z) up to any spatial shift, Vi (¢,z) is strictly steeper than w(t,x).

Similarly as above, one can prove that there exists another periodic traveling wave V_(t, x)
connecting p; to p;—1 with speed ¢; such that w(t,z) converges to V_(¢t,z) as t — —oo in L>(R)
and that V_(t,z) is strictly less steep than w(t,x). Thus, (£I3)) is proved. It is straightforward
to check that Vi (¢, ) is strictly steeper than V_(¢,2). This ends the proof of Lemma L6l O

Clearly, Theorem [[.TT] follows from Proposition and Lemmas 1] 5]

4.3. Proof of Theorem [I.16l In this subsection, we let Assumption [[LI13] hold and give the
proof of Proposition [I.15] and Theorem [I.16]

Proof of Proposition .13 The proof is similar to that of [I3, Theorem 4.1] which is devoted
to a spatially periodic problem. For the completeness of the present paper, we give its outline.
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By Lemma 2.6 either ¢o is stable from below or ¢; is stable from above. Without loss of
generality, we assume that the former case occurs. Then by Assumption [[13] there exist some
oo > 0 and a T-periodic function g(¢) such that

/Tg(t)dt <0 and 0,f(t,u) < g(t) for all u € (qa2(t) — 00, q2(t)], t € R. (4.20)
0

Let us first show that ¢; < ¢o. Suppose the contrary that ¢; > co. By the characterization
of periodic traveling waves, it is known that for each j = 1, 2, V;(t,x + ¢;t) is periodic in t,
decreasing in x, and it converges to ¢a2(t) as © — —oo uniformly in ¢ € R. Then there exist
some zo € R and some o € (0,00) such that

Vi(t,z + c1t) € (ga(t) — 00, q2(t)] for all t € R, x < xo,
Vi(t,z + cit) € [q2(t) — 00, q2(t) — o] for all t € R, x = xo,
and that for some large negative £y < 0,
Vo(t,x + c1t) € [q2(t) — 0/2,q2(t)] for all ¢t < ty, x < xo.
Let us define
Vt,z) == Va(t,z + c1t) — Vi(t,x + c1t) for t < to, z < xg.
It is easily checked that the function V' (¢, x) satisfies:
Vi=Vee + Vo +nt,x)V for t <ty x < o,

Vit,z) > o/2 for t <tp, x =z,
limy, oo V(t,z) =0 for t < tg,
where v v
t t t)) — f(t t t
[t Valt,z +at) - fL Vit e +at) Vi(ta) £0,
n(t,x) = Vo(t,z + cit) — Vi(t,x + cit)
Ouf(t, Vi(t,z + c1t)) it V(t,z)=0.
Due to ([@20), we have n(t,xz) < g(t) for t < tg, z < g, and X := —%fOTg(t)dt > 0. It

is straightforward to check that for any x > 0, the function —k¢(t) is a subsolution of the
equation satisfied by V (¢, z), where ¢ € C*(R) is the solution of

¢t —g(t)p = Ag for t €R,
{ p(t+T)=o¢(t) for t e R, ¢(0) = 1.

Notice that liminf; , . inf,<,  V(t,2) > 0. For any x > 0, there exists a sufficiently large
negative integer k such that

V(to+ kT, x) > —ro(ty) for all z < x. (4.22)

(4.21)

It then follows from the comparison principle that
V(t+kT,z) > —ko(t) for all x <z, t > tp.

Since ¢(t) is T-periodic, we have V(tg,z) > —ro(tg) for all z < xg. Furthermore, by the
arbitrariness of x > 0, it follows that V(tg,z) > 0 for all x < x¢, that is,

Vg(to,l‘ + Clt(]) > Vl(to,$ + Clto) for all z < zg.
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Since V; is steeper than Va, n(to,-) must be nonpositive on the left of any zero, and hence,
Va(to, x + c1tg) > Vi(to, x + citg) for all z € R.
Furthermore, by the comparison principle (applied to equation (II])), we obtain
Va(t,x + c1tg) > Vi(t,x + citg) for all ¢t > tg x € R.

This implies that V5 has to be faster than Vj, that is, ¢o > ¢, which is a contradiction with
our assumption at the beginning of the present proof.

It remains to show that if ¢; = ¢o, then V; = V5 up to a spatial shift. Assume by contradiction
that this is not true. Then, since V; is steeper than V5, it is not difficult to find some £* € R
and a continuous real-valued function z*(¢) such that x*(t) is the only intersection of Vi (t, - —
& + crt) — Via(t, - + cit), and that

q@a2(t) — oo < Va(t,z + c1t) < Vi(t,z — £ 4 c1t) < go(t) (4.23)
for x < x*(t), t € R, where oy is the constant given in ([L20). Clearly, 2*(¢) is T-periodic. Let
us define

W(t,x) = Vao(t,x + c1t) — Vi(t,x — & + c1t) for x < x*(t), t € R,

and let ko > 0 be such that W(0,z) > —kp¢(0) for x < 2*(0). By similar comparison arguments
to those used in showing (£.22]), we can derive that

W(t,x) > —koo(t) for t € R, x < z*(t),
where ¢ € C'(R) is the solution of (Z2I]). Now we can define
Ky :=min{k > 0: W(t,z) > —rop(t) for t e R, x < x*(t)} .
Since W(t,z) < 0 for z € (—o0,z*(t)), t € R, due to (£23)), it is clear that k. > 0. Then,
by using the fact that W(t,2*(¢)) = 0 and W (¢, —o0) = 0, we obtain W (t,x) > —k.¢(t) with
equality at some t; € R, x1 € (—00,z*(t1)). Applying the strong maximum principle, we have

W (t,z) = k«¢(t), which is obviously impossible. Therefore, V; = V5 up to a spatial shift. This
ends the proof of Proposition O

We are now ready to complete the proof of Theorem [L.16]

Proof of Theorem [L16. Let u(t,x) be the solution of (LT]) with ug satisfying (H2). By Theorem
[LIT and Proposition [[LT5], we immediately obtain that

Qu) ={Ui(+,-+&) € €R, 1<i<N}U{p;: 0<i<N}. (4.24)

To complete the proof, it remains to find C*(]0, 00)) functions (1;)1<;<n such that statements
(i)-(iii) of Theorem [[T0] hold for the solution w(t,z) considered here. To do this, for each
i=1,---,N, let us choose a sequence (b; j,)reny C R such that

~ pi—1(0) + pi(0)
) = S )
By standard parabolic estimates, the sequence {u(t+ kT, z+b; i) }ren is relatively compact for
the topology of LS (R?). Thus, it has a subsequence that converges in L2 (R?) to an element
w € Q(u) with w(0,0) = (pi—1(0) +p;(0))/2. Furthermore, thanks to (£.24]), U;(t, x) is the only
element in Q(u) satisfying U;(0,0) = (p;—1(0) + p;(0))/2. It then follows that

u(t + kT, x + b g) — Ui(t,z) as k — oo in Lo, (R?).

loc

w(kT, b; i for each k € N.
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This immediately implies that
u(t,r +0; 11y7)) — Ui(t,x +¢;[t/T|T) — 0 as t — oo in L. (R),

where [t/T'] is the floor function of t/T.
For each i = 1,--- , N, let 1; : [0,00) — R, t + n;(t) be a C1([0,00)) function satisfying

ni(t)_‘_CiLt/TJT_bLLt/TJ — 0 as t— oo.

Then by modifying the proof of Theorem [[.I0] one can verify that (7;)1<i<n are the desired
functions. Indeed, in view of the above construction of (7;)1<i<n, the same arguments as those
used in the proof of Theorem [[LT0 can show that (7;)1<i<n satisfy statements (i)-(ii), and that
for any 1 < ¢ < N and any large M > 0,

”u(t7 LZ') = Ui(t,z — m(t))HL°°([Cit-i-m(t)—M,Cit+m'(t)+M}) —0 as t— o0

But for the approach of u(t,z) to p;(t) on the region [c;t +n;(t) + M, ¢;y1t + n;41(t) — M]), the
proof is different, since u(t,x) is not spatially decreasing any more. In such a situation, the
same result can be proved by using the fact that u(¢, ) can be bounded from above and below
by solutions with Heaviside type initial functions and that such solutions satisfy statement (iii)
of Theorem [[LTOl We leave the details to interested readers. The proof of Theorem [[LI6]is thus
complete. O

5. CONVERGENCE IN A MULTISTABLE CASE: PROOF OF THEOREM [[.19]

This section is devoted to the proof of Theorem Throughout this section, let Assump-
tion I8 hold, and let u(t, z) be the solution of (ILI)) with ug satisfying (H3). From Assumption
[LI8] and its followed discussion, it is known that there exists a minimal propagating terrace
((pi)o<i<n, (Ui, ¢i)1<i<n) connecting 0 to p, and each p; is linearly stable, i.e.,

T
. _%/0 Ouf (£, pi(0))dt > 0. (5.1)

5.1. Global convergence to minimal propagating terrace. In this subsection, we prove
statement (i) of Theorem [[LT9] that is, the solution u(t,x) converges to the minimal propagating
terrace as t — oo in L°(R). The key step is to show that, up to some error terms with
exponential decay, u(t,z) can be bounded from above and below by solutions with Heaviside
type initial data for all large times. Let us first begin with the following observation on the
behavior of u(t,z) at a certain time.

Lemma 5.1. For any € > 0, there exist a positive number ag = ag(e,ug) and a positive integer
ko = ko(e,up) such that

u(T,x;—ag) —e < u(koT,x) <u(T,z;a0) + e for x € R, (5.2)
where u(t, x; £ag) are the solutions of (L) with initial functions p(0)H (+ag — x).

Proof. We only show the second inequality in (5.2]), as the first one can be proved analogously.
Let us first set a few notations. Since sup,cp uo(x) € I} and limsup,_,  uo(x) € I_, there

exist real numbers h4 € I+ such that
hy > supug(z) and h_ > limsupug(z). (5.3)

zeR T—00
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Let Hy(t) be the solutions of (L&) with initial values hy. It then follows that
lim Hi(t+kT) =p(t) and lim H_(t+kT)=0 (5.4)
k—00 k—00

locally uniformly in ¢ € R. Furthermore, since the function f (¢, u) is of class C*! in u uniformly
for t € R, there exists L > 0 such that

|Ouf(t,u1) — Ouf (t,u2)| < Llug — ug| for all t € R, uy, ug € [0, 00). (5.5)

We now construct a super-solution of (). Set v(z) = £(1 + tanh £) for z € R. Thanks to
(B3], one finds some large number Cy > 0 such that

up(z) < hye(1—~(x—Ch))+h_y(x—C) for zeR.
Define
Wi(t,z) = Hi(t)(1 —v(z — C1 — Cat)) + H-_(t)y(z — C1 — Cat)
for t > 0, z € R, where

Coy=1+L sup |Hi(t)— H_(t)|
te[0,00)

It is clear that ug(z) < W(0,x) for x € R. Next, we check that
LW =W, — Wy — f(t, W) >0 for t >0,z € R.
Observe from (B.5) that for any ¢ > 0, = € R,
(L=f(t, Hi(t) +7f(t H-(t) — f(£, W)
Y =) (H(t) = H-()[0uf (01 Hy + (1 = 01)W) — 0u f(t,02H- + (1 — 02)W)]
> — Ly(1—7)(Hy(t) — H-(t))?
for some 0; = 0;(t,x), 03 = O(t,z) € [0,1]. Then, it is straightforward to compute that
LW = (Corf + ") (Ho (8) — H_(£)) — Tn(1 — ) (H(t) — H_(£))*.

Notice that v/ = v(1 —v) and 7" = 7/(1 — 2v). Owing to the definition of C5, we obtain
LW >0 for t >0, z € R. Thus, W is a super-solution of (II]). By the comparison principle,
we have

u(t,x) < W(t,x) for t >0, z € R. (5.6)
For any ¢ > 0, by using (&.4]), we find some ko € N such that

sup W (koT,z) < p(0) +& and limsup W (koT,z) < e.
zeR T—00

Since u(T, x;a) is decreasing in € R, and since

2131 u(T,z;a) =0, li_>m u(T,z;a) = p(0) locally uniformly in x € R,

it follows that there exists ag > 0 large enough such that
W (koT,x) <u(T,x;a0) + ¢ for z € R.

Combining this with (5.6]), we immediately obtain the second inequality of (5.2]). The proof of
Lemma 5.1 is thus complete. O

We now show the following key lemma.



36 W. DING AND H. MATANO

Lemma 5.2. There exist positive constants €y, Ko and By such that if for some a € R and
e € (0,eq], there holds

uo() < u(T,a) +e, (5.7)
then for allt > 0,
u(t,”) <0t + T, — Koe;a) + Koee 0t (5.8)
Analogously, if ug(-) > u(T,-;a) — e for some a € R and ¢ € (0,¢¢], then for allt >0,
u(t,") >t + T, + Kog; a) — Kogee P (5.9)

Proof. Without loss of generality, we assume that a = 0, and for convenience, we write u(t, x)
instead of u(t, z;a). Let ((pi)o<i<n, (Ui, ¢i)1<i<n) be the minimal propagating terrace connect-
ing 0 to p. Then there exist C*([0,00)) functions (7;(t))1<i<n such that all the conclusions of
Theorem [[.TI0] hold true. For any § € (0,1) and C > 0, let us set

N N
I5(t) := (JT5(6) i= | [pe(t) = 6,pi(t) + 0] for t €R,
=0 =0

and
N N
IIe(t) == U I (t) == U [cit +mi(t) — Cyeit +n;(t) + C] for t > 0.
i=1 1

=
To prove ([0.8)), we will use u(t, z) to construct a suitable super-solution of the solution u(t, z).
For clarity, we proceed with 3 steps.
Step 1: we show some estimates of u(t,x).
For each i = 0,--- , N, let ; be the positive constant defined in (5.1). By the C'-regularity
and the periodicity of f, there exists a small positive constant §y such that

10uf(t,0) — Buf(t, pi(1))] < % for all v € T4 (¢), t € R. (5.10)
We choose a large constant C7 > 0 such that
Ui(t, cit + Cl) C 150/3(t) for i € {1, ceey N}, t e R.

Since U;(t, x) is decreasing in « € R, we have

Ui(t, R\ [eit — C1,cit + C1]) C15y3(t) for i€ {1,---, N}, t€R, (5.11)

and we can find a positive constant p; > 0 such that
0 Ui(t,z) < —2py for ie{l,--- , N}, ze€[cit—C1—2,¢it+C1+2],t €R. (5.12)
Next, by using Theorem [[.T0]and (5I1]), we can find some 77 > 0 sufficiently large such that
cit+n;(t)+ C1 < cip1t + mip1(t) —C1—2 for t>Ty,ie€{l,---, N —1}, (5.13)

and that

u(t,R\ ¢, (t) C Ls,jo(t) for ¢ >1T7. (5.14)

Moreover, by standard parabolic estimates, we have

max |0,u(t,x) — 0, Ui(t,x —m;i(t))| =0 as t - 00 for i€ {1,---, N}.
TEllL, 5 (t)

This together with (5.12]) implies that there exists 75 > T; such that
dgu(t,x) < ax {0:Ui(t,x —mi(8)} + p1 < —p1 for x € I, 40(t), t > To. (5.15)
<i<
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Note that the following convergences

lim u(t,z) —p(t) -0 and lim u(t,z) =0

r—r—00 T—r00

hold locally uniformly in ¢ € [0, 00). There exists some constant Cy > 0 such that

{ Ut+T,2) €13 (t) for o< —Co, 0<t <D, (5.16)
Ut +T,x) €1 (1) for 2> Cy, 0 <t <Th. '
Replacing Cy by some larger constant if necessary, we may assume that

Cy > max} {—=c1t —m(t) + C1, ent +nn(t) + C1}. (5.17)

te[0,T

Since u(t, z) € C1((0,00) x R) and it is decreasing in z, there exists some constant ps > 0 such
that

min {—0,u(t + T,x) : x € [-Cy —2,Cy + 2], t € [0, T2]} > pa. (5.18)
Step 2: we introduce some notations and present our super-solution.
Let (¢;(t,7))o<i<n be a sequence of C%([0,00) x R) functions satisfying

N
> G(0,2) > 1 for x €R, (5.19)

=0
1, if z € (—o0, cit+m(t) — Ci], t € [0,00),
Co(t,l‘) = .
0, if z€[cit+m(t)—C1+2,00),te][0,00),

1, if z€ [Cit + m(t) + C4, ¢t + T]H_l(t) — Cl], t e [TQ,OO),
Gt,z) =< 0, if x € R\ [eit +mi(t) + C1 — 2, cipat +miq1(t) — C1 + 2], t € [T, 00),
0, if ZEER\[—CQ,CQ],tE [O,TQ),

for ie {1, -, N—1},
0, if € (—o0, ent+nn(t)+C1—2],t€[0,00),
CN(t’x) = .
1, if z € [ent+nn(t) + C1, 0), t € [0,00),
(5.20)
and
0<¢G <1, |at<i| < max |Cj| + 1EL |aw<2| <1 |8mc<2| <1 (5'21)
1<j<N
for (t,x) € [0,00) xR, i€ {0, 1, ---, N}. It is easily seen from the above that

Gi(t,x)¢i(t,x) =0 for x € R, t > T, whenever i # j,

INotice that the functions (n:i)1<i<N are not unique, since for any C*([0, o0)) functions (7;)1<;<n satisfying
7i(t) — 0 as t — oo for each 1 < ¢ < N, the sequence (7; + 1i)1<i<n is also associated with (¢, z) satisfying
Theorem [[LTQ} Therefore, we may assume without loss of generality that |nj(t)| < % fort >0,i=1,---, N.
This allows us to choose functions ((;)o<i<n satisfying (520) and |0:¢;| < maxi<j<n |¢j| + 1.
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and
N
Zﬁi(t,x) =1 for x € R\ I (t), t > To.
i=0
Define
N
A(t,x) =D Gt 2)bi(t) for t>0, 2 €R,
i=0
and
/ max {b )}dr for t >0,
where for each i € {0, 1, ---, N}, the functlon b; is given by
il ¢
bi(t) = exp <% +/ Ouf (T, pi(T))dT> for t > 0. (5.22)
0
Note that for each i € {0, 1, -+, N},
it
0 < bi(t) < Mexp <—“7> for ¢ >0, (5.23)
where

M= sup  exp (Mit+ /0 t 8uf(7—7pi(7—))d7—> -

te[0,T],0<i<N
This implies that b;(t) and A(¢, x) converge exponentially to 0 as t — oo, and B(t) is uniformly
bounded in ¢ > 0. Set
Yiso(maxicien el + pa/2 + 2+ 2] 0uf)

K= !
min{p1, p2}

and

0~ 2M’ KB() [’
where ||0, f|| = max{|0,f(t,u)| : uw € [-1, p(t) + 1], t € R} and B(co) = limy_, o B(t). Let
e € (0,&0] be an arbitrary constant. We will show that
V(t,z) :=u(t+ T,z —eKB(t)) + €A(t,x) for t > 0, x € R.
is a super-solution of ().

Step 3: we check that V (¢, z) is a super-solution.
When t = 0, it follows directly from (0.7) and (519]) that

ug(x) <u(T,xz)+e <V(0,z) for = €R.
When t > 0, we calculate that
LV =V = Ve — f(E,V)
= —eKB'(t)0,u +e(Ay — Ay — Ouf(t, U+ cHA)A)

for some 6 = 0(t,x) € [0,1]. Now we claim that LV > 0 for all x € R, ¢ > 0. We consider the
following four cases.
Case 1: x € R\ Iy +1(t), t > Th.
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For each i € {0,---, N}, define
Si=A{(t,z): v € R\ g 41(t), t > Tv, (i(t,x) = 1}.
One easily checks from (B.I3) and (5:20]) that
Si # 0 for each i € {0,---, N}, and S;NS; =0 whenever i+# j,
and that

N
UsSi={t2): 2 e R\ g, 11(t), t > T} (5.24)

Then for any fixed ig € {0, -+, N}, we compute on the set S;, and obtain that
LV >e(Ay — Ay — Ouf(t,u+e0A)A)
= E(b;o (t) — 8uf(t, u -+ a@bio)bio)

_ (% 40, (tpig) — Ouf(t, T+ 596i0)> ,

where the first inequality follows from the monotonicity of u in z. Notice from the choice of g
that
0<eKB(t) <1 forall ¢t>0, (5.25)

and £0b;,(t) < egM < &y/2 for all t > 0. This, together with (5.I3) and (5.I4]), implies that
U(t+T,x — KeB(t)) + ebbiy(t) € I (t) for (t,z) € Si.

Therefore, by using (5.10), we obtain LV > 0 for (t,z) € S;,. Due to (5.24) and the arbitrari-
ness of 79 € {0,---, N}, we have LV > 0 for x € R\ ¢y +1(t), t > To.

Case 2: x € ey 41(t), t > To.

In this case, it follows from ([B.25]) that @ — e K B(t) € II¢, 12(t). By using (5.10)), we have
O,u(t+ T, — KeB(t)) < —p1. On the other hand, direct calculation yields that

|A; — Ay — Ouf(t,u+ c0A)A|

N

D [(Crbs = (Ghasbi = Duf (t.70+ 6 A)Gibs + (55 + 0 (8.90)) Gibi

=0

N
max {6} D (Gl + 1(G)el + 210 F1G + iG]

0<i<N
=0

IN

< max {b}Z[maX |C]|—|— L2420, f||}

0<i<N

for all x € R, t > 0, where the last inequality follows from (E2I]). Combining the above, for
x € ey41(t), t > To, we obtain

/
LV ZstlB()—sorgllzix {b}z Lrglz—ix |cj|—|———|—2+2\|8 fH]

0<i<N

N
— £ max {b}(Kpl—Z[max ]c]\+ "2+ 2]|9, fHD
i=0

1=

Hence, by the choice of K, it follows that LV > 0 for x € Ilg, +1(t), t > Ts.
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Case 3: |x| > Cy+ 1, t € (0,T3).
In this case, from (5.I7) and (5.20), we observe that
A(t,x) =bo(t) for 2 < —-Co—1, 0<t < Ty,
A(t,x) =bn(t) for > Co+1, 0 <t <Th.
Due to (5.25), we have |v — KeB(t)| > Cs. It then follows from (G.16]) that
Ut +T,x — KeB(t)) +efbo(t) € I3 (t)  for o < —Cy—1, 0 <t < Ty,
Ut + T, — KeB(t)) +efby(t) € 15 (t)  for > Co+1, 0 <t <Th.
Thus, similar calculations to those used in the proof of Case I imply that LV > 0 for |z| >
Co+1,t€(0,T3).

Case 4: |x] < Co+ 1, t € (0,T).

In this case, we have |z — KeB(t)| < Cy + 2, whence by (G.I8]), there holds ou(t + T,z —
KeB(t)) < —p2. Then, following the lines of the proof of Case 2, we obtain that for |z| < Co+1,
tc (0, Tg),

N
LV > e max {b;} K,OQ—Z max |c-|+&+2—|—2||8uf|| > 0.
= T O0<i<N — 1<i<N J 2 -

In all cases, we have LV > 0, and hence, V(t,x) is a super-solution of (LT)). Then the
comparison principle implies that

u(t,z) <V(t,x) for z e R, t>0.

Taking
.
Ko = max{KB(oo), (N + )M} and o= 3 min {4},
we immediately obtain (B.8]). The proof of (5.9)) is analogous and we omit the details. O

Let g9, Ky and By be the positive constants provided by Lemma[5.2l It follows from Lemmas

BT and that, there exist a positive integer ky and a positive number agy such that
u(t+ T,z + Koeo; —ag) — Koege Pt < u(t + koT, ) (5.26)
< ﬂ(t + T, x + Koyeo; a(]) + K0€oe_50t ‘

for all (t,z) € [0,00) x R. In order to further show that wu(¢,x) approaches the minimal
propagating terrace as t — oo, we need the following Liouville type result.

Lemma 5.3. Let W (t,z) be an entire solution of (LIal) satisfying that for some {_ < &4 and
some i € {1, ---, N},

Ui(t,x — &) < W(t,z) <Ui(t,x — &) for teR, zeR.
Then W = U; up to a spatial shift.

Proof. This lemma follows directly from [4, Lemma 4.3] by a sliding method. Let us mention
that it can also be proved by a dynamical system approach used in an earlier work [20] (see
Corollary 8.3 and Proposition B.2 in Appendix 2 of [20]). O
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Proof of statement (i) of Theorem[L19 Let w be an arbitrary element of Q(u). Because of
(5.26l), the same arguments as those used in showing Lemma [4.1] imply that either w = p; for
some 0 < i < N, or there exist some integer 1 < i < N and some &y € R such that

Ui(t,x + & + ap) <w(t,z) < Ui(t,x + & —ag) fort € R, z € R.

Moreover, if the later case occurs, then it follows directly from Lemma that w = U; up to
a spatial shift. Thus, we have

Q) = {Us(-+€) : €€R,1<i<NYU{p;:0<i<N}.

The remaining proof is similar to that of Theorem [[L.T6, therefore we do not repeat the details
here. O

5.2. Exponential convergence to minimal propagating terrace. The aim of this sub-
section is to prove statement (ii) of Theorem [[LTI9] that is, under the additional assumption
that ¢; < ¢ < -+ < ¢y, the drift functions (7;(t))1<i<ny are convergent, and the solution
u(t,x) converges to the minimal terrace as t — oo with an exponential rate. The strategy of
the proof, which is inspired by [23, 24] for autonomous equations/systems, can be described as
follows. Let (¢;)o<i<n be a sequence of real numbers given by

G+ ¢
Goi=c1—1, G:= % for i=1,--,N—1, &n:=cn+ L (5.27)
Since ¢;, i = 1,--- , N, are mutually distinct, it is clear that ¢;_1 < ¢; < ¢; foreach ¢ =1,--- | N.

We will show that, as t — oo, u(t,z) approaches a spatial shift of the periodic traveling wave
U; uniformly in ¢;_1t < z < ¢t, and the approach is exponentially fast. In the remaining
regions, i.e., x < ¢t and = > ¢nt, we will prove that wu(t,z) converges exponentially to p(t)
and 0, respectively.

We will proceed by a sequence of lemmas. The first lemma is a simple extension of the
well known Fife-McLeod type super/sub-solutions result for bistable equations (see [11},[1]). To
state our lemma, we need a few more notations. Let ¢(x) be any C?(R) function satisfying

((x) =0 in [3,0), ((z)=1in (—o0,0], —1<{'(z) <0and |("(z)] <1 inR. (5.28)
For each i = 1,--- , N, define
Ai(t,x) = ((x)bi—1(t) + (1 — ((x))bi(t) for t >0, z € R, (5.29)
where (b;)o<i<n are the functions defined in (5.22]).

Lemma 5.4. Leti € {1,--- N} be any fized integer. If ¢ > ¢;, then there exists eg > 0 such
that for every e € (0,e0] and K € R,

Wi(t,z) = Ui(t,x + cit —ct + K) + cA(t,xz — ct)
satisfies
OW; > 0paWi + f(t,Ws) for x € R, t > 0.
Similarly, if ¢ < ¢;, then there exists eg > 0 such that for every e € (0,e0] and K € R,
Wi(t,x) :=Ui(t,x + cit — ct + K) — eA;(t,x — ct)
satisfies
W, < Opu W, + f(t,W;) for x € R, t> 0.
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Proof. This lemma can be proved by slightly modifying the arguments used in [I, Lemma 3.2].
For the sake of completeness, and also for the convenience of later applications, we include the
details below. We only give the proof in the case ¢ > ¢;, since the proof for the other case is
identical.

Remember that 9,U; = 0,,U; + f(t,U;) in (t,7) € R?. Direct calculation gives that for ¢ > 0,
r €R,

LW; 2= 0,Wi = 0paWi — f(t, W)
= (CZ‘ — c)&pUZ + 6(615142' — 8mp14@ — CawAZ — 8uf(t, U, + €0AZ)A2)
for some 0 = 6(t,z) € [0,1]. Let (pi)o<i<n be the positive constants given in (5.1I), and let

do >0, C1 > 0, p; > 0 and M > 0 be the real numbers such that (5I0), (511, (5I2) and
(523) hold. Set

. { o 2(c —¢i)p1 }
€9 = minq ——, ,
2M° M (/2 + pi—1/2 + 1+ [e] + 2[|0u f]])
where |0, f| = max{[0, f(t,u)| : v € [p;(t) =1, pi—1(t) + 1], t € R}. We will show that, for any
0<e<ey LW;>0fort>0,z€R.
Let us first check LW; > 0 when = — ¢t + K > (. Replacing C] by some larger constant if

necessary, we may assume that C; > K + 3. Then we have {(x — ct) = 0, whence A; = b; and
OpA; = Oy A; = 0. Since 9,U; < 0, it follows that

EWZ Z 6(8t14i — 8uf(t, Uz + €9A2)AZ)
= cbi (5 4+ 0uf (t.pi() = 0uf (1,Us +00) ).

By (BI0), (5.11) and the fact that 0 < efb; < §o/2, we obtain LW; > 0 when z —ct + K > C1.
In a similar way, one can conclude that LW; > 0 when z — ct + K < —C4.
For the remaining values of x and ¢, i.e., —C1 < x — ¢t + K < (7, we have

|0y A; — OpuAi — cOLA; — Ouf(t, Ui + 0.4;) Aj
<max{bi—1(t),bi(t)} (1i/2 + pi-1/2 + 1+ [c[ + 2[|0u f]]) -
It then follows from (5.12]) and (5:23]) that
LW; > 2p1(c—¢i) — eM (i/2 + pi—1/2 + 1+ |c[ +2[|8u f]]) > 0.
This ends the proof of the lemma. O

Next we show that, in the regions where the graph of u(¢,x) is flat, u(t,x) converges to the
platforms (p;)o<i<n with an exponential rate as t — oo.

Lemma 5.5. Let (¢;)o<i<n be the constants given in (5.27) and let o be any positive constant
satisfying

1
< Z H . A Ao
0<p< 1 1215\7{0, Ci—1, Ci — Ci}. (5.30)

Then there are positive constants v > 0, tg > 0 and C > 0 such that
{ u(t,z) < p(t)+Ce ", for v €R, t>t,

5.31
u(t,r) <pi(t) +Ce ™ for x> (¢;i—o)t,t >tg,i=1,---,N, ( )
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and
{ u(t,z) > pi(t) — Ce ™, for x < (¢;+o)t, t >ty,i=0,1,--- N —1,

u(t,x) > —Ce™ !, for v €eR,t>tg.

Proof. We only prove the estimates stated in (5.31]), as the proof for the others is similar.

Let H(t; ho) be the solution of (L8) with initial value hg = sup,cg uo(z). Since hg € I, it is
clear that H(t; ho) — p(t) — 0 as t — co. Moreover, by a simple comparison argument applied
to (L8)), one finds some C' > 0 and v € (0, po) (uo is the constant provided by (5.11)) such that

H(t;ho) < p(t) + Ce™" for x € R, t > 0.

On the other hand, applying the comparison principle to the equation satisfied by u(t,z) —
H(t; hy), we deduce
u(t,z) < H(t;ho) for x € R, ¢ > 0.

Combining the above two inequalities, we immediately obtain that the first inequality of (£.31))
holds for all t > 0, x € R.

Let us now turn to prove the second inequality of (B.31]). Let 1 < i < N be any fixed integer
and let M; be a large positive constant such that
) > pi—l(t);_ pi(t)
Remember that the solution u(t,x) satisfies statement (i) of Theorem One finds some
ki € N and a C! function &;(t) on [k;T,00) such that & (t)/t — ¢; as t — oo and that

Pi—1(t) + pi(t)

Ui(t,cit — M; for all t € R. (5.32)

u(t,x) < 5 for all @ > &(t), t > k;T. (5.33)
Since p < %(Ei — ¢;), replacing k; by some larger integer if necessary, we may assume
él(t) < (Ei — QQ)t — M; for all t > k;T. (534)

Let € € (0,e0] be a fixed real number, where ¢ is the positive constant determined in the first
statement of Lemma [5.4] with ¢ = ¢; — 2p (one easily sees from the proof of Lemma [5.4] that,
after making some adjustment, g can be chosen independent of 7). We claim that there exists
some large constant K; > 0 such that

u(kiT,z) < U0,z — (¢ —20)k;T — K;) +¢ for all x> &(kT). (5.35)

Indeed, in the case 1 < i < N — 1, this claim can be easily proved by using (533]), the

monotonicity of U;(0,z) in z, and the fact that limsup,_, . u(k;T,z) < p;(0). In the case

i = N, since limy_, limsup,_, . u(t,z) = 0, replacing k; by some larger integer if necessary,

we may assume limsup,_, . u(k;T,z) < e. Then the same reasoning as above implies (5.35]).
Let us define

Wi(t,z) = Ui(t,z + cit — (¢ — 20)(t + kiT) — K;) +eA;(t,x — (¢ — 20)1)
for x > &(t + k;T), t > 0, where A; is the function defined in (5:29]). Clearly, (£.35]) implies
w(k;T,x) < W;(0,2) for all x> & (k;T).
It is also easily seen from Lemma [54] that
W > OpaWi + f(t, W) for x> &(t +kT), t > 0.
Moreover, by (5.32]), (5.33) and the T-periodicity of p;_1, p;, we have
u(t + kT, &(t+ kiT)) < U;(t,eit — M;) for all £ > 0.
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It further follows from (5.34]) and the monotonicity of U;(¢,x) in x that
u(t + kT, &(t+ ki T)) < Ut &t + kiT) — (G — 20)(t + kiT) + cit) < Wit &(t + kiT))
for all £ > 0. Then, the comparison principle implies that
u(t + kT, o) < Wi(t,x) for all z > &(t + k;T), t > 0.
In particular, there exists some large time tg > k;7T" such that
u(t,x) < Ui(t, ot + cit — K;) 4+ b;(t) for all t > to, © > (¢; — o)t.

Notice from [T, Theorem 2.2] that U;(t, ot + ¢;t — K;) approaches p;(t) as t — oo with an expo-
nential rate. Moreover, we know from (5.23)) that b;(¢) converges to 0 as t — oo exponentially.

Thus, making some adjustment to the constants C' and v if necessary, we obtain the second
estimate of (5.31)). This ends the proof of Lemma [5.5 O

Since U; is a periodic traveling wave connecting two linearly stable solutions of (LX), it
is known from [I], 4] that U; is global and exponential stable with asymptotic phase. In the
following lemma, we show that this stability remains valid when there is an exponentially
decaying inhomogeneity in the equation. Similar results can be found in [23] Lemma 6.23] and
[24, Theorem 3.1] for autonomous equations/systems.

Lemma 5.6. Assume that g(t,z) is a continuous function on [0,00) x R such that for some
positive constants K > 0 and v > 0, there holds

lg(t, )| < Ke " for all z € R, t>0. (5.36)
Let w(t,z) be a solution of
Wy = Wae + f(t,w) +g(t,x) for zeR, t>0
satisfying
inf [lw(t, ) = Ui(t, = n)llzee@w) — 0 as t — oo, (5.37)
neR
for some 1 < i < N. Then there exist v > 0, 7; € R and C > 0 such that
Jw(t,-) = Us(t,- — ;)| oo gy < Ce™* for all t > 0.
To prove this lemma, we need the following local stability of U;.

Lemma 5.7. For each i = 1,--- ,N, U; is local stable in the following sense: there exist
0* € (0,1), p* € (0,1) and k* € N such that for any ¢ € C(R) satisfying

min <) —=U; 0,’ — oo < 5*,
nelR () — Ui( M) Loo(r) <
there hOldS

i k*T . - 7 y T oo < * 1 . — 7 P [o'e] 5
I;g%g””( ;5 0) = Ui (0, =)l poomy < ggﬂgllw() Ui(0,- =) Lo ()

where v(t, ;1) denotes the solution of (LII) with ug replaced by ).
Proof. This lemma follows directly from the proof of [I, Theorem 3.6]. U
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Proof of Lemma[5.8. Let 6* € (0,1), p* € (0,1) and k* € N be the constants provided by
Lemma (5.7l Making p* € (0,1) larger if necessary, we may assume that

I (5.38)

where v > 0 is the exponential decay rate of ¢ in (5.36]). Due to the assumption (5.37]), one
finds some j* € N such that

miﬂI{} |w(t, ) = Us(t, —n)|lpeo@ < 6 for all t > j*T.
ne

For each j > j*, set
Z](th) - w(t7x) - U(t _]Tawi(jT7)) for z € Ra t > ]Ta

where v(t,x;w(jT,-)) is the solution of (L) with ug(-) replaced by w(jT,-). It is clear that
Z; satisfies the following inhomogeneous linear parabolic equation

OZ; = 0paZi +cj(t,x)Z; + g(t,x), zeR, t>jT,
{ Zi(§T,z) =0, z €R,
for some bounded function ¢;(t, z). One easily checks that
lej(t,z)] < Cy for x € R, t > 5T, j > j*,
where C1 = max{|0, f(t,u)| : v € [-1, p(t) + 1], t € R}.
We claim that
1Z(t, Mz @y < Cae™ T for all jT <t < (j + k)T, (5.39)

for some positive constant Cy independent of j > j*. Since g(¢,x) satisfies ([5.30]), it follows
from the comparison principle that

H_(t) < Zj(t,z) < Hy(t) for z € R, jT <t < (j+ k*)T,
where H are the solutions of the following ODEs
dH
dt

Making some adjustment to C; if necessary, we may assume that Cy > +. Then direct calcu-
lation yields

=+C1Hy £ Ke " for jT <t < (j+k"T; Hy(jT)=0.

——— e T T < Zi(t 1) < K 1k o= T
G- =400 S50
for all x € R, jT <t < (j + k*)T. This immediately implies that (539]) holds with

* K *
O — kT Cik T}‘
9 max{cl_fye C1+7e
Next, we prove that
meiﬁg [w(mk*T, ) — Ui (0, — )| pee(m) < C3(p™)™ for all m € N (5.40)
1

for some positive constant C'3 independent of m. Clearly, for each m > 1, we have

min ||w(mk*T,-) — U;(0,- — 77)HL°°(R)
neR

< N Z =)k (MET, -)|| oo m) + I;gg |v(K*T, - w((m — DET, ) — Ug(0,- — 1)l oo (m)-
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Let m* be the least integer such that m*k* > j*. It then follows from Lemma [5.7] and (5.39)
that for all m > m*,

min [|w(mk*T,-) — Ui(0, — )| Lo w)
neR

< Coe VMTIRTT e min [|w((m — VKT, ) = Ui(0, - = n)llz=@)

Notice that [[w(m*k*T,-) — U;(0,- — )|z @) < o*. Then by a simple induction argument, we
deduce that for all m > m*,

m—m*
min [10(m* T ) U0, )|y € 3 Coe IR T ()1 4 g iy
ne
=1
By using (5.38)), we obtain that for all m > m*,
e—'y(m*—l)k*T

min |w(mk*T,-) = Us (0, — )| oo ) < sz

(N*)m—m* + o* (M*)m—m* )
This implies that (5:40) holds with some C3 > 0 (independent of m).
Finally, choosing v = — In pu*/k*T, we see from (.40) that
min [[w(mk*T,-) = Ui(0,- = )| z=(z) < C3e ™™ T for all m e N.
ne
Then, similar comparison arguments to those used in proving (5:39]) imply that, for each m € N,
there exist positive constants Cy and C5 (both are independent of m € N) such that
min [|w(t, ) = Uit = n)l|zooz) < Cae™™7 4 Cre™ T
ne

for all mk*T <t < (m+ 1)k*T. Since v < 7 because of (5.38]), one easily derives that
meiﬂg |w(t,-) = Us(t,- = n)ll Loy < (Ca + Cs5)e’" Te ™ for all t > 0.
U
This ends the proof of Lemma O

Now we can complete the proof of Theorem [[.T9] (ii) by showing the following lemma:

Lemma 5.8. Let (¢;)o<i<n be the constants given in (5.217). There exist C > 0, v > 0 and
to > 0 such that

lu(t,z) — Ui(t,x — ;)| < Ce ™ for g1t <ax <&t t>tg,i=1,---, N, (5.41)
for some 1; € R.

Proof. Let i =1,--- , N be any fixed integer and let ¢ be a positive constant satisfying (5.30]).
We first choose some large tg > 0 such that

{ (Ei_lt — 3, Ei_lt] C ((éz'—l — Q)t, (Ei—l + Q)t)
[Eity Eit + 3) - ((Cz - Q) (Cz + Q) )

Since u — p;—1 and u — p; are solutions of linear parabolic equations, by standard parabolic
estimates, we obtain some C7 > 0 such that

{ lug (t, x)| < Ctlu(t,z) — pi_1(t)| for all & 1t —3 <z < &_1t, t > to,

for all t > tg.

luz(t, )| < Cilu(t,x) —pi(t)| for all ¢t <z <¢&t+3,t> to.



TIME-PERIODIC REACTION-DIFFUSION EQUATIONS 47

It then follows from Lemma that there exist v > 0 and Cs > 0 such that, possibly after
replacing ¢ty by some larger constant,

lug (t, )| < Ce™" for all x € [6;_1t — 3, G_1t] U [Et, &t + 3], t > to. (5.42)
Next, we define a function w(t, z) on [tg,00) X R by
wlt.z) = { C(x — (Gi—1t — 3))pi—1(t) + (1 — {(z — (¢;—1t — 3)))u(t,z) for x= < ¢,
C(x —ct)u(t,x) + (1 — {(x — ¢it))pi(t) for z > ¢t,
where ((z) is a C%(R) function satisfying (5.28). It is easily seen that w € CY?([tg, 00) x R),

and that
pi—1(t) if x <&t —3,t >y,

w(t,z) = ult,z) if ¢t <z < et t > o, (5.43)
pi(t) it x >¢t+3,t>t,
Set
g(t, ) = wp — wey — f(t,w) for z e R, t > tp.
Clearly, g(t,x) is continuous on [tg,00) X R and
g(t,z) =0 for x € (—o0, ¢G_1t — 3] U [¢i_1t, Gt] U [cit + 3, 00), t > 1.
We claim that there exists some constant C'5 > 0 such that
lg(t, x)| < Cze™ (5.44)
for all z € [Ei_lt — 3, Ei_lt] @] [Eit, cit + 3], t > ty. Indeed, when = € [Ei_lt -3, Ei_lt], t > 1o, it
is straightforward to calculate that
g(t,x) = (¢"+ &) (u—pi—1) + (1= O (f(t,u) — f(t,pi-1))
+ (f(tpim1) = f(t,w) + 2Cua(t, ),
where ¢, ¢! and ¢” stand for ((z — (¢;_1t — 3)), ('(x — (Gi—1t — 3)) and ("(z — (Gi—_1t — 3)),
respectively. Due to the C''-regularity and the T-periodicity of f, it then follows from Lemma
B5 and (5:42) that (5:44) holds for x € [¢;_1t — 3, ¢;_1t], t > to. The proof for = € [¢;t, ¢t + 3],
t > tg is analogous, therefore we omit the details.
Finally, let 7;(t) be the C1([0,00)) function provided by Theorem [LT (i). By our choice of
(¢j)o<j<n, it is easily checked that
u(t, ) — Ui(t, - = ni() oo (je;1t,e¢) — O as t — oo.
Then, by using Lemma 5.5 (5.43]) and the asymptotics of U;(t, ¢;t + x) as © — +oo, we deduce
that
[w(t,-) = Ui(t, - = ni(t) |l e @) = 0 as t — oo.
Therefore, all the conditions of Lemma[5.6] are fulfilled. Consequently, there exist v > 0, 77; € R
and C > 0 such that
|w(t, ) = Us(t, — 7))l Lo (r) < Ce™ for all t > 0.

This together with (5.43]) immediately gives (5.41]). The proof of Lemma 5.8 is thus complete.
(]

It is clear that Theorem (ii) follows directly from Lemmas [5.5] and [5.8]
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