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SPARSE GRID CENTRAL DISCONTINUOUS GALERKIN METHOD FOR LINEAR
HYPERBOLIC SYSTEMS IN HIGH DIMENSIONS

ZHANJING TAO *, ANQI CHEN f, MENGPING ZHANG *, AND YINGDA CHENG 8

Abstract. In this paper, we develop sparse grid central discontinuous Galerkin (CDG) scheme for linear hyperbolic systems
with variable coefficients in high dimensions. The scheme combines the CDG framework with the sparse grid approach, with
the aim of breaking the curse of dimensionality. A new hierarchical representation of piecewise polynomials on the dual mesh
is introduced and analyzed, resulting in a sparse finite element space that can be used for non-periodic problems. Theoretical
results, such as L? stability and error estimates are obtained for scalar problems. CFL conditions are studied numerically
comparing discontinuous Galerkin (DG), CDG, sparse grid DG and sparse grid CDG methods. Numerical results including
scalar linear equations, acoustic and elastic waves are provided.
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1. Introduction. In this paper, we develop sparse grid central discontinuous Galerkin (CDG) method
for the following time-dependent linear hyperbolic system with variable coefficients

ou zd: A(A;(t, x)u)

i=1

subject to appropriate initial and boundary conditions. In the expression above, d > 2 is the spatial dimension
of the problem, u(t,x) = (u!(¢,x),--- ,u™(t,x))? is the unknown function, A;(t,x) € R™*™ i =1,...,d
are the given smooth variable coefficients. We assume Q = [0,1]¢ in the paper, but the discussion can be
easily generalized to arbitrary box-shaped domains. The model arises in many contexts [I7], such as
simulations of acoustic, elastic waves, and Maxwell’s equations in free space. The scheme we develop in
this paper can also apply to the case when A;(¢,x) is defined through another set of equations that can be
nonlinearly coupled with u, such as the models in kinetic plasma waves and incompressible flows.

Many numerical methods, including finite difference, finite volume, finite element, spectral methods
etc., have been developed in the literature for addressing different challenges in various applications.
The focus of this paper, is to design a class of conservative numerical schemes, with high computational
efficiency, for system when d is large. It is well known that any grid based method suffers from the
curse of dimensionality [2]. This term refers to the fact that the computational cost and storage requirements
scale as O(h~?) for a d-dimensional problem, where h denotes the mesh size in one coordinate direction,
while the approximation accuracy is independent of d. To overcome this bottleneck, sparse grid methods
[361 Bl [7] were introduced to reduce the degrees of freedom for high-dimensional numerical simulations. Sparse
grid techniques have been incorporated in collocation methods for high-dimensional stochastic differential
equations [35] [34] 25] 23], finite element methods [306] [3, 28], finite difference methods [9, [I1], finite volume
methods [14], and spectral methods [10, [8 29} [30] for high-dimensional PDEs.

In recent years, we initiate a line of research on the development of sparse grid discontinuous Galerkin
(DG) methods [33, 12], I3]. The DG method [] is a class of finite element methods using discontinuous
approximation space for the numerical solution and the test functions. The Runge-Kutta DG scheme [5]
developed in a series of papers for hyperbolic equations became very popular due to its provable conver-
gence, excellent conservation properties and accommodation for adaptivity and parallel implementations.
The sparse grid DG method designed in [12] is well suited for time-dependent transport problems in high
dimensions, reducing degrees of freedom of from O(h~%) to O(h~!|logy h|9~!), maintaining conservation,
with provable convergence rate of O(|log, h|*h*+1/2) in L? norm when the solution is smooth. Similar to
[12], in this paper, we restrict our attention to smooth solutions of . It is known that for non-smooth
solutions, adaptivity should be invoked to capture discontinuity like structures. This can be achieved using
the idea in [13] and is left for our future work.
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Based on the scheme constructed in [12], the goal of the present paper is to design and analyze the
sparse grid CDG method. The CDG schemes [I8), 20, 21] are a class of DG schemes on overlapping cells
that combine the idea of the central schemes [24, [16] 19] with the DG weak formulation. Such methods
are intrinsically Riemann solver free, therefore no costly flux evaluations are needed in the computation.
It is well known that the CDG schemes allow larger CFL numbers than the standard DG methods except
for piecewise constant approximations [20, [26]. This compensates the increased cost caused by duplicate
representation of the solution on the dual mesh. Motivated by this, we develop sparse grid CDG method
that avoids the evaluation of numerical fluxes. We investigate stability, convergence rate and CFL condition
of the resulting scheme. A novelty of this work is the design of the scheme for non-periodic problems, where
a new hierarchical representation of the solution is presented, which results in a sparse finite element space
that can be defined on the dual mesh. L? projection results are studied for this space, which helps the
convergence proof of the schemes for initial-boundary value problems.

The rest of this paper is organized as follows: in Section[2] we construct the sparse grid CDG formulations
for periodic and non-periodic problems, and perform numerical study of the CFL conditions. In Section
we prove L? stability and error estimates for scalar equations. The numerical performance is validated
in Section [4] by several benchmark tests, including scalar transport equations, acoustic and elastic waves.
Conclusions and future work are discussed in Section Bl

2. Numerical methods. In this section, we define and discuss the properties of the proposed sparse
grid CDG methods. For convenience of notations, we rewrite (|1.1) in a component-wise form as

l
%-FV-(Al(t,x)u):O, I=1,---,m, x€q, (2.1)
where Al(t,x) = (A} (¢,x), -+, A4(t,x))T € R¥*™ denotes a collection of the I-th row of each matrix A;.
The problem is solved with given initial value u(0,x) = ug(x), and periodic or Dirichlet type boundary
conditions.

We proceed as follows. First, we introduce the scheme for periodic problems. In this setting, the
finite element space on the primal and dual mesh can be defined in similar ways. Then, we discuss the
implementation details and perform numerical study of the CFL conditions. Finally, we consider the more
complicated non-periodic problems, for which a new sparse finite element space will be introduced on the
dual mesh.

2.1. Periodic problems. To define the sparse finite element space, we first review the hierarchical
decomposition of piecewise polynomial space in one dimension [33]. Consider a general interval [a,b], we
define the n-th level mesh €, ([a,b]) to be a uniform partition of 2" cells with length h, = 27"(b — a) and
Il =la+jhn,a+ (j+1)h,], 5=0,...,2" — 1, for any n > 0. Let

VE(a,b]) ;= {v:ve PYIJ),Vj=0,...,2" -1}
be the usual piecewise polynomials of degree at most k on €2,. Then, we have the nested structure
Ve ([a,0]) € Vi*([a, b)) © V5 ([a, b)) € V5*([a,B]) € -

Similar to [33], we can now define the multiwavelet subspace W/ ([a,b]), n = 1,2,... as the orthogonal
complement of V,* | ([a,b]) in V,*([a,b]) with respect to the L? inner product on [a,b], i.e.,

Vi (la,0) @ Wiy ([a, 8]) = Vi ([ B]), - Wiy ([a.b]) L Vi ([a, b))

n

For notational convenience, we let Wk ([a,b]) := V{([a,b]), which is the standard piecewise polynomial
space of degree k on [a,b]. This gives the hierarchical decomposition V,*([a,b]) on Q, as VF([a,b]) =
®O§l§n Wlk([aa b]).

For a d dimensional domain [a, b]¢, we recall some basic notations about multi-indices. For a multi-index

a= (a1, ,aq) € Nd, where Ny denotes the set of nonnegative integers, the [* and [° norms are defined
as
laq = E oy, |a]oo := max a.
=1 1<4i<d



The component-wise arithmetic operations and relational operations are defined as

a-B:=(a1b,...,aqB4), c-a:=(cay, ..., caq), 2% = (2%,...,2%),

a<fBesa;<p,Vi, a<pBesa<pPand a#p.

By making use of the multi-index notation, we denote by 1 = (I1,---,l4) € N the mesh level in a
multivariate sense. We define the tensor-product mesh grid Q([a,b]?) = @, ([a,b]) @ --- @ ,([a,b]) and
the corresponding mesh size hy = (hy,,- -, hy,). Based on the grid €, we denote by If ={x:mcli=
1,--+,d} as an elementary cell, and

Vi([a,0]") = {v:v(x) € Q"H), 0<j<2' =1} =V ([a,8]) x -+ x V¥, ([a,])
as the standard tensor-product piecewise polynomial space on this mesh, where Q* (If) denotes the collection
of polynomials of degree up to k in each dimension on cell [j. If 1 = (N, -+, N), the grid and space will be
further denoted by Qn([a,b]?) and V& ([a,b]?), respectively.
Based on a tensor-product construction, the multi-dimensional increment space can be defined as

Wi ([a,0]7) = W} ., ([a.b]) x - x Wi o, ([a, B]).

Therefore, we have V% ([a,0]) = @p|..<n W ([a,b]?). The sparse finite element approximation space we
1eNg
consider, is defined by

Vi([a,b)) == €D Wi([a.b)").

<N
1eNg

This is a subset of V% ([a,b]?), and its number of degrees of freedom scales as O((k + 1)?2V N4=1) [33],
which is significantly less than that of Vf\,([a, b]%) with exponential dependence on Nd. This is the key to
computational savings in high dimensions.

The standard CDG schemes [18, 20] is characterized by numerical approximations on two sets of overlap-
ping grids: primal and dual meshes. Now, we are ready to incorporate the sparse finite element space defined
above into the CDG framework. For the domain under consideration Q = [0, 1]¢, we let Qy p := Qn ([0, 1]¢)
be the primal mesh and Qu p, which is the periodic extension of Qx([—hn/2,1 — hy/2]%) restricted to
[0,1]9, be the dual mesh. Similarly, we let \A/'?V’P = V& ([0,1]%) and V?V)D to be the periodic extension
of VE ([—=hn/2,1 — hy/2]?) restricted to [0,1]%. Here and below, the subscripts P and D represent the
quantities defined on the primal and dual mesh, respectively.

The approximation properties for the sparse finite element space have been established in previous work
B3, 12]. By using a lemma in [I2], we can have estimates for L? projection operator onto the spaces

Vi.p Vip-
To facilitate the discussion, below we introduce some notations about norms and semi-norms. Let
G = P, D, on primal or dual mesh Qn g, we use [ - || g+ (y o) to denote the standard broken Sobolev norm,

ie. HU”?{S(QN,G) =Y o<j<on_1 [|v]|? Ly where ||U||H5(1§v,c) is the standard Sobolev norm on vayc, (and

s = 0 is used to denote the L? norm). Similarly, we use |- |+ (o) tO denote the broken Sobolev semi-norm,
and || - |z=(.6)s | |Ho(01¢) to denote the broken Sobolev norm and semi-norm that are supported on a
general grid ) ¢. For any set L = {i1,...49,} C {1,...d}, we define L¢ to be the complement set of L in
{1,...d}. For a non-negative integer o and set L, we define the semi-norm on any domain denoted by €’

o o
|’U|Ha,L(Q/) = ({91"?‘ axq v

)

L2(QY)
and
V|yat1i(Qr) +=— Imax max V|ga+1,L(Q
@) = max | ax | elieee@n )
|L|=r
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which is the norm for the mixed derivative of v of at most degree ¢ 4+ 1 in each direction. In this paper, we
use the notation A < B to represent A < constant X B, where the constant is independent of N and the
mesh level considered. The following results are obtained from Lemma 3.2 in [12].

LEMMA 2.1 (L? projection estimate). Let Pp,Pp be L? projections onto the spaces Vﬂ“\,,P,V?\,’D,
respectively, then for k > 1,1 < q < min{p,k}, and v € HPT1(Q), which is periodic on Q, N > 1, d > 2, we
have for G = P, D,

Nd2—N(Q+1)|U|Hq+1(Q) s=0,

2.2
Q_Nq|’1}|7_[q+1(9) s=1. ( )

Pov —v|gsan.e) S {

This lemma shows that the L? norm and H' semi-norm of the projection error scale like O(N42~N(k+1))
and O(27"*) with respect to N when the function v has bounded mixed derivatives up to enough degrees.
This lemma will be used in Theorem [3:2] to establish convergence of the scheme.

Now, we are ready to formulate the sparse grid CDG scheme. Below we review some standard notations
about jumps and averages of piecewise functions. With G = P or D, let T}, ¢ be the collection of all
elementary cell Igv,Gv I'vg:= UTeQN . 9T be the union of the interfaces for all the elements in Qy ¢ (here we

have taken into account the periodic boundary condition when defining I'y ) and S(T'g) := Hreqy o L?(0T)
be the set of L? functions defined on I'y . For any ¢ € S(I'y.¢) and q € [S(I'w.¢)]?, we define their averages
{q},{q} and jumps [g], [q] on the interior edges as follows. Suppose e is an interior edge shared by elements
T, and T_, either on primal or dual mesh, we define the unit normal vectors n* and n~ on e pointing
exterior of T, and T_, respectively, then

[q = ¢ n +qnt, {¢}= %(q‘+q+)7

- 1, _
[ = a”-n” +a" ', {a}=3(@ +a)
The semi-discrete sparse grid CDG scheme for ([2.1)), based on the weak formulation introduced in [18][20],
is defined as follows: we find u!, € VfV)P and v}, € V’&D, such that VIi=1,--- ,m

1
/ (ulh)t op dx == / (v;l — uﬁl) op dx + / Al(t, x)vp, - Vo, dx — Z /Al(t, x)vp - [pn]ds,  (2.3)
Q max JQ Q e

ecl'n, p

/Q(vﬁb)td)h dx = /Q(ulh — vh) by dx +/QAl(t,x)uh -V dx — Z /eAl(t,x)uh [rlds,  (2.4)

T
max eel'n, D

for any ¢, € \A/'?V’P and vy, € V?V)D, where u, = (up, -+ ,uf), vy, = (v}, -+ ,v") and Timax iS an upper
bound for the time step due to the CFL restriction (see Section for detailed discussions).

2.2. Discussions on implementations. Here, we briefly discuss some details about the implementa-
tion of the scheme. We perform the computation by using orthonormal multiwavelet bases constructed by
Alpert [1]. In 1D, the bases of W}([0, 1]) are denoted by

and they satisfy f; v; l(x)vii y(@)dx = 6pp 855001 . Figures |2.1(a)| and |2.2(a)| provide illustrations of the basis

functions for k = 0,1 and [ = 0, 1,2. The bases in W}* in multi-dimensions are defined by tensor products
. d X
Us = Up = iji,li(xi)a pi=1,-,k+1, j =0, max(0,2" " —1),
i=1

where we have used the notation s = (1,j,p) and s; = (I;, ji;, p;) to denote the multi-index for the bases.

As for temporal schemes, we can use the total variation diminishing Runge-Kutta (TVD-RK) methods
[32] to solve the ordinary differential equations for the coefficients resulting from the discretization. To
calculate the right-hand-side of —, the fast matrix-vector product by LU split or LU decomposition

4



algorithms [30, B1l 27] can be applied, by which one can decompose all calculations into one dimensional
operations. Below, we briefly describe the LU decomposition algorithm for the calculation of the following
matrix-vector product which appears at the right-hand-side of (2.3)-(2.4])

bj = Z fst;l:jl T tgld’jd’
s:[11 <N

where fs can be the coefficient of the basis in sparse grid space and tihjﬂ i=1,---,d, are the corresponding
one-dimensional transform of coefficients from basis v, to basis v}, in the i-th dimension in our scheme. Note
that we have n = 2V (k + 1) one-dimensional bases in each dimension, and we use v, to denote the s;-th
basis. The bases are ordered according to grid increment. Using Algorithm 1 in [31], we should calculate
all the one-dimensional transform along each direction associated with a block lower triangular matrix,
and then calculate all the one-dimensional transforms having a block upper triangular structure. The fast

matrix-vector product fs — b; on sparse grid with LU decomposition can be proceeded as follows.
1. Calculate (block) LU decomposition t ; = Y0 _ (PI)% ., (uQ)s, 5, 8,5 = 1,--- ,n, fori =1,--- .d,

where P?, Q)" are the permutation matrices, I*, u* are lower and upper triangular matrices.

2. Compute the transform with a (block) lower triangular matrix for i = 1,--- , d,
bSl,"- S8 1,80,8i41, ,8d = qu‘,il1+~"+ld§N fS(Pl);,s;
3. Compute the transform with a (block) upper triangular matrix for i = 1,--- ,d,

bs ZS;1l1+'"+li—1+l;+li+1+“'+ldSN bSlw" 75i71’5;’5i+1"" ,Sd (UQ)Z:,& :

Note that in step 1, the LU decomposition pivots only from rows or columns in the same mesh level to
maintain the hierarchical structure. This pivoting can be successfully done in the sparse grid CDG scheme,
but not in the sparse grid DG scheme, for which additional splitting of the flux terms are deemed necessary
for variable coefficient case.

For the integrals involving variable-coefficient, we use Gaussian quadrature to compute these terms. Since
these integrals are multi-dimensional integrations, we use the so-called unidirectional principle to separate
the integration into multiplication of one-dimensional integrals. For example, if ¢(x) = ¢1(x1) - pa(zq) is
separable,

¢x)= [ o) | Pa(xa).
Q

[a,b] [a,b]

When the variable coefficient A;(¢,x) is separable, we can use unidirectional principle directly. If it is not
separable, we can find A%(¢, ) as the L? projection of A;(t,x) onto the sparse grid finite element space, and
then use A%(t,z) to compute the integrals.

2.3. Discussions on CFL conditions. It is well known that the CDG schemes allow larger CFL
numbers than the standard DG methods except for piecewise constant approximations [20, 26]. Here,
we perform a numerical study of the CFL conditions of DG [5], CDG [21], sparse grid DG [12], and the
sparse grid CDG schemes. We only consider the two-dimensional case solving constant coefficient equation
Ut + Uy, + Uy, = 0 for now. The results are listed in Table @ The CFL number of DG method is obtained
from Table 2.2 in [5]. The rest of the table is computed by eigenvalue analysis of the discretization matrix,
and by requiring the amplification of the eigenvalues to be bounded by 1 in magnitude. We observe that
the sparse grid DG method has CFL number that is about two times the CFL number of the standard DG
method. The sparse grid CDG method offers the largest CFL conditions among all four methods. Here, as
a side note, we find that the CFL number for two-dimensional CDG method is larger than the CFL number
for one-dimensional CDG method in [2I]. This table shows that one advantage of the sparse grid CDG
method is the ability to take large time steps for time evolution problems. In general, further numerical
results suggest that for equation u; + ciuz, + caty, = 0, the CFL number for sparse grid DG and sparse grid
CDG method will change with the value of the coefficients ¢, co. Results in higher dimensions are yet to be
studied. A preliminary calculation shows that for equation u; + 4z, + Uz, + sz, = 0 the CFL conditions for
CDG, sparse grid DG and sparse grid CDG methods in 3D are all higher than those for the 2D case in Table
The sparse grid CDG method still possesses the largest CFL number among all four methods. Those
interesting issues will be investigated in our future work.

2.4. Non-periodic problems. Here, we consider non-periodic problems, where equation (1.1]) or (2.1))
is supplemented by Dirichlet boundary condition on the inflow edges. In this case, we can no longer use
5



TABLE 2.1
CFL numbers of the DG method, CDG method, sparse grid DG method and sparse grid CDG method with piecewise degree
k polynomials, Runge-Kutta method of order v for Example with d=2. The CFL numbers of the sparse grid DG/CDG
methods are measured with regard to the most refined mesh hy .

DG CDG sparse grid DG sparse grid CDG
k 1 2 3 1 2 3 1 2 3 1 2 3
v=21033 - - 048 - - 0.66 - - 087 - -

v=31|040 020 013|066 036 024|081 041 025|117 065 0.44
v=4|046 023 014 | 090 052 035|092 046 0.28 | 1.58 094 0.62

periodicity to define the finite element space on the dual mesh, and a new grid hierarchy needs to be
introduced.

Recall that for standard CDG methods with non-periodic boundary condition on the domain [0, 1], the
finite element space on dual mesh with cell size h,, = 1/2" is represented by

Vip={v:ive PXI ), Vj=0,...,2"}, (2.5)
where the mesh is partitioned as

I,

5 . 1 . . n n
Bp=0.2] Bp=[-hnG+halj=12" =1, Ep=[1-

—,1
2 7}7

2
which consists of 2 — 1 cells of size h,,, and two cells at the left and right ends of size h,, /2. It is easy to see
that this space does not have nested structures, i.e. V 1p ¢ V 'p- Therefore, we need a new hierarchy to
define the increment polynomial spaces.

For a fixed refined mesh level IV, we define the following grid €2, y.p onlevel [, [ = 0... N, by a collection
of cells as

h hn h ) h
IIO,N,D:[OWl—?N]v Il]ND [jh — 5 (J+1)hl—7N] j=1,....2" -1, IZND_[I_TNalL
which consists of 28 — 1 cells of size h;, and a cell at the left end of size h; — ¥, and a cell at the right end of

size hZN . This grid structure is naturally nested, and therefore Vl ~v,p Which con51sts of piecewise polynomials

of degree k defined on ) n p are also nested, and V]@’ ND = V/\?, p as defined in (2.5).
Then the definitions of sparse finite element space in Section [2.I] can be naturally extended here. We let
Wl’fN,D, [ =1,...N be a complement set of Vl’iLN,D in VZI,CN,Dv ie.

k ko _ 1k
VEiND®WiND =ViND-

However, we no longer require Wz’?N, p to be L? orthogonal to V}* 1.n.p» because such definition will be
difficult to implement in practice. Instead, we define Wz]fN, p to be a span of basis functions that are shifted
basis functions of Wl’C space defined in Section namely,

hn hn

WllfN,D = VVlk([_f 1

9 _7])’[0’1]3 ZZL

By denoting W0 N.D = Vok ~,p» We have decomposed VN p = @o<i<n Wk - Hustration of basis functions
by such definitions for k = 0,1 and [ =0,1,2 can be found in Figures 2.1(b)| and 2.2(b)} The dimension of
W&N,D is 2(k + 1), while the dimensions of VVLN’D, I=1,...N are 2= 1 (k + 1).

Finally, the sparse finite element space on the dual mesh of domain [0, 1]¢ is defined as

VND @ WlNDa

<N
1eNg

where Wl ND = VVII)N Dy X 'XWlIZ,N,D,zd' This is a subset of the full grid space Vﬁ,’D = @Dj<n WfN,D,
1eNg
and its number of degrees of freedom scales as O(2971(k + 1)92¥ N9=1) (the proof is similar to Lemma 2.3

6



n [33]), which is larger than that of \A/'fv p, but still significantly less than that of V?\h p Wwith exponential
dependence on Nd.

We will now investigate the approximation property of the space V’f\r p- We can obtain the following
result, which essentially states that the L? projection onto this newly constructed space has the same order
of accuracy as Pp,Pp in Lemma [2.1

LEMMA 2.2 (L? projection estimate onto vap ). Let Pp be the L? projection onto the space \Nfﬂ“\,yD,
then for k> 1,1 < q <min{p,k}, and v € HPT1(Q), N > 1, d > 2, we have

Nd2_N(q+1)|’U|’H(I+1(Q) s = 07

2.6
27Nq|1}|7_[q+1(g) s=1. ( )

Pov— vl (o) S {

Proof. The proof follows same procedure as Appendix A in [I2]. We will mainly highlight the difference
in the proof (see Steps 1 and 2 below). The main difference lies in the fact that all the hierarchical spaces
(and associated projections) have dependence not only on /, but also on the finest mesh level N.

Step 1: Decomposition of P p into tensor products of one-dimensional increment projections. We denote
PFy p as the standard L? projection operator from L?([0,1]) to V/%y ,, and the induced increment projection

Qk ._ PZI,CN,Dfplkfl,N,Da ifl=1,...N,
pb P(iN,Dv ifl =0,

and further denote

Dk L k k
Phpi= Y Qf Npuw @ OQf N D
<N
1eNd

where the last subindex of Qﬁ N.D.z; ndicates that the increment operator is defined in z;-direction. We
can verify that Pp = Plfv,n In fact, for any v, it’s clear that f”fV’Dv € \Nf’f\,’D. Therefore, we only need

/(lalji,,Dv —v)wdx =0, Yw e \Qflf\,’D. (2.7)
Q

It suffices to show (2.7)) for v € C°°(Q) which is a dense subset of L?(). In fact, we have
v = P’mev +v— Plf\hD’u,

where P’f\hD = PJ’\“LN,D% ® - ® PN N,D,z, is the L? projection onto the full grid space V?\/’,D' Therefore,

/ (f’lfV7Dv — v)wdx = / (f’f\,)Dv - P’f\LDv)wdx + / (v— PﬁhDv)wdx
Q Q Q

B _/Q( Z thNvall ®”.®Q;€J,N7D7Idv)’wc£x'

Moo <N, [1[1 >N
1eNg

The last term in the first row of the equality above vanishes because w € \N/"fv p C va, p- In addition, for
any 1 > 1, ¢ € L*([0,1]), 0 € V/*, v

/ Qi n.p9 pdz = / (I - P, np)oeds */ (I - Py p)opdr =0,
[0,1] [0,1] [0,1]

Therefore, by properties of the tensor product projections
/(Pf\,’DU —vwdx =0, Ywe VfV7D,
Q

and the proof for Pp = f”fv,D is complete.



Step 2: Estimation of the increment projections. For a function v € HP*1([0,1]), we have the conver-
gence property of the L? projection Pl’fN)D as follows: for any integer ¢ with 1 < ¢ < min{p, k}, s =0, 1,

|P)lIfN7DU - ’U|H5(Ilj,N,D) < Ck,S;‘I(hg,N)((rFliS)‘/U|Hq+1([lijyD)7 .] = 1) T a2l - 17
hy—hy/2, j=0
where the mesh size hj = { hy, j=1,---,2t -1,

hN/27 Jj= 2.
The estimation above directly applies for Qg’ ND = Péf n.p- For I > 1, by simple algebra, we have

k ~ —Il(qg+1— . l
|Ql’N’Dv|HS(If.N,D) S Ck,s,q2 (a S)|U|H‘1+1(IZLZ/12}\] D)a J= 27 e a2 - 17
k 1— 1— -
|QZ7N’D1]|HS(I;N D) S CkavQ(hl)(QJr S)|v|Hq+1(ILjN D) + Ckvqu(hl—l - hN/2)(q+ S)|U|Hq+1(fzo_1,N,D)’ J= 07 1’
~ —1 1—
< B2 S)|U|Hq+1(I?,1,N,D)’

k _
|QI7N,DU|Hs(1l2,lN7D) =0,

with €, s ¢ = ci5,4(1 + 20H1=5),
The rest of the proof is then very similar to Appendix A in [12], and is omitted. O

We now provide a numerical validation of Lemma by considering the error of projection Pp for a
smooth function

d
u(x) = exp (H x7> , xe0,1]% (2.8)

In Table we report the L2 errors and the associated orders of accuracy for k = 1,2,3, d = 2, 3. It is clear
that the predicted order of accuracy is achieved.

TABLE 2.2
L? errors and orders of accuracy for L? projection operator Pp of (2.8) onto VIIC\,D when d = 2 and d = 3. N 1is the
number of mesh levels, k is the polynomial order, d is the dimension. L? order is calculated with respect to hy .

LZ error order | LZ error order | L2 error order

N hn k=1 k=2 k=3
d=2

3 1/8 | 8.93E-04 - 9.14E-06 - 6.40E-08 -

4 | 1/16 | 2.61E-04 1.77 | 1.29E-06 2.82 | 4.45E-09 3.85

5| 1/32 | 7.34E-05 1.83 | 1.77E-07 2.87 | 3.01E-10 3.89

6 | 1/64 | 2.00E-05 1.88 | 2.37E-08 2.90 | 1.98E-11 3.93

7 | 1/128 | 5.35E-06 1.90 | 3.11E-09 2.93 | 1.29E-12 3.94
d=3

1/8 | 6.19E-04 - 4.93E-06 3.18E-08 -

1/16 | 1.90E-04 1.70 | 7.45E-07 2.73 | 2.36E-09 3.75
1/32 | 5.71E-05 1.73 | 1.10E-07 2.76 | 1.69E-10  3.80
1/64 | 1.67TE-05 1.77 | 1.58E-08 2.80 | 1.18E-11 3.84
1/128 | 4.80E-06 1.80 | 2.24E-09 2.82 | 9.35E-13  3.66

~N O Uk W

With the aid of this space, the semi-discrete scheme can now be defined similarly as in (2.3)-(2.4) by

using the space on the dual mesh as \7?\, p» and replacing the numerical values on the boundary of the
domain by corresponding functions in the Dirichlet boundary conditions.
We now comment on the implementation of this algorithm. As can be seen from Figures and
there are two types of basis functions in 1D for the dual space.
e Type 1 bases (for I > 0), which are the shifted and truncated multiwavelet bases.
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e Type 2 bases (for [ = 0), which are the Legendre polynomials of degree up to k on [1 — hTN, 1].
Clearly, Type 1 bases are orthogonal to Type 2 bases, because their support do not overlap. Type 2 bases
are orthogonal to each other due to the definition of Legendre polynomials. However, Type 1 bases are no
longer orthogonal to each other, due to the domain shift and truncation. However, only the left-most element
on each level are changed. For other bases in that level, they will still retain orthogonality. The bases on
left-most element in all level are orthogonal to other bases, but not to each other, i.e., the bases defined on
left-most element in different levels are not orthogonal. This implies that although the mass matrix is not
identity here, it will have block structures and be sparse.

0 1 0 1-hy/2 1
1] 1/2 1 0 1/2-hy /2 1-hy/2 1
=2 ] =2 1
0 1/2 1 0 1/2-h 2 1-hy/2 1

(a) Primal mesh. Number of bases for [ = 0,1,2 are 1,1, 2. (b) Dual mesh. Number of bases for { =0,1,2 are 2,1, 2.

Fic. 2.1. Illustration of one-dimensional bases on different levels for k = 0: non-periodic problems. Different colors
represent different bases.

3. Stability and convergence. In this section, we prove L? stability and error estimates for the sparse
grid CDG scheme for the scalar equation. We consider both periodic and non-periodic boundary conditions.
For periodic problems, ([2.1)) reduces to

%—l—V-(Au)zO, x€Q, (3.1)

where A = (Ay(t,x), -+, Aq(t,x)), and [|Al|Le(q) < 00,[|V - Al|f(q) < 00. We assume A; # 0 to avoid
the discussion of different boundary conditions for degenerating coefficients. However, there is no difficulty
to extend the proof below to degenerating case. For non-periodic problems, the following inflow boundary
conditions are prescribed,

u(t, x)|o0 ;, = gi(t, s Ti—1,Tit1, -+, Ta)
T
where

O in = {x € Q|z; =0}, if A;(t,x) >0,
T {x e Qi =1}, if 4, <O0.

Correspondingly, we denote the outflow edges by

00y o J (XE Qi =1}, i Ait,%) > 0,
" {x € Qlz; =0}, if 4; <0.
9



0 1 I 0 0 1-hy2 1
[=0 = |_Z|
lo l1 Io 1-h"17/ 1

L 1 J 1 1 L
0 \Lz/ 1 o ”2'“)’3/ 1-hy/2 1
L | — L 1 Ll
o 172 1 5 1IW 1-h, /2 1

0 \/ 2 \/ 1 o N\ 1/2-h"/2\/<::

1 1 | 1 J LZI - i -
0

0 12 1 1/2-h, /2

(a) Primal mesh. Number of bases for [ = 0,1,2 are 2,2, 4. (b) Dual mesh. Number of bases for I = 0,1,2 are 4,2,4.

Fic. 2.2. Illustration of one-dimensional bases on different levels for k = 1: non-periodic problems. Different colors
represent different bases.

The scheme for periodic case reduces to: to find w, € V?V’P and vy, € \A/'?V,D, such that

/Q(uh)t%dxz /Q(Uh—Uh) @th+/thA'V<Pth— > /eth'[%] ds, (3-2)

Tmax
ecl'n, p
/(Uh)twh dx = /(Uh—vh)wh dX+/ upA - Vi dx— Y /“hA'Wh] ds, (3.3)
Q max JQ Q e€ln.p 7€

for any ¢, € VK 5 and ¢, € V& . For non-periodic problems, we require v,y € \75“\, p, and enforce
uploa ., = vnloa ,, = gi on the boundary interface.

We can prove that the schemes retain similar stability properties as the standard CDG schemes.

THEOREM 3.1 (L? Stability). With periodic boundary condition, the numerical solutions uy and vy, of
the sparse grid CDG scheme (3.2)-(3.3) for the equation (3.1) satisfy the following L? stability condition

lunlZzon oy + 10nl 220 o) S Nun (03172 o) + 108 (0, %) 120y - (3.4)

For non-periodic boundary condition, the corresponding numerical solutions satisfy
T d
lunllZ2an ) + 10nl 2200 0y S Nun(0,%) 720y o) + 1000, %) 720y ) +/0 Z/zm |Algids dt (3.5)
i=1 zin

. h
'Lf'rmax S ‘|AA‘I|1~
Proof. For periodic boundary condition, let ¢ = wuy in (3.2) and ¥y = vy, in (3.3)), summing the two
10



equalities up, we have

1d 9 9
- d
51 [ (0 + )i
1
= / Vp Up — Up Up, + UpVE — VUL dX + / vp A - Vuy, dx — Z /th - [up] ds
Tmax Q Q EEFN,P €
Jr/ upA - Vop, dx — Z /uhA~ [vp] ds
Q er e
e N,D
1
=— /(uh — vp)%dx +/ A - V(upvp)dx — Z /th' [up] ds — Z /uhA- [vr] ds.
Tmax JQ Q eel’n,p v € e€l'n,p“ ¢
Apply divergence theorem, and by periodicity, we have
A - V(upvp)dx — Z /Avh - [up] ds — Z /Auh “Jup]lds = — | V- Aupvpdx.
Q e e Q

eel'n, p eel'n, D

By the simple inequality ab < 1 (a® + b?),

1d 9 9
el <
2dt Q ((uh) + (Uh) )dx - Tmax

/Q(uh—vh)de—&—%HV.A||Loo(Q)/Q((uh)2+(vh)2)dx.

and the proof for the periodic case is complete by using Gronwall’s inequality.
For non-periodic boundary condition, we follow the same lines and plug in the corresponding boundary
condition,

1d 9 9
-2 d
537 [ () + (n))ax
1 d
=— /(uh — vh)zdxf/ V - Aupvpdx + A - nupvpds — Z / A - ng;(up + vp)ds + 2/ A - nupvds
Tmax JQ Q o0 o1 \ /o in O out
1 d
=— /(uh — vh)zdxf/ V - Aupvpdx + Z / |A - n|(—upvp, + gi(up + vy))ds — / |A - n|upvpds
Tmax JQ Q =1 \ o in O out
1 2 1 2 2
< - (uh — vp) dX-f—*HV . AHLoo(Q) ((uh) + (’Uh) )dX
Tmax JQ 2 Q
¢ 1 1 1 1
A -n|(g? + = (up —vp)?)d A n|(=(up —vp)? — zud — —vd)d
P30 [, 1Anlr gty [ Al - gk - s
1 2 1 2 2
< - (uh — Uh) dX-f—*HV . AHLoo(Q) ((uh) + (’Uh) )dx
Tmax JQ 2 Q
d 1
+Z / |A-n|gfds+/ |A -1 (up, — vp)?ds
i=1 \79%in O2in U0 out 2
1 1 ¢ 1
—— [ (an = o 59 Al [ () @ax w30 [ ddgtds + [ Ad| (un, — o2
Tmax Jo 2 Q — \Joa_,, 09, in U out 2

by noticing A - n|69min <0and A -nlsq_,, > 0.
Let Ty p == {T € Qn.p|T NN, # 0} denote the cells on dual mesh adjacent to the boundary in the
i-th direction. By inverse inequality, we have Huh—vhH%Q(aQwi) < hytlun _vhHQLZ(T;V,D) < hitllun —vnllZ2(0-

Therefore,
LA ) + (on)?)dx < 21V - Allpey / ((up)? + (vp)?)dx + zdj/ Adlg2ds, if T <
2dt Jq T2 Q = Joa,.n o ~ Al

11



and the proof for the non-periodic case is complete by using Gronwall’s inequality. O

Now we are ready to prove L? error estimate of the sparse grid CDG scheme.

THEOREM 3.2 (L? error estimate). Let u be the ezact solution to and up,vn be the numerical
solution to the semidiscrete scheme and with initial discretization uy(0,x) = Ppug, vy (0,%) =
Ppug for periodic boundary condition or un(0,x) = Ppug,v,(0,x) = Ppug for non-periodic boundary
condition. If Tmax < ha, then for k > 1, ug € HPH(Q),1 < ¢ < min{p,k}, N > 1,d > 2, we have for all
t>0

lu = unll 2@y p) + e = vnllL2n o) S N2V fulyyarn g - (3.6)

Proof. For periodic problems, we first introduce the standard notation of bilinear form

B(un, vn; @n,¥n) Z/(Uh)t o dx — /(Uh—uh)%dx—/th'V%dX-F > [ vnA-[pn]ds
Q Q Q

Tmax eclp”¢
+ / (vn) ¥ dx — /(Uh = Un) Pp dx — / unA -V dx+ Y [ upA - iy ds.
Q Tmax JQ Q eelp Ve
By Galerkin orthogonality, we have the error equation
B(u — up,u — vp; on,Yn) =0, Yop € \Aflf\hp,wh € \A/']&D. (3.7)
We take
on =Ppu—un, Yn=Ppu—up,
¢ =Ppu—u, ¢ =Ppu — u,
then the error equation becomes
B(on, ¥ n) = B(e®, ¥ on, ¥n). (3.8)
From Theorem we get
5t [ (7h vD)dx < B0 o in) #5319 - Alamiay [ (6 + v (39)
We write the bilinear form on the right-hand side as a sum of three terms
B(¢®, ¥% o, ¥n) = B + B* + B, (3.10)

where

1 _ e < — e __ e < e < — e _ e X
B = [ (@ ind [ =erendxs [ @i | = ) nax.

Tmax max

32:—/1/)8A~V<phdx—/<peA~V1/)hdx,
Q Q

B Y [eaeldst X [ea s

ecl'n, p ecl'n, D

By Cauchy-Schwartz inequality, Lemma and Tpax S by, we have
- 2
B % [ (e + b+ V2N . (311)
To estimate B2, B3, we use the following inverse inequalities Yw;, € \A/'é“vﬂ, for G=PD,

_ 1
il @n.e) S PN lwallz@one)s wallrye S by lwnll2@n.o)
12



and trace inequality,

161Z20m) < hv T lIZ2(ry + hvlélmcry, Vo € HY(T),T € Qg

Then we have
B2 5 [ (6 + uh)dxo+ N2 Nl (3.12)
Q
and

ﬁs/wﬁw@w+W@*Mm;ﬂm. (3.13)
Q

Combining (3.11]), (3.12), (3.13) with (3.9]), we obtain

d -
o o (‘P}QL + wi)dx S /Q(‘P}QL + ¢ )dx + N?dg—2Na |U|3{q+1(g) :

Together with the estimates for initial discretization and by Gronwall’s inequality, the proof is complete.
For non-periodic problems, the argument is very similar as long as the stability result holds. The proof is
omitted for brevity. O

This theorem proves L2 error of the scheme is O(N92-V*) or O(|log hy|® h%,) when the exact solution
has enough smoothness in the mixed derivative norms.

4. Numerical results. In this section, we present several numerical tests to validate the performance
of the proposed sparse grid CDG schemes. Unless otherwise stated, we use the third-order TVD-RK temporal
discretization [32] and choose the time step At = ——“—, with ¢ = 0.1 for k = 1, 2, where ¢; is the maximum

Ci
wave propagation speed in z;-direction. To guarantee that the spatial error dominates for k = 3, we take
At = O(h%S). Tmax 18 taken as ﬁh ~ which is always smaller than the maximum time step allowed based
on the CFL number in Table For periodic problems, we only provide L? errors on the primal mesh,
because the results on the dual mesh are similar. For non-periodic problems, the L? errors are the L? average
of the errors on the primal and dual meshes.

4.1. Scalar case. In this subsection, we consider the scalar case, i.e. m = 1.
EXAMPLE 4.1 (Linear advection with constant coefficients). We consider

d
up + Zuw =0, x¢cl0,1]¢,
i=1

a d
u(0,x) = sin <2wai> ,
i=1

with periodic or Dirichlet boundary conditions on the inflow edges corresponding to the given exact solution.
The exact solution is a smooth function,

d
u(t,x) = sin (27r <Z x; — dt)) .

In the simulation, we compute the numerical solutions up to two periods in time, meaning that we let final
time T'=1ford=2,T =2/3 for d=3, and T = 0.5 for d = 4.

We first test the scheme with periodic boundary condition. In Table we report the L? errors and
orders of accuracy for k = 1,2,3 and up to dimension four. As for accuracy, we observe about half order
reduction from the optimal (k+ 1)-th order for high-dimensional computations (d = 4). The order is slightly
better for lower dimensions. The convergence order is similar to the performance of the sparse grid DG

13
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scheme in [12]. In Figure we plot the time evolution of the error of L? norm of numerical solutions uy,
and vy, which is given by

/ ((un(t.%))? + (vn(t,%))%)dx — / ((un(0,%))% + (14(0, %))?) dx
Q

Q

for two-dimensional case for ¢ = 0 to t = 100. From Theorem such errors are proportional to the
difference between uj;, and vy,. We can clearly see that the higher order accurate scheme performs way better
in conservation of L? norm due to its higher order accuracy.

TABLE 4.1
L? errors and orders of accuracy for E:mmple atT =1 whend=2,T =2/3 whend =3, and T = 0.5 when d = 4.
N denotes mesh level, hy is the size of the smallest mesh in each direction, k is the polynomial order, d is the dimension. L2
order is calculated with respect to hpy .

L2 error order | L? error order | L? error order

N hn k=1 k=2 k=3
d=2
3 1/8 | 3.14E-01 - 1.20E-02 - 5.84E-04 -
4 | 1/16 | 6.99E-02 2.17 | 2.23E-03 2.43 | 8.50E-05 2.78
5| 1/32 | 1.34E-02 2.38 | 4.87TE-04 2.20 | 3.84E-06 4.47
6 | 1/64 | 3.43E-03 1.97 | 5.97E-05 3.03 | 3.89E-07 3.30
7 | 1/128 | 9.21E-04 1.90 | 9.33E-06 2.68 | 1.80E-08 4.43
d=3
3 1/8 | 6.77E-01 - 5.27E-02 - 2.13E-03 -
4 | 1/16 | 3.56E-01 0.93 | 1.10E-02 2.26 | 2.62E-04 3.02
5| 1/32 | 1.05E-01 1.76 | 1.82E-03 2.60 | 2.85E-05 3.20
6 | 1/64 | 2.54E-02 2.05 | 5.22E-04 1.80 | 2.01E-06 3.83
7 | 1/128 | 7.45E-03  1.77 | 6.89E-05 2.92 | 2.01E-07 3.32
d=14
3 1/8 | 7.13E-01 - 1.26E-01 - 4.41E-03 -
4 | 1/16 | 6.48E-01 0.14 | 3.39E-02 1.89 | 7.56E-04 2.54
5| 1/32 | 3.80E-01 0.77 | 6.91E-03 2.29 | 9.82E-05 2.94
6 | 1/64 | 1.37E-01 1.47 | 1.39E-03 2.31 | 9.44E-06 3.38
7 | 1/128 | 3.81E-02 1.85 | 3.56E-04 1.97 | 8.16E-07 3.53

-0.001

-0.002

zz=z
LXCEN

zzz

LXCRN

-0.003
@ N
X b
-0.004

-0.005

-0.006 |

ol ooplm 4 o007 L

(a) k=1 (b) k=2 (c) k=3

Fic. 4.1. Ezample The time evolution of the error of L? norm of numerical solutions up and vy, of the sparse grid
CDG method with d = 2. (a) k=1, (b) k=2, (c) k=3. N =4,5,6.

Then, we test the scheme with Dirichlet boundary condition prescribed at the inflow edge according to
the exact solution. The results are listed in Table The accuracy order is similar to the periodic case.
Finally, we use this example to compare the performance of the DG, CDG, sparse grid DG and sparse
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TABLE 4.2
L? errors and orders of accuracy for Example with Dirichlet boundary condition on the inflow edges at T = 1 when
d=2and T = 2/3 when d = 3. N denotes mesh level, hy is the size of the smallest mesh on the primal mesh in each
direction, k is the polynomial order, d is the dimension. L? order is calculated with respect to hy .

LZ error order | LZ error order | L2 error order

N hn k=1 k=2 k=3
d=2

3 1/8 | 2.66E-01 - 1.66E-02 - 8.21E-04 -

4 | 1/16 | 7.47E-02 1.83 | 3.33E-03 2.32 | 8.80E-05 3.22

5 | 1/32 | 1.94E-02 195 | 5.97E-04 2.48 | 4.79E-06 4.20

6 | 1/64 | 5.44E-03 1.83 | 8.60E-05 2.80 | 4.50E-07 3.41

7 | 1/128 | 1.49E-03 1.87 | 1.35E-05 2.67 | 2.20E-08 4.35
d=3

1/8 | 6.15E-01 - 5.34E-02 - 2.67E-03 -

1/16 | 2.86E-01 1.10 | 1.40E-02 1.93 | 2.87E-04 3.22
1/32 | 1.14E-01 1.33 | 2.57E-03 245 | 3.21E-05 3.16
1/64 | 3.23E-02 1.82 | 5.82E-04 2.14 | 2.60E-06 3.63
1/128 | 1.03E-02 1.65 | 9.81E-05 2.57 | 2.86E-07 3.18

~N O Uk W

grid CDG methods. We use the following non-separable initial condition

d
u(0,x) = exp (sin <2W2xl>> , x€0,1]4, (4.2)

=1

where d = 2. When k& = 1,2, 3, Runge-Kutta methods of order v = 2,3, 4, respectively, are used for time
discretization. We take the time step according to the CFL numbers listed in Table 2. We plot the
comparison of the methods measuring L? errors vs. CPU times in Figure The computations in this
example are implemented by an OpenMP code using computational resources from the Institute for Cyber-
Enabled Research in Michigan State University. We can see that the sparse grid CDG method outperforms
the CDG method, and the sparse grid DG method outperforms the DG method particularly when the mesh
level N is more refined. When the mesh level increases from N to N +1, the CPU cost for sparse grid method
grows with the rate of about 4 to 5, while the factor is about 8 to 10 for full grid calculations, respectively,
for this 2D case. This shows the advantage of the sparse grid approach. When comparing the sparse grid
CDG method with the sparse grid DG method, it seems that for this example, the sparse grid DG method is
more efficient. It will be interesting to compare the results for fully nonlinear problems in higher dimensions,
for which the CDG method is more advantageous, and this is currently under investigation.

—&— Full DG
—~A—— FullCDG
—&— Sparse DG

———— Sparse CDG

—8— Full DG
—A—— Full CDG

—O— Sparse DG
———— Sparse CDG

—&— Full DG
~——&—— Full CDG
—O— Sparse DG

———— Sparse CDG

L, error

L, error

L, error
3

sl L M shain L M 7 L L
10 b 10 Ty 10 o =
CPU time CPU time CPU time

(a) k=1 (b) k=2 (c) k=3

FIG. 4.2. L2 errors and associated CPU times of DG, CDG, sparse grid DG and sparse grid CDG methods for Ezample
4.1 with initial condition (1.2) at T =1 for d=2. (a) k=1, (b) k=2, (c) k=3.

EXAMPLE 4.2 (Solid body rotation). We consider solid-body-rotation problems, which are in the form
15



of (1.1)) with

1
Ay(t,x) = —z2 + > Ay(t,x) =21 — 5, d=2,

At x) = —g <x2 - ;) As(t,x) = g (an _ ;>+? <x3 _ ;)  As(t,x) = —g <x2 - 1) Cd=3,

subject to periodic boundary conditions.

Such benchmark tests are commonly used in the literature to assess performance of transport schemes.
Here, the initial profile traverses along circular trajectories centered at (1/2,1/2) for d = 2 and about the
axis {x1 = x5} N {xe = 1/2} for d = 3 without deformation, and it goes back to the initial state after 27 in
time. The initial conditions are set to be the following smooth cosine bells (with C® smoothness),

b41 cos® (g—g) , if r <o,
u(0,x) = { 0, otherwise, (4.3)

where b = 0.23 when d = 2 and b = 0.45 when d = 3, and r = |x — x| denotes the distance between x and
the center of the cosine bell with x. = (0.75,0.5) for d = 2 and x. = (0.5,0.55,0.5) for d = 3.

In Table [I.3] we summarize the convergence study of the numerical solutions computed by the sparse
CDG method, including the L? errors and orders of accuracy. For this variable coefficients equation, we
observe at least k-th order convergence for all cases. The order is slightly lower than the corresponding ones

in Example

TABLE 4.3
L? errors and orders of accuracy for Ezample@ at T'=2w. N denotes mesh level, h is the size of the smallest mesh
in each direction, k is the polynomial order, d is the dimension. L? order is calculated with respect to hy .

L? error  order | L% error order | L? error order

N hn k=1 k=2 k=3
d=2

5 | 1/32 | 1.53E-02 - 5.81E-03 - 1.34E-03 -

6 | 1/64 | 1.02E-02 0.58 | 1.50E-03 1.95 | 9.64E-05 3.80

7 | 1/128 | 4.66E-03 1.13 | 1.46E-04 3.36 | 1.16E-05 3.05

8 | 1/256 | 1.42E-03 1.71 | 2.34E-05 2.64 | 1.10E-06 3.40
d=3

1/32 | 4.83E-03 - 6.25E-04 - 7.35E-05

1/64 | 1.87E-03 1.37 | 1.20E-04 2.38 | 9.18E-06  3.00
1/128 | 7.46E-04 133 | 3.39E-05 1.82 | 1.36E-06 2.75
1/256 | 2.55E-04 1.55 | 8.11E-06 2.06 | 1.94E-07 2.81

0 O Ot

EXAMPLE 4.3 (Deformational flow). We consider the two-dimensional deformational flow with velocity
field

Ay (t,x) = sin?(ma1) sin(2mz2)g(t), Az(t,x) = — sin’(mxy) sin(2mz1)g(t),

where g(t) = cos(nt/T) with T = 1.5, with periodic boundary condition.

We still adopt the cosine bell as the initial condition for this test, but with x. = (0.65,0.5) and
b = 0.35. Note that the deformational test is more challenging than the solid body rotation due to the space
and time dependent flow field. In particular, along the direction of the flow, the cosine bell deforms into a
crescent shape at t = T'/2 , then goes back to its initial state at t = T as the flow reverses. In the simulations,
we compute the solution up to ¢ = 7. The convergence study is summarized in Table [£4] Similar orders are
observed compared with Example [£:2] In Figure [£.3] we plot the contour plots of the numerical solutions on
the primal mesh at ¢ = T'/2 when the shape of the bell is greatly deformed, and ¢ = T" when the solution is
recovered into its initial state. It is observed that the sparse CDG scheme with higher degree k can better
resolve the highly deformed solution structure.
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0.26 0.26
0.22 0.22
0.18 0.18
0.14 0.14
0.1 01

0.06 0.08
0.02 0.02

Fic. 4.3. Example Deformational flow test. The contour plots of the numerical solutions on primal mesh at t =T /2
(a, c,e)andt=T (b, d, f). k=1 (a, b), k=2 (c, d), and k=3 (e, f). N=1T1.
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TABLE 4.4
L2 errors and orders of accuracy for Example@ at T = 1.5. N denotes mesh level, hy s the size of the smallest mesh
in each direction, k is the polynomial order, d is the dimension. L? order is calculated with respect to hy. d = 2.

N hy L? error  order | L? error order | L? error order
k=1 k=2 k=3

5 1/32 | 1.73E-02 - 4.37E-03 — 1.14E-03 -

6 1/64 | 8.06E-03 1.10 | 1.17E-03 1.90 | 2.44E-04 2.22

7 | 1/128 | 3.29E-03 1.29 | 2.04E-04 2.52 | 2.05E-05 3.57

8 | 1/256 | 1.08E-03 1.61 | 2.78E-05 2.88 | 2.75E-06 2.90

4.2. System case. In this subsection, we consider system case, which means m > 1 in equation (1.1)
or (1),
EXAMPLE 4.4 (Acoustic wave equation with constant wave speed). We consider
uy=V-v, xcl0,1%
vy = Vu, (4.4)
U(O, X) = UO(X)a V(Ov X) = VO(X)'

with periodic boundary conditions. The initial conditions ug(x) and vo(x) are chosen according to the
following two types of exact solutions: the standing wave

u(t, x) —V/2sin(2v/27t) sin (2721 ) sin(2722)
v (t,x)| = cos(2v/27t) cos(2mxy ) sin(2mxs) ,
va(t, ) cos(2v/2nt) sin(2mz; ) cos(2mas)
and the traveling wave
u(t,x) V2sin(2v27t + 27wy ) cos(27mr)
vi(t,x)| = | sin(2v2rt + 2721) cos(27mxs)
v2(t, %) cos(2v/2mt + 2mxy ) sin(27w2)

We compute the solution until 7' = 1. Similar to the scalar case, we present the L? errors and orders of

accuracy for u(t,x) = [u(t,x)7 vy (¢, %), vg(t,x)]T in Table M From the table, we still observe at least
(k + 1/2)-th order for the solution.

TABLE 4.5
L? errors and orders of accuracy for Example@ at T =1. N denotes mesh level, hy is the size of the smallest mesh in
each direction, k is the polynomial order, d is the dimension. L? order is calculated with respect to hy. d = 2.

L2 error order | L? error order | L? error order

N hn k=1 k=2 k=3
standing wave

3 1/8 | 3.56E-01 - 1.05E-02 - 5.37E-04 -

4 | 1/16 | 7.93E-02 2.17 | 1.84E-03 2.51 | 4.31E-05 3.64

5| 1/32 | 1.50E-02 2.40 | 3.18E-04 2.53 | 3.39E-06 3.67

6 | 1/64 | 3.72E-03 2.01 | 4.95E-05 2.68 | 2.77TE-07 3.61

7 | 1/128 | 1.01E-03 1.88 | 7.60E-06 2.70 | 2.03E-08 3.77

traveling wave
1/8 | 3.97E-01 - 1.85E-02 - 7.75E-04 -
1/16 | 8.58E-02 2.21 | 3.36E-03 2.46 | 6.76E-05 3.52
1/32 | 1.97E-02 2.12 | 6.07E-04 2.47 | 5.68E-06 3.57
1/64 | 5.36E-03 1.88 | 9.66E-05 2.65 | 4.44E-07 3.68
1/128 | 1.50E-03 1.84 | 1.45E-05 2.74 | 3.39E-08 3.71

N O U W

EXAMPLE 4.5 (Two-dimensional homogeneous isotropic elastic wave [15]). The 2D elastic wave equation
in homogeneous and isotropic medium in velocity-stress formulation without external source, is a linear
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hyperbolic system of the form
u; + Aju,, + Asu,, =0, (4.5)

T
where u = [Jm, Oyy> Ozys U, w] , Oza, Oyy TEpTESENLS the normal stress and o4, represents the shear
stress and v, w are the velocity in x and y directions.

0 0 0 A+2u O 00 0 0 A
000 X 0 000 0 0 XA+2u
Ay=—10 0 0 0 pl, Ay=—10 0 0 pn 0 ,
o0 0 o0 00 1 0 o0
P P
00%00 0%000

where X\ and p are the Lamé constants and p is the mass density of material. Figenvalues of Ay and As
are —cp, —Cs,0,¢s, ¢y, which give us the wave speed c, = \/)‘Lf" and cs = \/% for P-wave and S-wave

respectively. We consider the homogeneous material parameters A = 2,u = 1,p =1, then ¢, = 2,¢5 = 1.
On domain Q = [0, 1]2, we take the solutions consisting of a plane P-wave traveling along diagonal direction

V2 V2

n = (%%, %%) and a plane S-wave traveling in the opposite direction, i.e.,

ll(t, X) — Rsesin(k-x+kcst) + Rpesin(k-x—kcpt),

where Ry = [—p, i, 0, —gcﬁ QCS]T, R, = [Ap, A+pu, i, —gcp, —%cP]T andk = kn, k = 2\/2r. Periodic
boundary condition is applied and the initial condition is chosen as u(0,x%).

We compute the solution until T' = 1. The L? errors and orders of accuracy for u(t,x) are shown in
Table We observe that the convergence order is close to k + 1.

TABLE 4.6
L? errors and orders of accuracy for Ezample@ at T =1. N denotes mesh level, hy is the size of the smallest mesh in
each direction, k is the polynomial order, dimension d = 2. L? order is calculated with respect to hy .

L% error order | L? error order | L% error order
hn k=1 k=2 k=3

1/16 | 1.09E+00 - 2.72E-01 — 5.71E-02 —
1/32 7.47E-01 0.55 | 6.48E-02 2.07 | 6.19E-03 3.21
1/64 2.41E-01 1.63 | 9.65E-03 2.75 | 4.77TE-04 3.70

1/128 | 7.14E-02 1.76 | 1.12E-03  3.11 | 2.55E-05 4.23

N o o2

EXAMPLE 4.6 (Three-dimensional isotropic elastic wave [6]). We extend the previous example to 3D
and obtain the following linear hyperbolic system

u, + Aju,, + Asuy, + Asu,, =0, (4.6)

T .
where u = [am, Oyy> Ozzy, Ozy, Oyz, Ozzy, U, O, w] , 0 is the stress tensor and w,v,w are the
velocities in each spatial direction.

1
1
(an)
[\
=

Al ) A2

I
O O/IHFO OO O OO
(=l el oo o No Mo Nl
(=l el oo NoNoNo NNl
O/ O OO OO OO
(=i el oo NoNoNo NN
>
OOOOOO>/>/+
N
=
O O oo OoOr®T OO0 O
OO oOoOFT OO oo o
Il
[
O O OO oo oo
O/ O OO OO OO
O O oo oo o oo
O O/ OO O OO
O O OO OO oo
OO oo OoOT OO0 O
OOOOOO>/+>/
=N elBelohJdlolol =N

DO OO O OO OO

DO OO OO O OO
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M 0 0 0 0 0 0 0 AT
00 0 0O0O0O0TO0 A
000 000 0 0 0 A+2u
000 O0O0OUO0OO0OO0 0
Ay =—10 0 00 0 0 0 p 0 |,
00 00O0 0 O0 0
00000%000
0000%0000
00 - 00 0 00 0 |

where A\, and p take the same values as the previous example. Hence, we have the same values for c,
and cs. Eigenvalues of Ai, Ay and Az are —cp, —cs,—¢5,0,0,0, ¢s, ¢s, ¢p, which describe the wave speed for
P-wave and S-wave (with different polarizations). On domain Q = [0,1]3, we take the solutions consisting
of a plane S-wave traveling along diagonal direction n = (—%, —%, —%) and a plane P-wave traveling in

the opposite direction, i.e.,

u(t,x) = Rssin(k - x — kest) + Ry sin(k - x + kept),

where
2 2 1 1 1 1
RS: T oM g a05077 s oM T T S 877850T7
=5 310,030 =5 = cs, =55 0]
2 2 2 2 2 2 1 1 1
Ry = [N+ i A S iy A b Sty =y =y =y ——=Cpy ——=Cpy ——=Cp|
P [ + 3/1/7 + 3/-117 + 3/J’7 3/1" 3/’('a 3 ) \/gcpv \/gcp7 \/gcp}

and k = kn, k = —2/3n. Similarly, we consider periodic boundary condition and uo(x) = u(0,x) as initial

condition. We present the numerical results at T = 1. In Table we get at least (k 4+ 1/2)-th order of
accuracy for the solution u(t, x).

TABLE 4.7
L? errors and orders of accuracy for Example@ at T'=1. N denotes mesh level, hy is the size of the smallest mesh in
each direction, k is the polynomial order, d is the dimension. L? order is calculated with respect to hy. d = 3.

L? error  order | L? error  order | L? error order
hn k=1 k=2 k=3

1/16 | 2.49E+00 - 4.93E-02 - 8.91E-04 -
1/32 7.70E-01 1.69 | 8.17E-03 2.59 | 8.66E-05 3.36
1/64 1.76E-01 2.13 | 1.59E-03 2.36 | 7.12E-06  3.60

1/128 | 4.27E-02 2.04 | 2.79E-04 2.51 | 5.42E-07 3.72

N o o2

5. Conclusions and future work. In this work, we develop sparse grid CDG schemes for linear
transport problems. We construct sparse finite element space on primal and dual meshes for periodic and
non-periodic problems. A new hierarchical representation of the piecewise polynomials is introduced and
analyzed for non-periodic problems on the dual mesh. Compared with CDG scheme, the method is shown
to be efficient for high dimensional problems. Compared with sparse grid DG scheme, the method proposed
allows larger CFL numbers and avoid the evaluations of numerical fluxes. We show that for scalar equation
with constant coefficients, the scheme shares similar L? stability property as the standard CDG scheme.
L? convergence rate is proved to be of O(|logh|* h*) where h is the most refined mesh in each direction.
Numerical results are provided validating performance of the methods. In particular, the convergence order
seems higher than the theoretically predicted rate, which suggests that new projection techniques may be
needed. Other future work includes detailed study of CFL conditions, and applications and extensions to
nonlinear and nonsmooth problems.
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