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THE COMPLEX AIRY OPERATOR ON THE LINE WITH A
SEMI-PERMEABLE BARRIER

DENIS S. GREBENKOV*, BERNARD HELFFER!, AND RAPHAEL HENRY?

Abstract. We consider a suitable extension of the complex Airy operator, —d?/dz? + iz, on the
real line with a transmission boundary condition at the origin. We provide a rigorous definition of
this operator and study its spectral properties. In particular, we show that the spectrum is discrete,
the space generated by the generalized eigenfunctions is dense in L? (completeness), and we analyze
the decay of the associated semi-group. We also present explicit formulas for the integral kernel of
the resolvent in terms of Airy functions, investigate its poles, and derive the resolvent estimates.

Key words. Airy operator, transmission boundary condition, spectral theory, Bloch-Torrey
equation

AMS subject classifications. 35P10, 47A10, 47A75

1. Introduction. The transmission boundary condition which is considered in
this article appears in various exchange problems such as molecular diffusion across
semi-permeable membranes [37, 34, 33|, heat transfer in composite materials [11,
18, 8], or transverse magnetization evolution in nuclear magnetic resonance (NMR)
experiments [20]. In the simplest setting of the latter case, one considers the local
transverse magnetization G(z,y;t) produced by the nuclei that started from a fixed
initial point y and diffused in a constant magnetic field gradient g up to time ¢. This
magnetization is also called the propagator or the Green function of the Bloch-Torrey
equation [39]:

B) .
(1.1) EG(%y;t) = (DA —iygzy) G(z,y;t),

with the initial condition
(1.2) Gla,yst=0) = bz —y),

where §(x) is the Dirac distribution, D the intrinsic diffusion coefficient, A = §%/9z2+
.+ 0% &Tﬁ the Laplace operator in R?, v the gyromagnetic ratio, and x; the co-
ordinate in a prescribed direction. From an experimental point of view, the local
transverse magnetization is too weak to be detected but the macroscopic signal pro-
duced by all the nuclei in a sample can be measured. In other words, one can access
the double integral of G(z,y;t)p(y) over the starting and arrival points y and =z,
where p(y) is the initial density of the nuclei in the sample. The microstructure
of the sample, which can eventually be introduced through boundary conditions to
(1.1), affects the motion of the nuclei, the magnetization G(z,y;t), and the resulting
macroscopic signal. Measuring the signal at various times ¢ and magnetic field gradi-
ents g, one aims at inferring structural properties of the sample [19]. Although this
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2 D. S. GREBENKOV, B. HELFFER, AND R. HENRY

non-invasive experimental technique has found numerous applications in material sci-
ences and medicine, mathematical aspects of this formidable inverse problem remain
poorly understood. Even the forward problem of relating a given microstructure to
the macroscopic signal is challenging because of the non-selfadjoint character of the
Bloch-Torrey operator DA — iygx; in (1.1). In particular, the spectral properties of
this operator were rigorously established only on the line R (no boundary condition)
and on the half-axis Ry with Dirichlet or Neumann boundary conditions (see Sec. 3).
Throughout this paper, we focus on the one-dimensional situation
(d =1), in which the operator

2 d?
D; +ix = ) +ix
is called the complex Airy operator and appears in many contexts: mathematical
physics, fluid dynamics, time dependent Ginzburg-Landau problems and also as an
interesting toy model in spectral theory (see [3]). We will consider a suitable exten-
sion Af of this differential operator and its associated evolution operator e~tAl . The

Green function G(z,y;t) is the distribution kernel of etAT A separate article will
address this operator in higher dimensions [24].

For the problem on the line R, an intriguing property is that this non self-adjoint
operator, which has compact resolvent, has empty spectrum (see Section 3.1). How-
ever, the situation is completely different on the half-line R . The eigenvalue problem

(D2 4 iz)u = \u,

for a spectral pair (u,\) with v € H?(R,) and zu € L?(R") has been thoroughly
analyzed for both Dirichlet (u(0) = 0) and Neumann (u/(0) = 0) boundary condi-
tions. The spectrum consists of an infinite sequence of eigenvalues of multiplicity one
explicitly related to the zeros of the Airy function (see [36, 26]). The space gener-
ated by the eigenfunctions is dense in L?(R;) (completeness property) but there is
no Riesz basis of eigenfunctions.! Finally, the decay of the associated semi-group has
been analyzed in detail. The physical consequences of these spectral properties for
NMR experiments have been first revealed by Stoller, Happer and Dyson [36] and
then thoroughly discussed in [15, 19, 22].

In this article, we consider another problem for the complex Airy operator on the
line but with a transmission condition at 0 which reads [22]:

u’(0+) = UI(O—)’
(1.3) {uf<o> =k (u(04) —u(0-)),

where x > 0 is a real parameter. In physical terms, the transmission condition ac-
counts for the diffusive exchange between two media R_ and R across the barrier
at 0, while x is defined as the ratio between the barrier permeability and the bulk
diffusion coefficient. This situation is particularly relevant for biological samples and
applications [19, 21, 22]. The case k = 0 corresponds to two independent Neumann
problems on R_ and Ry for the complex Airy operator. When « tends to oo, the

1 We recall that a collection of vectors (xy) in a Hilbert space H is called Riesz basis if it is an
image of an orthonormal basis in 4 under some isomorphism.
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THE COMPLEX AIRY OPERATOR ON THE LINE WITH A SEMI-PERMEABLE BARRIER3

second relation in (1.3) becomes the continuity condition, u(04+) = u(0_), and the
barrier disappears. As a consequence, the problem tends (at least formally) to the
standard problem for the complex Airy operator on the line.

The main purpose of this paper is to define the complex Airy operator with trans-
mission (Section 4) and then to analyze its spectral properties. Before starting the
analysis of the complex Airy operator with transmission, we first recall in Section 2
the spectral properties of the one-dimensional Laplacian with the transmission condi-
tion, and summarize in Section 3 the known properties of the complex Airy operator.
New properties are also established concerning the Robin boundary condition and
the behavior of the resolvent for real A going to +oco. In Section 4 we will show that
the complex Airy operator A = D2 + iz on the line R with a transmission prop-
erty (1.3) is well defined by an appropriate sesquilinear form and an extension of the
Lax-Milgram theorem. Section 5 focuses on the exponential decay of the associated
semi-group. In Section 6, we present explicit formulas for the integral kernel of the
resolvent and investigate its poles. In Section 7, the resolvent estimates as [Im A| — 0
are discussed. Finally, the proof of completeness is reported in Section 8. In five
Appendices, we recall the basic properties of Airy functions (Appendix A), determine
the asymptotic behavior of the resolvent as A — +oo for extensions of the complex
Airy operator on the line (Appendix B) and in the semi-axis (Appendix C), give
the statement of the needed Phragmen-Lindel6f theorem (Appendix D) and finally
describe the numerical method for computing the eigenvalues (Appendix E).

We summarize our main results in the following:

THEOREM 1. The semigroup exp(—tAf) is contracting. The operator AT has a
discrete spectrum {\,(x)}. The eigenvalues A, (k) are determined as (complez-valued)
solutions of the equation

(1.4) 2mAY (2™ /BN AT (e /3)\) + k = 0,

where Ai'(2) is the derivative of the Airy function.

For all k > 0, there exists N such that, for alln > N, there exists a unique eigenvalue
of AT in the ball B(AE, 2k|A\E|™1), where \E = e*27/3q! | and a!, are the zeros of
Ai'(2).

Finally, for any k > 0 the space generated by the generalized eigenfunctions of the
complex Airy operator with transmission is dense in L>(R_) x L?(R).

REMARK 2. Numerical computations suggest that all the spectral projections have
rank one (no Jordan block) but we shall only prove in Proposition 36 that there are
at most a finite number of eigenvalues with nontrivial Jordan blocks. It will be shown
in [6] that the eigenvalues are actually simple. Hence one can replace “generalized
eigenfunctions” by “eigenfunctions” in the Theorem 1.

2. The free Laplacian with a semi-permeable barrier. As an enlighting

exercise, let us consider in this section the case of the free one-dimensional Laplacian
2
—7= on R\ {0} with the transmission condition (1.3) at = 0. We work in the

Hilbert space
T2 2
H:=L> x L7,
where L? := L*(R_) and L% = L*(Ry).

An element u € L2 x L3 will be denoted by u = (u_,uy) and we shall use the
notation H® = H*(R_), H} = H*(R;) for s > 0.

This manuscript is for review purposes only.
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4 D. S. GREBENKOV, B. HELFFER, AND R. HENRY

So (1.3) reads
u, (0) = ul(0),
(2.1) { uI(O) = K(up(0) —u_(0)).

In order to define appropriately the corresponding operator, we start by consid-
ering a sesquilinear form defined on the domain

1 1
V=HxH,.

The space V' is endowed with the Hilbert norm || - ||y defined for all u = (u—, u4) in
V by
lall¥ = llu—ll + Nl 17 -

We then define a Hermitian sesquilinear form a, acting on V' x V by the formula

a, (u,v) = ' u ()0 (z) +vu_(2)v_(z)) dz
/. )

—0o0

v/ (4 @), @) + s @4 ) do

(2:2) 1 (14 (0) — u_(0)) (20) — v_(0)) .

for all pairs u = (u—,uy) and v = (v_,vy) in V. For z € C, z denotes the complex
conjugate of z. The parameter v > 0 will be determined later to ensure the coercivity
of a, .

LEMMA 3. The sesquilinear form a, is continuous on V' .

Proof
We want to show that, for any v > 0, there exists a positive constant ¢ such that, for
all (u,v) eV xV,

(2.3) lay (u, v)| < clullv o]y -

We have, for some ¢y > 0,
0
’/ (u’_ ()0 (z) +vu_(z)v_ (m)) dx

+oo
[ (W@ @) + v @ @) do| < o lulvloly

On the other hand,

—+oo
(2.4) us (0)* = —/0 (upiy) (z) do < 2 |ul| 22 ||| 22 ,

and similarly for |u_(0)|?, |v4(0)|? and |v_(0)|?. Thus there exists ¢; > 0 such that,
for all (u,v) eV xV,

(- (0) = . (0)) (v-(0) = 01 (0) | < exlluly o]l .
and (2.3) follows with ¢ = ¢ + ¢;. O
The coercivity of the sesquilinear form a, for v large enough is proved in the

following lemma. It allows us to define a closed operator associated with a, by using
the Lax-Milgram theorem.

This manuscript is for review purposes only.
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THE COMPLEX AIRY OPERATOR ON THE LINE WITH A SEMI-PERMEABLE BARRIERH

LEMMA 4. There exist vg > 0 and o > 0 such that, for all v > vy,
(2.5) VueV, a,(u,u)>allul?.

Proof

The proof is elementary for £ > 0. For completeness, we provide below the proof for
the case k < 0 (in which an additional difficulty occurs), but we will keep considering
the physically relevant case k > 0 throughout the paper.

Using the estimate (2.4) as well as the Young inequality

1
< (502 —1 42
Ve, f,0 >0, effz(ée +6 f),

we get that, for all € > 0, there exists C(¢) > 0 such that, for all u € V',

0

+oo
(2.6) |u_<o>—u+<o>|2s6(/ @)+ [ |u’+<x>|2dx)+c<e>||u||%2.

— 00

Thus for all ©w € V we have

an (1) > (1— |kfe) (/0 ! (2)|? da + /Om o, ()2 dx)

— 00

(2.7) +(v = |KIC(e)) llullz= -

Choosing € < |x|™! and v > |k|C(e), we get (2.5). O

The sesquilinear form a, being symmetric, continuous and coercive in the sense of
(2.5) on V x V| we can use the Lax-Milgram theorem [26] to define a closed, densely
defined selfadjoint operator S, associated with a, . Then we set 7o = S, — v. By
construction, the domain of S, and 7y is

D(To) = {u €V :vra,(u,v) can be extended continuously
(2.8) on L2 x I3},

and the operator 7Ty satisfies, for all (u,v) € D(To) x V,
ay(u,v) = (Tou,v) + v{u,v) .

Now we look for an explicit description of the domain (2.8). The antilinear form
a(u,-) can be extended continuously on L? x Li if and only if there exists w, =
(wy ,w;f) € L2 x L2 such that

Yo eV, ayu(u,v) = (wy,v).
According to the expression (2.2), we have necessarily
w, = (—u’ +vu_,—u] +vuy) € L* x L7,

where u” and u/[ are a priori defined in the sense of distributions respectively in
D'(R_) and D'(R4). Moreover (u_,u ) has to satisfy conditions (1.3). Consequently
we have

D(To) = {u = (u_,uy) € H x Hy : (u”,u]) € L? x L7

and u satisfies conditions (13)} .

This manuscript is for review purposes only.
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6 D. S. GREBENKOV, B. HELFFER, AND R. HENRY

Finally we have introduced a closed, densely defined selfadjoint operator 7y acting by

%u:_u/l

on (—00,0) U (0,400), with domain
D(To) = {u € H> x H? : u satisfies conditions (1.3)}.

Note that at the end 7 is independent of the v chosen for its construction.

We observe also that because of the transmission conditions (1.3), the operator T
might not be positive when x < 0, hence there can be a negative spectrum, as can be
seen in the following statement.

PROPOSITION 5. For all k € R, the essential spectrum of Ty is

(2.9) Oess(To) = [0, +00) .
Moreover, if k > 0 the operator Ty has empty discrete spectrum and
(210) 0(76) = 0655(76) = [07 +OO) .

On the other hand, if k < 0 there exists a unique negative eigenvalue —4x?2 , which is
simple, and

(2.11) o(To) = { — 4>} U[0,400).

Proof

Let us first prove that [0,400) C 0es5(70). This can be achieved by a standard
singular sequence construction.

Let (a;);jen be a positive increasing sequence such that, for all j € N, a;41 —a; >
2j+1. Let x; € C§°(R) (5 € N) such that

. . C
Supp x; © (a; = j.a; + ). [Pl =1 and sup | < =2, p=1,2,

for some C' independent of j. Then, for all 7 > 0, the sequence u’;(z) = (O7 X (:z:)ei”)

is a singular sequence for Ty corresponding to z = r? in the sense of [17, Definition
IX.1.2]. Hence according to [17, Theorem IX.1.3], we have [0, +00) C 0css(T0) -

Now let us prove that (79 — p) is invertible for all y € (—00,0) if kK > 0, and for
all p € (—00,0)\ {—4k?} if Kk < 0.
Let p < 0 and f = (f-, f+) € L2 x L% . We are going to determine explicitly the
solutions u = (u_,u. ) to the equation

(2.12) Tou=pu+ f.

Any solution of the equation —u/] = pug + fi has the form
(2.13)

1 xr
Ui(LE) = 7/ fi(y) e~ —p(z—y) —e —p (z—y) dy+Aie\/j*”” +Biei‘/j‘um’
2 Jo =0 )
for some Ay, B4 € R.

We shall now determine Ay, A_, By and B_ such that (u_,u4) belongs to the
domain D(7y) . The conditions (1.3) yield

{ A+—B+ = 147—.877
\/—,LL (A+ — B+) = —K (Af + 37 — A+ — B+) .

This manuscript is for review purposes only.
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Moreover, the decay conditions at oo imposed by u+ € HZ lead to the following
values for A, and B_:

2.14) A :7/ f ye_\/j”ydy, B,zi/ f,ye‘/j’”’dy.
1) A= [ L) s W
The remaining constants A_ and B, have to satisfy the system

(2 15) A—+B+ = A++Bf,

: —kA_+ (V=p+£K)By = (V=p—rK)Ay+KB_.
We then notice that the equation (2.12) has a unique solution v = (u_,uy) if and
only if K > 0 or u # —4k2.

Finally in the case x < 0 and u = —4x?, the homogeneous equation associated with
(2.12) (4.e with f = 0) has a one-dimensional space of solutions, namely

U(I) — (_ K672nz7K€2nz)

with K € R. Consequently if & < 0, the eigenvalue y = —4x? is simple, and the
desired statement is proved. O

The expression (2.14) along with the system (2.15) yield the values of A_ and
By when ¢ o(To):

A = 2 / e we VT ay
2v/=n(v=p+2r) Jo

b /0 f-(y)eY=rvad
2Vt en) S T

and

By SN — /+°° Fr(y)e ™™ dy
2(v=p+2K) Jo

6\/juydy.

- o / LW

-y
2v=p(vV=r+2k) J o
Using (2.13), we are then able to obtain the expression of the integral kernel of (7p —
p)~'. More precisely we have, for all f = (f_, f) € L% x L3,

R,” R,;*
m—m-lz( i Ry )
Ri- Ri+
where for €,0 € {—,+} the operator R;7 : R — R® is an integral operator whose
kernel (still denoted R;,? ) is given for all (z,y) € R® x R? by

(2.16) RS (2,y) = L o~V 4 oy ! oVl )

2y~ 2(v=p + 2r)

Noticing that the first term in the right-hand side of (2.16) is the integral kernel of
the Laplacian on R, and that the second term is the kernel of a rank one operator,

This manuscript is for review purposes only.
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we finally get the following expression of (7o — ) ~! as a rank one perturbation of the
Laplacian:

(To— ™" = (-A—p)!

1 ( <<'=€u>f(€#) —<.~ 75u>+ lu)- ) ’

- (¢
BT =TT R N S I (% T G A S (A

where £,,(v) = e”V7#12l and (-, ). denotes the L? scalar product on R* .
Here the operator (—A — p)~' denotes the operator acting on L2 x L2 like the
resolvent of the Laplacian on L?(R):

(A =) Hu—yuy) = (A = 1) " (U= Lo 0) + Ut L0,400)) »

composed with the map L*(R) 5 v — (vr_,vr,) € L2 x L3 .

3. Reminder on the complex Airy operator. Here we recall relatively basic
facts coming from [32, 3, 10, 26, 25, 28, 29] and discuss new questions concerning
estimates on the resolvent and the Robin boundary condition. Complements will also
be given in Appendices A, B and C.

3.1. The complex Airy operator on the line. The complex Airy operator
on the line can be defined as the closed extension AT of the differential operator
Af == D? + iz on C§°(R). We observe that AT = (Ay)* with Ay := D? —ix and
that its domain is

D(AY) ={uc H*R), zu € L*(R)}.

In particular, A" has a compact resolvent. It is also easy to see that —A™ is the
generator of a semi-group S; of contraction,

(3.1) S; = exp(—tAT).

Hence the results of the theory of semi-groups can be applied (see for example [12]).
In particular, we have, for Re A < 0,

1

3.2 o< —.
(32) A" =27 < e
A very special property of this operator is that, for any a € R,
(3.3) T, A" = (A" —ia) T, ,

where T, is the translation operator: (Tpu)(z) = u(z —a).
As an immediate consequence, we obtain that the spectrum is empty and that the
resolvent of AT,

Gg (N) = (AT =07,
which is defined for any A € C, satisfies
(3.4) (AT =07 = [I(AT = ReX) 7M.

The most interesting property is the control of the resolvent for Re A > 0.

This manuscript is for review purposes only.
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THE COMPLEX AIRY OPERATOR ON THE LINE WITH A SEMI-PERMEABLE BARRIER9

PROPOSITION 6 (W. Bordeaux-Montrieux [10]).
As Re A — +o00, we have

5) 165 OV~ /5 (R exp (R )

where f(A) ~ g(\) means that the ratio f(\)/g(\) tends to 1 in the limit A — +o0.

This improves a previous result (see Appendix B) by J. Martinet [32] (see also in
[26, 25]) who also proved?

PROPOSITION 7.

(M)

(3.6) 1G5 (Mllzs = 1G5 (Re M|
and
+ ™ _ 1 4 3
(3.7) 1Gs M mrs ~ 5 (ReA) 2 exp g(Re A)2 as Re A — +o0,
where || - ||gs is the Hilbert-Schmidt norm. This is consistent with the well-known

translation invariance properties of the operator A*, see [26]. The comparison be-
tween the HS-norm and the norm in £(L?(R)) immediately implies that Proposition
7 gives the upper bound in Proposition 6.

3.2. The complex Airy operator on the half-line: Dirichlet case. It is
not difficult to define the Dirichlet realization AP of D244z on R, (the analysis on
the negative semi-axis is similar). One can use for example the Lax-Milgram theorem
and take as form domain

VP .= {ue H}(Ry), z3u e L2}.
It can also be shown that the domain is
DP :={ue VP, ue HI}.

This implies

PROPOSITION 8. The resolvent GEP(N) := (AT —X)~1 is in the Schatten class
C? for any p > 2 (see [16] for definition), where A5 is the Dirichlet realization of
D? 4 ix, as emphasized by the superscript D.

More precisely we provide the distribution kernel G=>P(z,y;\) of the resolvent for
the complex Airy operator D? — iz on the positive semi-axis with Dirichlet bound-
ary condition at the origin (the results for Gt (x,5;\) are similar). Matching the
boundary conditions, one gets

(3.8) A
2w% [Ai(e’w, ) Ai(e™"™wp)
_ —Ai(e " w,)Ai(ewy)| (0<z<y),
g ,D(‘T, Y; >‘) - Ai(efmwm) ’ 0 ]

—Ai(e " wy)Ai(ew)] (z>y),

2The coefficient was wrong in [32] and is corrected here, see Appendix B.

This manuscript is for review purposes only.
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where Ai(z) is the Airy function,

Wy = 1 + A,

and
a=2r/3.
The above expression can also be written as
(39) G (w,y:0) = Go (2,950) + G177 (2,53 ),

where G, (x,y; \) is the resolvent for the complex Airy operator D2 —ix on the whole
line,

2rAi(e™w,)Aile ™ w,) (z <y),

(3.10) Go (@,y5 ) = {QWAi(e_mw JAi(e"wy) (x> y)

and

Ai(e™N)

-.D . _
(3.11) G, W (zysN) = WiAi(e*m)\)

Ai(e™" (iz + X)) Ai(e " (iy + N)).

The resolvent is compact. The poles of the resolvent are determined by the zeros of
Ai(e™@)), i.e., A, = €™®a,, , where the a,, are zeros of the Airy function: Ai(a,) =0.
The eigenvalues have multiplicity 1 (no Jordan block). See Appendix A.

As a consequence of the analysis of the numerical range of the operator, we have

PROPOSITION 9.

1
and
1 .
(3.13) G (V)] gm, if FImA>0.

This proposition together with the Phragmen-Lindelof principle (Theorem 54) and
Proposition 8 implies (see [2] or [16])

PRroOPOSITION 10. The space generated by the eigenfunctions of the Dirichlet re-
alization AP of D2 +ix is dense in L%.

It is proven in [28] that there is no Riesz basis of eigenfunctions.
At the boundary of the numerical range of the operator, it is interesting to analyze
the behavior of the resolvent. Numerical computations lead to the observation that

(3.14) lim [IGEP(Nllzz) =0.

A——+o00

As a new result, we will prove

PROPOSITION 11. When A tends to +o00, we have

(3.15) IIGEL (N)|ls ~ A5 (log A)® .
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The convention “A(A) = B(A) as A — +00” means that there exist C' and Ag such
that
1AW
¢~ [BOV

<C, YAz,

or, in other words, A = O(|B|) and B = O(]4]).
The proof of this proposition will be given in Appendix C.
Note that, as [|[GEP(N)||zz2) < [|GFP (N)||is, the estimate (3.15) implies (3.14).

3.3. The complex Airy operator on the half-line: Neumann case. Sim-
ilarly, we can look at the Neumann realization A™Y of D? + iz on R, (the analysis
on the negative semi-axis is similar).

One can use for example the Lax-Milgram theorem and take as form domain

VN:{ueHi,x%ueLi}.

We recall that the Neumann condition appears when writing the domain of the oper-
ator AT,
As in the Dirichlet case (Proposition 8), this implies

PROPOSITION 12. The resolvent GH N (X) := (AFN —\)~1 is in the Schatten class
Cpforanyp>%.

More explicitly, the resolvent of A= is obtained as
G N (@,yi ) = Gy (2,950 + 67 N (@ysA) for (z,y) € RY,
where Gy (x,y; A) is given by (3.10) and gl_’N(x,y;)\) is

e'Ai’ (et )\)

1 -N IA) = 2T ——————
(3 6) gl (%y» ) ’/Te_zaAi/(e—zoz)\)

Ai(e™"(iz + N)) Ai(e " (iy + N)) -

The poles of the resolvent are determined by zeros of Ai'(e™*)), i.e., A, = e'®a/,,
where a/, are zeros of the derivative of the Airy function: Ai’(a/,) = 0. The eigenvalues
have multiplicity 1 (no Jordan block). See Appendix A.

As a consequence of the analysis of the numerical range of the operator, we have

PROPOSITION 13.

(3.17) IGEN )| < Re" if ReA <0;
and

1 ‘
(3.18) IGEN (V)| < Tl if FTImA>0.

This proposition together with Proposition 12 and the Phragmen-Lindel6f principle
implies the completeness of the eigenfunctions:

PROPOSITION 14. The space generated by the eigenfunctions of the Neumann re-
alization AFN of D2 + iz is dense in L.
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At the boundary of the numerical range of the operator, we have

ProrosiTiON 15. When A tends to +o00, we have
(3.19) 1GEN (V)]s ~ A7 (log \)? .

Proof
Using the Wronskian (A.3) for Airy functions, we have

i Ai(eTw, ) Ai(e ™" w,)

2 P2,y N) =GN (Y A) = — . ,
(3 0) g (xV y bl ) g (l', y b ) e Ai(e_w‘/\)Ai/(e_m)\)
Hence
+00 | As—ia 2 2
—.D -N 2 ( 0 |Ai(e™"w,)|” dx)
’ A -G P = . - .
Hg (1"7y7 ) g (x7y7 )||HS |Ai(€71a)\)|2|Ai,(€77'a)\)‘2
We will show in (8.10) that there exists C' > 0 such that

+o0 ) 4
/ |Ai(e ™" w,)|? do < CA™ % exp (3)3) .
0
On the other hand, using (A.5) and (A.6), we obtain, for A > Ag
. . 1 4
|Ai(e " A) AT (e 7" N)| > — exp | =A?
4m 3

(this argument will also be used in the proof of (8.7)). We have consequently obtained
that there exist C' > 0 and Ay > 0 such that, for A > Ay,

(3:21) 167N =GN Wllas < CIAH.
The proof of the proposition follows from Proposition 11.

3.4. The complex Airy operator on the half-line: Robin case. For com-
pleteness, we provide new results for the complex Airy operator on the half-line with
the Robin boundary condition that naturally extends both Dirichlet and Neumann
cases:

(3.22) {60"’*(%@/ s\ k) — kG (@A, n)} =0,
ox =0

with a positive parameter k. The operator is associated with the sesquilinear form
defined on H}r X Hi by

“+o0o “+oo
(3.23) a” B (u,v) = / o' (2)0' (z) dx — z/ zu(z)v(z) dr + ku(0)v(0).
0 0
The distribution kernel of the resolvent is obtained as

G R(x,y;0) = Gy (2,95 0) + G (x,y5 0, k) for (z,y) € R,
where

_R i’ Ai (') — kAi(e™)N)
’ A K)=—2 - . -
(3.24) G @y h ) = o e=o) — rAi(e—N)
x Ai(e™(iz + \)) Ai(e " (iy + A)) .
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Setting x = 0, one retrieves (3.16) for the Neumann case, while the limit x — 400
yields (3.11) for the Dirichlet case, as expected. As previously, the resolvent is compact
and actually in the Schatten class CP for any p > % (see Proposition 8). Its poles are
determined as (complex-valued) solutions of the equation

(3.25) FR(k, A) i= e Al (e 7)) — kAi(e " *\) = 0.

Except for the case of small x, in which the eigenvalues might be localized close to
the eigenvalues of the Neumann problem (see Section 4 for an analogous case), it does
not seem easy to localize all the solutions of (3.25) in general. Nevertheless one can
prove that the zeros of ff(k,-) are simple. If indeed ) is a common zero of ff and
(B, then either A + x% = 0, or e~¥*) is a common zero of Ai and Ai’. The second
option is excluded by the properties of the Airy function, whereas the first option is
excluded for k > 0 because the spectrum is contained in the positive half-plane.

As a consequence of the analysis of the numerical range of the operator, we have

PROPOSITION 16.

1
(3.26) 1G5\ R)|| < ReN’ if ReA < 0;
and

1 .
(3.27) IGEE(N, K)|| < T if FImA > 0.

This proposition together with the Phragmen-Lindeldf principle (Theorem 54) and
the fact that the resolvent is in the Schatten class CP, for any p > %7 implies

PROPOSITION 17. For any k > 0, the space generated by the eigenfunctions of
the Robin realization AT F of D2 +ix is dense in L?,_.

At the boundary of the numerical range of the operator, it is interesting to analyze
the behavior of the resolvent. Equivalently to Propositions 11 or 15, we have

ProprosITION 18. When A tends to +o0, we have
(3.28) 1G5 = A% (log A)
Proof
The proof is obtained by using Proposition 15 and computing, using (A.3),
2

6% 00 =GR s = ([ Wit ) s

K 1
x o lie=i Al (e=i@)\) — kAi(e~i@\)|2 |AT (e— i@ N\) |2

As in the proof of Proposition 15, we show that for any k¢ > 0, there exist C' > 0 and
Ao such that, for A > g and & € [0, ko],

167N ) =G~ O m)llms < ClrlA 2.
4. The complex Airy operator on the line with a semi-permeable bar-

rier: definition and properties. In comparison with Section 2, we now replace
2 2
the differential operator fj? by Af = 7# + itz but keep the same transmission
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14 D. S. GREBENKOV, B. HELFFER, AND R. HENRY

condition. To give a precise mathematical definition of the associated closed operator,
we consider the sesquilinear form a, defined for u = (u_,uy) and v = (v_,v4) by

ay(u,v) = /O (u’_ ()0 (z) +izu_(x)v_(x) + vu_(z)v_ (1:)) dx

— 00

+oo
—|—/0 (u'_s_ ()0 () + i wuq (2)04 () + vuy (x)6+(x)> dz
(4.1) (5 (0) — u(0)) (23.(0) — v (0) .
where the form domain V is
V= {u = (u_,uy) € H' x H} : z|7u € L2 x Li}

The space V is endowed with the Hilbert norm

1
1 2
hully o= (a3 + s By + Dl Fula)

We first observe

LEMMA 19. For any v > 0, the sesquilinear form a, is continuous on V.

Proof
The proof is similar to that of Lemma 3, the additional term

i (/0 zu_(z)v_(x) dx+/()+ooxu+(x)77+(x) dac)

— 00

being obviously bounded by ||ul|v|v|v - O

Let us notice that, if v and v belong to H2 x Hi and satisfy the boundary
conditions (1.3), then an integration by parts yields

0
a,(u,v) = / (—u’(2) +izu_(z) +vu_(z))v_(z)dx

—00

+oo
—|—/0 (— v (z) +izuy(z) + vuy () vy (z) de
£ (0) 4 A (0) — s (0))) (v (0]~ 05 (0))
= ((—sz +ix+1/> u,v)Lngi.

Hence the operator associated with the form a, , once defined appropriately, will act
2
as —L; +iz+von CR\ {0}).

As the imaginary part of the potential iz changes sign, it is not straightforward
to determine whether the sesquilinear form a, is coercive, i.e., whether there exists
vy such that for v > vy the following estimate holds:

(4.2) Ja >0, VueV, |a,(u,u)|>alul?.

Let us show that it is indeed not true. Consider for instance the sequence

un(x) - (X(x+n),x(x - n))v n>1,
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where x € C§°(—1,1) is an even function such that x(z) =1 for x € [-1/2,1/2].
Then ||uy, || £2(—o0,0) @and [Juy, [|£2(0,4-00) are bounded, and

[ #lun(@) de=0.
R

since & — x|un(2)[? is odd, whereas |||z]2up |2 — 400 as n — 4o00. Consequently

lay (tn, un)]

5 — 0asn — +o00,
[[unll5;

and (4.2) does not hold.

Due to the lack of coercivity, the standard version of the Lax-Milgram theorem
does not apply. We shall instead use the following generalization introduced in [4].

THEOREM 20. Let V C H be two Hilbert spaces such that V is continuously em-
bedded in H and V is dense in H . Let a be a continuous sesquilinear form on V xV
and assume that there exist o > 0 and two bounded linear operators ®1 and ®o on V
such that, for allu eV,

{ |a(u, w)| + a(u, Pyu) allul?,

4.3
(4:3) ol

| >
la(u, w)| + |a(Pou, u)| >

Assume further that ®1 extends to a bounded linear operator on H .
Then there exists a closed, densely-defined operator S on H with domain

D(S)={ueV:v a(u,v) can be extended continuously on H },
such that, for allw € D(S) andv €V,
a(u,v) = (Su,v)y .

Now we want to find two operators ®; and ®5 on V such that the estimates (4.3)
hold for the form a, defined by (4.1).
First we have, as in (2.7),

0

+oo
P [ @R )
+(v = |K[C(e)) [lull7> -

Rea,(u,u) > (1 — |kle) (/

Thus by choosing ¢ and v appropriately we get, for some a3 > 0,

@) ool za ([ U@+ / i )P et Jul:)

—0o0

It remains to estimate the term |||z|2ul|;2 appearing in the norm [uy . For this
purpose, we introduce the operator

p: (’U,,,’U,+) — (—’U,,,U+)7

which corresponds to the multiplication operator by the function signx .
It is clear that p maps H onto H and V onto V. Then we have

(4.5) Ima, (u, pu) = ||Jz|7ul2 .
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16 D. S. GREBENKOV, B. HELFFER, AND R. HENRY

Thus using (4.4), there exists «g such that, for all u € V',
|, (u, )| + lay (u, pu)| > allul} .
Similarly, for all u € V,
|, (u, w)| + |ay (pu, w)| > ajulf5,.

In other words, the estimate (4.3) holds, with ®; = &3 = p. Hence the assumptions
of Theorem 20 are satisfied, and we can define a closed operator AT := S — v, which
is given by the identity

Vu e D(AT), YWw eV, ay(u,v) = (Afu+ VU, V) L2 xr2
on the domain
D(A) =D(9) = {u €V :vr a,(u,v) can be extended continuously
on L? x L7 }.

Now we shall determine explicitly the domain D(A7).

Let w € V. The map v ~ a,(u,v) can be extended continuously on L? x Lf_ if
and only if there exists some w, = (w,,w}) € L% x L% such that, for all v € V,
ay (u,v) = (wy,v) 2 . Then due to the definition of a, (u,v), we have necessarily

w, =—u’ 4izu_ +vu_ and w

+:
u u

—u/] 4+ izuy + vug

in the sense of distributions respectively in R_ and R, and u satisfies the conditions
(1.3). Consequently, the domain of A} can be rewritten as

D(AY) = {U eV (—u’ +ivu_,—u| +izuy) € L* x L3
and u satisfies conditions (1.3)} .

We now prove that D(A{) = D where

~

D= {u €V:(u_,uy) € H> x HY | (vu_,zuy) € L2 x L%
and u satisfies conditions (1.3)} .

It remains to check that this implies (u_,uy) € H? x Hi The only problem is at
+00. Let uy be as above and let x be a nonnegative function equal to 1 on [1, +00)
and with support in (%, +00). It is clear that the natural extension by 0 of yus to R
belongs to L?(R) and satisfies

<CZ:2 + wc) (xuy) € L*(R).

One can apply for xyu, a standard result for the domain of the accretive maximal
extension of the complex Airy operator on R (see for example [26]).

Finally, let us notice that the continuous embedding
V < LA(R; |z|dz) N (HL x HY)

implies that Af has a compact resolvent; hence its spectrum is discrete.

Moreover, from the characterization of the domain and its inclusion in lA), we
deduce the stronger
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PROPOSITION 21. There exists g (Ao = 0 for k > 0) such that (A} — X\g)~!
belongs to the Schatten class CP for any p > %

Note that if it is true for some )\ it is true for any X in the resolvent set.

REMARK 22. The adjoint of A is the operator associated by the same construc-
tion with D2 —ix. AT + X\ being injective, this implies by a general criterion [26] that
Af + X is mazimal accretive, hence generates a contraction semigroup.

The following statement summarizes the previous discussion.
PROPOSITION 23. The operator A acting as
d? d?

ur Afu = (_d:c?u +izu_, oL + zxu+)

on the domain

D(AT)={u€ H?> x H} :au € L> x L}

5 (4.6) and u satisfies conditions (1.3)}

is a closed operator with compact resolvent.
There exists some positive X such that the operator .Af + A is maximal accretive.

REMARK 24. We have
(4.7) FAf = AT

where I' denotes the complex conjugation:

F(U_ ) u+) = (I_L_ ) l_l'-i-) .
This implies that the distribution kernel of the resolvent satisfies:
(4.8) Gz, y;0) =Gy, ;)

for any X in the resolvent set.

REMARK 25 (PT-Symmetry). If (A, u) is an eigenpair, then (X, u(—x)) is also an
eigenpair. Let indeed v(x) = u(—=x). This means v_(z) = Gy(—x) and vy(z) =

tu_(—x). Hence we get that v satisfies (2.1) if u satisfies the same condition:

o (0) = ~@, (0) = A(a_(0) — @1 (0)) = +r (14.(0) — v_(0)) .

Similarly one can verify that
- zx) u_(—x)

(r)eao- ([
(&

5. Exponential decay of the associated semi-group. In order to control the
decay of the associated semi-group, we follow what has been done for the Neumann
or Dirichlet realization of the complex Airy operator on the half-line (see for example
[26] or [28, 29]).
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18 D. S. GREBENKOV, B. HELFFER, AND R. HENRY

THEOREM 26. Assume k > 0, then for any w < inf{Reo(A)}, there ewists M,
such that, for allt >0,

Il exp(—tA) 22> xr2) < M, exp(—wt)

where o (A7) is the spectrum of A7 .

To apply the quantitative Gearhart-Priiss theorem (see [26]) to the operator A7, we

should prove that
sup [|(Af —2)7' < Co,

Re z<w

for all w < inf Rea(Af) := wy .
First we have by accretivity (remember that x > 0), for Re A <0,

1

(5.1) (AT =)~ < ReA|

So it remains to analyze the resolvent in the set

0<Red<w;—¢, |Im)2>C.>0,

where C, > 0 is sufficiently large. Let us prove the following lemma.

LEMMA 27. For any o > 0, there exist C,, > 0 and D, > 0 such that for any
Ae{weC: Rew € [—a,+a] and |Imw| > Dy},

(5:2) (AT =27 < Ca.

Proof
Without loss of generality, we treat the case when Im A > 0. As in [9], the main idea
of the proof is to approximate (A;] — A)~! by a sum of two operators: one of them
is a good approximation when applied to functions supported near the transmission
point, while the other one takes care of functions whose support lies far away from
this point.

The first operator A is associated with the sesquilinear form a defined for u =
(u—,uq) and v = (v_,v4) by

a(u, v) = / Olmw (u’_ (@)7(z) + i zu_(z)o_(x) +)\u_(a:)17_(x)> dz

Im\/2
+ / (u;(x)@;(x) Vi zug (2)0,(z) + )\u+(x)17+(x)> dz
0
(5.3) +# (u4(0) = u—(0)) (v+(0) —v—(0))
where u and v belong to the following space:
Hy(Sx, C) := (H'(Sy) x H'(SY)) N{u—(~ImA/2) =0, up (Im A/2) = 0},
with S5 := (=Im A/2,0) and S := (0, +Im X/2).
The domain D(A) of A is the set of u € H*(S5) x H?(S8y) such that u_(—Im \/2) =
0,uyr(ImA/2) = 0 and u satisfies conditions (1.3). Denote the resolvent of A by

Ri(\) in L(L3(Sy,C) x L%(SY,C)) and observe also that Ri(\) € L(L?(Sy,C) x
L2(S{, €), Hy(Sx, C)).
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THE COMPLEX AIRY OPERATOR ON THE LINE WITH A SEMI-PERMEABLE BARRIER9

We easily obtain (looking at the imaginary part of the sesquilinear form) that

(5.4) IRV < £

Furthermore, we have, for u = Ry (A) f (with u = (u—,uy), f = (f=, f+))
1Dz Ry (M) f1* = | Dyul|?
< AT = Nulllull +Re Aul®
< AR N F1 + [ R (M) £

2 4af 2
< | —- .
= (|Im)\| + |Im)\|2> il

Hence there exists Cy(a) such that, for ImA > 1 and Re A € [—a, +q],

(5.5) 1D Ry (V]| < Cola) [Tm A~

Far from the transmission point 0, we approximate by the resolvent g0+ of the complex
Airy operator AT on the line. Denote this resolvent by Ra(\) when considered as
an operator in L£(L? x L3). We recall from Section 3 that the norm ||Ra(\)| is
independent of Im A. Since Ry () is an entire function of A, we easily obtain a uniform
bound on ||Ra2(MN)|| for Re A € [—a, +a]. Hence,

(5.6) [R2(A)]| < Ci(a).
As for the proof of (5.5), we then show
(5.7) [1DzR2(A)]| < Cla) .

We now use a partition of unity in the x variable in order to construct an approx-
imate inverse R*P()\) for A7 — X\. We shall then prove that the difference between
the approximation and the exact resolvent is well controlled as Im A — 4o00. For this
purpose, we define the following triple (¢_, 1, ¢ ) of cutoff functions in C*(R, [0, 1])
satisfying

60 =1 on (-on.-1/3, 090 on[-1/0 4=

P(t) = [ 1/4,1/4], (t) =0 on (—oo0,—1/2]U[1/2,+00),
¢+(t) n [1/2,400), ¢4(t) =0 on (—oo,1/4],

b (1 + <>+¢+<> —1onR,

and then set

dx(z) = ¢i(1m>\) w(x):qp(ﬁ).

The approximate inverse R*PP(\) is then constructed as

(5.8) R*™P(X) = ¢_ zxRo(N)p— x + UaR1(AN)hr + oy aR2(N)dy 5,

where ¢+ » and 1, denote the operators of multiplication by the functions ¢4  and
Y. Note that 1y maps L? x L2 into L?(Sy ) x L*(Sy). In addition,

x: D(A) = D(AY),
éx: D(AT) = D(A[),
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where we have defined ¢x(u—,uy) as (p— yu_, ¢4\ ut).
From (5.4) and (5.6) we get, for sufficiently large Im A,

(5.9) [RPP(A)]| < C3(a).
Note that
(610) @]+ @< T (6] + )] <
' A A = |Im A|’ A A = [Im A2
Next, we apply A7 — A to R?PP to obtain that
(5.11) (A = NRPP(N) = I+ [Af, ] Ri(\)a + [A] L daR2(N)oa
where I is the identity operator on L? x Li, and
[AT S ¢l := Af or — o AT

= [D;?:’ ¢>\]

%o, - 1 i T
(5-12) N Im)\(725 (Im)\)DI (Im)\)2¢ <Im)\> '

A similar relation holds for [A],,]. Here we have used (5.8), and the fact that
(AT = NRi(Nbru = hru,  (Af = NMR2(\)gau = dru, Vue L2 x L7,
Using (5.4), (5.5), (5.7), and (5.12) we then easily obtain, for sufficiently large Im A,

Cy(a)

(5.13) AT, D] Be (M) + [T, ¢a] Ra (V)| < A

Hence, if |Im A| is large enough then I + [A], ¥n]R1 (N + [AT, ¢a]R2(N) ¢y is in-
vertible in £(L? x L%), and

(5.14) H (I + AT U] Ri(\s + [AT ¢A]R2(A)¢A)_1H < Cs(a).
Finally, since
(AF =07 = B (\) o (I + [A, 4a] By (N)9a + [AT, 6a] Ra (M)
we have
AT =27 < RPN+ [AT ] Ri(Vws + (AT, ] Ra(Vga) -

Using (5.9) and (5.14) we conclude that (5.2) is true. O

REMARK 28. One could alternatively use more directly the expression of the ker-
nel Gt (z,y;\) of (AT — \)~1 in terms of Ai and Ai’, together with the asymptotic
expansions of the Airy function, see Appendix A and the discussion at the beginning
of Section 7.
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6. Integral kernel of the resolvent and its poles. Here we revisit some
of the computations of [22; 23] with the aim to complete some formal proofs. We
are looking for the distribution kernel G~ (z,y; A) of the resolvent (A; — A)~! which
satisfies in the sense of distribution

(6.1) (Az‘x il )g(x,y;mfﬁ(o:yx

oz
as well as the boundary conditions
a 0 ,_
o] [ wan]
=k G707, 1:0) =G (07,13 0)].

(6.2)

Sometimes, we will write G~ (z,y; A, k), in order to stress the dependence on x.
Note that one can easily come back to the kernel of the resolvent of A by using

(6.3) GHx,y; ) =G (y, 3 0) .
Using (4.8), we also get
(6.4) GF(,y30) =G (2,95 ).

We search for the solution G~ (x,y; ) in three subdomains: the negative semi-axis
(—00,0), the interval (0,y), and the positive semi-axis (y,+o00) (here we assumed
that y > 0; the opposite case is similar). For each subdomain, the solution is a linear
combination of two Airy functions:

A~ Ai(e™"w,) + B~ Ai(e™w,) (x <0),

(6.5) G (x,y;A) = ¢ AT Ai(e " w,) + BT Ai(e*w,) (0<x<y),
CTAi(e "w,) + DT Ai(ew,) (x>vy),

with six unknown coefficients (which are functions of y > 0). We recall that

27

3

«a
and
Wy =1+ .

The boundary conditions (6.2) read as

B~ ie™ Ai’ (e"wy)
(6.6) = ATie " Ai'(e”““wg) + BTie'™ A’ (e"wy)

=k [ATAi(e " wo) + B Ai(e"*wo) — B~ Ai(e"*wy)],
where wg = A and we set A~ = 0 and D" = 0 to ensure the decay of G~ (x,y;\) as
r — —oo and as x — 400, respectively.

We now look at the condition at = y in order to have (6.1) satisfied in the distribu-
tion sense. We write the continuity condition,

AT Ai(e™*w,) + BTAi(e"w,) = CTAi(e”*w,),
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and the discontinuity jump of the derivative,

ATie ™ Ai (e7"w, ) + BTie'Ai' (e"*w,) = CTie " Ai'(e”"w,) + 1.

This can be considered as a linear system for A™ and BT . Using the Wronskian
(A.3), one expresses AT and B* in terms of CT:

(6.7) AT = 0Ot = 2mAi(e"w,), Bt =2rAile " w,).
We can rewrite (6.6) in the form

(6.8) B = —ria ALl MW0) 1y +B*
A (etowg) ’

and
Atie A (e 7" wp) + BTie' Al (e"wy)

(6.9) Ai’(e‘iawo)

=k AT [Ai(e ™ wg) — e Ai(ewy)

Ai'(ef*wg) |
Using again the Wronskian (A.3), we obtain
ATATY (e7"wp) + BT e ™ Ai’ (e wp) = —KAJ'_% )
2w Al (et*wyp)
that is
AY(FON) + &) + BY(2m)eX™ (AT (¢wp))” =0,
where
(6.10) FON) = 27AT (e TN AT (7).
So we now get
1 3 . 2o 2 0.0 —ia
(611) A+ = —m(2ﬂ')2621a (All(e wO)) Al(e wy) s
- R Yo ] f()\) o —ix
(6.12) B~ =2rAi(e”""w,) 27Tf()\) +HA1(6 wy),
and
) 2ic A'/ 1Y 2 )
(6.13) CF = 27Ai(e"w,) — 47r2w Al(e™"  wy) .
Combining these expressions, one finally gets
(6.14) G (z,ys A k) =Gg (2,95 A) + Gi(@, 95 A, K)

where Gj (x,y; ) is the distribution kernel of the resolvent of the operator Af :=
—% — iz on the line (given by Eq. (3.10)), whereas Gy (z,y; A, ) is given by the

following expressions

e2ia[Ai/(eia)\)}2 f—ia o —ila
(6.15) Gr(ovyi o) — —4x? —f(/\) . Ai(e™"%wg)Ai(e™ " wy), (z>0),
18) Gil@yidm) = ) iy (e
72wmA1(e wg)Ai(e™ Ywy) , (x <0),
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for y > 0, and

—or A piemia,) i), (z>0),
(6.16) Gi(z,y:\ k) = fé:\%ij[gi’(e*i“)\)]2 : ‘

i AN i i), (5 <0,
for y < 0. Hence the poles are determined by the equation
(6.17) F) = —x,

with f defined in (6.10).

REMARK 29. For k = 0, one recovers the conjugated pairs associated with the
zeros a!, of Ai’. We have indeed as poles

(6.18) AN=e?al N\, =e ]

n n

where al, is the n-th zero (starting from the right) of Ai'. Note that a), < 0 so that
Re At >0, as expected.

In this case, the restriction of Gi(x,y;\,0) to Ri is the kernel of the resolvent of the
Neumann problem in Ry.

We also know that the eigenvalues for the Neumann problem are simple. Hence
by the local inversion theorem we get the existence of a solution close to each A* for
x small enough (possibly depending on n) if we show that f/(A\E) # 0. For A}, we
have, using the Wronskian relation (A.3) and Ai'(e=**\}) =0,

D) =2me™™ Al (e N AT (e AT
(6.19) = 2me 2N Ai(e TN AT (7))
= —i\l.
Similar computations hold for A, . We recall that
AP = A

The above argument shows that f’(\,,) # 0, with A\, = A} or A, = A;,. Hence by
the holomorphic inversion theorem we get that, for any n € N* (with N* = N*\ {0}),
and any e, there exists h,(€) such that for |k| < h,(€), we have a unique solution
An(k) of (6.17) such that |M\, (k) — \,| < e

We would like to have a control of h,(€) with respect to n. What we should do
is inspired by the Taylor expansion given in [23] (Formula (33)) of A} (k) for fixed n:

x 1
(6.20) AE(k) = N5+ €6 —k + O, (K?).
an
Since |An| behaves as n3 (see Appendix A), the guess is that )\f+1(m) —\F (k) behaves
asn3.
To justify this guess, one needs to control the derivative in a suitable neighborhood
of \p,.

PROPOSITION 30. There exist n > 0 and ho > 0, such that, for all n € N*, for
any k such that |k| < hs there exists a unique solution of (6.17) in B(An,n|An|™1)
with Ap = AE.
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24 D. S. GREBENKOV, B. HELFFER, AND R. HENRY

Proof of the proposition

Using the previous arguments, it is enough to establish the proposition for n large
enough. Hence it remains to establish a local inversion theorem uniform with respect
to n for n > N. For this purpose, we consider the holomorphic function

B(0,n) 3t ¢n(t) = f(An + A1)

To have a local inversion theorem uniform with respect to n, we need to control |¢/, (¢)|
from below.

LEmMA 31. For any n > 0, there exists N such that, YVn > N,

1
(6.21) .02 5, Ve BO).
Proof of the lemma
We have
D) = A (O + A1),
and

#,(0) = —i.

Hence it remains to control ¢/, (t) — ¢,,(0) in B(0,7). We treat the case A, = ;.
We recall that

/(N = 2me A" (e TN AL (€'N) + 2me’ @ AT (e N) AP (€' N)
(6.22) =27\ (€72 Ai(e TN AT (€' N) + e Ai’ (e "N Ai(e"*N))
= —iX +4Am e AT (e TN Ai(e™)N).
Hence we have
(6.23) B (t) — ¢, (0) = 4N, e AT (e T N)Ai (™ N) —ith, 2,
with A =\, + A%
The last term in (6.22) tends to zero. It remains to control Ai’(e~**X)Ai(e’*)) in

B(An,m| A1) and to show that this expression tends to zero as n — +oo.
We have

Ai'(e79N) = e\ — XA (e77N) = e YN — A\, AAi(eTN),

with A € B(A,, 1| An] ™). ) i

Hence it remains to show that the product [Ai(e™**X)Ai(e’*)\)| for X and A
in B(An,n|An|™!) tends to 0. For this purpose, we will use the known expansion
for the Airy function (recalled in Appendix A) in the balls B(e™*\,,n|\,|™!) and
B(e® X\, n|An|71).

(i) For the factor |Ai(e~**})|, we need the expansion of Ai(z) for z in a neighbor-
hood of a/, of size C|\,|~!. Using the asymptotic relation (A.7), we observe that

exp (32 ) = (1 (F -t 00/ ) ) = o).
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THE COMPLEX AIRY OPERATOR ON THE LINE WITH A SEMI-PERMEABLE BARRIERD
Hence we get
A _1 3 —
|Ai(e )| < Claj|~* ¥ A€ B(An,nlaal ™).

(i) For the factor |Ai(e!®))|, we use (A.5) to observe that

jw

exp (=50 ) =exp (=2 (a1 + O 2)

and we get, for any A € B(An,n|A\n|™1)
(6.24) |Ai(e™N)| < Clal,| 7% .

This completes the proof of the lemma and of the proposition.
Actually, we have proved on the way the more precise

PROPOSITION 32. For alln >0 and 0 < k < 3, there exists N such that, for all
n > N, there exists a unique solution of (6.17) in B(An,n [ An] ™).

Figure 1 illustrates Proposition 30. Solving Eq. (6.17) numerically, we find the
first 100 zeros A, (k) with Im A, (k) > 0. According to Proposition 30, these zeros are
within distance 1/|)\,| from the zeros \,, = \,(0) = e!®a/, which are given explicitly
through the zeros a],. Moreover, the second order term in (6.20) that was computed
in [23], suggests that the rescaled distance

(6.25) O (k) = |An(K) = Anl|Anl/k,
behaves as
(6.26) on(k)=1-— cknTF + o(n_%),

with a nonzero constant c. Figure 1(top) shows that the distance d,,(x) remains below
1 for three values of x: 0.1, 1, and 10. The expected asymptotic behavior given in
(6.26) is confirmed by Figure 1(bottom), from which the constant ¢ is estimated to
be around 0.31.

REMARK 33. The local inversion theorem with control with respect to n permits
to have the asymptotic behavior of the A, (k) uniformly for k small:

1 1
(6.27) ME(k) = XE 4 e*5 o + a—/(’)(.%Q) .

An improvement of (6.27) (as formulated by (6.26)) results from a good estimate on
¢! (t). Observing that |¢"(t)| < Clal,|~2 in the ball B(0,n), we obtain

(6.28) AE(k) = \F 4 eF18 LI ——0O(x?).

If one needs finer estimates, one can compute ¢/ (0) and estimate ¢, and so on.

It would also be interesting to analyze the case Kk — +oo. The limiting problem in
this case is the realization of the complex Airy operator on the line which has empty
spectrum. See [23] for a preliminary non rigorous analysis.

In the remaining part of this section, we describe the distribution kernel of the
projector ITF associated with \F (k).
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1
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Fic. 1. Illustration of Proposition 30 by the numerical computation of the first 100 zeros /\i(n)
of (6.17). At the top, the rescaled distance 6, (k) from (6.25) between A\ (k) and A\t = \f(0). At
the bottom, the asymptotic behavior of this distance.

PROPOSITION 34. There exists kg > 0 such that, for any k € [0,Ko] and any
n € N*, the rank of I is equal to one. Moreover, if 1 is an eigenfunction, then

+oo
(6.29) YE(x)?de #£0.
— 00
Proof
To write the projector L= associated with an eigenvalue A\ we integrate the resolvent
along a small contour v around A\

(6.30) ITF = = /i(,atli —A) A,
’Yl

T 2m
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If we consider the associated kernels, we get, using (6.14) and the fact that G is
holomorphic in A:

1
(631) TGy = 5 [ Giayidmdn.
2w o
The projector is given by the following expression (with w" = iz + AF) for
y>0

(6.32)
2t A3 (Lt y Y12 . .
g2 AN o Ao (2> 0),
+ FO) i !
I (2, y56) = K wE +
et GRS Cutr (<0,
and for y < 0
(6.33)
+ f’()\i)Al( e~ wEm)Ai(e wim) (@ >0),
I (2,y;5) = e HOAT (em )2

42 Ai(eio‘w;L.t’")Al(emw;t " (x<0).

FrO)
Here we recall that we have established that for |k| small enough f/(Af) # 0. Tt
remains to show that the rank of IT is one that will yield an expression for the eigen-
function. It is clear from (6.32) and (6.33) that the rank of IT;* is at most two and that
every function in the range of I has the form (c_Ai(e’w®™), c; Ai(e " wim)),
where c_,c; € R. It remains to establish the existence of a relation between c_ and
c4. This is directly obtained by using the first part of the transmission condition. If
K # 0, the functions in the range of IT* have the form

o (AI/( za)\i)Al( i in) e2iaAl( wc)\i)Al( —ia in)) ;

with ¢, € C. Inequality (6.29) results from an abstract lemma in [7] once we have
proved that the rank of the projector is one. We have indeed

1
6.34 || =
(6.:34) Il = = ol

More generally, what we have proven can be formulated in this way:

PROPOSITION 35. If f(A) + k = 0 and f'(\) # 0, then the associated projector
has rank 1 (no Jordan block).

The condition of k being small in Proposition 34 is only used for proving the property
f'(A) # 0. For the case of the Dirichlet or Neumann realization of the complex
Airy operator in R, we refer to Section 3. The nonemptiness was obtained directly
by using the properties of the Airy function. Note that our numerical solutions did
not reveal projectors of rank higher than 1. We conjecture that the rank of these
projectors is 1 for any 0 < k < 400 but we could only prove the weaker

PROPOSITION 36. For any k > 0, there is at most a finite number of eigenvalues
with nontrivial Jordan blocks.

Proof
We start from

FN) =27 AP (e"N\) AP’ (e 7@ N)
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and get by derivation

1 . | 4 | | |
—F1(\) = €A (€N AT (€7 N) + e AT (e N) AT (e 7)) .

(6.35) o

What we have to prove is that f/(\) is different from 0 for a large solution A of
f(A) = —k. We know already that Re A > 0. We note that f(0) > 0. Hence 0 is not
a pole for k > 0. More generally f is real and strictly positive on the real axis. Hence
F(A) + k> 0 on the real axis.

We can assume that Im A > 0 (the other case can be treated similarly). Using the
equation satisfied by the Airy function, we get

(6.36) gl ) = eTTAI(E T NAT (e7N) + €A (€A Ai(e TN,

and by the Wronskian relation (A.3):

7

(6.37) e AT (e TN Ad(e™N) — e AT (" N)Ai(e T N) 5
Suppose that f()\) = —« and that f'(\) =0.
We have

—e AT ("N Ai(e T N) = e YA (e TN Ai(e™N) = ﬁ
and get

o 71'61'0‘ Ai'(e"*X)  demi Ai'(e"N)

"2 Ai(eioN) 2 Ai(eia))

Using the last equality and the asymptotics (A.5), (A.6) for Ai and Ai’, we get as
|A| = +oo satisfying the previous condition

1
K~ 7‘A|%7
2

which cannot be true for A large. This completes the proof of the proposition.

7. Resolvent estimates as [Im A| — +oo. The resolvent estimates have been
already proved in Section 5 and were used in the analysis of the decay of the associated
semigroup. We propose here another approach which leads to more precise results.
We keep in mind (6.14) and the discussion in Section 5.

For A = Ag +in, we have

1Go (5 5 Mllz2@e) = 190 (5 -5 20) |22 @) -

Hence the Hilbert-Schmidt norm of the resolvent (A+ — A)~! does not depend on the
imaginary part of \.
As a consequence, to recover Lemma 27 by this approach, it only remains to check
the following lemma

LEMMA 37. For any Ao, there exist C' > 0 and ng > 0 such that

(7.1) sup [|G1(-, 5o +in)|lr2@mey < C.

[n|>no
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10

-1

Fic. 2. Numerically computed pseudospectrum in the complex plane of the complex Airy op-
erator with Neumann boundary conditions (top) and with the transmission boundary condition at
the origin with k = 1 (bottom). The red points show the poles )\,jf(n) found by solving numerically
Eq. (6.17) that corresponds to the original problem on R. The presented picture corresponds to a
zoom (eliminating numerical artefacts) in a computation done for a large interval [—L, +L] with the
transmission condition at the origin and Dirichlet boundary conditions at £L. The pseudospectrum
was computed for L3 = 10% by projecting the complex Airy operator onto the orthogonal basis of
eigenfunctions of the corresponding Laplace operator and then diagonalizing the obtained truncated
matriz representation (see Appendiz E for details). We only keep a few lines of pseudospectra for the
clarity of the picture. As predicted by the theory, the vertical lines are related to the pseudospectrum
of the free complex Airy operator on the line.

The proof is included in the proof of the following improvement which is the main
result of this section and is confirmed by the numerical computations. One indeed
observes that the lines of the pseudospectrum are asymptotically vertical as Im A —
+o00 when Re A > 0, see Figure 2.
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PROPOSITION 38. For any A\g > 0,
ngrinoo 1G1(-5 s X0 +in) | L2r2) = 0.

Moreover, this convergence is uniform for Ao in a compact set.

Proof
We have
eioz)\ _ eia)\o _ eiTr/Gn

and

e—ia)\ — e_ia)\() 4 e—iTr/6,’,I
Then according to (A.6), one can easily check that the term Ai’(e***)\) decays expo-
nentially as n — Foo and grows exponentially as  — +oo. On the other hand, the
term Ai’(e’®)) decays exponentially as n — +00.
More precisely, we have

AV (e o +am)P ~ [eln® exp (22n#) , as n— +oc;

~ [ef? (—n)feXp( an’f’) , asn — —00;
AV (e o+ m)* ~ lefn® exp (~ 242
~ |e[2(=n)2 exp( 2v2 %) , asn — —00.

(7.2)

vl W

), asn — +00;

As a consequence, the function f()), which was defined in (6.10) by

FN) == 27AT (e TN AT (€M),
has the following asymptotic behavior as n — Foo:
(7.3) Fho +in) = 2xlef? 0|2 (1 + o(1)) .

We treat the case 1 > 0 (the other case can be deduced by considering the
complex conjugate).
Coming back to the two formulas giving Gy in (6.15) and (6.16) and starting with the
first one, we have to analyze the L? norm over R, x R, of

9 eZia[Ai'(eia/\)}Z

(z,y) — —4m 00+ r

Ai(e %) Ai(e ).
This norm N; is given by

Ny = 4r? [AT (NP [F(N) + 6|70 [|Al(e™ " wa) T2 gy ) -
Hence we have to estimate f0+°° |Ai(e~*“w,)|?dz. We observe that

e, = e T (x4 n) +e N,
and that the argument of e~*“w, is very close to —% as n — oo (uniformly for
2 > 0). This is rather simple for n > 0 because x and r] have the same sign. We can
use the asymptotics (A.5) (with z = e™"*w,) in order to get

+oo
(7.4) /0 |Aie™"*w,)Pdz < O (Jnl* +1)7 % exp (—MI??I )
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THE COMPLEX AIRY OPERATOR ON THE LINE WITH A SEMI-PERMEABLE BARRIER1

Here we have used that, for g > 0,

+°° ) dy = 2 exp (—6n} -3
/n eXp(—By)dy— ﬁep( Bnz(1+ O(|n] )))~

3
The control of |Ai'(e'*(\g + in))|? given in (7.2) and (7.3) finally yields
(7.5) Ny S (P + 1)z

By the notation <, we mean that there exists a constant C' such that

N <O +1)7%.
For the L?-norm of the second term (see (6.16)),

f(>‘) ieiaw ie—iaw

b

Ny = H—QW
L2(Ry xR}

we observe that

Na < JJAi(e™wa)||2r -y [[Ai(e™ wa)ll 2w,y ,

and having in mind (7.4), we have only to bound fi)oo |Ai(e**w,)|?dz . We can no
more use the asymptotic for the Airy function as (x + ) is small. We have indeed

e, = —e'S (x4 1n) + €N
We rewrite the integral as the sum

0 ) —n—C )
/ |Ai(e"®w,)|?dx = / |Ai(e"®w,)|?dx

) ) -n+C _ 0 _
Jr/ |Ai(emwm)|2d:c+/ |Ai(e"w,)|?dx .
—n—C —-n+C

The integral in the middle of the r.h.s. is bounded. The first one is also bounded
according to the behavior of the Airy function. So the dominant term is the third one

0 . n . .
/ |Ai(e"*w,)|?dx = / |Ai(—e'6x + e"N\g)|?dx
—n+C C
- 24/2
< Cnl* +1)% exp <+3f|n|3> .
Combining with (7.4), the L?2-norm of the second term decays as n — +oc:
(7.6) Ny S (PP +1)75.

This achieves the proof of the proposition, the uniformity for Ay in a compact being
controlled at each step of the proof.

8. Proof of the completeness. We have already recalled or established in Sec-
tion 3 (Propositions 10, 14, and 17) the results for the Dirichlet, Neumann or Robin
realization of the complex Airy operator in R . The aim of this section is to establish
the same result in the case with transmission. The new difficulty is that the operator
is no longer sectorial.

This manuscript is for review purposes only.



948
949

960

961
962

963
964

965

966

976

977

978

979

32 D. S. GREBENKOV, B. HELFFER, AND R. HENRY

8.1. Reduction to the case x = 0. We first reduce the analysis to the case
% = 0 by comparison of the two kernels. We have indeed

G (2,30, 6) =G (2,3 0,0) = Gi(x, ;A k) — Gi(w,y5A,0)

(8.1) -1
= *H(f()\) +I€) gl(xayaAaO) )

where G~ (x,y; A\, k) denotes the kernel of the resolvent for the transmission problem
associated to x > 0 and Di — iz,
We will also use the alternative equivalent relation:

(8:2) G7(z,y: A, k) = G (2,431, 0)f(N) (F(N) +5) 7" +K(f(N) +r) " Gy (2,53 A,0).

REMARK 39. This formula gives another way for proving that the operator with
kernel GF(x,y; A\, k) is in a suitable Schatten class (see Proposition 21). It is indeed
enough to have the result for k = 0, that is to treat the Neumann case on the half line.

Another application of this formula is

PROPOSITION 40. There exists M > 0 such that for all A > 0,
(83) ICAE = X) " Hlrs < M(1+A)"F (log \)
Proof

Proposition 40 is a consequence of Proposition 15, and Formula (8.1).

REMARK 41. Similar estimates are obtained in the case without boundary (typ-
ically for a model like the Davies operator D2 + ix?) by Dencker-Sjostrand-Zworski
[14] or more recently by Sjostrand [35].

8.2. Estimate for f(\). We recall that f(\) was defined in (6.10) by
FON) == 27AV (e TN AT (™)) .

Recalling the asymptotic expansions (A.6) and (A.8) of Ai’, it is immediate to
get

LEMMA 42. The function X\ — f(\) is an entire function of type %, i.e. there
exists D > 0 such that
(8.4) If(\)] < Dexp(D|A[2), WAeC.

Focusing now on the main purpose of this section, we get from (A.6) that for any
€ > 0 there exists A1 > 0 such that, for A > Ay,

i i 1—€.1 4 3
J0 2 — <! —il 2 > Th3 *y3
(8.5) |Ai' (" N)] [Ai' (eT*N)|* > e AZ exp <3)\ > .

Here we have also used that

(8.6) Ai(2) = Ai(Z) and A¥(z) = AT(2)

(note that Ai(z) is real for x real). Thus there exists Cy > 0 such that, for A > 1,

1 01 4 3
(87) o= e (5)
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8.3. Estimate of the L? norm of G;(-, -;\,0). Having in mind (6.15)-(6.16)
and noting that, for A > 0,

AP 1
[F M) 27
it is enough to estimate
+o0 ) 0 )
(8.8) / Ai(e= i (i + \))[2dz = To(A) = / Ai(e" (i + \))[2de
0 —o0
It is enough to observe from (3.10), (8.6) and the comparison of the domain of inte-
gration in R?, that

(8.9) 210(N)? < IGg (-, 5 VI

4 3
exp (3/\2> .

Hence, coming back to (8.1), we have obtained

Applying (3.7), we get

[\

(8.10) Io(A) S A°

PROPOSITION 43. There exist kg, C and Ao > 0 such that, for all k € [0, ko], for
al A > Ao,

(8.11) 1G7 (A k) — G (-, -3 1,0)||z2m2) < Cr A7

Hence we are reduced to the case k = 0 which can be decoupled (see Remark 29) in
two Neumann problems on R_ and R;.

Using (8.2) and the estimates established for G; (-, -;A,0) (which depends only
on Re ) (see (3.7) or (3.5)), we have

PROPOSITION 44. For all kg, there exist C and Ay > 0 such that, for all Kk €
[0, ko], for all real A > Ao, one has

(812)  [IG7(, s A k) = (FOVFN) +8) TG (A 0)lr2rey < CrlA 75
This immediately implies

PROPOSITION 45. For any g = (9—,9+), h = (h_,hy) in L2 x L%, we have
(813) (G~ (\m)g, h) — (FOV(FON) + 8) G (A, 0)g, h)| < Clg, W)k |A 73,

where (-,-) denotes the scalar product in the Hilbert space L* x L2 .

We now adapt the proof of the completeness from [2].
If we denote by E the closed space generated by the generalized eigenfunctions of A7,
the proof of [2] in the presentation of [28] consists in introducing

F(A) =(G7 (A K)g, h),
where

i 2 2
(8.14) heE- and ge L x L.
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As a consequence of the assumption on h, one observes that F(\) is an entire function
and the problem is to show that F' is identically 0. The completeness is obtained if
we prove this statement for any g and h satisfying the condition (8.14).

Outside the numerical range of A7, i.e. in the negative half-plane, it is immediate to
see that F()\) tends to zero as Re A — —oo. If we show that |F(\)| < C(1+|A|)M for
some M > 0 in the whole complex plane, we will get by Liouville’s theorem that F’
is a polynomial and, with the control in the left half-plane, we should get that F' is
identically 0.

Hence it remains to control F()) in a neighborhood of the positive half-plane {\ €
C, ReX > 0}.

As in [2], we apply Phragmen-Lindelof principle (see Appendix D). The natural
idea (suggested by the numerical picture) is to control the resolvent on the positive
real axis. We first recall some additional material present in Chapter 16 in [2].

THEOREM 46. Let ¢(A\) be an entire complez-valued function of finite order p
(and ¢(N) is not identically equal to 0). Then for any € > 0 there exists an infinite
increasing sequence (r)ken in RT and tending to +oo such that

min [6(V)] > exp(=r{*).
For this theorem (Theorem 6.2 in [2]), S. Agmon refers to the book of E.C. Titchmarsh
[38] (p. 273).

This theorem is used for proving an inequality of the type p with p = 2 in the
Hilbert-Schmidt case. We avoid an abstract lemma [2] (Lemma 16.3) but follow the
scheme of its proof for controlling directly the Hilbert-Schmidt norm of the resolvent
along an increasing sequence of circles.

PROPOSITION 47. For € > 0, there exists an infinite increasing sequence (rg)ken
in RT tending to +o0o such that

3

2+

wmax (IG5 -5 A m)llms < exp(rg ™).
=Tk

Proof
We start from

(8.15) G (z,y5 A, k) = G (2,551, 0)f(N) (fF(N)+5) " +r(fF(N) +r) "' Gy (2,3 X,0).

We apply Theorem 46 with ¢(A) = f(A\) + x. It is proven in Lemma 42 that f is
of type % Hence we get for e > 0 (arbitrary small) the existence of a sequence
ri<rg<---<rp<--- such that

1

ge
m Sexp(rk )

max
(A=
In view of (8.15), it remains to control the Hilbert-Schmidt norm of

G (2,y;X,0)f(N) +KGy (z,y5),0).

Hence the remaining needed estimates only concern the case k = 0. The estimate on
the Hilbert-Schmidt norm of G is recalled in (3.7). It remains to get an estimate for
the entire function G~ (z,y; A, 0)f(A).
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Because k = 0, this is reduced to the Neumann problem on the half-line for the
complex Airy operator D2 —ix. For y > 0 and 2 > 0, f(A\)GN(z,y;)) is given by
the following expression

(8.16) FO)GY (z,y; ) = —4n?[e* A’ (e V)2 Ai(e™ “w, ) Ai(e ™ "w,) .

We only need the estimate for A in a sector containing Ry x R.. This is done in [2§]
but we will give a direct proof below. In the other region, we can first control the
resolvent in £(L?) and then use the resolvent identity

GENN) = GEN (o) = (A = 20)GFN (NG (M) -

This shows that in order to control the Hilbert-Schmidt norm of G=V () for any A,
it is enough to control the Hilbert-Schmidt norm of GF()g) for some g, as well as
the £(L?) norm of GHV()), the latter being easier to estimate.

More directly the control of the Hilbert-Schmidt norm is reduced to the existence
of a constant C' > 0 such that

+oo
/ |Ai(e= i (iz + \)[2dz < C exp(CIA3).
0

In this case, we have to control the resolvent in a neighborhood of the sector
ImA <0, ReX > 0, which corresponds to the numerical range of the operator.
As x — 400, the dominant term in the argument of the Airy function is e/(=**+%)z =
e "5 x. As expected we arrive in a zone of the complex plane where the Airy function
is exponentially decreasing. It remains to estimate for which = we enter in this zone.
We claim that there exists C' > 0 such that if > C|A| and |A] > 1, then

).

3
2

|Ai(e™" (iz + A))| < Cexp(—C(z +|A|)
In the remaining zone, we obtain an upper bound of the integral by O(exp(C’ |/\|%))

We will then use the Phragmen-Lindel6f principle (Theorem 54). For this purpose,
it remains to control the resolvent on the positive real line. It is enough to prove the
theorem for g* = (0,94) and g~ = (g_,0). In other words, it is enough to consider
F. (resp. F_) associated with g™ (resp. g7).

Let us treat the case of F and use Formula (8.2) and Proposition 45:

(817) G~ (A m)g™, h) = (FOVFN) + 1) NG (A 0)gy , hy)| < Clg, )k A5

This estimate is true on the positive real axis. It remains to control the term
(G~ (X,0)g™, h)|. Along this positive real axis, we have by Proposition 15 the decay
of F(\). Using Phragmen-Lindeldf principle completes the proof.

Note that for F_(X), we have to use the symmetric (with respect to the real axis)
curve in Im A > 0.

In summary, we have obtained the following

PROPOSITION 48. For any k > 0, the space generated by the generalized eigen-
functions of the complex Airy operator on the line with transmission is dense in
L? x L.

- +

This manuscript is for review purposes only.



36 D. S. GREBENKOV, B. HELFFER, AND R. HENRY

1083 Appendices.
1084 Appendix A. Basic properties of the Airy function.
1085 In this Appendix, we summarize the basic properties of the Airy function Ai(z)

1086 and its derivative Ai’(z) that we used (see [1] for details).
1087 We recall that the Airy function is the unique solution of

1088 (D2 +x)u=0

1089 on the line such that u(x) tends to 0 as © — +o0o and
1090 Ai(0) = 5——~.

1091  This Airy function extends into a holomorphic function in C.

1092 The Airy function is positive decreasing on R but has an infinite number of zeros
1093 in R_. We denote by a,, (n € N) the decreasing sequence of zeros of Ai. Similarly we
1094 denote by a/, the sequence of zeros of Ai’. They have the following asymptotics (see
1095 for example [1]), as n — +o0,

@l

1096 (A.1) an o~ = (3;(71 - 1/4)) ,
1097 and
2
1008 (A.2) a;, e Pty (?;r(n — 3/4))
1099 The functions Ai(e*®z) and Ai(e™**2) (with a = 27/3) are two independent

1100  solutions of the differential equation

d2

1101 (szJrz) w(z) =0.

1102 Their Wronskian reads

1103 (A.3) e A (e 2)Ai(e'2) — " AT (e"2) Ai(e " 2) = % vzeC.
1104 Note that these two functions are related to Ai(z) by the identity

1105 (A.4) Ai(z) + e " Ai(e 2) + ' Ai(e’*2) =0 VYV z € C.

1106 The Airy function and its derivative satisfy different asymptotic expansions de-
1107 pending on their argument:
1108 (i) For |arg z| < m,

1109 (A.5) Ai(z) = -—= 271 exp <— z> (1+0(272)),

2\1/7? 4 exp <3z> (1+0(272))

1111 (moreover O is, for any € > 0, uniform when |arg z| < 7 —¢).
1112

1110 (A.6) Ai'(z) = —
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1113 (i) For |argz| < 2,

. 1 i/, (2 s 7 _3
1114 (A7) Ai(—z)=—=2z"71|sin| z22 4+ — ) (1 +0O(2]"?)

T 3 4
-1
5 (2 2
1115 ~s (323> cos gz% + 1) (1+0(|z| 2))
1
1116 (A.8) Ai'(—z) = 7 2i (cos (322 + 4> (1+0(z]72))
-1
2 2 :
1117 —1—7—72 <3zg> sin (323 —|—Z> (14 O(]#| 3)))
1118 (moreover O is for any € > 0, uniform in the sector {|argz| < Z¥ — ¢}).
1119 Appendix B. Analysis of the resolvent of A" on the line for A\ > 0 (after
1120 [32]).
1121 On the line R, A% is the closure of the operator AJ defined on C§°(R) by
1122 Ad = D2 +iz. A detailed description of its properties can be found in [26]. In this
1123 appendix, we give the asymptotic control of the resolvent (AT — \)~! as A — +oo.
1124 We successively discuss the control in £(L?(R)) and in the Hilbert-Schmidt space
1125 C?(L*(R)). These two spaces are equipped with their canonical norms.
1126 B.1. Control in £(L?(R)). Here we follow an idea present in the book of E. B.
1127 Davies [13] and used in J. Martinet’s PHD [32] (see also [26]).
1128 PROPOSITION 49.
1129 For all A > Ao,
4
1130 (B.1) 1A =X 7Y ey < V2 AT exp (3)\3) (1+0(1)).
1131  Proof
1132 The proof is obtained by considering A™ in the Fourier space, i.e.
~ d
1133 (B.2 =2 —.
(B.2) ar—g -
1134 The associated semi-group 1} := exp(f.ﬁ*t) is given by
tS
1135 (B.3) Tu(€) = exp (—EQt — &t — 3) ul—-t), VueSR).
1136 Ty appears as the composition of a multiplication by exp(—&2t — &2 — g) and a
1137 translation by ¢. Computing Supg{exp(f@t S — g)} leads to
43
1138 (B4) HTt||£(L2(R)) < exp <—12> .
1139 It is then easy to get an upper bound for the resolvent. For A > 0, we have
110 (B.5) 1A =) leeey = 1A =2 ewamy)
+oo
1141 < / exp(tA) ||TtHL‘(L2(R))dt
0
+oo t3

1142 < th— — | dt.
1142 < /0 exp ( 12)
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The right hand side can be estimated by using the Laplace integral method. Setting
t= )\%s, we have

+oo 3 ) +oo 3 s3
(B.6) / exp | tA— — | dt = A2 / exp| Az [s—— ] )ds.
0 12 o 12

We observe that ¢(s) = s — % admits a global non-degenerate maximum on [0, +00)

at s = 2 with ¢(2) = 3 and ¢"(2) = —1. The Laplace integral method gives the

following equivalence as A — 400 :

+o00o 3 4
(B.7) / exp ()\2 <s - ;)) ds ~ V21 A\ exp (3)\2) .
0

This completes the proof of the proposition. We note that this upper bound is not
optimal in comparison with Bordeaux-Montrieux’s formula (3.5).

B.2. Control in Hilbert-Schmidt norm. In this part, we give a proof of
Proposition 7. As in the previous subsection, we use the Fourier representation and
analyze A'. Note that
(B.8) I(AT =N s = 1AT =N s -

We have then an explicit description of the resolvent by

~ 3 .
A =N = [ umen (07 €4 A€ )an.

— 00

Hence, we have to compute
. - p ,
A =0 s = [ [ oo (30 )+ 2366 — ) e
n<§
After the change of variable (£1,m) = ()\*%f, )\’%n), we get

~ s |2 .
I =0 =3 [ [ e (3 Fot - )26 - ) den

With
(B.9) h=\"%,

we can write

(B.10) I(A* = N7 3g = B3 @(h),
where
2
(B.11) v = [ [ e (F1ote) - o0 sy,
with
IS
(B.12) o) =o0——.
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1170 ®(h) can now be split in three terms

1171 (B.13) ®(h) = I1(h) + Ix(h) + I3(h),
1172 with
1173 Il(h):// exp (2[¢($)—¢(y)}> drdy,
15\
2
1174 Ir(h) = exp | ~[o(z) — ¢(y)] | dudy,
=] g G )

2
1175 I;(h) = /[,;e]}v exp (h[¢(m) - (b(y)]) dady .
yeR™
1176 We observe now that by the change of variable (x,y) — (—y, —x), we get

1177 Ii(h) = Iz(h),

1178 and that
1179 I3(h) = I4(h)?,
1180 with
2
1181 Iy(h) = / exp <¢(a:)> dx .
R+ h

1182 Hence, it remains to estimate, as h — 0, the integrals I (h) and I4(h).

1183

1184 B.2.1. Control of I;(h).

1185 The function ¢(x) is positive on (0,v/3) and negative decreasing on (v/3, +0c), with
1186 #(0) = ¢(v/3) = 0. It admits a unique non-degenerate maximum at z = 1 with
1187 ¢(1) = 2.

1188  We first observe the trivial estimates

2
1189 exp (—h¢(y)) <1, Vyelo, \/g} )
1190 and
2

1191 exp (hgb(x)) <1, Vze[V3, +o.
1192 We will also have to estimate, for = > /3,

r 2
1193 J(h,x) ;:/ exp (—qb(y)) dy .

V3 h
1194  For this purpose, we integrate by parts, observing that
- 2 _h 1 d 2
E T EESIWE N
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1196  We get

197 J(hyx) = —Z(b/zx)exp <—}2L¢(x)> _}2L¢f(i/§) +g /; (;) () exp (—iqﬁ(y)) dy.

1198 This implies

h 1 2 h 1
1199 J(h,x) S §ﬁ exp (_h¢($)> — §m +ChJ(h,fL'),
1200 and finally, for A small enough and another constant C' > 0
1 2
1201 (B.14) J(h,x) < g % exp (—hqﬁ(m)) +Ch, Vx€[V3,+00).

1202 Similarly, one can show that

oo 2 h
1203 (B.15) / exp (d)(z)) de < —.
V3 h 4
1204 With these estimates, we can bound I; (h) from above in the following way

1205 Ii(h) = /O\/3 exp <}2L¢(x)) (/Om exp (—i(b(y)) dy) dz
1206 + /\/J;oo exp <i¢(q})> (/O\/gexp (—iqb(y)) dy) dx

+oo 9
1207 —|—/ exp <¢(x)) J(h, )
V3 h
V3 2 V3 2
1208 < / exp <¢(x)) / exp <—¢(y)> dy | dx
0 h 0 h
+oo 9
1209 +(V3 + Ch)/ exp <¢(z)> dz
V3 h
+o0 1
1210 +(1+ Ch)E / ———dzx
2 )z -1
2
1211 <3 sup {eXp ((b(x))}
[0.V8 f
1212 +7(\/§+ Ch)h
4
ho[t> 1
21: 1 = —
1213 +( +Ch)2/\/g xz—ldx
4 V3h(1+Ch) h too g
1214 < — —_— 4+ (1 h ——dx.
1214 _3exp<3h>—|- 1 +2( +C)/\/g x2_1dx
1215 Hence we have shown the existence of C' > 0 and hy > 0 such that, for h € (0, ho),
A 4
1216 (B.16) Ii(h) < Cexp (Sh) .

1217 Consequently, I1(h) and I5(h) appear as remainder terms.
1218
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B.2.2. Asymptotic of I4(h). Here, using the properties of ¢, we get by the
standard Laplace integral method

4
(B.17) Ii(h) ~ \/7/2Vh exp <3h) .
Hence, putting altogether the estimates, we get, as h — 0,
wh 8
1 () ~ — —
(B.18) (h) 5 CXP (3h)

Coming back to (B.8), (B.9) and (B.10), this achieves the proof of Proposition 7.

Appendix C. Analysis of the resolvent for the Dirichlet realization in
the half-line.

C.1. Main statement. The aim of this appendix is to give the proof of Propo-
sition 11. Although it is not used in our main text, it is interesting to get the main
asymptotic for the Hilbert-Schmidt norm of the resolvent in Proposition 11.

PROPOSITION 50. As A — +00, we have

1) 162 (W5 ~ ;f/gixiaog»%.

C.2. The Hilbert-Schmidt norm of the resolvent for real A\ . The Hilbert-
Schmidt norm of the resolvent can be written as

©2) 19 Pl = [ 167 wyiN)Pdedy = 57° [ QGai)
0

RQ

where

|Ai(e™" (iz + V)|

@z A) = [Ai(e—io )2

(C.3) ‘ ‘ A o
X / |Ai(e™ (iy + X)) Ai(e™**A) — Ai(e™"*(iy + A))Ai(e’* )| dy.

Using the identity (A.4), we observe that

Ai(e(iy + N))Ai(e 7" N\) — Ai(e ™" (iy + X)) Ai(e’\)

(C.4) i (s (oo : o -
= e~ " (Ai(e ™" (iy + A\)Ai(X) — Ai(iy + N)Ai(e " N)) .

Hence we get

(C.5)

x

Qs ) = it (i + WP [ ]Ame%y )

0

Ai()\) . 2
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C.3. More facts on Airy expansions. As a consequence of (A.5), we can
write for A > 0 and z > 0

exp(—%)\%u(x/)\))
2/F N 1 a2)

(C.6) |Ai(e™ " (iz + \))| = (14+ 0\ %)),

where

VVI+s2+1(V1+s2-2)
NG :
We note indeed that e~ (iz + \)| = Va2 + A2 > X\ > )¢ and that we have a control

of the argument arg(e™"*(iz + \)) € [~ 2%, — %] which permits to apply (A.5).
Similarly, we obtain

(C.7) u(s) = —(1 + 5%)7 cos (3 tan_l(s)> =

exp(%)\%u(x/)\
2y/m(A% + 22)

We note indeed that |iz 4+ A| = vx2 4+ A? and arg((iz + A)) € [0,+75] so that one
can then again apply (A.5). In particular the function |Ai(iz + A)| grows super-
exponentially as z — +o0.

Figure 3 illustrates that, for large A, both equations (C.6) and (C.8) are very accurate
approximations for |Ai(e ™% (iz + \))| and |Ai(iz + \)|, respectively.

The control of the next order term (as given in (A.5)) implies that there exist C' > 0

_2
3

(C.8) |Ai(iz + \)| =

i) (1+0(\3)).

and €9 > 0, such that, for any € € (0, o], any A > ¢

exp(—%)\%u(x/)\))
2/ (A2 4 22)®

and any x > 0, one has

eXp(—%/\%u(x/)\))
2/ (A2 4 22)%

(C.9) (1-Ce) < |Ai(e iz +\)| < (1+Ce)

and

exp(%/\%u(x/)\)) iz .
2 r (02 1 22)3 <JAi(iz + M| < (1+C 27 (0 1 22)

where the function w is explicitly defined in Eq. (C.7).

(C.10)  (1-Ce)

Basic properties of u.

Note that
(C.11) W(s) = — s >0 (s>0)
' 22 V1+Vi+s2 7

and u has the following expansion at the origin
3
(C.12) u(s) = -1+ §52 +0O(sh).

For large s, one has

1

3s2

V2’ 2v2'

One concludes that the function w is monotonously increasing on [0, +00) with
u(0) = —1 and lim,_, 4 o0 u(s) = +o00.

(C.13) u(s) ~ u'(s) ~
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1271 C.4. Upper bound. We start from the simple upper bound (for any € > 0)
1
o (C.14) Qe < (14 1) Qi) + (14 Qo).
1273 with
) Ai(\)|? ’ .
71 @l 3) = il i+ )P i A [ At iy + M) dy
0
1275 and
1276 Qalz, \) = |Ai(e (iz + )2 / IAi(iy + )2 dy.
0

1277 We then write

+o0
1273 Q1) < A iz 1 AP A [ i+ P dy
1z, A) = [Ai(e—to)\)2
0
1279 and integrating over x
e [AI(N) 2
28 Ndz < I(A)? ——F
1280 ) Q1(z, A)dx < Io(X) [Ai(e—iN)[2’
1281  where Ip(A) is given by (8.8).
1282
1283 Using (8.10) and (A.5), we obtain
+o0 .
1284 (C.15) Qi(z,N)dx < CA7 2.
0
1285 Hence at this stage, we have proven the existence of C' > 0, ¢ > 0 and Ay such
1286 that for any € € (0, €] and any A > Ag
oo
1287 (C.16) 167 P 1% < (1 +¢) [ 872 /Qg(x;)\)dx SISkt
0
1288 It remains to estimate
—+oo —+oo “ )
1280 (C.17) Q2(x, N)dx = / dx / |Ai(e™  (ix + \))Ai(iy + \)|* dy .
0 0 "
1290 Using the estimates (C.6) and (C.8), we obtain
1291 LEMMA 51. There exist C' and €, such that, for any € € (0,¢€p), for A > €3, the
1292 integral of Qa(x;\) can be bounded as
1 o [T 1

12903 (C.18) 5(1 —Ce)I(\) <8 Qa2(z, N)dx < 5(1 +Ce)I(N),

0
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1294 where

s B T . exp(—%)\%u(x/)\)) [ exp(%)\%u(y//\))
1205 (C.19) zu)!d TRt ‘/@ S

1296 Control of I(\).
1297 It remains to control I(A) as A — +oco. Using a change of variables, we get

_ 43 7 4)3
1208 (C.20) I(\) = )\/dx xp(~5 ul(:v)) d (3 U(ly)> .
) (1+a22)1 (1+y?)a
1299  Hence, introducing
4
1300 (C.21) t= §)‘% ;

1301 we reduce the analysis to I(t) defined for t > to by

i [ L[ exp(tu(y) — u(x)))
1302 (C.22) I(t) .O/d 1522 O/dy 1+ 57 ,
1303 with

1304 (C.23) I\ = )\f(gAg) .

1305 The following analysis is close to that of the asymptotic behavior of a Laplace integral.

1307 Asymptotic upper bound of f(t)

1308 Although u(y) < u(x) in the domain of integration in Eq. (C.22), a direct use of this
1309 upper bound will lead to an upper bound by +o0c.

1310 Let us start by a heuristic discussion. The maximum of u(y) — u(x) should be
1311 on x = y. For  — y small, we have u(y) — u(xz) ~ (y — z)u/(z). This suggests a
1312 concentration near x = y = 0, whereas a contribution for large z is of smaller order.

1313 More rigorously, we write

~

1314 (C.24) I(t) = Li(t,€) + Iy(t, 6, &) + Is(t, ),

1315  with, for 0 < e <&,

ST en(tuly) — u(@)
Il(t,e)—/o d (1+x2)i0/dy (1+y2)% )

L / 4y CR(Hly) — (@)

a2t ) 1+

~ €
1316 (C.25) Ig(t7e,§):/ dm(

(u(y) — u(@)))
] :

~ +oo i t
I3(t,€) :/ dx %/dy e T
e vt T+ 977
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1317 We now observe that u(s) has the form u(s) = v(s?) where v’ > 0, so that
(C.26)
Vo,yst. 0<y<x <7,

1318 .
(SupTE[O,TO] U,(T)) (‘Tz - y2) > U(ZL') - u(y) > (lnfTE[O,‘ro] UI(T)) (£E2 - y2) .

1319 Analysis of ﬂ(t, €).
1320 Using the right hand side of inequality (C.26) with 79 = € , we show the existence of
1321 constants C' and €y > 0, such that, Ve € (0, )

1322 (C.27) (1—=Ce)J. ((1 + Ce)zt) <Ti(t, €) < (14 Ce)J. ((1 — CG)Zt) ,
1323 with
1324 Je (o) ::/O dx/o exp(o(y® — 2%))dy,

1325 which has now to be estimated for large o.
. 1 :
1326 For NG < €, we write

1327 Je(0) = JH o) + J2(0),

1328  with

T (o /Fdx/zexp( (2 — %)) dy,

/ dw/ exp(o(y? — 2))dy.

1329

1330 Using the trivial estimate

1331 / exp(o(y® — 2?))dy < =,
0
1332 we get
535 (C.28) Jo) < ——
€ ~ 2e0
1334 We have now to analyze J2(o).

1335 The formula giving J?(o) can be expressed by using the Dawson function (cf [1], p.
1336 295 and 319)

1337 s+ D(s) = / exp(y® — %) dy
0

1338 and its asymptotics as s — 400,

1339
1

1340 (C.29) D(s) = 2—(1 +4(9)),
5

1341 where the function §(s) satisfies §(s) = O(s71).
1342 We get indeed
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1344 By taking € small enough to use the asymptotics of D(-), we get

J2(0) = S / 1ds—|—/ Eds
€ S € S

_1 _1
1345 (C.30) 20 ? :
1 logo C
== — (1 1).
1 o +U(oge+(9( )
1346 Hence we have shown the existence of constants C' > 0 and ey such that if t > Ce™3

1347 and € € (0,¢p), then

~ 2logt logt 11

1348 (C.31 Ii(t,e) < -—— +C -—].
(C31) g =g==+ (€t+et>
1349 Analysis of E(t,g)
1350  We start from
+oo r
~ 1 exp(t(u(y) — u(x))
1351 I5(t,€) :/ dx ﬁ/dy ( ! ) .
e et (2
1352  Having in mind the properties of u, we can choose £ large enough in order to have for
1353 some c¢ > 0 the property that for x > { and § <y <z,
u(z) > 05:10%
1354 (C.32) w(z) —u(x/2) > cex?,
u(z) —uly) > cex? (z—y).

1355 This determines our choice of . Using these inequalities, we rewrite :fg(t@) as the
1356 sum

1357 f?,(t, §) = f31(t) + f:),z(t) )

1358  with

N 1 exp (t(u(y) — u()))
I31(t)_/a e (1+22)% /dy (L+y)r
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1360 Using the monotonicity of u, we obtain the upper bound

x

R +oo
Ta(t) < /g e ! / dy exp(t(u(y) — u(x)))

1+ 22)1
0

1 [t
— T2 ex u(x/2) —u(x))) dx
</E p(t(ulw/2) - u(x)))

-2

1361 1 [t
’ < 2/5 r? exp(—c§tw%) dx

1 [t
< 7/ exp(—cgﬁs) ds
3 Je

3
2

< 3(:1515 eXp(—05§%t) .
1362 Hence, there exists e > 0 such that as ¢ — +oo,
1363 (C.33) I3 (t) = O(exp(—ect)) .
1361 The last term to control is I35(¢). Using (C.32) and
1365 1+ 7 < (14 (2/2)%) 7T <V2(4+2%)"7 <V2(1+2?)"1

1366 for x/2 <y <z, we get

x

R +o0o

I3(t) < \/5/5 dx mlﬂ)é/dy exp(t(u(y) — u(z))
- Feo 1 i 1
1367 (C.34) < ﬁ/ﬁ dz (1+12)52/dy exp(—cetz? (z —y))

2
+o0 )
< V2 / sYam = V2
cet Je Vet
1368 Hence putting together (C.33) and (C.34) we have, for this choice of &, the existence
1369 of C¢ > 0 and t¢ > 0 such that

~

1370 (C.35) Vi >te, I3(t) < Ceft.
1371 Analysis of fg(t, €8).
1372 We recall that
- ¢ 1 t(u(y) —
- Bt e.6) :/ dr — /dy exp( (u(y) ?(20))) .
e (192"

1374 We first observe that

_ ¢ 7 & 7
1375 Ir(t,€,8) S/ dm/dy exp(t(u(y) — u(x))) < / dm/dy exp(cet(y® — 7)),
0 0

This manuscript is for review purposes only.



1376

1377

1378

1388

1389

1390

1391
1392

1393

1394

1395

1396

1397

1398

1399

48 D. S. GREBENKOV, B. HELFFER, AND R. HENRY

with
ce = inf o' >0.
[0,¢]
Using now
/z exp(cet(y® — 2?))dy < /I exp(ceta(y — x))dy = L (1 —exp(—cetz?)) < L
o ~Jo ceta = cetx’
we get
~ 1

(C.36) Ir(t,e, &) < o (log& —loge) .

3

Putting together (C.24), (C.31), (C.35) and (C.36), we have shown the existence of
C > 0 and € such that if t > Ce2 and € € (0, ), then

~ 2logt logt 11
. I(t) < -—— — =
(C.37) ()73 ; —I—C(c ; +et)

Coming back to (C.23) and using (C.16), we show the existence of C' > 0 and €; such
that if A > Ce™2, then

3 1
G P V)||%s < g)\_% log\+ C (e)\_% log A + 6)\_%> .

Taking € = (log )\)’%, we obtain
LEMMA 52. There exist C > 0 and A\g such that for A > X\g

_ 3.1 1
14 ’D()\)H%zsﬁg)\ 2(14+C(logA)~2)log A.

C.5. Lower bound. Once the upper bounds are established, the proof of the
lower bound is easy. We start from the simple lower bound (for any € > 0)

(C:39) QA 2 @, X) + (1 - Qa(w, V).
and consequently
+oo +oo 1 “+oo
(C.39) Q(z,A)dx > (1 —¢) Q2(x, ) dx — - Q1(x,\) dx.
0 0 0

Taking € = (log )\)_% and using the upper bound (C.15), it remains to find a lower

bound for f0+oo Q2(x, A)dx, which can be worked out in the same way as for the upper
bound. We can use (C.18), (C.27), (C.30) and

(C.40) T > te > 228t ¢ (JOgt N 11> .

This gives the proof of
LEMMA 53. There exist C > 0 and g such that for A > Ao

_ 3. 1 it
I ’D<A>||%52§A 5 (1—C(logA)"2)log A.

This manuscript is for review purposes only.



1407
1408
1409

1410

1411

1412

1413
1414

1415

1416
1417
1418
1419
1420

THE COMPLEX AIRY OPERATOR ON THE LINE WITH A SEMI-PERMEABLE BARRIERY

30

10" . . . : 10

-
e
-n
-
-
-

—A\=5
= ---A=10
) 10 ® A=5 (asymp)
= )\ =10 (asymp)

10

10

|AIM+X)|
5

—A\=5
10 F---x=10

® )\ =5 (asymp)
= )\ =10 (asymp) ~
0 5 10 15 20 25 30 0 5 10 15 20 25 30

|Aie " (+ix))|

1.015 T T T T T 1.005

2
©
0.995
0-99% 5 10 15 20 25 30 9% 5 10 15 20 25 30
X X
Fic. 3. (Top) Asymptotic  behavior of |Ai(e™*(ixz + X)) (left) and

|Ai(iz + N)| (right) for large A. (Bottom) The ratio between these functions and their asymptotics
given by (C.6) and (C.8).

Appendix D. Phragmen-Lindel6f theorem.
The Phragmen-Lindel6f Theorem (see Theorem 16.1 in [2]) reads

THEOREM 54. (Phragmen-Lindelof) Let us assume that there exist two rays
Ry = {re' :r >0} and Ry = {re'® :r >0}

with (61, 02) such that |01 — 62| = T, and a continuous function F in the closed sector
delimited by the two rays, holomorphic in the open sector, satisfying the properties

(i)
3C>0, INER, s. . YAERURy, |FON)| < C(A2+1)V2

(i) There exist an increasing sequence (ry) tending to +o0o, and C' such that

(D.1) Vk, max |[F(\)| < C exp(r]),

with 6 < «.
Then we have

IFO)] < C (A2 + 1)

for all X between the two rays R1 and Rs.

Appendix E. Numerical computation of eigenvalues.
In order to compute numerically the eigenvalues of the realization Aff of the

complex Airy operator .Aa“ = D2+iz = —% +ix on the real line with a transmission
condition, we impose auxiliary Dirichlet boundary conditions at x = +L, i.e., we
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1436

1437

1441

1442
1443
1444
1445
1446
1447
1448

1449

1450
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search for eigenpairs {\r,ur(-)} of the following problem:

(_dd; + m) un(@) = Apun(a),  (—L<z <L),

wp(£L) =0, up(04) = up(0-) = m(up(04) —ur (0-)),

with a positive parameter k.

Since the interval [—L, L] is bounded, the spectrum of the above differential op-
erator is discrete. To compute its eigenvalues, one can either discretize the second
derivative, or represent this operator in an appropriate basis in the form of an infinite-
dimensional matrix. Following [21], we choose the second option and use the basis

(E.1)

formed by the eigenfunctions of the Laplace operator —% with the above boundary
conditions. Once the matrix representation is found, it can be truncated to compute
the eigenvalues numerically. Finally, one considers the limit L — 400 to remove the
auxiliary boundary conditions at z = £+L.
There are two sets of Laplacian eigenfunctions in this domain:

(i) symmetric eigenfunctions

(E.2) vpa(z) = \/1/Lcos(m(n+1/2)x/L), pn1=m*(n+1/2)%/L?
enumerated by the index n € N.

(ii) antisymmetric eigenfunctions
_ +(5n/\/f) sin(a, (1 —z/L)) (z >0),

with g, 2 = a2 /L?, where o, (n =0,1,2,...) satisfy the equation

(E4) ay, ctan(ay,) = —2kL,
while the normalization constant 3,, is
1
2k L T2
E. n=1+4+———"7"——= .
(E.5) h < + a%+4m2L2)

The solutions a,, of Eq. (E.4) lie in the intervals (mn 4+ 7/2,mn + 7), with n € N.

In what follows, we use the double index (n, j) to distinguish symmetric and anti-
symmetric eigenfunctions and to enumerate eigenvalues, eigenfunctions, as well as the
elements of governing matrices and vectors. We introduce two (infinite-dimensional)
matrices A and B to represent the Laplace operator and the position operator in the
Laplacian eigenbasis:

(E.6) Apjint g = Ononr 05,57 Hnj
and
L
(B.7) Bujuty = [ 4o vas(a) @ vw (@),
)

The symmetry of eigenfunctions v, ; implies By, 1,01 = Bn,2:n7,2 = 0, while

Bn,l;n’,2 = Bn’,2;n,1
(E.S) Yy sin(an,)(a%, + 7r2(n + 1/2)2) _ (—l)n(Qn + 1)7Tozn/
' (02— 22+ 127 |

n’
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L AL A3, L As,L
4 | 0.5161 - 0.8918i1 | 1.2938 - 2.1938i | 3.7675 - 1.9790i
© 6 | 0.5094 - 0.88231 | 1.1755 - 3.97591 | 1.6066 - 2.7134i
l 8 | 0.5094 - 0.88231 | 1.1691 - 5.9752i | 1.6233 - 2.8122i
10 | 0.5094 - 0.8823i | 1.1691 - 7.9751i | 1.6241 - 2.8130i1
oo | 0.5094 - 0.8823i 1.6241 - 2.81301
4 1.0516 - 1.05911 | 1.3441 - 2.04601 | 4.1035 - 1.76391
— 6 | 1.0032 - 1.03641 | 1.1725 - 3.9739i | 1.7783 - 2.7043i
l 8 | 1.0029 - 1.0363i | 1.1691 - 5.9751i | 1.8364 - 2.8672i
10 | 1.0029 - 1.0363i | 1.1691 - 7.9751i | 1.8390 - 2.8685i
oo | 1.0029 - 1.0363i 1.8390 - 2.86851

TABLE 1
The convergence of the eigenvalues Ay, computed by diagonalization of the matriz A + iBB
truncated to the size 100 X 100. Due to the reflection symmetry of the interval, all eigenvalues appear
in complex conjugate pairs: Aoy .1, = Aon—1,1,. The last line presents the poles of the resolvent of the

complex Airy operator Af obtained by solving numerically the equation (6.17). The intermediate
column shows the eigenvalue A3 1 coming from the auziliary boundary conditions at x = L (as
a consequence, it does not depend on the transmission coefficient k). Since the imaginary part of
these eigenvalues diverges as L — +o0o, they can be easily identified and discarded.

The infinite-dimensional matrix A+iB represents the complex Airy operator Aff)
on the interval [—L, L] in the Laplacian eigenbasis. As a consequence, the eigenvalﬁes
and eigenfunctions can be numerically obtained by truncating and diagonalizing this
matrix. The obtained eigenvalues are ordered according to their increasing real part:

Re/\l,L S Re/\27L S
Table 1 illustrates the rapid convergence of these eigenvalues to the eigenvalues of the

complex Airy operator A on the whole line with transmission, as L increases. The
same matrix representation was used for plotting the pseudospectrum of A (Fig. 2).
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