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Abstract: A stochastic LQ problem with multiplicative noises and transmission delay is studied
in this paper, which does not require any definiteness constraint on the cost weighting matrices. From
some abstract representations of the system and cost functional, the solvability of this L(Q problem
is characterized by some conditions with operator form. Based on these, necessary and sufficient
conditions are derived for the case with a fixed time-state initial pair and the general case with all the
time-state initial pairs. For both cases, a set of coupled discrete-time Riccati-like equations can be
derived to characterize the existence and the form of the delayed optimal control. In particular, for
the general case with all the initial pairs, the existence of the delayed optimal control is equivalent to
the solvability of the Riccati-like equations with some algebraic constraints, and both of them are also
equivalent to the solvability of a set of coupled linear matrix equality-inequalities. Note that both the
constrained Riccati-like equations and the linear matrix equality-inequalities are introduced for the
first time in the literature for the proposed LQ problem. Furthermore, the convexity and the uniform
convexity of the cost functional are fully characterized via certain properties of the solution of the
Riccati-like equations.

Key words: stochastic linear-quadratic optimal control, transmission delay, forward-backward
stochastic difference equation, convexity
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1 Introduction

Linear-quadratic (LQ, for short) optimal control was pioneered by Kalman [17] in 1960, which is now
a classical yet fundamental problem in control theory. Extension to stochastic LQ problems was first
carried out by Wonham [37] in 1968, and has received considerable interests and efforts since then. A
common assumption of most literature on stochastic LQ problems is that the state weighting matrices
are nonnegative definite and the control weighting matrices are positive definite. Contrary to this,
Chen, Li and Zhou [10] revealed in 1998 that a stochastic LQ problem with multiplicative noises might
still be solvable even if the cost weighting matrices are indefinite. More about this kind of LQ problems
can be found in [1] [4] [14] [29] and references therein. Recently, some researchers are interested in
the so-called mean-field LQ problems [24] [25] [30] [35] [40] [41]. An important feature of mean-field
control problems is that the expected values of the state and control enter nonlinearly into the cost
functional, which will bring new phenomena and new theoretical difficulties.

*Part of this paper was presented at the 36th Chinese Control Conference.

TCollege of Computer and Control Engineering, Nankai University, Tianjin 300350 , P. R. China

fDepartment of Applied Mathematics, The Hong Kong Polytechnic University, Hunghom, Kowloon, Hong Kong, P.R.
China.

8School of Control Science and Engineering, Shandong University, Jinan 250061, P.R. China.

YKey Laboratory of Systems and Control, Institute of Systems Science, Academy of Mathematics and Systems Science,
Chinese Academy of Sciences, and the School of Mathematical Sciences, University of Chinese Academy of Sciences, P.
R. China.


http://arxiv.org/abs/1703.01927v2

Note that all the aforementioned papers are free of time delay. If time delay happens to appear in the
system state, the control input or the information-transmission channel, it is much more complicated
and challenging to design the optimal control of the corresponding LQ problems. Such kind of LQ
problems have been extensively studied since 1970’s; see, for example, [5] [11] [18] [33] [43] or other
related literature [6] [19] [22] [31]. Concerned with a deterministic LQ problem with input delay, it
is shown [33] that the delayed optimal control is obtained by invoking the Smith predictor theory,
and that the optimal gains are same to those of the LQ problem without input delay. Unfortunately,
the results about deterministic LQ problems (with input delay) cannot be directly generalized to the
stochastic setting. In [43], the authors considered a discrete-time stochastic LQ problem with input
delay and multiplicative noises, and showed that the optimal control (if exists) is a linear feedback of
d-step-lagged conditional expectation of current states and that the optimal gains are computed via a
set of coupled discrete-time Riccati-like equations. Here, the set of discrete-time Riccati-like equations
differs significantly from what we have in hand the standard discrete-time Riccati equation.

It is worth pointing out that the stochastic systems with multiplicative noises have been extensively
studied in the past half century. From the viewpoint of mathematics, almost all the theories about
stochastic differential equations (SDEs, for short) are for the case with multiplicative noises, and there
are lots of practical motivations to study such kind of SDEs. The study of controlled systems with
multiplicative noises is also popular in the control community; a recent small collection in the literature

related to our paper includes [1] [4] [8] [9] [10] [14] [15] [24] [26] [29] [36] [40].

In this paper, a general discrete-time stochastic LQ problem with multiplicative noises and trans-
mission delay is thoroughly investigated, whose cost weighting matrices for the state and control are
allowed to be indefinite. Apart from intending to generalize the existing results [5] [11] [18] [33] [43] to
the joint case with indefiniteness and time delay, the topic of this paper is also partially motivated by
recent progresses in network control system and other related areas. Transmission delay, or sometimes
called as communication delay, is a key feature of network control systems [7] [13] [34], which is gen-
erally caused by the limited bit rate of communication channels. In fact, transmission delay has been
extensively studied in the areas such as discrete-event dynamic systems [45], multi-agent systems [21]
[32] [20], networked mobile robots [38], receding horizon control [16], flexible spacecraft [12], and so
on. Furthermore, such kind of delays are also related to the measurement delays [2] [3] [23] [28] [46],
which arise in measurement channels.

The contents of this paper are as follows. For the completeness and parallel to that in [42], the
considered problem (Problem (LQ)) is converted in Section 3 to a quadratic optimization problem in
the Hilbert space. By this reformulation, we can derive some abstract conditions on the solvability of
Problem (LQ), which gives us an overall perspective of Problem (LQ) and motivates the analysis of
the sections followed. This part of work is a discrete-time version (with state transmission delay) of
the results in [42], and the backward stochastic difference equations (BSAEs, for short) are involved
here.

In Section 4, for the case with a fixed time-state initial pair, the solvability of Problem (LQ) at that
initial pair is equivalent to that a stationary condition and a convexity condition are satisfied, with
the backward state of a forward-backward stochastic difference equation (FBSAE, for short) being
involved in the stationary condition. Further, a set of coupled discrete-time Riccati-like equations is
introduced, by which we can express the backward state of the FBSAE via its forward state. Moreover,
equivalent characterizations of the stationary condition and the convexity condition are derived via
certain properties of the solution of the Riccati-like equations.

In Section 5, for the case with all the time-state initial pairs, the following facts are shown to be
equivalent: (i) Problem (LQ) is finite; (ii) Problem (LQ) is solvable; (iii) a set of constrained coupled
discrete-time Riccati-like equations is solvable; (iv) a set of coupled linear matrix equality-inequalities
(LMEIS, for short) is solvable. Moreover, the unique solvability of Problem (LQ) at the initial pair (¢, x)
is shown to be equivalent to the unique solvability at any initial pair (k, &) € {¢,..., N — 1} x R™, both



of which are equivalent to the uniform convexity of the cost functional and the positive definiteness of
certain matrices involved in the constrained Riccati-like equations.

From our derived results, we have the following remarks.

e For Problem (LQ), the case with a fixed time-state initial pair differs significantly from the case
with all the time-state initial pairs; this can be seen from Theorem 4.12 and Theorem 5.4. Hence,
we separately discuss the two cases.

e By the stationary condition and a backward procedure of calculations, we can get the Riccati-like
equations (4.4)-(4.6) and express FBSAE’s backward state via its forward state and the solution
of the Riccati-like equations. Due to the d-step-lagged information structure, the Riccati-like
equations are much more complicated than the standard discrete-time Riccati equation.

e The convexity of the cost functional is fully characterized in Theorem 4.9 via certain properties
of solution of the Riccati-like equations (4.4)-(4.6), which is proved by using a technique of
control shifting. To the best of our knowledge, this result seems to be the first one of equivalent
characterization on the convexity of the cost functional of L.QQ problem.

Based on this, necessary and sufficient conditions on the solvability of Problem (LQ) for a fixed
initial pair is presented.

e Note that the constrained Riccati-like equations (5.10)-(5.12) and the LMEIs (5.6)-(5.8) are
introduced for the first time, to the best of our knowledge. Furthermore, from a solution of the
LMEISs, an explicit procedure is presented to construct a solution of the constrained Riccati-like
equations. Such a procedure is potentially useful to study the algebraic Riccati-like equations
that we will encounter in the infinite-horizon version of Problem (LQ).

It is worth mentioning that there are linear equations in the set of Riccati-like equations and the
LMEIs contain equality constraints. Note that such new feature do not appear in deterministic
LQ problems (with time delay) and standard stochastic LQ problems.

In [43], stochastic LQ problems with multiplicative noises and input delay were investigated, whose
cost weighting matrices are assumed to be nonnegative definite. This paper is of general indefinite
case, and thus, differs substaintially from [43]. In the context of this paper, it is proved in [43] that (ii)
and (v) of Theorem 5.11 are equivalent for the nonnegative-definite case, which is the main result of
the finite-horizon LQ problem in [43]. Note that in [43], the case with a fixed initial pair and the case
with all the initial pairs are not differentiated, and no LMEIs are mentioned. Hence, the results of this
paper are broader than those of the finite-horizon LQ problem of [43]. Furthermore, the transmission
delay is studied in this paper, which is different from the input delay [43]; this is why the Riccati-like
equations of this paper are divided into several pieces.

The rest of this paper is organized as follows. Section 2 and Section 3 give the problem formulation
and an abstract consideration. In Section 4 and Section 5, the case with a fixed initial pair and the
case with all the initial pairs are investigated, respectively. Section 6 gives an example, and some
concluding remarks are given in Section 7.

2 Problem formulation

Consider the following controlled stochastic difference equation (SAE, for short)

{ X1 = (AeXi + Brur) + (Co Xk + Dyug) wy, (2.1)

Xi=x, keTy2{t,t+1,.,N—1}, teT={0,1,..., N —1},



where Ay, C € R"*"™ By, Dy, € R"*™ are deterministic matrices. The noise {wg, k € T} is assumed
to be a martingale difference sequence defined on a probability space (2, F, P) with

Ept1wit1) =0, Eppr[(wps)?] =1, ke T. (2.2)
Here, Ej1; is the conditional mathematical expectation E[-|Fj1] with respect to Fry1 = o{w;, 1 =
0,1,---,k}, and Fy is understood as {0, Q}. Introduce the following cost functional associated with
(2.1)
N-1
J(t,zu) =Y E[X[QpXp +ul Ryur] + E[XFGXy], (2.3)
k=t

where Q, Ry, k € Ty, G are deterministic symmetric matrices of appropriate dimensions. Note, here,
that we do not pose any definiteness constraints on the cost weighting matrices.

This paper is concerned with the case with transmission delay. For such kinds of time delays
and the related measurement delays, find [2] [3] [7] [12] [13] [16] [20] [21] [23] [28] [32] [34] [38] [45]
[46] in Introduction for their motivations and applications. Assume in this paper that there is a d-
step time delay in the transmission/measurement channel (d > 2). Due to this, for k € {¢,...t + d}
no new information is available and the controller’s decision information set remains F;; and for
k€ Tipqg={t+d,..,N — 1} the information set should be Fj_,4. In this paper, we select

Uy = (B3(HR™) x BT, R™) (24)
as the admissible control set, where
1Z(H:R™) = {g € R™ | ¢ is Fy-measurable, and E||? < oo}, t=0,..,N, (2.5)
and
2(T; %4 R™) = {u = {vp, k € T; %} ’ vy is Fyp-measurable, and E|vg|? < oo,k € 'H‘t_d} (2.6)
with
T, %= {t,... N —1—d}.

Therefore, for any (u¢, ...,un—1) = u € Ul,, uy is F-measurable if k € {t,...t + d}, and uy, is Fy_q-
measurable if k € T, 4. this reflects the property of causality.

The following optimal control problem will be studied in this paper.
Problem (LQ). For a time-state initial pair (t,z) € T x I%(t;R™), find a u € UL, such that
J(t,x;a) = inf J(t, x;u). (2.7)

ueldt ,

Remark 2.1. Noting that the initial pair (t,x) is specialized, hereafter the above problem will be
called as Problem (LQ) for the initial pair (t,xz). Furthermore, any @ satisfying (2.7) is called an
optimal control of Problem (LQ) for the initial pair (t,z).

Definition 2.2. Problem (LQ) is said to be (uniquely) solvable at (t,x) if there exists a (unique)
e U, such that (2.7) holds.

In what follows, we shall review some knowledge on matrix. Recall the pseudo-inverse of a matrix.
By [27], for a given matrix M € R™ ™ there exists a unique matrix in R™*" denoted by MT such
that

MMM =M, MMM = Mt
{ ! ! 2.8)

(MMNYT = MMt (MTM)T = MTM.

This M is called the Moore-Penrose inverse of M. The following lemma is from [1].



Lemma 2.3. Let matrices L, M and N be given with appropriate size. Then, LXM = N has a
solution X if and only if LLYNMM?' = N. Moreover, the solution of LXM = N can be expressed as
X =LINM'+Y — LYLYMM?, where Y is a matriz with appropriate size.

If M = I in Lemma 2.3, then LLTN = N is equivalent to Ran(N) C Ran(L). Here, Ran(N) is the
range of N. The following is the so-called extended Schur’s lemma.

Lemma 2.4. Let S =87 ¢ RV W = WT e R™*™ H € R™*™. Then

[S HT

>
now |20

if and only if
S—H'W'H>0, W>0, WW'H =H.

3 An abstract consideration

For the completeness of theory, in this section, we convert Problem (LQ) to a quadratic optimization
problem in Hilbert space, based on which some necessary conditions and sufficient conditions are given
on the solvability of Problem (LQ). This part of work is a discrete-time version (with state transmission
delay) of the results in [42], which will give us an overall perspective of Problem (LQ) and will motivate
the analysis of the following sections.

To begin with, for k,[ € T, let

Ok, 0) = (Ar + wiCi)(Ag—1 + Wg—1Cr—1) - - (Ar + weCl), k > ¢,
q)(k,k) = A, + wiCy,
Ok 0) =1,k <.

From (2.1), we have

k
X1 = (k, )z + > @(k, £+ 1)(Br +weDe)ug, k€T (3.1)
=t

For any x € I%(;R"™) and u € U’ ;, define the following operators

iy = {((th)t, o (Dtz)y 1) ] (Ctz), = ®(k — 1,0z, ke ’JI‘t},
Ity = ®(N — 1,t)x,
k—1
Ltu = {((Ltu)t, o (L) y 1) ‘ (Ltu)y = 0, (Ltu)y = S @k — 1,0+ 1)(Be + weDy)ug, k € Tm},
N-—1 =
Ltu = O(N — 1,0+ 1)(By + weDy)uy.
=t
Hence,
X = (0 + (L'u)k, ke Ty, (3.2)
and
Xy =Ttz + L. (3.3)

It is not hard to see that the operators

% (4G R™) — 1%(Ty RY), It IZ(t;R™) = I%(N;R™),
Lt U, 12(Ty;R™), LY UL, — I2(N;R?)



are all bounded and linear. Notice that the spaces in (3.4) are all Hilbert spaces. Therefore, the
corresponding adjoint operators uniquely exist. For n € {%(N;R™) and £ € [%(T¢; R"), introduce the
following BSAE

{ Vi = ALBxVieyr + CF Ex (Viprwr) + &, (3.5)

VN:n, kETt

Proposition 3.1. Let V° be the solution of (3.5) with n =0 and V°° be the solution of (3.5) with
€ =0. Then the adjoint operators I'™, L' I'™* and L' are given, respectively, by

e =vy, (3.6)
(L"™€), = BLEx—qVi2i1 + DiEr_a(V w), k€ Ty, (3.7)
Ft*n _ VvtOO, (3.8)
and
(L"), = BFEy_aVi®, + DIEy_a(V2 wi), k € Ty (3.9)

In (3.7), (3.9), Er_q is understood as Ey if k € {t,....,t +d—1} (i.e, k—d<t).

Proof. From (3.5) and by substituting X1, we have

N—-1
E[n" Xy — Va] = E{Vkﬂlxkﬂ - VkTXk}
k=t
N—-1 .
= E{(AngJrl + Cg(Vk+1wk) - Vk) Xk}
k=t
N—-1

+ E {(B;CTVICH + Dg(Vk-i-lwk))Tuk}

Z x>
[

N—1

T
=— E[¢) Xy] + E[ (BLEk—aVir1 + D Eg—a(Viewy,)) uk]. (3.10)
t k=t

B
Il

Letting 7 = 0,u = 0 in (3.10), from (3.2) we have

N-—-1 N—-1
I'z,&) = Y B (M2)] = > E[¢EX] =E[2"V0] = (2, V),
k=t k=t

which implies (3.6). Letting = 0,7 = 0 in (3.10), the following equation holds

N—-1 N—-1 N—-1
E[(L'wia] = Y E[XTa] = E[u}f (BT Ex_aVi2 1 + D{]Ek,d(vko+1wk))].
k=t k=t k=t

Hence, the adjoint operator L'* of L is given by (3.7).
Letting £ = 0,u = 0 in (3.10), we have
(D'z,n) = E[n" Xn] = E[2" V] = (2,V[).
Then, the adjoint operator It of T is given by (3.8). Furthermore, letting £ = 0,2 = 0 in (3.10), it
holds that
N-1

(L'u,m) = TXN = ]E{Uk BiEj— de+1 JFDkT]Ekfd(VkOJ?lwk))}

k=t



We therefore have (3.9). O
We further use the convention

(QX)k = Qe Xy, k €Ty, VX € I3(T;R"),
(Ru)k = Ryuy, k €Ty, Yu € U;d.

Then, the cost functional J(¢, ;) has the following form
J(t,z;u) = (Q(Tx + L'u), T + Ltu>l§r(Tt;Rn) + (Ru, u)ye , + (G(tx + Ltu), Tt + ﬁtu)@(N;Rn)
= (@iu,u}uéd +2(6k, Wy, + (O, T) 12 (t:Rm) (3.11)
with
ot — RJrLt*QLtJrit*Git,
@t2 = Lt*QT! +i/t*Gf\t,
65 _ Ft*QFt + fwt*wat_
In (3.11), the inner products are for different Hilbert spaces.
Based on above preparations, we have the following result.

Proposition 3.2. The following statements hold.
(i) Let u,v € UL, and A € R. Then

J(t,z;u + M) — J(t, z;u) = N2 (O, Oyt + 2\(0u + BLx, Ve -

(1) Problem (LQ) is (uniquely) solvable at (t,x) if and only if ©F > 0 and there exists a (unique)
u e U, such that

Olu+ 0L =0.
(i1i) If ©Y > al for some a > 0, then J(t,x;u) admits a unique minimizer i
u, = —((0}) ')y, ke T

In addition, if

Qr>0, Rp,>0, keT;, G>0, (3.12)
then, ©) > al for some a > 0.
Proof. (i) follows from (3.11), which implies (ii) and (iii). O
Some calculations show
(©'u), = Ryup + BLEr—qVil1 + DEEr—a(Vii ywe), k € Ty, (3.13)
and
(043)), = BEEx—aVi2 1 + DiEr_a(Vi2jwi), k € Ty, (3.14)

where V1, V? are given by

Vkl — A{Ekvkl+1 —+ CgEk(Vk1+1wk) + (QLt’U,)k, (3 15)

Vi =GLtu, ke, |
and

Vi = ALE V2 + CREe(V2wi) + (QT )i, (3.16)

V2 =Gz, keT,.

Hence, we have the following results.



Corollary 3.3. Let u,v € Ul, and A € R. Then,

N-1
J(t, x5 u 4+ M) — J(t, z;u) = N2J(t,0;v) + 2\ E[ Ryup, + BY Zpi1 + DngHwk)Tvk}, (3.17)
k=t

where

Zy = QuXy + ANEy Zip1 + CFER(Zi 1wy,
ZN = GXN, ke Tt

with X is given in (2.1).

Proof. From Proposition 3.2, we need only to derive the expression of ©%u + ©Lx. In fact, from
(3.13)-(3.16) we have

(©fu+0h2)r = Reur + B{Er—a(Viiy + Vi) + DiEp—a((Viey + V2o )we), k € Ty

Noting (3.2) and (3.3), we will have (3.17). O

4 Problem (LQ) for a fixed time-state initial pair

In this section, we will study Problem (LQ) for the fixed initial pair (¢,2), and the general case of
Problem (LQ) for all the initial pairs will be introduced and studied in the next section. Throughout
this section, Problem (LQ) for the fixed initial pair (¢,2) will be simply denoted as Problem (LQ),.

Throughout this paper, E;_4 is understood as E; if k € {¢,....,.t +d — 1} (i.e.,, kK —d < t). From
Proposition 3.2 and Corollary 3.3, the following theorem is straightforward.

Theorem 4.1. The following statements are equivalent.
(i) Problem (LQ):y is solvable.
(i) The following assertions hold.

a) There exists a u** € U!, such that the stationary condition

t,x,*

Ryuy™ + Bl Ep—aZp{y" + D{Ey_a(Z 7 w) =0, as., keT, (4.1)
is satisfied, where Z4%* is the backward state of the following FBSAE

Xp5 = (ARX) 4 Beup™) + (Cu X" + Dy ™ )wy,

k+1
255 = QuXEP - ATELZES! + CTEL (2w, (4.2)
X:,z,* =, Z}f\}ﬂc,* — GX}fvac *, = Tt-

b) The convezity condition

inf J(t,0;u) >0 (4.3)
ueld?t,

a

holds.

t,x,*

Under any of the above conditions, u in (i) is an optimal control of Problem (LQ)is.



4.1 Stationary condition

By the stationary condition (4.1) and a backward procedure of calculations, we can get the following
discrete-time Riccati-like equations

PO = Qu+ AT(B, + P A + RO, C,
P<z ATPUD AL i=1,..,d—1,

k+1
P(d) —HTWTHk, (44)
PO =qa, PV =0, j=1,..4
kETt+d:{t+d,..., —1},

PO = Qu+ AT(PY), + P Ay + CF P\ Cy,

PO = ATPITV AL, =1,k —t 1,

P = ATPETD A, — B W H,,

ke{t+2,...t+d—1},

and
= AT (PO + Py A cr pc
t+1 Qt+1+ t+1( t+2 t+2) t+1 + Gy t+2 t+1,
1
PP = AT PR Ay — ) HE W Hy, (4.6)
P = Qi+ AT (PO, + PO A+ CT P\ C, — HIW, H,
where
R ¢ BI'PY B, +DTPY D keT
K+ ico k1 Pk T k1K € Lttd,
Wi = kb1t (i) (0) (4.7)
Re+ >0 BiP \Bx + DI P\ Dy, ke{t,..,t+d—1},
and
> BIPY A+ DI P, Gy, k € Tiya,
Hy = (4.8)

ST BIPY Ay + DIPS Gy ke {ty et +d— 1}

Furthermore, the backward state of FBSAE (4.2) can be expressed via the forward state and the
solution of (4.4)-(4.6). Due to the d-step-lagged information structure, the Riccati-like equations are
much more complicated than the standard discrete-time Riccati equation. In fact, we have the following
equivalent characterization of the stationary condition.

Theorem 4.2. The following statements are equivalent.

(i) The stationary condition of (4.1) is satisfied for some u"** € UL,.
(i) The following condition
HyEj_gX}"* € Ran(Wy,), a.s., k€T, (4.9)
is satisfied, where Wy, Hy, k € Ty, are given in (4.7) and (4.8), and X®* is given by the forward SAE
of
X]ifl* _ (AkX]?m’* + Bku};l,*) + (CkX]?I’* + Dkuzlfcz *)wk,
2yt = QuXp" 4+ ATERZETT + OF B (207w, (4.10)
Xp" =, ZYVT=GXEY, ke,



with
up™t = —WYH B g X", ke T, (4.11)
Furthermore, the backward state Z%®* of (4.10) has the following expression

(0) yrt,a,% (1) ta,x (k=D o
e _ PX 4 PVR X" o+ PUTVRXETY, ke {ty et d -1}, @12)
k (0) yrt,a% (1) tw,x (d) ta,x '
POXP 4 PVE X0 4+ PV g X, k€ Toga,

where PY i =0,....d, are given in (4.4)-(4.6).

Proof. See Appendix A. O

Remark 4.3. If x in (4.10) is 0, then X,i’o’* = 0,k € T:. In this case, the condition (4.9) is
naturally satisfied.

Remark 4.4. From the proof of Theorem 4.2, we know that the key technique is to decouple the
FBSAE (4.2) by virtue of (4.1), i.e., find the expression (4.12). Due to the delayed information
structure, at k € {t,...,t +d} the decision information set remains F;. For k € {t,..,t+d—1}, Z}i’z’*
is a linear function of X" Ep_1 X0% -+ ,P,gkft)EtX}i’m’*, which differs from the case of k € Ty yq.
This is why the Riccati-like equations are divided into several pieces (4.4)-(4.6). Letting k = t,t + 1,
then k —t — 1 in (4.5) will be 0 and 1. Hence, (4.6) is not a special form of (4.5).

Remark 4.5. Substituting (4.11) into the forward SAFE of (4.10), we have

k+1

Xt T, (AkX]i@v* — BkW]ZHkEk—dX]?L*) + (CkXI?L* - DkWIIHkEk—dXI?L*)wk’ (4 13)
Xtt Tyx x, k (S Tt' .

Taking conditional expectations in both sides of all the equations of (4.13), we have

Err1-aXy) = ABrr1—aXp™" — BW) HiEp_ g X057,
EgXp™* =2z, keT,.

For k € T4 and by successive iterations, it holds

Ep1—aXpl = ApAg_1-- Ak+1—dX;i’f’1*,d - BkW;IHkEk—dX;?m’*

iy
*ZAk “Ap—iBr—i— 1Wk i e i B i1y —a X050

which is eventually a linear function of X,i_,fl* dr e Xttx* Similar expressions can be derived for the

case of k € {t,...,t +d—1}. Combining this and (4.13), we can get all the values OfEk,dX,i’x’*, keT,.
Hence, the control (4.11) can be easily implemented.

The following result shows that the solution of (4.4)-(4.6) can be calculated through a set of
Riccati-like equations.

Proposition 4.6. Let

PO = Qu+ AT (B, + P Aw + OB G,
P = ATPI D AL i=1,..,d—1,

k+1
P\ = —HTW]H,, (4.14)
Py =aG, Py =0, j=1,..4

ke Ty,
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where

Wi =R+ % BIPY. B, + DT P, D

k k =0 k+1Pk k+17k>

A, =Y BIPY) A, + DI, Gy,

k € Ty.
Then for (4.4)-(4.6) it holds that
k€Tpa, i =0,...,d,
PO ={ P, ke{t+2,.,t+d—1}, i=0,.. k—t—1, (4.15)

P 4 e P ket t+d—1}, i=k—t

Proof. P,Ei) = P,Ei) follows from their expressions for the case with k € T4 4,7 = 0,...,d and the
case with k € {t+2,....t +d—1},i=0,..,k—t—1. Fork=t+d—1andi=d— 1,

(d-1) _ T t
Pt+d At+d 1 t+dAt+d 1= Hig Wiy (Hivda

_ AT () T
_At+d 1 t+dAt+d 1_Ht+d 1Wt+d 1Ht+d—1

d d
_P(d )1+Pt(+)d 1

Furthermore, we have

d—2 d—1
Pt(+d )2 AtT+df2Pt(+d—)1At+d—2 t+d 2Wt+d oHiyi—2
d—1 d
= A4 Q(Pt(er )1+Pt(+)d DAL a0 — Hl o 2Wt+d GHiya o
_ pld-2)

d—1 d
JFP( )2 Pt(+21 2

t+d—2 t+d—

where we have used the properties

Hitqgo = g Bt+d 9 t+d 1Aiya— 2+Dt+d 2P+d 1Cya—2

= E Blia s t+d VAtpa—z+ D 2Pt+d 1Ctyd—2

= Ht+d—2
and Wiypq_o = WHd,g. By induction, we can achieve the conclusion. O

Remark 4.7. (4.14) with Wi, > 0,k € Ty, is first introduced in [{3], which characterizes the unique
solvability of stochastic LQ) problem with input delay. We here will investigate Problem (LQ) with
information transmission delay, and intend seeking more general conditions to ensure the solvability
of Problem (LQ) for the case with a fized initial pair and the case with all the initial pairs.

4.2 Convexity

We now study the convexity condition. In what follows, the functional u — J(¢,2;u) is called convex
if (4.3) holds.

Lemma 4.8. For any u € U!,, it holds that

N—-1
J(t,0;u) =Y E{ (Ex—a X)) T HIW, HyBp_ g X0 + 2(HEp—a XO) ug, + uf Wkuk} (4.16)
k=t

11



with X° given by

XD, 1 = (A X)) + Brur) + (Cr X)) + Dyug ) wy, (4.17)
X0=0, k€T, '
Proof. See Appendix B. O

As Wy, k € Ty, are symmetric, there exist orthogonal matrices Fj, k € Ty, such that

Y 0

WkaT[ 0 0

:| Fr, keT;.
In the above, ¥ € R™*"* is a diagonal matrix with r; being the rank of W}, whose diagonal elements
are the nonzero eigenvalues of Wj. Hence, we have

20

W’Z:F’?{ 0 0

:|Fk, k e Ty.

Moreover, Fj, can be decomposed as Fil' = [(F,Sl))T (FIEQ))T], where the lines of F,g2) € Rim=rk)xm
form a basis of Ker(Wy,) (the kernel of Wy,). Let

(1) (1) (1)
u FOH L
Fkuk = 122 i y Lk £ Fka = k2) k 2 ?2 .
FPu FP Hy, L
Hence, (7.10) becomes to
N—-1 .
Jt0u) =S E [(F,g”uk + S LB o X0 Sk (B, + Z,;lL,(cl)Ek_dX,S)}
k=t
N—-1
+23° ]E{(L,(f)]Ek_dX,S)TF,f)uk]. (4.18)
k=t

Note that the space spanned by lines of F| ,51) is Ran(Wy), the range of Wy. Let U!,(Ker) be a subset of
Ut , such that for any u € U!,(Ker), ui € Ker(Wy),k € T,. Similarly, U!,(Ran) is defined as a subset
of U!, such that for any u € U! ,(Ran), ux, € Ran(Wy), k € Ty.

By the above preparations, we have the following theorem, which gives necessary and sufficient
conditions on the convexity of u +— J(t,z;u). To the best of our knowledge, it seems to be the first
result to equivalently characterize the convexity of LQ problem.

Theorem 4.9. The following statements are equivalent.
(i) u— J(t,x;u) is conver.

(ii) The following assertions hold.

a) The solution of Riccati-like equation set (4.4)-(4.6) has the property Wy, > 0,k € Ty.
b) For any u € U’,, the condition

HyEp_a X" € Ran(Wy), a.s., k€T, (4.19)

is satisfied, where X% is given by

0,u 0,u w 0,u u
X = (Ap X" + Brop) + (Cu X" + Dyof )wy,, (4.20)
X2 =0, ke,
with
vl =y, — W HEr_ g X", k€T (4.21)

12



Proof. (i) = (ii). As u v J(t,z;u) is convex, from (4.18) we have

N-1
J(t,05u) = S B (Vw4 2 LVE X)) S (RO uf) + 5 LB 0 X))
k=t
N-1
+2 3 B[ Eea X)) F o)
k=t
=0,
where ug) and u,(f) are the projections of uj onto Ran(W},) and Ker(W},), respectively. Then, it holds
that
inf  J(¢,0;u)
ueld? (Ran)
N-1
= mf Y ]E{(F,ﬁ”uk + S LB o X ) Sk (B u + Z,le,(cl)Ekdezg)}
veu?,(Ran) 1=
> 0. (4.22)

Introduce a set

U ;(Ran) = {(Ft(l)ut, e FJ(VlzluN,l) |u={u, ..., un—1} € Uéd(Ran)}.

Note that for & € Ty, the lines, a}c,...,a;", of Flgl) form a basis of Wy. For u = {us,..,un_1} €
Ut ,(Ran), for each k € T, there exist A}, ..., \}* € R such that up = > ;% X¢ (a})T. Then,

a A

Tk

Flue =Y N i (@)= 1 |2
1=1 Oz};k )\Zk

For k € Tyyge1 = {t+d+1,...,N — 1}, uy is Fy_g-measurable and E|ug|? < co. This implies that )y
is Fi_g-measurable and E|\;|? < co. Similar result holds for the case of k € {t,...,t + d}. Therefore,

LFDug [0 = fon, s un -} € Uly(Ram) = { ZTEZ RT;.){RW) : ; q{Tt, ot d),
F ; ) tohd+1-
Here, L% (t;R™) and L%(k — d;R™), k € Ty4q, are similarly defined as (2.5). Therefore,
Uly(Ran) = LZ(HR™) x -+ x LE(4R7+4) x LE(E 4+ ;R 441) x oo x LE(N — 1 — d; R™V-1).(4.23)
Introduce a bounded linear operator from U ,(Ran) to ?jléd (Ran)

Lu: (Lu)p = FPuyp + S0 F Y HGE, o X0, k€ Ty

Here, XU is the solution of (4.17). We now prove that £ is a surjection. In fact, for any 6 € ﬁ;d(Ran),
let

X000 = {AXY + Br(F)T [0r — 57 BV HyEr—a XJ) )
+{CuXP + Di ()" [0 — 5 FY HiBima X{] Yo,
Xto = 0, k/’ S Tt

and

up = (F)T [0 — S5 F OV HyEy— g XD, k€T, (4.24)
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Note that u given in (4.24) is in U!,(Ran). As F\)(F{)T = I, from (4.24) we have
0, = (Eu)k, k e T;.

Hence, £ is a surjection defined from U’ (Ran) to U (Ran). From this, (4.22) and the proof by
contradiction, we have X > 0,k € T,. This further implies Wy, > 0,k € T;. Then, a) is proved.

We now prove b). Note that (4.21) equals to
vl = up — (FO) TS EY HEy g X, k€T,

For any u € U!,, there exist u(!) € Ul (Ran) and u® € U, (Ker) such that u = v +u?)| ie.,

up = u,(cl) + u,(c ), k € T,. From (4.18), for any u € U', we have

N-1
J(t,0;0%) = ]E{(F,g%;; + 5 PV HE o X0 s (FM o + E;lF,El)HkIEk,dX,S’“)}
k=t
N—-1
42 E[ FOHE,_ X0 TF®y }
k=t
N-1 N—-1

(]

E[(F" ) s (B )] +2 3 B[O HiBy_a X)) 0]

t k=t

vV
S
Il

(4.25)

In the above, we have used the properties F,Si)uk = F(l)ug),i = 1,2, and F,S2) (F,Sl))T = 0. From
(4.25), we must have

(F) FP HE, 0 X" =0, a.s., ke (4.26)

Otherwise, we can select some u such that J(¢,0;0") < 0. In fact, assume there exist k1 € T; and
@ € U, such that

12
co = E|(F)TF Hy By —a X2 > 0.

Denote

[ F(l)A(l) (F,i”ﬂ,i”)],

H
N =
W”M
\

T~
e = E[((F,SQ))TF,EQ)HkEk_dX,S’ ).
t
Introduce a new control
a?, ke{t ..k —1},
U= —Lgre (FEENTED iy By, _a X", k= ka,
0, ke{ki+1,...,N—1},

which is in U! ,(Ker). Then, we have

N—-1 ki1—1
J(t,0;07 ) = SRRV ) s (B 42 D0 B[(B)TED B0 X)) |
k=t k=t

+ 2E|:((F(2))TF(2)H]€1E]€1 dX ) ukl}

l+c1+ec @
— _7; 2EB|(F T FS Hi By —a X022+ 1 + ¢
0
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=1
This contradicts the convexity of w — J(t,z;u). Hence, we have (4.26). By multiplying F,§2) and
noting F,£2)(F,£2))T = Lyn_p,, it holds that
FPHEe aX2" =0, as., keT, (4.27)
which is equivalent to (4.19).
(ii) = (i). From the condition (ii), (4.18), (4.19) and (4.27), we have for any u € U!,

-1 N-1

J(t,0;0%) Z]E{ )"sk (F }—i—QZE{ (F)T B Hy By g X0 u }
k=t =t
N—-1
= Z E{ F(l)uk Ek(F( )uk)}
k=t
> 0. (4.28)
We now show
{v“ |ue u};d} =u',, (4.29)

where v is given by (4.21). For any v € U!,, let
u, = U + W H By g XD, ke, (4.30)
where
{ )N(;SH = (Ax XY + Byok) + (Cu X2 + Dyok ) wy,,
X0=0, keT,.
We then have from (4.21) (4.30) that v* = v. Hence, (4.29) holds, which together with (4.28) implies
inf J(t,0;u) = inf J(t 0;v") > 0. (4.31)

uEZ/l ueU
This completes the proof. O

In the proof of (i) = (i) of Theorem 4.9, we have used a simple technique of control shifting
(u — v*). To make it more clear, we state the following lemma, whose proof is omitted here. Firstly,
introduce a set; let L(Ty;; R™*") be a set of R™*"-valued deterministic processes such that for any
v={vi,k € T} € LT R™"), S0 e < oo,
Proposition 4.10. For any ® € L?(T;; R™*"™), the following assertions hold.
(i) The property
{U — (I)]E.de ‘ (RS Uéd} = Utd
is satisfied, where u — ®E._ ;X is the control {uy, — PyEr_q Xk, k € Ti} with
Xps1 = (ApXp — Be®pEr_a X + Brug)
+ (Cx Xk — Dp®kEr—q Xy + Dru)wr,
Xt =T, ke Tt-

(i) it holds that

inf J(t,z;u) = inf J(t,z;u— PE._4X).
uelUl, ueU?,

Furthermore, by some simple calculations, we can show that the convexity of u — J(t, z;u) has a
semi-global property in the sense of the following result.

Proposition 4.11. If u — J(t,z;u) is convex, then for any (k,£) € Ty x R" and u € U!,,
ulr, — J(k,&ulr,) is also convex. Here, Ty, = {k,...,N — 1}, and u|r, is the restriction of u on Tj.
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4.3 The solvability of Problem (LQ);,

Noting (4.11) and (4.10), we have

Xy = (AeXp™" = BW HyE— g X[5) + (Co Xy — DWW HyEr—a Xy )wr, (432)
X" =z keT, '
with property (4.9). Letting X®* = X%®* + X%% and from (4.20) (4.32), we have

X5t = (ARX 0" = ByW] HyEp— g X;" + Bruy,)
+ (O X" — DWW HGE—a X3 + Dyuy)wy,, (4.33)
Xf’uil', kETt

From Theorem 4.1, Theorem 4.2 and Theorem 4.9, we then have the following necessary and sufficient
conditions on the existence of optimal control of Problem (LQ).

Theorem 4.12. The following statements are equivalent.
(i) Problem (LQ ). is solvable.
(i) The following assertions hold

a) The solution of Riccati-like equation set (4.4)-(4.6) has the property Wy, > 0,k € T;.
b) For any u € UL, the condition

HyE,_ X" € Ran(Wy), a.s., ke Ty (4.34)
is satisfied, where X®" is the solution of (4.33).
Under any of the above conditions, the following control
ub™t = —WIH B g XP" ke, (4.35)
is an optimal control of Problem (LQ)i., where Xb%* is given by (4.52).

Proof. The equivalence between (i) and (ii) follows from the construction of X**. From Proposition
4.10, we have

inf J(t,z;u) = inf J(t,x;0") (4.36)

uelt, ueut,
with v* = {0 = up — W HyE,_a X" k € T;}. Under any of (i) (i) and similar to (7.10), we have
N-1
J(t,z;0") = 2" PO + Y E{(Ek_dX,f’“)TH,CTW,IHkIEk_dX,f’“
k=t
+ 2(HWEg-a X7) T + (o) Wi}

N—1
= o"POz + 3 B{ul Wi + ol (HxBx-a X — WeW] HiE_a X))
k=t

2

—1

= zTPt(O):c + E(ufWkuk)

t

> :ETPt(O):c, (4.37)

el
Il

where for u = 0 the equality holds. In the above, we have used the property (4.34), which is equivalent
to

(I - WiWHEp_ g X" =0, as., keT;
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By (4.36) and (4.37), we then achieve the conclusion.

Introduce a set

7, = {ac | Problem (LQ),, is solvable}.

Theorem 4.13. 7, is either empty or a linear subspace of Ker[(I — W, W, )Hy].

Proof. Letting u = 0 in (4.33), we have X*° = X®%* which is given in (4.32). Forz € Z, # @, x

will be in Ker[(I — W;W,)H,]. Then, for 2,2’ € T;, o, 8 € R, we have

X+ BXEN = [Ap(a X + BXT ) = BaW Hy(aBy-a X[y + BBx-a X} )|
+ [ck (aXi+ BXy %) — DWW Hi (0Ek—a X0y + BEx—a X ’0)} wi,
ath’O +ﬁXf/’0 =ar+ B2, keT,.

Hence, aX®0 4+ X0 = xax+h2'.0 which further implies
HkEk,dX?IJFﬁI,’O = OéHkEkde]ffl + ﬂHkEk,dX;:/’O S Ran(Wk), keT,.

Combining with the convexity, we know that Problem (LQ) is solvable at (¢, cx + Ba’).

To end this subsection, a sufficient condition is presented to ensure (4.34).

O

Theorem 4.14. If Ran(H}y) C Ran(Wy) (i.e., WkW,IHk = Hy), k € Ty, then the condition (4.54)

is satisfied.

Proof. The proof is straightforward and hence, omitted here.

O

Combining the condition in Theorem 4.14 with a) of Theorem 4.12, we can obtain in the next

section much neater results of Problem (LQ) (for all the initial pairs).

4.4 The delay-free case

Let us revisit the standard discrete-time stochastic LQ problem without time delay.

Problem (LQ)¥. For the initial pair (t,2) € T x R", find a i € Ut, such that

J(t, x5 u) = inf J(t,z3u).
(t, z;w) weri . g (t, x5 u)

In (4.838), J(t,x;u) is given in (2.3) and is subject to (2.1), and

L%—('H‘t;Rm) = {1/ ={vp, k € T} ’uk 18 Fr-measurable, k € Ty, and I[i|1/k|2 <00,k € ']Tt}.

Introduce the discrete-time Riccati equation

Py = Qi + AT Pyor Ay + CT Py Gy — HT W Hy,
PN = G, ke Tt,

where

Wi = Ry + B Py+1By + D} Py i1 Dy,
Hy, = B Pyy1Ax + DF Py i1 C,
k e T;.

Let d = 0 in Theorem 4.12, we have the following result.

17
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Theorem 4.15. The following statements are equivalent.

(i) Problem (LQ)Y is solvable.
(i) The following assertions hold

a) The solution of Riccati equation (4.39) has the property Wi, > 0,k € T;.
b) For any u € L%(T;R™), the condition

Hp X" € Ran(Wy), a.s., keT, (4.40)

is satisfied, where X*" is the solution of the following SAE

{ X = (AeX0" + Brug) 4+ (Co X" + Dyug ) wy, (4.41)

th,u =T, k € Tt
with

f_lk = Ay — BkW;ZHk, Ck =Cy — DkW]IHka keT,.

Firstly, let us take some observation. Let V}, = (I — W,ZWk)Hk, k € T;. Then, the condition (4.40)
is equivalent to

VX" =0, as., keT,.

Hence, at k, the attainable set of the system (4.41) is a subset of Ker(Vj). Similarly, (4.34) is relating
to the property of the attainable set of system (4.33). To get conditions of (4.34) (4.40) that are easier
to validated, we should in the future to study the attainable set of (4.41) and (4.33), which is further
related to the controllability of linear SAEs.

Letting the initial pair (¢, z) vary in the product space T x R™, we get a family of LQ problems; from

Theorem 4.15, we have an equivalent characterization of the solvability of this family of LQ problems.

Proposition 4.16. The following statements are equivalent.
(i) For any (t,z) € T x R™, Problem (LQ)¥ is solvable.

(ii) The constrained Riccati equation

Py =Qr+ AT Py 1Ak + CF Py O — HgW]ZHkv
PN = Ga

WiW,Hy, = Hi, Wi >0,
keT

(4.42)

1s solvable in the sense W,IWka = Hy, W, >0, keT;, where

Wy = Ry, + B Pyy1By, + DF Pyi1 Dy,
Hy, = Bl Pyy1Ax + DI Py C,
keT.

Proof. For any t € T and letting k = t in (4.40), we have Hyx € Ran(W;), which holds for any
x € R™; equivalently, we have Ran(H;) C Ran(W;) by considering the cases = e;,i = 1,...,n. Here,
e; is the n-dimensional vector, whose i-th entry is 1 and other entries are all 0. Combining this fact
and Theorem 4.15, we then achieve the result. a

Remark 4.17. Proposition 4.16 is a main result of [1], which presents a necessary and sufficient
condition on the solvability of a family of L(Q) problems, that is,
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{Problem (LQ)tdg is solvable, for any (t,x) € T x R"}& (4.42) is solvable.

In contrast, Theorem 4.15 just characterizes the solvability of Problem (L Q)fj; The proof of Proposition
4.16 shows that Theorem 4.15 implies Proposition 4.16. However, the equivalence between (i) and (ii)
of Theorem 4.15 cannot be proved by virtue of Proposition 4.16. Hence, Theorem 4.15 is a new result
even for standard LQ problems; a key step to access to Theorem 4.15 is that we have obtained (for the
first time) an equivalent characterization of the convexity of the cost functional.

5 Problem (LQ) for all the time-state initial pairs

5.1 The solvability of Problem (LQ)
In this section, we will study Problem (LQ) for all the initial pairs. To begin with, we introduce
versions of Problem (LQ) (for the initial pair (¢,z)). If k € {¢,...,t +d — 1}, let

t+d—k

ur, = {u = {uk, Upt1, - un—1} | u € (IF(HR™)) X l%(T[d;Rm)}; (5.1)

if ke Tt+d7 let
ur, = {u = {up, wis1, - un—1} |u € l%—(T;ﬁld;Rm)}. (5.2)

In (5.2), I%(T,%,;;R™) is a set of R™-valued processes with T, %, = {k —d,..., N — 1 — d} such that

for any its element v = {vy, ¢ € T;%,}, vy is Fy-measurable and Zé\[:;l:ddﬂwﬁ < 0.

Starting from the initial pair (k, &) € Ty x R™, (2.1) (2.3) become to

Xo11 = (A Xy + Boug) + (CoXe + Dyug)we, (5.3)
Xp=¢ LeTy={k,...N—1}, '
and
N—-1
J(k,&u) = > E[X]QeXy + uf Ryug) + E[X{GXy]. (5.4)
=k

Problem (LQ) for the initial pair (k, ) is referred to as the case that minimizes (5.4) over U¥, (subject
to (5.3)).

Definition 5.1. (i) Problem (LQ) is said to be finite at (k,§) € Ty x R™, if

inf J(k,&u) > —oo. (5.5)

uGZ/{ffd

Problem (LQ) is said to be finite if (5.5) holds for any initial pair (k,£) € Ty x R™.
(i1) Problem (LQ) is said to be (uniquely) solvable at (k,&) € T, x R™ if there exists a (unique)
€U, such that

J(k,&u) = inf J(k, &u).

ueld”,

In this case, u is called an optimal control of Problem (LQ) for the initial pair (k,&). Problem (LQ)
is said to be (uniquely) solvable if it is solvable at any initial pair (k,&) € Ty x R™.
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To study the finiteness of Problem (LQ), introduce the following coupled LMEIs (5.6)-(5.8)

PO <Qu+ AT(PY), + P A + CF P Cy,

k+1
P = ATPITV Ay, i=1,.,d -1,
~p{" HF >0, (5.6)
H, Wy |~
PP <a, PV =0, j=1,..4d
ke Tt+da

PO < Qo+ AT(B, + FD) A+ TP,

P“) ATPIAV A, =1,k —t— 1,
ATPET A =P HT
Hy, Wi | =7

ke{t+2,..,t+d—1},

and
PO < Qu1 + AT (PO + PO Ay + CF \C
t+1 t+1 t+1( t+2 t+2) t+1 t+1 t+2 t+1,

1
AtT+1 t(+2At+1 Pt(+)1 HZ{-l >0
Hyyy Wier |

Qi+ AT (PO, + PD) 4, + I PO c, - PO HET 1 -

41t
Hy Wy

where

1% Rk+zz OBTPIE:21BIC+DTP]§?’_)1DIQ, k GTter,
k p—
Re+ Y0 B PY By + DI P Dy, k€ {t,.nt +d— 1},

and

H Z;i 0 BTP]E?lAk + DTP]ES_)le, ke Tter,
L=

ZkJrl t BTP(z)

) Ap+ DEPYD Cy k€ (bt +d— 1)

If exists, the solution of (5.6)-(5.8) is denoted as (P“), ..., P(D). Let
M = {(P<0>, oy POY[(PO) . P@) is a solution of (5.6)-(5.8)}. (5.9)
Based on the solution of (5.6)-(5.8), we have the following lemma, whose proof is similar to that of
Lemma 4.8 and is omitted here.

Lemma 5.2. Let (P, ..., P(D) € M # &. Then the following statements hold.
(i) For k € Tiyq, it holds that

-1

b0 = 3 B{XT[Qu+ AT(R + PY)AT + CEPO0— PO}
l=k
N—
n 1E |: E;_q Xy :| —Pe(d) H} |: Eo—_a Xy }
Pt Hy W Uy

d
+¢7 (SO PO)e+E[XF (G- PY) X
1=0
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> &T(iP,ﬁ“)é-
i=0

(i1) Fork € {t +1,....,t +d — 1}, it holds that

N—-1

T, &u) = ZE{X Qe+ AL éﬁ)ﬁPﬁ’l) A7 + TP e - PO)X

=
E{ Ee dXe { Ee—_aXe ]}
Uy
l(=t+d

t+d—1 T p(t+1-t) (£—1) T
*ZEH]&X@ ATP Ay — P H]

l+1
H, W
k—t
+§T(ZP,§”)§+EXN(G PO xy]

> §T<k P,gi))é.

i=0

Y
Hy Wy

=)

(i) It holds that

N-1

Jt&u) = S B{XT[Qe+ AT (P, + PO AT + O RO - PO X, )

(=t+1
Eo_a Xy
ug

-1 T
E{ Eo_a Xy ]
t=t+d
— ATP(EJrl t)AZ o Pe(éft) HéT

e
t+d—1
E; X,
E r+1
* Z {{ Ug } H, Wi

P
Hy W

+

{ b } |
=t11 ue
T Q: + AT (P(O) P(l) ) CTP(O

+E [ Xy 1 T t+1Ct HtT [ Xy ]
Uy H, W Ut

+ TP+ E[XT (G - PY)XN]

> pV.

Remark 5.3. The LMEIs (5.6)-(5.8) are such constructed that the inequalities of Lemma 5.2 are
satisfied. In this case, Problem (LQ) will be finite. Note that the LMFEIs contain equality constraints;
such new feature does not appear in deterministic LQ problems (with time delay) and standard stochas-
tic LQ problems.

Based on above preparations, we have the following theorem, which gives several equivalent char-
acterizations on the solvability of Problem (LQ).

Theorem 5.4. The following statements are equivalent.

(i) Problem (LQ) is finite.

(i) Problem (LQ) is solvable.

(iii) The solution of (4.4)-(4.6) has the property WkW,IHk = Hp, Wy, > 0,k € Ty, namely, the
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constrained Riccati-like equation set

PO = Qu+ AT(PY, + PM)) A, + TP, Cy,
P = ATPITV Ay, i=1,.,d -1,
d
P = —HTW]H,, (5.10)
P](\;)):G, P](\}]):()v j:177d7
WiW,{ Hy = Hy, Wy > 0,
ke Tiya,
H = Qu AL (R + P TR O
PO = ATPII VAL, =1,k —t— 1,
FY ) = AP~ W, @1
WiW, Hy = Hy, Wy > 0,
ke{t+2,..,t+d—1},
and
0 0 1 0
{ Pt(+)1 = Qui1 + Al (Pt(+)2 + Pt(+)2)At+1 + CtTJrIPt(+)20t+1’
1 2
Pt(+)1 = AtT+1Pt(+)2At+1 - HEHWtTJrlHtJFl’ (5.12)

PO = Q.+ AT (P, + P A, + ¢ PO, C, — HI W, H,,
Wi Wl Hy, = Hy, Wy, >0, k=1t,t+1

are solvable in the sense

WiW!Hy, = Hy, W), >0, keT;.

(iv) M defined in (5.9) is nonempty.

Under any of the above conditions, an optimal control of Problem (LQ) for the initial pair (k,&) is
given by

upst = W H B, X5, 1eTy, (5.13)
with

X5 = (AX)S = BW HE_aX5") + (CoX 5" — DWW HiEo—a X5 )wy,
X% =€, LeTy.

Furthermore, the corresponding optimal value is

SEETPODe, ke ft, .. t+d—1},

i (5.14)
zlii:() £TP]§ )E, k S Tt-‘rd-

V(k,f) = {

Proof. See Appendix C. O

Corollary 5.5. Let Qi > 0,R > 0,G > 0,k € T;. Then, Problem (LQ) is solvable, and the
corresponding Riccati-like equations (5.10)-(5.12) are solvable.

Proof. In this case, Problem (LQ) is finite, and the conclusion follows from Theorem 5.4. O
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5.2 From the LMEIs to the Riccati-like equations
construct the solution of (5.10)-(5.12)

In this subsection, a procedure is presented to construct the solution of Riccati-like equation set (5.10)-
(5.12) from an element (P ...P@) of M (i.e., a solution of the LMEIs (5.6)-(5.8)). To do so, we
introduce an auxiliary LQ problem.

Specifically, introduce the following weighting matrices

Qr = Qi+ AT(BS, + P AL+ cF B ¢, — P, ke,
;o rs ST BIPY) A+ DFBO Cry ke {t, .t +d -1},

k= 41 = i

S BIPY A, + DI, k€ Tepa, (5.15)

5 e Ry + XM BIPY By, + DIPS,\ Dy, ke {t,.t+d—1},

k = k=

[ 0

B N Ry + X" BFPY) By + DI P, Dy, k€ Tira,
G=G-PY.

Furthermore, for each (k,&) € Ty x R™, let X be the solution of (5.3) and introduce the cost functional
J(k,&; u) according to three different situations. Case 1: k € Ty g4, let

N—-1
J(k,&u) = > E[XTQuX¢+ 2X] Loug + uf Reus] + E[XJGXy]
=k

2

—1
+ ) E[— (B aX0)T PYVE, aXol; (5.16)
¢

I
>

Case 2: ke {t+1,...,t+d—1}, let

N-—1
J(k,&u) = > E[XTQu Xy + 2X] L ug + uf Ryu) + E[XFGXy]

=k
N-—-1

+ Z E[ (Ee X@)TP( )Eg ng]
l=t+d
t+d—1 , ~

+ Z E[(Eg_ng) (AZ Z(JrJlrl t)Ag—Pe( 7t))Eg_ng}; (517)
o=k

Case 3: k=1, let
J(t,&u) =Y E[X[QeX¢+2X] L{us +uj Reue] + E[X{GXnN]

o=t
N—-1 N

+ Z E[—(Eé—dXZ)TPe(d)EZ—dXZ]
t=t+d
t+d—1

+ 3 E[(EeaXo)T (AT PV A0~ P Ep_aX]. (5.18)
l=t+1

Corresponding to the above cost functional (5.16)-(5.18), the system (5.3) and the admissible control
set (5.1)-(5.2), we denote such an LQ problem as Problem (LQ), for the initial pair (k,&).

The cost functional J(k, £;u) is such constructed in (5.16)-(5.18) that it is finite from below. This
is proved in the following proposition.

Proposition 5.6. For any (k,&) € Ty x R™, j(t,&;u) > 0. Hence, Problem (LQ), is finite.
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Proof. For (5.18), we have

N—-1 T
Jt&uw= Y E {XeT@eXe + [ Feae }

u
(=t+d £

*}Ee(d) Ing [Eé—dXé}
Hy W, Uy

t+d—1 T S+1— (l— 7
+ 3 E{XTQX + Be—aXe ATPET AP H] | [ BraX,
¢ Up Hy W (%
(=tt+1
T ~ ~
Xy Q: HF Xy TA
i Qv i E[XTGX
" {[ ut } [ Hy Wy Uy +E[XNGXy]
> 0.

The inequality above is due to the fact (ﬁ(o)’ ...,ﬁ(d)) € M. Similarly, we can prove other cases.

Hence, j(k:,«s;u) >0 for any (k,&) € Ty x R™. O

Let us make some observations about J(t,&;u). By adding to and subtracting

N-1 d d
Z E{ Z(EkJrlfiXkJrl)TUIEZ).lEkJrlfiXkJrl - Z(EkfiXk)TUkZ)EkfiXk}
k=t = i=0 =0
t+d—1  k+1—t ' k—t .
+ E{ Z (EkJrlfiXkJrl)TU1521Ek+17iXk+1 - Z(EkfiXk)TUéZ)EkfiXk}
k=t =0 =0

from J(t,&;u), we have
B N-1 N
Tt &)= 30 B{XT[Qu+ AL O + U AT + of Ui o - U)X
k=t+d

d-1
+ Z(Ek—iXk)T[AZU;gfll)Ak - Uéz)}Ek—iXk — (Eg—aXi)” (U,ﬁd’ + ﬁéd))Ek_ka
i—1

+ 2(Hp B aXk) ur + ufwkuk}
t+d—1 B
+ Z E{X;CT (Qr + Az(U,E?r)l + U,SF)I)AZ + CkTUIE(J)r)lck _ U}go)}Xk
k=t+2
k—t—1 . l
+ Y i X)) [ATUC A - U B X
1=1

+ (B X)) T[AL (U 4 PRy A, — (0D 4+ BE ) E, X,

+ 2(HAE X ) T + uf Wewn |

+ E{XtTH (@1 + AT (U + UL AT + CL U — U] X

+ (B X)) T [AT 1 (U, + B2 Avr — (U + PP TE XDy + 2(He By Xogn) T

+ utTHthum} + ]E{XtT (G + AT (U, + UP) AT + cTul% ¢, — U] x,

F2(H X)) Ty + utTWtut} 4 TuO¢. (5.19)
In the above, (U, ..., U®) is to be determined and

Rp+ X007 BIUY) B+ DIUS Dy k€ {t,st +d—1},

Wi (5.20)

Ry + X% BFUY) B + DFULY, Dy, k€ Tiia,
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and
" ST BIUS) Ap + DEUS O + LT, ke {t,.t+d— 1}, o)
k= 5.21
S BYUS) Ay + DFULY, Cy + LT, k€ Tq.
In fact, introduce the Riccati-like equation set
= @ +Af (Ulg(jr)l Ulgr)l)Ak + CTU}SACM
U = AFUSTV Ay, =1, ,d - 1,

Ul = - P9 — 1ITwiny, (5.22)
](\?) — G, U](\;) =0, 7= 1,...,d,
k S Tt+d7

UL = Qu+ AT(US), + U Ay + CLUS), o,

UP = AUV A, i =1, k=t 1,

U = TR0 5 U0 — B it

ke{t+2,..t+d—1},

(5.23)

and
t+1 = Qi1 + AL, (Ut(-(i)-)Q Ut(}r)z)AtH + CtTJrlUt(%CHl’
Ut(Jlr)l AtT+1(Pt(i)2 Ut(i)Q)At-i-l t+1 Ht-i-thT-i-lHt-i-la (5.24)
Ut(o) Qs + AT (U t(J(:)l Ut(Jlr)l)At +0f t(g)lct ~ M WH,,

with Wy, Hj, being given by (5.20) (5.21); by analysis similar to (5.19), we then have the following
result.

Lemma 5.7. Let (U, ..., U®D) be the solution of (5.22)-(5.24). Then,

N-1
Tk, &) Z E{ Eo—aXo)THI W HE X0 + 2(HoBo—aXo)Tup + uZWkuk} + Ik (€),
=k

where
L (6) = { o gTU,(g;)g, ke {tot+d— 1},
Yo §TUE k€ Thaa
_Based on what we have prepared above, we can construct a solution of (5.10)-(5.12) from
(PO, ..., P@) e M.
Theorem 5.8. The following statements hold.
(i) The solution of Riccati-like equation set (5.22)-(5.24) has the property

Wi >0, WiW[Hy =Hy, keT,.

(i) Let P,Ei) = 13151) + U,gi),k: € Tyi = 0,....,d. Then, such a (P9, ...,P(D) is a solution of the
constrained Riccati-like equation set (5.10)-(5.12).

Proof. From Proposition 5.6, Problem (LQ), is finite for any initial pair (k,£) € T; x R™; hence
it is solvable. Combining Lemma 5.7 and the part of proving the equivalence between (i) and (iii) of
Theorem 5.4, we must have (i) of this theorem. (ii) follows from some simple calculations. O

Remark 5.9. By Theorem 5.8, we can construct a solution of the constrained Riccati-like equation
set from a solution of the LMEIs. This result is potentially useful to study the algebraic Riccati-like
equations that we will encounter in the infinite-horizon version of Problems (LQ). For more about
standard infinite-horizon stochastic LQ problems, we can refer to, for example, [4] [39].
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5.3 The unique solvability of Problem (LQ)

In the following, we will study the uniform convexity of the cost functional, which is motivated by
some results of [29]. The functional u — J(t,x;u) is called uniformly convex if there exists a A > 0
such that for any u € U!,

N—1
J(t,0;u) > Allul[> = A > Elugl*. (5.25)
k=t

From Proposition 3.2, Problem (LQ) will have a unique optimal control if u — J(¢,0;u) is uniformly
convex.

Lemma 5.10. For ® € L*(Ty;R™*"™) and (4.17) with uw € UL, there exist 1,72 with property
0 < v9 < 71 such that

N-1 N—-1 N—1
v2 > Blug]* <> Elug — ®xBp_aXPP < > Elugl*. (5.26)
k=t k=t k=t

Proof. For ® € L*(T;; R™*™), define a bounded linear operator for U?, to U,
Ou=u—PE._ XY, (5.27)

where u — ®E._4X" is the control {uy — ®,Er_q Xy, k€ T;}. Note that Ou = 0 implies u = 0, i.e.,
O is an injection. Let

N—-1
po(u) = [|Ou]| = | Y Eluy — ®xBx_aX P2,
k=t

which is indeed a norm on ¢! ;. Furthermore, for any given u(™ € U! ,, we have when n — oo

pa(u™) =0 & (™| =

Therefore, po( ) is equivalent to the norm || - || on UL, We then claim (5.26). O

Theorem 5.11. The following statements are equivalent.

(i) Problem (LQ) is uniquely solvable at the initial pair (t,z).

(#) Riccati-like equation set (5.10)-(5.12) is solvable, and Wy, > 0,k € Ty.

(iii) w s J(t,z;u) is uniformly convex for u € UL,.

(iv) For any k € Ty, u — J(k,&u) is uniformly convex for u € U¥,.

(v) Problem (LQ) is uniquely solvable at any initial pair (k,&) € T, x R™.

Under any of the above conditions, the optimal control of Problem (LQ) for the initial pair (k,§)
is given by

uptt = W H B g X%, (e Ty (5.28)

with X*®&* given by

XP5T = (AX)S" = BW T HE - g X,%%) + (CoX % — DoW M HyE— g X5 Yy,
X8 =¢ LeTy.
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Proof. (i) = (ii). This can be achieved by undating the proof of Theorem 4.2. Let u®** be the
unique optimal control of Problem (LQ) for the initial pair (¢, z). Noting (7.5) and that Theorem 4.1
is of necessary and sufficient conditions, we have

0= Wyuy™" + H, X", keT,.

As the optimal control uniquely exists, we must have that W, is nonsingular, £ € T;. Otherwise, any
controls of the following form

= W HXE™ (1= WiW) Tk, Ty € Frea, keT, (5.29)

is also an optimal control, where

RES = (AP + B + (GRS + D,
X§7I7* =T, k S Tt.

Since Wy, k € Ty, are all invertible, from (7.10) and (4.3) we have

N-1
J(t,0u) = Y (ux + Wi " HiBr—a X0) " Wi (u + W HiFr—a X3) > 0, (5.30)
k=t
where XU is given in (4.17). Letting ®; = —Wk_lHk, from Lemma 4.10 we know that the linear

operator O defined in (5.27) is a surjection from U, to U!,. Noting that (5.30) holds for any u € U,
we must have

Wi >0, keTy,
which implies (ii).
(#9) = (#i7). Similarly to (5.30), it holds that

N-—-1
J(t, O,U) = Z (uk + Wk_lHkEk,ng)TWk(uk =+ Wk_lHkEk,ng).
k=t

From Lemma 5.10, we have

N—-1 N-1
J(t,0;u) > Ain Y Blug + Wi HRE XP)? > Aminy2 Y Elul?,
k=t k=t

where A > 0 denotes the minimal eigenvalue among all the eigenvalues of Wy, k € T;. Hence,
u > J(t, z;w) is uniformly convex.

(iii)=(iv). Let u + J(t,z;u) be uniformly convex for u € U!,. Now for any u = (up,...,un_1) €
Uk, let v =(0,...,0,ug, ..., un—1) € UL, Then, we have

N—-1 N—1
J(k,05u) = J(£,0,0) = A Y Elogl> =AY Elugl*.
l=t l=k

Hence, u +— J(k,&;w) is uniformly convex.

(iv)=(v). From Proposition 3.2, Problem (LQ) for the initial pair (k,&) admits a unique optimal
control.

(v)=-(i). This is clear.
Under any of the above conditions, we have (5.28). O
Remark 5.12. The theorem above shows that Problem (LQ) is uniquely solvable at the initial pair

(t,x) if and only if Problem (LQ) is uniquely solvable at any initial pair (k,&) € Ty x R™. This result
links Section 4 with this section. Note, here, that the condition of uniform convexity plays a key role.
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6 Example

In this section, we shall present an example to illustrate the theory derived above.

Example 6.1. Consider a version of Problem (LQ) whose system matrices and weighting matrices

are
O EH I R e L g S el
e T I e B e N v
A ER A S S F|
D0:12.b47 1'??3}’])1[21'.823 1'((3)3]’D2{(1):i) 29625]’D3[t'.i6 1.615}’
o AR FH E S RS P!
e Sl R e B B e P
o[ 3, %)

Let N=4 and d =2 in (2.1) in (2.4). Find the optimal control.
In this case, the constrained Riccati-like equation set (5.10)-(5.12) becomes to

PO = Qu+ AT(P, + D) A+ CTECL,
P = AT,
P = —HIW} Hy,

PO =g, PM=p? =y, o4
Wi W Hy, = Hy, W, > 0,
ke {2,3},
and
P = Qi+ AT(P" + ) Av+ o R ¢y,
{ P = ATPP Ay — HY W] H,, (6.2)

P = Qo+ AL (P + P{") Ao + CT PV Cy — HIW{ Ho,
WiW,Hy, = Hy, W), >0, k=0, 1.
By some calculations, we have

26 4 49. —120.
W0[796 307] {798 06]7

4307 1403 |71 T | —120.6 6637

| 28.8150  5.7102 | 10.4510 —1.7355
>~ | 57102 1510654 |'° | —1.7355  4.3900 |’

which are positive definite. Hence, (6.1)-(6.2) are solvable. Furthermore, the unique optimal control
is given by

ugama* — 7W]€_1Hk]Ek72X]87z7*7 ke {0; 17253}7
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where —W/[ Hy, k =0,1,2,3, are

~1.5730  1.2102 ~0.9460 0.0731
Wl H, = —WlH, =
Wo Ho 10877 20347 |0 Wi Hh 0.0572 —0.8292 |’
~0.3940 —0.5321 ~0.0069 0.0791
_Wilg, = CWolH. =
Wy Hz 01330 —o0sse5 |0 Vs 1.1469  0.3861 |’

and X%%* is given by

{

7

Xpor = (AeX))™" = ByWy " Hy B X)) + (Ch X ™" — DWy  HiEgp— o X )y,

Xg** =z, ke{0,1,2,3}.

Conclusion

In this paper, an indefinite stochastic LQ problem with transmission delay and multiplicative noises

is studied. Based on some abstract consideration, necessary and sufficient conditions are given, re-

spectively, for the case with a fixed initial pair and the case with all the initial pairs. Further, a set

of constrained discrete-time Riccati-like equations and a set of linear matrix equality-inequalities are
introduced, which are used to characterize the existence of the delayed optimal control of Problem
(LQ). Moreover, the unique solvability of the delayed optimal control is also fully characterized. For

future research, the infinite-horizon stochastic LQ problem with input delay should be investigated.
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Appendix

A. Proof of Theorem 4.2

(i) = (41). Let u>** be an optimal control of Problem (LQ) for the initial pair (¢,z). Then, we now
prove that (4.9) is satisfied with property (4.12). The following deduction is a variant of that in [43].

Firstly, let us begin with the cast k = N — 1. Noting Z"* = GX ™", we have
En_1-aZ5"" = GAN_1En_1-aX 3"+ GBy_1u™,
and
En-1-a(Zy" wn-1) = GON1En—1-aX§"} + GDN_1u’y™5.
Hence, (4.1) for k = N — 1 reads as

t,x,*

0=Rn_ 1UN 1+BN 1EN 1— dZ +DN 1EN 1— d(ZA}I’ WN— 1)
=Wy_1uy™) + Hyv 1 En_1_a X557

As there exists a u®™* satisfies (4.1), from Lemma 2.3 we know that (4.9) holds for k = N — 1, and
that uﬁvzj can be selected as

ult = — Wi Hy 1By g gX§57
Furthermore,
755 = (Quor + AN \GAn_ + Ch_\GON ) X" — HE W Hy By X5
= P](\f)lle\}z_”{ + P](\[dl1EN—1—dX§\}m_’>{-

In view of P\ | =0,i=1,---,d— 1, we have (4.12) for k = N — 1.
Secondly, assume that for k € {t +d,...,N — 1}

HiBo_gX,;"* € Ran(Wy), €€ Tpyq ={k+1,...,N —1}, (7.1)
ug™* = —WIHE o Xp™", €€ Thyn, (7.2)
and
t,x,* (0 t,x,* (1 t,x,* *
2y = P€+)1X€+1 Pe+)1E€Xe+1 +- e+)1E€+1 dXe+1 » £ € Thpr

Now we verify that these are also true for the case k. In fact, notice that

E._ dZItc—il* Z P]E AkEk dXt ©r 4 Bku}lx *), (73)
=0
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and
Ek,d(Z,ifl*wk) = Pé_oi_)l (CkEkde]i’z’* + Dkugz’*). (7.4)
Then, (4.1) reads as

0= Ryuy™" + Bl Ey—aZyy + D Ey—a(Zy 1 wy)
= Wi ™" + HyEp_ g X7 (7.5)

This implies by Lemma 2.3 that (4.9) holds for k and that u;™* can be selected as
uZ’z’* = 7W]IH]€E}C,C]X£’I’*. (76)

Furthermore,
d .
zZptr = {Qk + AL (PIS% + PI§21)A’€ + CkTPISACk} X+ Z AzplgzzlAkEk+1*iX£7I7*
i=2

— HI W HyEy_g X"

= POX" 4 PUE XP™ 4+ PR g X (7.7)

Let us further investigate a special case k =t + d of (7.7)
T, 0 T, % 1 T, % d T, %
Ztt#d - Pt(+21Xtt+d + Pt(+21Et+d*1Xtt+d +ooet Pt(+21EtXtt+d : (7.8)
Then, from a derivation similar to (7.3)-(7.6), we have that (4.9) holds for k =¢t+d — 1 and
tyr,k t t,x,*
Upg 1 = Wipao Hipa 1B X007

Therefore,

T, 0 1 0 T,
Zit, = [Qterfl + AL g (Pt(+21 + Pt(+21) Arya-1+ Cgrdflptgrzicﬂrdfl} Xivat
d-1 _
+ Z AtT+d71Pt(jr)dAt+d—1Et+d—infc}i1
i—2

d X,k
+ [AtTerflPt(Jr)dAter—l - ngdflwtud—lHHd—l]EtX:#dq
_ pO) b, % (1) bz, (d—1) bz
= Pria 1 Xiva t Pira 1 Beva2 Xy g+ P AEX G (7.9)
Note that the form of (7.9) is different from (7.7) and (7.8). Therefore, we further need deductions.
Assume that for k € {t,...,t + d — 2} we have (7.1), (7.2) and
t,x,* 0) t,x,* (1 t,x,* (k4+1—t t,x,*
Ziy = PI§+1Xk+1 + Pk+)1]Eka+1 +o Py )]Eth+1 -

Similar to (7.3)-(7.6), we have that (4.9) holds for k and uy™* can be selected as

t,x,x T t, %
Uy = —WkaEk_ka .

Furthermore,
k—t _
Zy0 = [Qk + A (Plgg)r)l + Plgr)l)Ak + CJCTP(O)Ck} X5t 4 Z AfPéflAklEm_iX}i’z’*
i=2

+ [Azplgf:lrlft)Ak — HgWng}Eth’m’*
— P]EO)X;?IHK +P,§1)Ek,1X,i’””’* . +P]§k—t)EtX£,m,*.

By induction, we can prove (4.9), (4.11) and (4.12).

(#4) = (7). By Lemma 2.3 and reversing the proof of (i) = (ii), we can achieve the result. O
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B. Proof of Lemma 4.16

By adding to and subtracting

N-1 d d

> E{ Z(EkJrlfiXIg-i-l)TpéizlEkJrl*ing-i-l - Z(Ekfng)TPéi)Ekfng}
k=t 1=0 1=0
t+d—1 k+1—t . k—t .
+ E{ Z (EkJrlfing-i-l)TplgleEkJrl*ing-',—l - Z(Ekfng)TPéz)Ekfng}
k=t 1=0 1=0
from J(t,0;u), we have (noting X = 0)
N-—1
J(t,0;u) = Y E{(X,S)T [Qi + AT (P, + P AT + ¢ Py — PV X7
k=t+d
d—1 ) ]
+ 3 (i X T [AT PIED Ay — POEi XD — (Ep—a X9)T PV Eg—a X
=1
+ Q(HkEk_ng)Tuk + UZWkUk}
t+d—1
S B+ AL (RS, + FD)AT + G P - PO
k=t+2
k—t—1

+ ) B X)T[AF P AL — PR XD
=1
+ (B X T (AF PS4y — PFTEXD + 2( HyEe X ) Tuy, + ufwkuk}
0 1 0 0
+ E{(Xz?-i-l)T [QtJrl + Az:',-l (Pt(+)2 + Pt(+é)A?+1 + CZf-lpt(+)20t+l - Pt(+)1]X?+1

2 1
+ (B X0 )T (AT PR Ay — PR By + 2(Hy B X P ) T

+ufy Wi | +B{XD)T Q0 + AT (P + P AT + TP - PO XY

+ 2(HtXtO)T’lLt + U?Wtut}

=2

-1
= E{(Ek,ng)THgWngEk,ng + 2(HkEk,ng)Tuk + ufWkuk}

t

el
Il

This completes the proof.

C. Proof of Theorem 5.4

(7.10)

O

(i) = (49)(i17). Consider Problem (LQ) for the initial pair (N — 1,£) with £ € R™. Letting k = N — 1

in (4.4), similar to (7.10) we have

J(N —1,&un—1) =uh_  Wr_1un—1 4+ 2(Hy_1&) T up, + fTHZE_lWL_lHN—ﬁ
d
+eT (P )e> —o.
i=0
As (7.11) holds for any £ € R™ and any uy_1 € L[ﬁl_l, we must have

Wy_1>0, Ran(Hy_1) C Ran(Wy_1) (i.e, Wy W}, Hy_1 = Hy_1).
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Otherwise, if W _; has a negative eigenvalue, say p, then for an eigenvector n of u
d .
TN = 1,6 2m) = X202 + 20 (Hy—16) "0 + €7 (D0 P, )€ = —00, as A oo, (7.12)
i=0

This contradicts the finiteness of Problem (LQ). Further, if Ran(Hy_1) C Ran(Wy_1), then there
exists a & € R™ such that Hy_1&p € Ker(W},). Hence,

d
JIN = 1,6 =My 160) = 2\ Hy 1&of* + €7 (D2 P, )€ = —o0, as A — o0,
i=0

This also contradicts the finiteness of Problem (LQ). We therefore have (7.12) and

d
J(N = 1,&=Wh_ Hi§) = inf J(N =1, &uy_1) = sT(;P}&)- (7.13)
Assume that for k € Tyyqg = {t +d,...,N — 1}
W, >0, WW/H,=Hy, 0€Tpy ={k+1,..,N—1}, (7.14)
and
J,&uS") = inf J((,&u), L€ Ty, € €R™ (7.15)

uelt,
In (7.15), u®$* is given by
upsr = —WIHE, ¢ X35, peTy={(...N-1}
with

£,€,% * * * *
X8 = (A, X558 — BWIH,E,_ g X55%) + (CpXL6* — DyWIH,E,_ g X554 )w,,
Xf’g’* = f, pE T,.

We now prove that (7.14) and (7.15) also hold for the case ¢ = k. In fact, similarly to (7.10) we have

N1
J(k, & u) = Z E{(w + WJHeIEedee)TWe(w + WJHeEedee)}

l=k+1
d
+ E{gTH,ZW,ijg +2(HE) Ty + u{Wkuk} 47 ( 3 P,g“)g
1=0
> —0Q, (716)

which holds for any £ € R™ and any u € Z/lf;d. Let the elements ug41,...,uny—1 of u take the following
form

wp = W] HE_gXy, €€ Tyy,

and denote such a u by @ with its element uy being freely selected. Then, (7.16) becomes to
d .
J(h, & 70) = B{eTHTW]HLE + 2(H&)Tug + uf Wy} + €7 (30 P )¢ > —oc. (7.17)
i=0

By an analysis similar to that between (7.12) and (7.13), we have

Wi >0, WkW;ZHk = Hy,
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and

d

2 0 =€ (2t

i=0

J(k, & u") =

with u®$* being given by (5.13). By induction, we can get (ii) and (iii).

(#4) = (4). This is straightforward.
(#4) = (#i1). By the proof of Theorem 4.2, we know
0= WoupS* + HE_ g X%, €Ty (7.18)
Note that (7.18) holds for any initial pair (k,§) and £ € Ty. We must have
WiW,Hy, = Hy, keT,.
Wi >0,k € Ty, is due to the convexity of u — J (¢, x;u).

(#41) = (i1). This is straightforward from

=

J(k,&u) = ]E{(w + W HE X o) T We(ue + WgHe]Eedee)} + Ik (€),

where

I1,(§) = S P ket ot +d—1},
Z?:o STPISZ)& k€ Tirq.

(iii) = (iv). Let (P©,...P(®) be the solution of Riccati-like equation set (4.4)-(4.5) with property
WiW{!H), = Hy, W), > 0,k € T;. From the extended Schur’s lemma, we know (P® ..P(D) e M.
Hence, M is nonempty.

(iv) = (i). Let (P ...P@®) c M. Then, from Lemma 5.2, we know

J(k, & u) > Tg(§) > —oo.
Hence, Problem (LQ) is finite.
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