1407.0108v3 [g-fin.MF] 21 Jul 2015

arXiv

A Constrained Control Problem with Degenerate Coefficients and
Degenerate Backward SPDEs with Singular Terminal Condition*

Ulrich Horst! Jinniao Qiu? Qi Zhang?

October 11, 2018

Abstract

We study a constrained optimal control problem with possibly degenerate coefficients arising in
models of optimal portfolio liquidation under market impact. The coefficients can be random in
which case the value function is described by a degenerate backward stochastic partial differential
equation (BSPDE) with singular terminal condition. For this degenerate BSPDE, we prove existence
and uniqueness of a nonnegative solution. Our existence result requires a novel gradient estimate for
degenerate BSPDEs.
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1 Introduction

Let T € (0,00) and (£2,.#,P) be a probability space equipped with a filtration {.%; }o<;<7 which satisfies
the usual conditions. The probability space carries an m-dimensional Brownian motion W and an inde-
pendent point process J on a non-empty Borel set Z C R! with characteristic measure w(dz). We endow
the set Z with its Borel o-algebra 2 and denote by m(dt,dz) the associated Poisson random measure.
The filtration generated by W, together with all PP null sets, is denoted by {.%;};>0. The predictable
o-algebra on Q x [0, +00) corresponding to {#;}¢>0 and {.%; };>¢ is denoted 2, respectively, 2.

In this paper we address the following stochastic optimal control problem with constraints:

min F
&p

[ (etwles + 2wt s [ e oo a1 (1.1)
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subject to

T =z — /{Sds—//ps m(dz,ds), t € [0,T]

zr =0 (1.2)

t t
Yt = y"’/bs(ys) ds "’/US(yS)dWs-
0 0

The real-valued process (¢)¢cjo,7] is the state process. It is governed by a pair of controls (£, p). The
d-dimensional process (yt)te[o,T] is uncontrolled. We sometimes write :vf’w’g’p for 0 < s <t<Tto
indicate the dependence of the state process on the control (&, p), the initial time s and initial state
x € R. Likewise, we sometimes write y;"? to indicate the dependence on the initial time and state.

The set of admissible controls consists of all pairs (&, p) € £L%:(0,T) x L%(0,T; L*(Z)) s.t. x7 =0 as.
The cost functional is assumed to be of the quadratic form:

Jt(xtuyt;gup) = E

[ (e + i) s+ [ [- s<ys,z>|ps<z>|2u<dz>ds\%] a3

The value function is given by:

V;e(any)éeSSiant(CUtayt;faP)‘ (14)

Ep Te=T,y1=y"

Control problems of the above form arise in models of optimal portfolio liquidation. In such models x;
denotes the portfolio an investor holds at time ¢ € [0,7T], & is the rate at which the stock is purchased
or sold in a regular exchange at that time, xp = 0 is the liquidation constraint, p; describes the number
of stocks placed in a crossing network, m governs the order execution in the crossing network and y; is a
stochastic factor that drives the cost of liquidation. We refer to [T} 2 [TT] [[3] and references therein for a
detailed discussion of portfolio liquidation problems and an interpretation of the coefficients i, A and ~.

In a Markovian framework where all coefficients are deterministic functions of the control and state vari-
ables, the Hamilton-Jacobi-Bellman (HJB) equation turns out to be a deterministic nonlinear parabolic
partial differential equation (PDE) with a singularity at the terminal time; see [9] for details. Non-
Markovian control problems with pre-specified terminal values have been studied in recent papers by
Ankirchner, Jeanblanc and Kruse [2], and Graewe, Horst and Qiu []]. Ankirchner et al. represented the
value function in terms of a nonlinear backward stochastic differential equation (BSDE). The BSPDE-
approach in [8] is more general. There, the authors construct the optimal control in feedback form
assuming that there exists another independent n-dimensional Brownian motion B s.t.

t t t
Yy = y—i—/bs(ys)ds —l—/as(ys) dW, +/ 7s(ys) dBs, (1.5)
0 0 0

where the coefficients b, o, &, A\, v and n are measurable with respect to the filtration .# generated by
W, and & satisfies the super-parabolicity condition:

m d
ZZ 5IE (4, 2)E € > 0l€)? as., V(ta, &) €[0,T] x RY x RY.
k=11,j=1

We do not require the super-parabolicity condition. In a portfolio liquidation framework this condition
is in fact not always natural; it is neither satisfied for many diffusion models of asset prices, nor for
important absolutely continuous factors driving liquidation costs such as volume weighted average prices.

For a given stock price process (S;) and a given model of aggregate intraday trading activities (g ), often
J3 Sugudu

f(; qudu

a deterministic convex function, VWAP is defined as v; £ . This calls for an extension of the

existing literature beyond the super-parabolic framework.



The constrained optimal control problem (LI]) can be formally written as an unconstrained one:

min F

T T
€ ‘/0 (ﬁs(ys)|§s|2 + )\s(ys)|$5|2> ds +/O /Zs(ys7 2)|ps(z)|2 /L(dZ)dS + (+OO)|CCT|21{$T;£0} (1.6)

subject to

t t
xtzx—/ofsds _/0 /Zps(z)w(dz,ds), te€0,T7;
t

t
Yt = y+/bs(ys)d5+/‘75(95) dWs.
0 0

In view of Peng’s seminal work [I5] on non-Markovian stochastic optimal control and the linear-quadratic
structure of the cost functional, the dynamic programming principle suggests that the value function is

of the form

Vi(z,y) = w(y)z?,

where wu is the first component of the pair (u, ) satisfying formally the following backward stochastic
partial differential equation (BSPDE) with singular terminal condition:

~dus(y) = |or (oD 0l0) + D)o ) ) + 850 Do) + Fs )] e

1.
— () dWh, (L) € [0,T] x RY; (1.7)
UT(y) = +007 yERd'
Here
F(t,y,r)a / r’ (dz) r +a(y), (ty,r) Ry xREx R (1.8)
9 ,T - - -, N Z - TN b b 7’r - -
Y Z/Y(tvyuz)—i_r'u ﬁt(y) t Y *

BSPDEs were first introduced by Bensoussan [3] as the adjoint equations of forward SPDEs and have
since been extensively used in the stochastic control literature including [5] [6] [7, 10, [18]. BSDEs with
singular terminal conditions were first studied by Popier [16]. To the best of our knowledge, degenerate
BSPDESs with singular terminal conditions have never been studied before.

As in PDE theory, degenerate BSPDEs are fundamentally different from super-parabolic ones (see [4]
[5, 12]). Using recent results on degenerate BSPDEs [0l [0 [12] [14], standard arguments show that the
BSPDE (L7) has a unique solution and satisfies a comparison principle if the terminal value is finite.
To show that a solution (u,) to the BSPDE with singular terminal value can be obtained as the limit
of a sequence of solutions to with finite terminal values requires a gradient estimate for u, besides a
growth condition of the limit near the terminal time. In the non-degenerate case analyzed in [§] such
gradient estimate is not needed. The non-degenerate case only requires the growth condition on u; near
the terminal time in which case the super-parabolicity guarantees sufficient regularity of u.

The gradient estimate for a solution to a degenerate BSPDE generally depends on its gradient at terminal
time. In our case, the terminal value of the BSPDE is singular and hence it does in no obvious way
characterize the gradient. Instead, we derive our gradient estimate from the gradient estimates of the
approximating sequence. Our estimate seems new even in the Markovian case. Along with the gradient
estimate, an explicit asymptotic estimate for the solution of our BSPDE near the terminal time is given.

Due to the degeneracy of the diffusion coefficient, no generalized It6-Kunita formula (like the one used
in [§]) for the random filed u satisfying the BSPDE (L)) in the distributional sense is available. To
prove the verification theorem we appeal instead to the link between degenerate BSPDEs and forward-
backward stochastic differential equations (FBSDEs), which requires certain regularity of the random
field w including the gradient estimate mentioned above. Finally, using the Itd formula for the square
norm of the positive part of the solutions for BSPDEs, we prove that the obtained solution is the unique
nonnegative one.



The remainder of this paper is organized as follows. In Section 2, we introduce auxiliary notation and state
our main result. In Section 3, we show that BSPDE () has a non-negative solution. The verification
theorem and the uniqueness of solution are proved in Section 4. Selected results on semi-linear degenerate
BSPDESs are recalled in an appendix where we also show the well-posedness of the truncated version of
BSPDE ([LT) and establish a comparison principle for degenerate BSPDEs allowing for singular terminal
values.

2 Preliminaries and Main Result

2.1 Notation

Throughout this paper, we use the following notation. D and D? denote the first order and second order
derivative operators, respectively; partial derivatives are denoted by 0. For a Banach space U and real
number p € [1,00), we denote by LZ(0,7;U) and L;(0,T;U) the Banach spaces of all P-progressively
measurable U-valued processes which are essentially bounded and p-th integrable, respectively. The
spaces L0,(0,T;U), p € [1,00], are defined analogously with & replaced by . For k € Nt and
p € [1,00), H¥P is the Sobolev space of all real-valued functions ¢ whose up-to kth order derivatives
belong to LP(R?), equipped with the usual Sobolev norm ||¢|| g».». For k =0, H*? £ LP(R%). Moreover,
HPP 2 {u; wp € H*?, Vp € CZ(RY)}

loc

with C°(R9) being the set of all the infinitely differentiable functions with compact support in R?,
and LP(O,T;Hﬁ’f) is defined as usual. For simplicity, by v = (u1,...,u;) € H*?, [ € N*, we mean
u,...,u € H*P and [lul/%, = 22:1 w5, We use (-, -) and || - || to denote the inner product and
the norm in the usual Hilbert space L?(R%) (L? for short), respectively. We denote by C'4 ([0, T]; H**) the
space of all H*P-valued and jointly measurable processes (Xt)iefo,r) which are .Z-adapted, a.s. weakly

continuous with respect to ¢ on [0, T and

E

sup ||Xt|%k,p] < Q.
t€[0,T]

In the sequel, we write for any positive integer k

S;([OvT];Hkm)écg([ovT];Hk’p) N L2(Q,ﬁ; C([OvT];Hk_Lp))v pEe [1700]'

2.2 Assumptions and main result

We now define what we mean by a solution to a BSPDE whose terminal value may be infinite.

Definition 2.1. Let G : Q — R := [~00, + 00| be .F7/B(R)-measurable. A pair of processes (u,1)) is a
solution to the BSPDE

{ —duy(y) = f(t,y,u, Du, D*u,p, D) dt — Py (y) dWy,  (t,y) € [0,T] x R%
ur(y) =G(y), yeR

if (u,9) € £%(0,7; HY?) x £%(0,7; HY?) for any 7 € (0,T), lim, 7 u,(y) = G(y) a.e. in R? a.s. and

loc loc

for any ¢ € Cgo(Rd)7 <S07 f(u '7u7Du7D2u7w7Dw)> € £2(O7T;R) and

<SD7 ut> = <S07 uT> +/<SD7 f(87y7u7Du7D2u7w7 DQ/J)> dS _/ <SD7 deWS> a'S'7 VO S t S T < T'
t t

I This means that for any f € (H*P)*, the dual space of H*P, the mapping t — f(X¢) is a.s. continuous on [0, T].



We establish existence of a solution to BSPDE (7)) under the following regularity conditions on the
random coefficients.

Assumption 2.1. (H.1) The functions b, 0,1, A : 2x [0, T] xR? — RIXR>*M xR, xR, are & x B(R?)-
measurable and essentially bounded by A > 0,y : Qx [0, T] xR x Z — [0, +00] is 2 x B(R?) x Z-
measurable. Moreover, there exists a positive constant x s.t. a.s.

ns(y) >k, V(y,s) €RLx[0,T].

(H.2) The first-order derivatives of b, 7, A and the up to second-order derivatives of o exist and are
bounded by some L > 0 uniformly for any (w,t) € Q x [0,T].

(H.3) There exists (Tp,po) € [0,T) x (2,00) s.t.

1

essinf n(y) > <1 - —> ess sup ne(y).
(w.t,y) EQX [To,T] xRY 2P0 ) (w,t,y)€Qx [To, T x R4

The first two conditions above are standard and adopted throughout. The third is particular to the
degenerate case. It guarantees sufficient integrability of the derivative of the value function and is satisfied
if, for instance, n € C([to, T); L°(£2 x R%)) with 7 () being a positive constant for some ¢y € [0, T).

In view of (H.1) the random variable F(,-,0) belongs to £5(0,T; L>(R?)) where F is defined in (LS).
Since it is more convenient to work with a BSPDE whose driver belongs to L? [4, [5 [6] we use the weight
function

0(y) = (14 |y|*)~? for yeRY withg>d (2.1)

so that OF(-,-,0) € £P(0,T; H'P) for any p € [1,00). As in [§] a direct computation shows that (u,))
solves (LL7) if and only if (v, )= (0u, 1) solves the BSPDE (AG) given in the appendix. We are now
ready to state our main results. The following is a summary of Theorems B.1] and

Theorem 2.1. Under Conditions (H.1)-(H.3) the BSPDE (7)) admits a unique nonnegative solution
(u, ), i.e., for any solution (u,v) to BSPDE (L) satisfying

(0,00 + 0" D(OD)) € S0, 8] H'2) x L%(0,t: H?), Vi e (0,T)

and iy (y) > 0 a.e. in Q x [0,T) x RY, we have a.s. for allt € [0,T), 4y > u; a.e. in RE. If we further
have py > 2d + 2 and 6u € C%([0,t]; H"P) for some p € (2d + 2, py), then a.s. for allt € [0,T), u; = w
a.e. in R, For this solution, given any p € (2,po) there exists a € (1,2), s.t. {(T — t)*(Quy, O, +
o*D(0uy))(y); (t,y) € [0,T] x R} belongs to (S%([0,T]); H?) N C%([0,T]; H*?)) x L%(0,T; H"?), and
there exist two constants co > 0 and ¢; > 0 s.t. a.s.

Tcit <u < % a.e. inRY YVt e [0,T).

Moreover, if the constant po introduced in (H.3) satisfies po > 2d + 2, then:
V(t,y, 2)2u(y)a?,  (t,z,y) € [0,T] x R x RY,

coincides with the value function in (L), and the optimal (feedback) control is given by

x x _ ue(Ye) T ue(ye) T
(& pite)) = < ne(yt) , %(z,yt) —l—ut(yt)) ' 22)

Remark 2.1. Our main result holds for other nonlinear dependencies of F' on u; under more or less
standard assumptions. However, as indicated in [6] (see also Theorem [A]), due to the lack of the regular
estimate on the second unknown variable 1, the nonlinear term F' needs to be independent of ¢, though
a linear dependence on ¢ + ¢* Du is allowed.



Remark 2.2. If all the coefficients b, 0, A\, 7,y are deterministic, then the optimal control problem is
Markovian and the BSPDE (L)) reduces to the following parabolic PDE:

()P
ne(y)

Ut 2

ur(y) = + 00, y€RY,

+ ()

~0uu) = tr (5o () D*u(n)) + b () D)

(2.3)

where ;0] could be degenerate. Under Conditions (H.1)—(H.3), this PDE holds in the distributional (or
weak) sense. As such, our results are new even in the Markovian case.

Remark 2.3. The main novelty of Theorem 2T is the gradient estimate for the solution of BSPDE (7).
Gradient estimates for solutions to degenerate BSPDEs or even deterministic PDEs generally depend on
both its gradient at terminal time and the gradients of the coefficients. For instance, let us consider a
trivial version of degenerate PDE (Z3))

—0wi(y) = Ne(y), (ty) €[0,T) xRY  wp(y) =G(y), yeR?,

for some G € H>2(R?). Then we have
T
Duly) = DG) + [ Dwdt, (t.y) € 0.7) x B,
t

and thus for any (t,y) € [0,T] x RY,

T
(T = t)*D(Ove)(y) = (T — ) v (y) DO(y) + (T —)*0(y) (DG(y) +/t DX(y) dt) :

However, in our case, the terminal value of the BSPDE is singular which does in no obvious way charac-
terize the gradient. For instance, for any given positive Schwartz function g and positive real numbers r
and ¢, the function ¢ defined by

s T9((T = t)%)

ei(y) W, (t,y) € [0,T] x R?

shares the singular terminal condition o7 (y) = +o0o, y € R?, but its gradient Dyr(y) = rDg(0) changes
according to the specific choice of the pair (r, g). Hence, in this sense, our gradient estimate is nontrivial,
and seems to be new even for the deterministic case.

3 Existence of a nonnegative solution to BSPDE ([I.7)

In this section we establish the following existence of solutions result for our BSPDE (L1).

Theorem 3.1. Under Conditions (H.1)-(H.3), for any p € [2,po) BSPDE (L) has a solution (u,)
s.t. for some a € (1,2), {(T — t)*(Ouy, by + 0* D (0uy))(y); (t,y) € [0,T] x R4} belongs to

(S5(00.7): H'#) N C((0,T1; H'™)) x L% (0,7 H'?),

and a.s.

D <uly) < =

- md
T < T3 ¢ in R, Vtel0,T), (3.1)

with two constants cg > 0 and ¢; > 0.



To prove the above theorem we shall identify a solution as an accumulation point of a convex combination
subsequence of the sequence of solutions to BSPDE (A7)). For p; € [2,pp) this BSPDE has a unique
solution (vV,¢Y), due to Proposition The sequence {v"} increases in N, due to Corollary [A.4]
and hence converges to some limit v. To see that v satisfies the growth condition (BI]) we replace the
coefficients (A, y,n) by their lower bound (0,0, k) and upper bound (A, +o0, A), respectively, deduce from
Proposition [A3] that the resulting BSPDEs have unique solutions given by

Z)0 2A0
ol ()2 — " 2)0W) and i ()2 — W) (),
(1 + “#JS[Z))ey(Z)(Tft) —1 1-— N—+A e (T—t)
and then apply the comparison principle to conclude that a.s.:
Ny) <o) <aM(y) ae inRY, Vtel0,T).
Since
v M) 2MW)EATO _ M)T gy

Uy = N-A __oT—1) N_A = N_A =
1——'62(T t) 62(T ) — NFA 1+2(T_)_N—+A N—-‘,-A+_

we see that

r(Z)0(y) <oMN(y) < % a.e. in R? (32)

(1 n NH(Z))GH(Z)(T—t) 1 At

and hence that v satisfies the desired growth condition. The slightly sharper upper bound O (ﬁ)
for vV will be important for the proof of Lemma below and hence for the gradient estimate.

Our next goal is to prove a uniform bound for the sequence { Dv™N'} in H%P. As a byproduct we obtain a
bound for the sequence {¢V + o*Dv™N'} in £2(0,T; H%2?). The bound given in Theorem [AT] (ii) depends
on the Lipschitz constant of the driver of the BSPDE. In our case, this means that it depends on the
function v, due to the quadratic dependence of the driver on v". The following corollary provides a
better estimate. The estimates in Theorem [AT]are obtained by applying It6 formulas directly (see [5] [6]);
hence we can derive the estimates as well from the monotonicity of the drift for BSPDE (A instead of
the Lipschitz condition. The detailed proof is omitted; it is standard but cumbersome.

Corollary 3.2. Assume the same hypothesis of Theorem [A1] with
f(50) € L0, T; HYP) N L2(0,T; HY?) and G € LP(Q, Fr; HP) N L*(Q, Fp; H?)

for some p € [2,00). Let (u, p) be the solution of BSPDE (A1) in Theorem [Adl If there exist constant
Ly and function g € L7(0,T; H*?) N L%(0,T; L?) s.t. a.e. in Qx[0,T] x R,

us(y) f(s,y,us(y +Za us(y 8 +0 ZUS( )8u) f(s,y,us(y))

< lgs (@) + Ly (Jus(w)I? + Z Byrs)I?), (3.3)

then we have

E swp ul?, < CLE [|G|H1p /HgtHHM ]

te[0,7)
and

T T
FE Sup] ||ut||§11,2 +E H(ZSt'i‘O':DutH?{lg dtg CéE|:|G||§I1,2 +/ |gt|2dt]
5 0 0

tel0,T

with the constants Cy = Cy(d, m, A, L, T, L1) and C,, = Cy(d,m, A, L, T, Ly, p) independent of the Lipchitz
constant L.



We proceed with the gradient estimate. Since we are mainly interested in the behavior of the gradient
near the terminal time, we put

K= essinf n:(y)
(w,t,y)€QX [Ty, T xR?

and notice that [B2]) holds with x replaced by x1 on [Ty, T]. The following lemma is key to the gradient
estimate.

1

Lemma 3.3. Recall the constant py introduced in (H.3), let ag 2 1 — Tpo

and choose ay,as € (1,00)
and p1 € [2,po) s.t.
200 = aqy and (2 —az)p1 < 1.

Let Th € [To,T) and Ny > 2A + ku(Z) s.t.
Z
(1 + %)eﬂ(z)(T_Tl) < a1,
0
and for each N > Ny, set
SNERTEA PRI

Then the sequence

@ 2B -0) (. teloT]

satisfies

sup {E[ sup (|in|ip,2+|QiV|§;1,m>}+|a*DQN+5N|%2<T1,T;Hm>}<oo-
N>Ng te[T1,T)

Proof. A direct computation shows that the sequence {(QY,¢V)} is a solution to the BSPDE:

~aQ) () = |t (oror D°QI () + DEYo7 () ) + 5 DQY () + B 1) + 2 0)

0 M)

KL v ) B 0o W)l A L
JF<N+(S T t)) (wt(y} /z%(y,z)+9‘1|viv(y)lﬂ(d) m(y) ) (34)

ag—1
+ano™Y <% + 6N(T - t)) viv(y)} dt — &N (y)dWy, (t,y) € [0,T] x RY;

QF (y) =k3"N'™*20(y) fory € RY.

The assertion follows if we can show that this BSPDE satisfies the the conditions of Corollary 3.2 on
[T1, T] with some constant L; < oo independent of N and a function gy € £LP(T,T; H%P) which satisfies

sup HgNHﬁg,(Tl,T;Hw) <oo forpe€{2,p1}.
>No :

To obtain the desired result it suffices to estimate 9,: Q1 (y)d,: (f3 — fA)(s,y) where

291 oM (y)|?

az—1
@) and  f3(t,y) 2 ™ (% +6N(T - t)) ol (y).

Pt (5 + 0¥ 1)

To this end, notice that 6V < «; and that e* < 1 + ze® for any = > 0. Hence, for each N > Ny, each
t € [T1,T) and almost every y € R? one has:

200N (y)

n(y) (3:5)

—1
0> a25N<% +6N(T - t)> -



because

-1 —1,,N
a25N(”1+5N(T_t)) _ W)

N m(y)
-1
<arap( 4 sNT 1)) - 2k 1(Z) /()
N (1 4 %(Z))e,u(Z)(Tft) 1

K Kip(Z
<anap <N1 +6M(T - t)> —2a0u(Z) <(1 + %)emzxﬂt) _ 1)
<0. (3.6)
Thus, for any t € [T1,T], we have
0y Q1 ()i (fir — f)(5.9)

-t —1,N .ON
=0, Q7 (y)azd™ (% +oN(T - t)) 0,0 (y) — 0, QN (y) 22— )0y Qs

ne(y)

+ 0, QY () (t,y)

20N (y)

B N 2 andN k1 Np _
= 10,:QN ()| < 5 (N+5 (T t>> 1:(y)
< 10, QY W) + |7 ()

where

> +0,:Q () f¥ (t,y)

a.e. in R? a.s.,

K a2 n—1 Uiv 2 0
R it o

In view of the upper bound in ([B2]) there exists a constant C' < oo s.t.

_ 1 g
0 1|”tN(y)|2 <C (m) 0(y).
N

Since (2 — ag)p1 < 1, one therefore has for p € {2,p1} that

- ayw-o—l(y)o(y)).

sup ||f13;/”£;(T1,T;H0,p) < o0.
N>No

This proves the assertion. O

Corollary 3.4. The previous lemma, along with an application of Theorem [A1l to the time interval
[0,T1], leads to the desired gradient estimate:

sup (B[ sup (10 Bres + 10X 150) | +10°DQY 4 ¥ oy | <00 (37)
N>Ny te[0,T)
We are now ready to prove existence of a solution to our BSPDE (I)). Estimate BX) allows us to
extract a subsequence (Q™Vk, ¢Vk) s.t. QNk converges to Q weakly in £P(0,T; H'P) as well as weak-star
in £°(0,T; H?) for any p € {2,p1}, and (£V%, &Nk + 0* DQNF) converges weakly to (£,€ + 0*DQ) in
L£2(0,T; L?) x £2(0,T; H2). Since {v"V} increases to v a.e. in R for all ¢ € [0, T], passing to the limit
we get

Qi(y) = e BTN T — )220, (y).
Mazur’s Lemma allows us to choose a sequence of convex combinations of (Qk Nk Nk 4 g* DQNr)
which converges strongly in corresponding spaces. Therefore, it is easy to check that (Q, &) solves:

~dQu(3) = |tr (50107 DQu(o) + D&} () ) + BEDQu(o) + 51&) + (o)

2 (Z)(T=T1) _ g\ _ 9_1|Ut(y)|2 . _6‘_1|Ut(y)|2
* =1 (Wy) | )~ ) (3.8)

+ ez E)T=T)( _ t)‘”_lvt(y)] dt — &(y) dWy,  (t,y) € [Ty, T] x RY;

Qr(y) =0, yeR™%




By Theorem [A] and Proposition [A2] (Q, &) admits a version, still denoted by (@Q, £), s.t.
(Q,€+0"DQ) € (S%([0,T]; H"?) N C%([0,T); H')) x L% (0,T; H'?).

Recovering (v, ¢) from (Q, €) and setting (u, 1)) = 60~ (v, ) we see that (u,)) solves BSPDE (L7) and that
{(T—t)2>(Quy, Ope+0* D(Ouy)) (y); (t,y) € [0,T] xR?} belongs to (S% ([0, T]; H2) N C% ([0, T]; HP1)) x
L% (0,T; H"2). Moreover, relation (BI)) holds with ¢y = ke ()T and ¢; = Ae?”. Since p1 € [2,po) is
arbitrary, this completes the proof of Theorem 311

4 Verification Theorem and uniqueness of solution to BSPDE

(L.1)

In this section, we prove a verification theorem which not only solves our control problem with constraint
but also allows us to derive uniqueness of the solution to our BSPDE ([L7)). As no generalized It6-Kunita
formula is available for the random filed u satisfying BSPDE (7)) in the distributional sense due to the
degeneracy, the proof is instead based on the link between FBSDEs and BSPDEs given in Theorem [A]]
This link will allow us to compute the dynamics of the process u;(y:)|z¢|*.

First, we recall a result from [§]. It states that the optimal control lies in the set of controls & for which
the corresponding state process is monotone.

Lemma 4.1. For each admissible control pair (€, p) € L%(0,T) x L%(0,T; L*(Z)), there exists a cor-
responding admissible control pair (€, p) € L£%:(0,T) x L%(0,T; L*(Z)) whose cost is no more than that

of (&, p) and for which the corresponding state process 2060 is a.5. monotone. Moreover, there exists a
constant C > 0 which is independent of the initial data (0,z), terminal time T and the control pair (p,§),

s.t.
T A
/ ]2 ds
t

The key to the verification theorem is existence of a solution (u, ) to BSPDE (7)) such that u satisfies
a growth condition near the terminal time and that its gradient is sufficiently regular (both guaranteed
by Theorem [B])) so that Theorem ([A.T])(iii) can be applied and u can be represented as an FBSDE.

sup |xg,z;é,ﬁ|2
se(t,T]

E

ﬁt] = 20782 < O(T — )E

9}1 for each t € [0,T). (4.1)

Theorem 4.2. Assume (H.1)-(H.2). If (u,v) is a solution to the BSPDE ([[L7) s.t. Ou € C*(0,t; H*P)N
Sw(0,t; HY?), ¥Vt € (0,T), for some p > 2d+ 2, and a.s.

Co C1 d
< < .
O Suy) < 2, V() €0.T) xR (42)
with two constants ¢y > 0 and c; > 0, then
V(t,y, 2)2u(y)2®, Y (t2,y) €[0,T) x R x RY, (4.3)

coincides with the value function ([LAl). Moreover, the optimal feedback control is given by (22I).

Proof. We first note that u;(y) is a.s. continuous with respect to (¢,y) € [0,T) x R?, due to Sobolev’s
embedding theorem. Second, BSPDE (IL7) is equivalent to BSPDE (AXG). Thus, if we take 7 € (0,7")
as the terminal time and fu,(y) as the terminal condition, then this BSPDE satisfies the assumptions of
Theorem [Ad] on [0, 7], due to ([E2) (and the presence of the weight function 6). As a result, there exists
a unique random field ¢ s.t. 0y + o*D(0u) € L% (0,7; H?) for any 7 € (0,T) and s.t. (fu, 61)) is a
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solution to:

1 * * * T — r i
—dvi(y) = [tf (5015015 Dzvt(y) + DGoy (y)) + b Due(y) + 9205 0yi0 ' (Ct + Oyivoy ) (v)
ijr
1 T ES —_ —
9(52%9 ‘oi"a]" + b; DO 1>vt(y) +0(y)F(t,y, 07 (y)vi(y)) | dt
Jr
—G(y)dWy,  (t,y) € [0,7) x RY
Ur(y) = euT(y)u Yy e Rd'

Noticing the assumption p > 2d+2, by Theorem [AT] (iii) we also have the following BSDE representation
of Ou:

—d(Ouy) (1 [ < > 0,0 1UZTU§T+bID91>(9ut 0y +9Zayje Lod™ (y2v) (22V)"

ijr

OO F (L wl )] de - 200w, ce fo.1)
for some adapted process Z%¥ lying in suitable space. Applying the standard It6 formula, we obtain
Aot (y2Y) = Btr (ata:me— (y) )) + DO (y? )] dt + (DO~ V) o, (yY) dW,
and further,
—du () = Pty (™)) dt = |07 W)¥)Z0Y + 0u (DO o) | dWe, t e [0.T).

Then the stochastic differential equation for u,(y2¥)]z"%|? follows immediately from an application of
the standard Ité formula again. Using Lemma 1] one can now apply the exact same arguments as in
the proof of [8 Theorem 3.1] to deduce that:

g (YY) ad P2 < It 2P gV €, p)  for any pair (€, p) €

and that the control (£*, p*) is admissible and satisfies the above inequality with equality. O

We close our analysis with the following theorem. It states that the solution constructed in Section
is the minimal solution to our BSPDE (7). The proof mainly relies on the comparison principle in
Proposition [A.2] for degenerate BSPDEs allowing for singular terminal values.

Theorem 4.3. Under Conditions (H.1)-(H.3), for the solution (u,v) to BSPDE (1) constructed in
the proof of Theorem [T, if (1, 1) is another solution of (L) satisfying

(0@, 09 + o D(04)) € S%([0,1]; H?) x L% (0,6; H"?), Vi€ (0,T)

and if @ (y) > 0 a.e. in Q x [0,T) x R, then a.s. for everyt € [0,T), @ > u; a.e. in RL. Moreover, if

we further have py > 2d + 2 and 04 € Nye(o, 1) C%([0,t]; HYP) for some p € (2d + 2, po), then a.s. for all

t€10,T), i = us a.e. in RZ

Proof. Let (v, ¢N) be the unique solution to BSPDE (&) and (#,¢) £ 6 (@, ). By Proposition A2
o >l ae inRY Ve (0,7, (4.4)

which yields the minimality as v"V increases to v as N — oo. In view of Theorem 2 to establish

the uniqueness statement it is sufficient to verify that @ satisfies the growth condition ([@2]). The above
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minimality arguments have given the lower bound. To establish the upper bound in ([@2]), we consider
the deterministic function:
2A Ae?T

i 2N coth(T —t) = ——— 7 — A< .

Then, (1,0) is a solution to (7)) with the triple (), ~y,n) being replaced by (A, +o0, A). Moreover, (i, 0)
remains a solution when shifted in time, i.e., for 6 € [0,7) the pair (@.4s,0) is the solution to (L)
associated with (A, +o00, A), but with a singularity at ¢ = T — §. Proposition [A.2] yields that, a.s. for all
te[0,T -4

A 2T
up < T 51 _66 —  ae in R?.
Letting § — 0 we obtain the desired upper bound as well as the uniqueness. |

A Selected results on semi-linear degenerate BSPDESs

This appendix recalls the selected results on degenerate semi-linear BSPDEs and their connections to
FBSDEs, establishes a comparison principle for degenerate BSPDEs allowing for singular terminal values
and discusses a truncated version of our singular BSPDE.

A.1  On a class of degenerate BSPDEs and the link to FBSDEs

The following link between FBSDEs and BSPDEs, due to [0] is key to our analysis.

Theorem A.1. Assume that the coefficients b and o satisfy (H.1) and (H.2) and that ¢ : Qx [0, T] x R? —
R™ satisfies the same conditions asb. Let f:Q x [0,T] x R — R satisfy:

o the partial derivatives Oy f and O, f exist for any quadruple (w,t,y,v)
o f(-,-,0) € £%(0,T; H?)
o there exists a constant Lo > 0 s.t. for each (w,t,y),
Lf(ty,v1) = f(t,y,v2)[ + 10y f(t,y,v1) = Oy f(t,y,v2)| < Lolvr —v2|,  Vwi,v2 €R.

Then the following holds:
i) For any G € L?(Q, #r; H'?), the BSPDE
1 * * * * *
~dui(y) = |or (50107 D2us + Do ) () + 6 D) + 2 G+ 1 D) 5) + 0.0

- 1/}t(y) thv (tvy) € [Oa T] X Rd;
ur(y) =G(y), yeR’

(A1)
admits a unique solution (u, 1) s.t.
u € S%([0,T]; H?) and 1+ o*Du € L%(0,T; H?).
Moreover, there exists a constant Cy = Ca(d,m, A, L, T, L) s.t.
T T
B s Julfs + B [ o0t ot Dunlipsdt < CoB[IGs + [ 17 0sat]. a2)
te[0,7] 0 0
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i) If we further assume that f(-,-,0) € £%(0,T; H'?) and G € LP(Q, Fr; H'P) for some p € [2,00),
then u € C'%([0,T); H*) and there exists a constant C, = Cp(d,m, A\, L, T, Lo, p) s.t.

T
E sup |lugly, SCPE{IIGIZW +/ £t 0) .0t |- (A3)
te[0,7) 0

iii) If p > 2d+ 2, then u(t,y) is a.s. continuous with respect to (t,y) and it holds a.s. that
ult,y;*) =YY, V(ty) € s, T] x RY, (A.4)
where (y>Y, Y Y Z7Y) is the solution of FBSDE:

dyp? =be(y; V) dt + oy (y; V) AWy,  yd® =y; 0<s<t<T;
=AY =[of (") 20V + [ty YY) dt — 27 dWy, YR = Glyp?).

Remark A.1. It is worth noting that assertion (i) of the above theorem extends [6, Theorem 3.1] by
replacing C'% ([0, T; H*?) therein by S%([0,7]; H?) = C%([0,T]; H"?) N L*(Q,.#; C([0,T]; L?)). This
follows by applying [I7, Theorem 3.2] with the Gelfand triple being realized as (H 12, L2 H?) thereirﬂ.
In particular, we obtain strong continuity of u in L2. This allows us to apply the existing It6 formula for
BSPDEs (see for instance [18, Corollary 3.11]).

A.2 A comparison principle for degenerate BSPDEs allowing for singular
terminal values

The following comparison principle follows from the It6 formula for the square norm of the positive part
of solution to a BSPDE (see [8l Lemma A.3], [I7, Theorem 3.2], [I8] Corollary 3.11]). Since it allows the
associated BSPDEs to have singular terminal values, we provide a short proof.

Proposition A.2. Assume that the coefficients b, o and o satisfy the conditions of Theorem [A 1l Let
(u,) and (u',1") be solutions to BSPDE (AJ) associated with (G, f) and (G', f), respectively, such
that (u, v+ 0*Du, f(u)) € L% (0,T; H?) x L%(0,T; H?) x L5(0,T; L), and (v, ¢’ +0*Du/, f'(u)) €
L£%(0,6 HY?) x £2(0,¢; HY2) x £L1(0,t; L) for any t € (0,T). If there exist L >0 and g € £2(0,T; L?)
such that a.e. in Q x [0,T), v'(w,t) > g(w,t) a.e. inRY,

<f(wat7ut) - f’(w,t,u,’f), (ut - u;)+> < Z H(ut - u:&)+"2 and G(wvy) < G/(w7y>a

then we have a.s.
u<u' ae inRY Vtelo,T) (A.5)

Proof. We put (@,9) = (u — u',9b — ¢’). Since b, o and g as well as their first-order derivatives are
bounded and @ € H'2, the integration by parts yields a constant Ly < 0o s.t.

|, (b + 0*0*)Day)| < Lo(aS,a; ), Vte0,T)].

Let us denote the entries of the diffusion matrix o, by 0" and the entries of the vector ¥, by 7. Then
integration by parts gives:

Jr T Jr T Jr T i __Jr = i __Jr = i __Jr =
Us 89]‘ 1/15 - ayj (Us 1Z)s) - ayj Us S and Us Us 8yiyju5 - ayz (US Us 89]‘ us) - 8.7! (US Us )891 Us-

Hence, Itd’s formula yields a constant L3 < oo s.t. (applying the summation convention):

Elaf|? - E|laf|?

2 H—12 is the dual space of HY2.
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T 1 . . o _
<] [2{at. - 30, (0¥ ol 0,01 - 0,00 + 0207 + L ) ds

+/ <5yjﬂ;", oiragrayiﬂj - 20? (z/?; + oirayiﬂj» ds —/ ||z/151{u>u/}||2ds}
¢ t

=5| [ 2(a, O, (00T (0f — 0y,007) (05 + 00, 8) + 50y, (ol — o170y, 007)
+Lgﬂj>ds /||1/151{u>u/}+0 Du+|| ds}
gE{O/ (af, uf + |¥slfuswy + ot Duf|) ds—/ |65 fusury + i Dt ||’ ds} (by (H.1), (H.2))
t

gE[c/ a1 s = 5 [ 1001 oy + 202 ds], 0<t<r<T
t t
Thus, an application of Gronwall’s inequality leads to:

Elluf|* < CE|uf|?,

with the constant C' independent of ¢ and 7. Since @ < |u| + |g|, an application of Fatou’s lemma yields

([AZH) because

T
E/ Hut || dt < C’ThmsupE ||u+|| < CTE/
0 Rd

lim sup }ﬁj(y)}zl dy =0.
1T

O

Remark A.2. In Proposition[A2] we see that the random field v} is allowed to take an infinite and thus
singular terminal value. This property is essentially used in the proof of Theorem for the uniqueness
of solution to BSPDE (L1).

A.3 Truncated BSPDEs
A direct computation shows that (u, 1)) solves (I7) if and only if (v, ()= (0u, 61)) solves the BSPDE

~duy) = |t (3107 D?uo) + DG () ) + Do) + 5160) + xna)

n 9<y>F<t,y,el<y>vt<y»} dt — Q)W (hy) e 0.7) xRS (A0

vr(y) = + 00, yeR?

with
. d
bi(y)2 bi(y) +2¢(1 + [y*) ™D (o107)" i=1,....d,
Jj=1

d - .
BrmE2q(L+ [y ol )y, r=1,....m,

j=1

d

c(y) = q(1+[y*)~ (tr (ooy (y +Z2yzbl )+2q— DA+ (o) W)y )

5,J=1

This BSPDE (A6 has a unique solution if the terminal value is finite. More precisely, for N € NT we
put
F(t,y,¢(y)2F(t,y, [6W))),  (ty,9) € Ry x R x L/(R?)
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and consider then the family of BSPDEs:

1 -
~an? () = o (oot D )+ DC¥oi ) + BDO ) + 16 ) + ()

-w@ﬂmw1MW@ﬂw—w@mw (t.y) € 0.7 x B (A7)

v (y) =NO(y), yeR

Proposition A.3. Assume (H.1) and (H.2). For each N € Nt and p € [2,00), BSPDE (A7) has a
unique solution (vN,(N) with

(N, N + 0" Du™) € (S%([0,T]; H?) N C%([0,T); H'?)) x L%(0,T; H"?),

s.t. 071N € £2(0,T; L°(R?)) and for arbitrary ¢ € C(R%):
T
1 - .
(. v} = (. NO) + / <<p, tr (5050;*1)%? +D¢Y o:) + ;DY + eull + LY + 0L (5,07 0] >> ds
T
—/ (p, VY dW, as,V0O<t<T.
t

Proof. To prove existence of a solution, one truncates the quadratic term in F at some level M using a
smooth truncation function as in the proof of Proposition 4.1 in [§]. For each M € Ny, we know from
Theorem [AJ] that the resulting BSPDE has a unique solution (v™:M ¢N:M) with

(WM N g g DM € (S%([0,T); HY?) N C%([0,T); HYP)) x L% (0, T; H-?).

Changing the coefficients (),~, M) in the above BSPDE to (A, 400,0) we get a new equation. For this
equation, one readily checks that

(2:(y),0) = (B(y) (N + A(T — t)),0)
is a solution, and the comparison principle stated in Proposition [A.2] yields:

0<oVM™ <p, ae inRY VEe[0,T], as.

N.M _¢N,M)

Choosing M € NT large enough, we see that (v is a solution to (A7)). Uniqueness of solutions

follows from a similar arguments. O

Corollary A.4. Assume that the coefficients of the BSPDE (A1) satisfy Conditions (H.1)-(H.2) and
denote the solution by (v™,¢N). Let (\,7,7) be another set of coefficients which satisfies the same
conditions as (\,7,n). Let G € L*(Q, Zr; HY?) and

(2,0) € 85[0, T); H"?) x L(0,T; L?)
with 0= € £2(0,T; L°(R?)) being a solution to the BSPDE:

—dty(y) = {tr (%ataf D?5,(y) + Doy (y)) +b; D (y) + B; Guy) + cetn(y) + O (y)

_ 0~ (y)loe(y)I? BRI ) 217 o ' (A8)
e i T R R

or(y) =G(y), yeR”.

IfG>NO, A\> X\, 7>~ and 7 > n, then a.s.

o (y) > o (y) ae inRY Ve 0,T).

Moreover, the inequality also holds with all “>" replaced by “<” in above statement.
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