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THRESHOLDS FOR EXISTENCE OF DISPERSION MANAGEMENT
SOLITONS FOR GENERAL NONLINEARITIES

MI-RAN CHOI, DIRK HUNDERTMARK, YOUNG-RAN LEE

ABSTRACT. We prove a threshold phenomenon for the existence of solitary solutions of
the dispersion management equation for positive and zero average dispersion for a large
class of nonlinearities. These solutions are found as minimizers of nonlinear and nonlocal
variational problems which are invariant under a large non—compact group. There exists
a threshold such that minimizers exist when the power of the solitons is bigger than the
threshold. Our proof of existence of minimizers is rather direct and avoids the use of Lions’
concentration compactness argument. The existence of dispersion managed solitons is
shown under very mild conditions on the dispersion profile and the nonlinear polarization
of optical active medium, which cover all physically relevant cases for the dispersion profile
and a large class of nonlinear polarizations, for example, they are allowed to change sign.
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1. INTRODUCTION

1.1. The variational problems. We show the existence of minimizers for a family of
nonlocal and nonlinear variational problems

Bl =inf {H(f): ||f|I* = A}, (1.1)
where A > 0, the average dispersion day > 0, || f||* = [ | f]* dz, the Hamiltonian takes the

form J
H(f) = %Ilf'll2 = N(f), (1.2)
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and the nonlocal nonlinearity is given by

N = [[ VT @)oo (13)
Here V : [0,00) — R is a suitable nonlinear potential and T, = ¢ is the solution
operator of the free Schrodinger equation in one dimension. The function 1 is assumed to
be in suitable LP-spaces.

If dpy > 0 then, strictly speaking, the infimum in (1.1) is taken over all f with additionally
f € HY(R), the usual Sobolev space of square integrable functions whose distributional
derivative f’ is also square integrable. One can recover our formulation (1.1) by setting
| f/|| := oo if f € L2\ H'.

Our interest in these variational problems stems from the fact that the minimizers of
(1.1) are the building blocks for (quasi-)periodic breather type solutions, the so-called
dispersion management solitons, of the dispersion managed nonlinear Schrédinger equation.
The function v is the density of a probability measure related to the local dispersion
profile dy, see the discussion in Section 1.2, especially Lemma 1.8 and formula (1.10).
The dispersion management solitons have attracted a lot of interest in the development of
ultrafast longhaul optical data transmission fibers. So far, it has mainly been studied for
a Kerr-type nonlinearity, i.e., the special case where V' (a) = a*. The purpose of this work
is to extend our previous existence results from [12] to a large class of nonlinearities V'
and also to positive average dispersion. We address the connection of the above variational
problems with nonlinear optics later in Section 1.2.

The standard approach to show the existence of a minimizer of (1.1) is to identify it as
the strong limit of a suitable minimizing sequence, that is, a sequence (f,)neny C L?(R),
with || f,]|> = A and E;lav = lim,, 00 H(f5). The catch is that the above variational problem
is invariant under translations of LQ(R) if day > 0 and under translations and boosts, that
is, shifts in Fourier space, if d,, = 0. This invariance under a large non-compact group
of transformations leads to a loss of compactness since minimizing sequences can easily
converge weakly to zero. The usual strategy to compensate for such a loss of compactness
is Lions’ concentration compactness method. In a previous paper, [12], we used an alterna-
tive approach, which directly showed that modulo the natural symmetries of the problem,
minimizing sequences stay compact. The tools were very much tailored to the special type
of Kerr nonlinearity. This paper extends our approach from [12] to a much more general
setting. This extension is by no means straightforward, see Section 2 and Remark 1.5.

Our main assumptions on the nonlinear potential V' : R, — R are
A1) V is continuous on Ry = [0,00) and differentiable on (0,00) with V(0) = 0. There

exist 2 <1 <7 < oo such that

V'(a)| <a L +a2"t foralla>0.

A2) V is continuous on R and differentiable on (0, 00) with V' (0) = 0. There exists v > 2
such that

V'(a)a > vV (a) for all a > 0.

A3) There exists ag > 0 such that V(ag) > 0.

Above, we use the convention f < g, if there exists a finite constant C' > 0 such that
[ <Cg.

These three assumptions above are our main requirements on the nonlinear potential.
For our existence results, depending on whether d,, = 0 or d,, > 0, we will have to pose
some additional restrictions on the range of v; < . For example, if d,, > 0, we will need
that 2 < v; <2 < 10 and we will also have some additional LP conditions on ¢ to ensure
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the existence of minimizers for (1.1). We will see that these conditions yield a threshold
phenomenon, that is, f € H'(R), respectively f € L?(R), if day = 0, with [|f]|> = X and
H(f) = Egav exists at least for large enough power A. In order to guarantee the existence
of solutions for arbitrarily small A > 0, we need to strengthen assumption A3 to

A4) If dy, > 0 we assume that there exist ¢ > 0 and 2 < kg < 6 such that
V(a) 2 a"™ forall0<a<e.
If d,y = 0 we assume that there exists € > 0 such that V(a) > 0 for all 0 < a < e.

Remarks 1.1. (i) An integration shows that A1 implies
V(a)] <a™ +a.
Much more important for us is the fact that A1l allows us to control the nonlocal

nonlinearity N under splitting, see Lemma 2.14 and the discussion in Section 2.2.
(ii) Examples of nonlinearities obeying assumptions A1 through A3 are given by

J
V(a) = Z c;a®
j=1

with ¢; > 0, 2 < 55 < 10 if day > 0, respectively, 2 < s; < 6 if dyy = 0, and J € N,
but our assumptions also allow nonlinear potentials which can become negative, for
example, for dy, > 0 we can allow for

V(a) = —a* +a® fora>0.
It certainly fulfills A1. Since
V'(a)a = —4a* + 8a® = 4(—a’ + a®) + 4a® > 4V (a),

it also obeys A2. Moreover, V(ag) > 0 for all large enough ag, so A3 holds.
Similarly, if d,, = 0 we can allow for

V(a) = —a®+a® fora>0.

If we did not assume A3, then the nonlinearities could also be strictly negative for all
a > 0, for example, V(a) = —a* — a® obeys A1 and because of

V'(a)a = —4a* — 645 = 6(—%@4 —a%) > 6V (a)

also A2, but then the critical threshold A\%v given in Theorems 1.2 and 1.4 would
be infinite. The threshold is finite once there exists f € H'(R) with N(f) > 0, see
Theorem 5.1.5.1.v.

Our first main result is

Theorem 1.2 (Thresholds for existence for positive average dispersion). Assume dy, > 0,
V' obeys assumptions A1 through A3 for some 2 < v1 < 5 < 10, and b € L™ has compact

support for some § > 0, where as := ag(y2) := max{l, ﬁ +0}. Then

(i) There exists a threshold 0 < \dav < oo such that E;lav =0 for 0 < A < M and
—00 < B <0 for A > Aav.

(i) If 0 < A < Mdav then no minimizer for the constrained minimization problem (1.1)
exists. If y1 > 6, then \&v > 0.

(iii) If X > Mav, then any minimizing sequence for (1.1) is up to translations relatively
compact in L*(R), in particular, there exists a minimizer for (1.1). This minimizer is
also a weak solution of the dispersion management equation (1.12) for some Lagrange

multiplier w < 2E§\la" /A <0.
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(iv) If V obeys in addition A4, then \dav = 0.

Remark 1.3. If 75 < 6 then ﬁ < 1 and thus a5 = 1 for all small enough § > 0. So if

2 < v < 79 < 6 we only need 1 € L' with compact support for Theorem 1.2 to hold.

If 6 < 2 < 10 the density % has to have compact support and to be in L? with p slightly
larger than ﬁ. With the bound (1.9) this translates into some slightly more restrictive
integrability bound on 1/dy, which still covers all physically relevant local dispersion profiles.

We have a similar existence result in the case of d,, = 0 under slightly different L”
assumptions on the density 1.

Theorem 1.4 (Threshold for existence for zero average dispersion). Assume dy, = 0 and
V' obeys assumptions A1 through A3 with 2 < v1 < v < 6, and that the density ¢ has

compact support and 1 € Lﬁw for some 6 > 0.

(i) There exists a threshold 0 < \). < oo such that EY =0 for 0 < A < A%, and —oc0 <
EQ <0 for x> M.

(ii) If A > A, then any minimizing sequence for (1.1) is up to translations and boosts,
that is, translations in Fourier space, relatively compact in L*(R), in particular, there
exists a minimizer for (1.1). This minimizer is also a weak solution of the dispersion
management equation (1.12) for some Lagrange multiplier w < 2E9\//\ < 0.

(iii) If V obeys in addition A4, then \). = 0.

Remarks 1.5. (i) Concerning the existence, Theorems 1.2 and 1.4 are sharp, see Theorem
1.6 below.

(ii) In the application to nonlinear optics, ¥ is the density of the probability measure u in
(1.8) below, which in turn is naturally related to the dispersion profile dy in dispersion
management cables, see the discussion just above Lemma 1.8. It turns out that this
probability measure always has compact support as soon as dy is integrable over the
period [0, L] and it has a density ¢ once the zero set of the local dispersion profile dj
has zero Lebesgue measure, that is, [{s € [0, L] : dy(s) = 0}| = 0. This is a reasonable
assumption on dy since otherwise 1) would have some delta distribution component and
the nonlinearity N would be rather singular.

The so far most studied case is the model case where

do=1j01) — 12,
that is, two pieces of glass fiber cables with exactly opposite dispersion are concatenated
together and this is repeated periodically with period 2. In this case ¢ = 1jg 4. Our
existence results are valid for a considerably larger class of probability densities v, and
thus a very large class of dispersion profiles dg. The LP conditions on 1 in Theorems
1.2 and 1.4 translate to conditions on the dispersion profile d(l]_p via Lemma 1.8 below.

In particular, for d,, > 0 and v < 6, we can allow for the largest possible class of
local dispersion profiles dy, they only have to change sign finitely many times and their
zero set has to have Lebesgue measure zero.

Even in the case of a Kerr nonlinearity, where V (a) ~ a*, i.e., v; = 72 = 4, the above
two theorems strongly improve our result in [12] in terms of scales of LP spaces: In [12],
we needed in addition that ¢ € L*, whereas now with 75 = 4, one sees that 1) € L' is
enough for strictly positive average dispersion and for vanishing average dispersion we
only need L**9 for arbitrarily small § > 0.

(iii) For the Kerr nonlinearity, the smoothness and decay of the minimizers has been studied
in [4] and [11] for the simplest case of an alternating dispersion profile given by dy =
1j01) — 1j1,2) and extended to more general dispersion profiles in [10]. In the more
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general setting discussed in this paper the smoothness and decay of solitary solutions
is an open problem.

Concerning the question whether the range of exponents in Theorems 1.2 and 1.4 is
optimal, we note the following

Theorem 1.6. Let V' be a pure power law nonlinearity given by V(a) = ca” for a >0 and

some coefficients ¢,y > 0.

(i) Assume further that day > 0 and 1) is a probability density with compact support which is
strictly positive in a possibly one sided neighborhood of zero. Then H(f) is unbounded
from below on H' for any fived ||f||> = X > 0, if v > 10. If v = 10, then H(f) is
unbounded from below for any fived ||f||> = X\ > 0 as long as c is large enough.

(ii) If day = 0 and v > 6, then H(f) is unbounded from below on L* for any fived || f|* =
A >0, if ¢ is a probability density with compact support which is strictly positive in a
possibly one sided neighborhood of zero.

If daoy = 0 and v = 6, then no minimizers exist in the model case ¢ = 1 q.

Remark 1.7. As the lower bound (1.11) from Remark 1.9.ii shows, the assumption of the
first part of Theorem 1.6 is fulfilled if the dispersion profile dy is bounded from above close
to zero, which includes all physically relevant dispersion profiles.

The strategy of the proofs of our Existence Theorems 1.2 and 1.4 is as follows: The
main observation which shows that Eﬁ\la" < 0 is equivalent to gaining compactness is done
in Theorem 4.1. The necessary space-time bounds which prevent splitting of minimizing
sequences as soon as Eﬁ\la" < 0 are done in Section 2.1 and their consequences for the
nonlinear and nonlocal potential in Section 2.2. The main building blocks, for which one
has to develop suitable space-time bounds, turn out to be of the form given in Definition
2.5 and are motivated by Lemma 2.14. Our proofs for strictly positive average dispersion
rely on some very useful space-time bounds for coherent states, see Lemma B.4, which are
new and proven in Appendix B. Strict subadditivity of the energy is done in Section 3 and
the necessary tightness bound, modulo the symmetries of the problem are established in
Section 4. That there exists a threshold which distinguishes between Egav =0 and Egav <0
is the content of Theorem 5.1. At the end of Section 5 the proofs of Theorems 1.2 and 1.4
are given. Theorem 1.6 is proven in Section 6.

1.2. The connection with nonlinear optics. Our main motivation for studying (1.1)
comes from the fact that the minimizer of the variational problem is related to breather-type
solutions of the dispersion managed nonlinear Schrodinger equation

iOpu = —d(t)0%u — p(|u|)u, (1.4)

where the dispersion d(t) is parametrically modulated and P(u) = p(|Ju|)u is the nonlinear
interaction due to the polarizability of the glass fiber cable. In nonlinear optics (1.4)
describes the evolution of a pulse in a frame moving with the group velocity of the signal
through a glass fiber cable, see [25]. As a warning: with our choice of notation the variable
t denotes the position along the glass fiber cable and z the (retarded) time. Hence d(t) is
not varying in time but denotes indeed a dispersion varying along the optical cable. For
physical reasons it would not be a strong restriction to assume that d is piecewise constant,
but we will not make this assumption in this paper. By symmetry, one assumes that P
is odd and P(0) = 0 can always be enforced by adding a constant term. Most often one
makes a Taylor series expansion, keeping just the lowest order nontrivial term leads to
P(u) ~ |u|?u, the Kerr nonlinearity, but we will not make this approximation.
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The dispersion management idea, i.e., the possibility to periodically manage the disper-
sion by putting alternating sections with positive and negative dispersion together in an
optical glass-fiber cable to compensate for dispersion of the signal was predicted by Lin,
Kogelnik, and Cohen already in 1980, see [17], and then implemented by Chraplyvy and
Tkach for which they received the Marconi prize in 2009. See the reviews [26, 27] and the
references cited in [12] for a discussion of the dispersion management technique.

The periodic modulation of the dispersion can be modeled by the ansatz

d(t) = e do(t /) + day- (1.5)

Here d,, > 0 is the average component and dj its mean zero part which we assume to have
period L. For small ¢, equation (1.5) describes a fast strongly varying dispersion which
corresponds to the regime of strong dispersion management.

A technical complication is the fact that (1.4) is a non-autonomous equation. We seek
to rewrite (1.4) into a more convenient form in order to find breather type solutions. Let
D(t) = fg do(r) dr and note that as long as dy is locally integrable and has period L with
mean zero, D is also periodic with period L. Furthermore, T, = €% is a unitary operator
and thus the unitary family ¢ — T /.) is periodic with period eL. Making the ansatz

u(t,r) = (Tp/eyv(t,-))(z) in (1.4), a short calculation shows
i@tv = —davaﬁv - TD_(lt/a) [P(TD(t/e)'U)]

which is equivalent to (1.4) and still a non-autonomous equation.

For small ¢, that is, in the regime of strong dispersion management, Tp(/.) is fast oscil-
lating in the variable ¢, hence the solution v is expected to evolve on two widely separated
time-scales, a slowly evolving part vgo and a fast, oscillating part with a small amplitude.
Analogously to Kapitza’s treatment of the unstable pendulum which is stabilized by fast
oscillations of the pivot, see [15], the effective equation for the slow part vgoy was derived
by Gabitov and Turitsyn [7, 8] for the special case of a Kerr nonlinearity. It is given by
integrating the fast oscillating term containing Tp(;/) over one period in ¢,

: |
10y Vslow = _davagvslow - €_L / TD(lT,/E) [P(TD(r/e)Uslow)] dr
0 (1.6)

1t
= _davagvslow - E /0 TD(IT) [P(TD(T)UleW)] dr.

This averaging procedure leading to (1.6) was rigorously justified in [29] for suitable dis-
persion profiles dy in the case of a Kerr nonlinearity. The averaged equation is autonomous
and stationary solutions of (1.6) can be found by making the ansatz

Vslow (1, ) = e~ f(2). (1.7)
Before doing so, it turns out to be advantageous to rewrite the nonlocal nonlinear term
in (1.6): Define a measure u(B) by setting u(B) = %fOL 15(D(r))dr for any Lebesgue

measurable set B C R. Since u(B) > 0 and p(R) = %fOL 1g(D(r))dr = %fOL dr =1, one
sees that p is a probability measure. Since p is the image measure of normalized Lebesgue
measure on [0, L] under D, we can rewrite (1.6) as

10 Velow = —davaivslow — / TT,_1 [P(Trvslow)] p(dr). (1.8)
R

One can easily check that the simplest case of dispersion management, L = 2, dy = 19,1) —
1}1,2), which is the case most studied in the literature, corresponds to the measure y having
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density 1j9 ), the uniform distribution on [0, 1], see formula (1.10). For the general case,
we gather some basic properties of the probability measure p in the following

Lemma 1.8 (Lemma 1.4 in [12]). Assume that the dispersion profile dy is locally integrable.
Then the following holds.

(i) The probability measure pu has compact support.

(i) If the set {dy = 0} has zero Lebesque measure, then  is absolutely continuous with

respect to Lebesgue measure.

(iii) If furthermore dy changes sign finitely many times on [0, L] and is bounded away from

zero then p has a bounded density 1.

(iv) Moreover, if dy changes sign finitely many times on [0, L] and for some p > 1

L
/ |do(s)|' 7P ds < o0,
0

then p has a density 1 € LP. More precisely, we have the bound

1

Il < (o)1 ds)? (1.9)

where the implicit constant depends only on the number of sign changes of dy and the
period L.

Remarks 1.9. (i) As explained in [12], the bound (1.9) is quite natural and sharp. It

(i)

translates LP restrictions on ¢ into integrability conditions on dé_p . The extreme case
p = oo yields that ¢ is bounded once dj is bounded away from zero, and the case p = 1
poses the weak additional restriction that the set where d is zero has Lebesgue measure
Zero.

Without working too hard, one can derive a formula for the density v of the probability
measure p. We give the short argument from [12], for the reader’s convenience, since
it has an important consequence for Theorem 1.6: We assume that the measure of the
set {dy = 0} is zero, otherwise p will have a Dirac point mass component, and that
do changes sign only finitely many times on [0, L]. Let {4;} be a collection of disjoint
half-open intervals with UjA; = [0, L) such that, on each A;, the dispersion profile dj
has a fixed sign and so D is strictly monotone. Then by the definition of g,

[ Pwyutan =32 [ P ds =30 [ FOE)ID D ) s

1 1 1 _
:ZE/D(MF(T)MW: / Frg D, ldo(s)[™"dr.

supp () s€eD=1({r})

In the third equality we used a change of variables = D(s) and that in each A; there is
a unique s; € A; such that D(s;) = r and for the last equality we set D~1({r}) = {s €
[0,L)| D(s) = r}, the set of pre-images of r within [0, L). Thus we have the formula

bry== Y ldo(s)|" (1.10)

seD=1({r})

for the density ¢ of  in terms of the dispersion profile dy. Since D(r) = [ do(s) ds
and dy is locally integrable, D is continuous and we can use (1.10) to get a lower
bound for all 7 in the support of ¢ close enough to zero, as long as dy does not behave
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too wildly: If dy is bounded close to zero there exists rg > 0 such that with m =
L= Yinf{|do(D(r))|7' : 0 < r < 79} > 0 one has the lower bound

1[) > ml[ovm] or 1[) > ml[_mm (1.11)
which one of the above two lower bounds holds depends on the sign of dy close to zero.

Coming back to our discussion of the dispersion management equation, plugging (1.7)
into (1.8), we see that f should solve

Wf = —da f" — /R T [P(T, f)] pldr), (1.12)

which is a nonlocal nonlinear eigenvalue equation for f. Testing (1.12) with suitable test
functions h one gets the weak formulation

wih, ) = da (', ') — (h / (dr)

where (hy, hy) is the scalar product on L*(R) given by [p hi(z h1(z)ho(z) dz. Exchanging inte-
grals, a formal calculation, using the unicity of 7)., yields

(n, /R TP )] juldr)) = /R (Toh, P(T, ) p(dr)

and one arrives at the weak formulation of (1.12) in the form

Wb, f) = dus () — /R (Toh, PT, ) ul(dr), (1.13)

supposed to hold for any A in the Sobolev space H'(R).

Using the formula from Lemma 4.9 for the derivative of the nonlocal nonlinearity N(f)
from (1.3), one sees that (1.13) is the weak form of the Euler-Lagrange equation associated
to the energy H(f) given in (1.2), as long as V'(|T} f|)sgn(T;. f) = P(T,f). This is the case
if

V'(a) = p(a)a = P(a) for all a > 0,

i.e., V is the antiderivative of the polarizability P

= /OQP(;) ds

In this case it is, up to some technicalities, clear that any minimizer of the associated
constrained minimization problem (1.1) will be a weak solution of (1.12) for some choice
of Lagrange multiplier w, as long as the variational problem (1.1) admits minimizers. In
particular, combining Theorems 1.2 and 1.4 with Lemma 1.8 one sees that (1.12) has a
non trivial weak solution f under the condition that the assumptions A1-A3 hold, at least
for large enough power A = ||f||?, or for arbitrary power, if additionally A4 holds for the
antiderivative of P and that the dispersion profile dy changes signs finitely many times and
1/dy obeys some mild integrability conditions given by the right hand side of (1.9). This
allows for a large class of dispersion profiles dy, covering all physically relevant cases.

2. NONLINEAR ESTIMATES

2.1. Fractional Bilinear Estimates. In this paper, the nonlocal nonlinearity is not a
pure power, thus the multilinear estimates from [12] cannot be used anymore. First, we
gather the estimates which will be used in the proof of fat—tail Propositions 4.3 and 4.4,
which are crucial for the existence proof in this paper. The core of the argument will be
suitable splitting bounds on the nonlocal nonlinearity N(f) from (1.3) given in Proposition
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2.17. For this, inspired by the splitting Lemma 2.14 for V', one needs certain fractional
linear bounds on the building blocks from Definition 2.5.

Since T;. = ¢r9: is the solution operator for the free Schrodinger equation in dimension one,
we can express 1, f for any nice f, for example in the Schwartz class, as follows:

T, f(x) (y)dy (2.1)

\z y\2

\/471'27"
= E/Rem"e_im f(n)dn, (2.2)

where f is the Fourier transform of f given by

=L [ gt

As a first step, we note that, for ¢ in suitable LP spaces, certain space time norms of
T, f are bounded.

Lemma 2.1. Let f € L2(R), 2 < ¢ < 6 and ¢ € L74(R). Then

1T f Nl La(r2,dapary S HT’Z)HL@—(R ILfII- (2.3)

Proof. Using the Holder inequality, we get

//RQ T, f|%daypdr = //R2 ( ‘”w) (
< ([ 1z spos duar) - ([[ st asar) -

Since T} is unitary on L?(R),

//]R2 T, f 25 dadr = ||f||2/R¢bf4q dr

and the Strichartz inequality [9, 23], needed here only in one dimension, gives

J [ s dnar < stise
and so (2.3) follows. [ ]

(H)) dzdr

Remark 2.2. The sharp value of the constant in the one-dimensional Strichartz inequality
is known to be S; = 12712, the two dimensional sharp constant is known, too, and it is
also known that Gaussians are the only maximizers in the Strichartz inequality in one and
two space dimensions, see [6] and [14]. In recent years there has been a renewed interest
in establishing existence of maximizers for certain space time norms of solutions of linear
evolution equations, like the Schrodinger or wave equation, see, for example, [2, 3, 5, 13].

To take advantage of the fact that an interaction term containing the product of two
terms of the form 7. f1 and T f5 is typically small if the functions f; and fo have separated
supports, we need

Lemma 2.3 (Fractional bilinear estimate). Let 2 < p < 3 and f1, fo € L*(R) whose
Fourier transforms have separated supports, say s = dist(supp f1,supp f2) > 0. Then

1
1T /1T fall o r2, dwdry S m”fl”“fz\\- (2.4)
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Remark 2.4. The bound (2.4) is a well-known bilinear estimate for p = 2, see [1]. For
readers’ convenience, we give a proof of (2.4) for any 2 < p < 3. As the proof shows, (2.4)
holds also for p = 3, without any support condition on f; and fs.

Proof. Using (2.2), we get
1 ) ) N .
nfmwnﬁ@»:5;//;ﬂmﬁm*ﬂﬁﬂ9ﬁmnﬁmgmmmz
R

Doing the change of variables a = 1, +12, b = n3+n3, with Jacobian J = 8?75?’2)2) = 2(ne—m)

and introducing

L Fum1(a,) Fa(m (0, )10 00y (1)

F(a,b) = 7]

one sees

T fr(z)T, fa(x) = 2177 / / e (g, b) dadb,

that is, up to sign in one of the variables, T} f1(x)T, fo(x) is the space-time Fourier transform
of F. Since p > 2, one can apply the Hausdorff-Young inequality, see, e.g., [16], which
reduces to Plancherel’s identity for p = 2, to get

1T /1T foll e dedr) < I1E | 1o (w2 dadn)

with p’ the dual index to p. Undoing the above change of variables, one sees

1 N N / 1/
F|, . :2—1/p<//7,f f Pdd> . 2.5
Il 1o (w2 dadn) e T =P — | f1(m) fa(m2) [P dndia (2.5)
If p=p' =2, we use |2 — 11| > s on the support of the product flfg to get
1F']| 2 (R2 dadb) S \[||f1\|||f2||

which concludes the proof for p = 2, since the Fourier transform is an isometry on L2.
Since 3/2 < p’ < 2, one can use the Hardy-Littlewood-Sobolev inequality to see

1
| ()P fa(m2) | v
.5) dmid
(2:5) < 32 3/” <//RZ [n2 — m |>77 e

S < il
which yields (2.4) for 2 < p < 3. [ ]

The following will be the building blocks for our bounds on the nonlocal nonlinear po-
tential, see (2.18).

Definition 2.5. For any v > 2, define
M (i fo) (/ T, AT fo (1T 1] + | T fol) 2 dapr.

Remark 2.6. At first MJ( f1, f2) is defined only when fi, fo are Schwartz functions. Using
Proposition 2.7 below one sees that for all ¥ > 2 and ¢ € L' one can extend Ml(fl, fa) to

all of H', and even to all of L? if 2 < v < 6 and v in certain LP spaces, by density of the
Schwartz functions.



THRESHOLDS FOR EXISTENCE OF DMS FOR GENERAL NONLINEARITIES 11

Proposition 2.7. (i) Let 2 <~y <6 and ¢ € L55. Then
M (fr. f2) S IANAIAAT+ 12007 (2.6)

4
where the implicit constant depends only on v and the L= norm of 1.
(ii) Let2 <~y < oo and ¢ € L. Then

M (frs f2) S WAL e+ el )72 (2.7)
where the implicit constant depends only on v and the L' norm of 1.
Proof. Using Holder’s inequality for 3 functions with exponents ~, v, and v/(y —2) one has
M (f1, f2) < 1T fill o g2 devar) | Tr 2l v (2 dwgary | T f1] [T flllle (R2,dzepdr)”

Applying the triangle inequality and Lemma 2.1 completes the proof of (2.6).
Similarly, using Holder’s inequality with exponents 2,2, and oo shows

M (f1, f2) < Tfille2 @2 devar | Tr ol L2 82 devar) Suﬂg(HTrleLw + 1T fall Lo )2 ||¢HZI2
re
< [Nzl 2] suﬂg(HTTﬁHm +[|T fal| )2 (2.8)
re
where we also used Lemma 2.1. Using the simple bound

17l < RIIAI, (2.9)

whose proof we postpone to the end of this proof, and the fact that the derivative and 7.
commute and 7). is unitary on L?(R), one gets

sup | Ty fill = < (LANIAIDY? < fillen

reR
and similar for T, fo. Thus the second factor in (2.8) is bounded by
sup(| 75 fullzes + 1T foll o)™ < (I fillan + 1 fall )72 (2.10)

reR

which finishes the proof of (2.7).
It remains to give an argument for (2.9). This is well-known, but we give the short proof
for convenience of the reader. It is enough to assume that h € C§°(R). Then

()2 = / " ORe(R(E)H () ds = — / ~ 9Re(W(3)H (s)) ds.

So
|h(z)|* < /R |[(s)I ()] ds < |R]|[[7]
using the Cauchy-Schwarz inequality. [}

Proposition 2.8. Let s = dist(supp f1,supp fg) >0
If2<~v<6,7>1and ¢ € LF7) | then

M (frs f2) S s~ DA+ 12072

4
where a(y,7) = min{ = 67 , 2T 1Y and B(vy,T) = e oo i

Remark 2.9. Note that (v, 7) is only slightly bigger than % since a(y,7) > 0 tends to
zero as T — oo and that it is increasing in . So we loose only an epsilon, by choosing 7
large enough, with respect to the bound from Proposition 2.7.
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Proof. Let 0 < a < % to be chosen later and write

M) = [[ AT AT 2D 0} (T AT LY (T 5]+ [T £0)72) dadr
RZ

Now use Holder’s inequality for 3 functions with exponents pq, é, and, %, where
1 ¥y—2 8—7v—6«a
—=1-a- =
D1 6 6

to see that

8—~v—6

6(1—2a) 6
S(f1:f2) < <// T} f1 T fo] 8=7=6aqp =76 dxdr)
HTrflTrf2||%%(R2,dmdr H|T f1| + |T f2|HL6 R2,dzdr)"

Up to a constant, the third factor is bounded by (|| f1| + ||f2]|)?~2, using the triangle and
Strichartz inequalities. Using Lemma 2.2, the second factor is bounded by

T AT F2ll 73 e gwary S 57 1A f2l P

For the first factor, we note that with the help of the Cauchy-Schwarz inequality one gets

6(1—2a) 6
/ (T, foT, o] S50 5 dadr
RQ

12(1—2a) 6 1/2 12(1—2a) 6 1/2
S <// ’TT’f:[’ 8—v—6a 1/187'\/7604 dwdr) <// ’TT’f2’ 8—vy—6a 1/187'\/7604 dxdr) .
R2 R2

In order to use Lemma 2.1 for this, we need to have 2 < ¢ < 6 with ¢ = 182_(2__260(;). This
is equivalent to 6 < 8 — v, 6 < v —2 and 2a <6 — 7.
Moreover, we need

4(8—y—6a)

rl)Z)8v6a€L6q—L6(6w2a)
hence
b € LFm,

Now we come to the choice of a: In order to guarantee that 0 < a < 1, 6 < 8 — 7,
6a <v—2, and 2a < 6 — 7, we take any 7 > 1 and put a := (v, 7). Then one checks that
« obeys the above bounds to finish the proof. [ ]
Lemma 2.10 (Duality). Define

~ 1 1
Y(s) = ——=¥(— —
(2[s]) = ( 43)

for s #0. Then

M(f1, f2) :M%(fl,fé) (2.11)
where f is the inverse Fourier transform of f.
Remark 2.11. Of course, the definition of J depends on 7y, but we drop this dependence in
our notation, for simplicity. For 2 < v < 6, Proposition 2.7 yields a natural a priori bound

4

on MJ( f1, f2) which depends on the L= norm of ¢. It is an easy exercise to check that
Hme 4 = HT/J” gho s SO Proposition 2.7 and the duality expressed in (2.11) are consistent.
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Proof. Without loss of generality, assume that fi and f; are Schwartz functions for the
calculations below. Defining u;(r,x) == (T, f;)(x) and @;(r,x) = (T, f;)(x), j = 1,2, using
the explicit form of the free time evolution (2.1) for u;(r, z), and expanding the square, one
sees

1 2 =1 —
uj(r,x) = ew%( x)

/2ir 4r’ 2
which is often called pseudo-conformal invariance of the free Schrodinger evolution. Then

M(f1, f2)

R 2)

YR e U __1,_—95 .
(<2‘!7’1\)<“;/1;7 DG EN e @

Doing first the change of variables © = —2ry, de = 2|r|dy and then r = —1/(4s) with
dr = (2|s])~2 ds, yields

(2.12) = / /R 2 i1 (5, )] |25, )| ([ (s, )| + lita(s,9)]) 2 |

. dyp(——)d
o) yi( 43) s

which completes the proof. ]

This duality is a convenient tool in the proof of the analogue of Proposition 2.8 when
the functions f; and f, have separated supports.

Proposition 2.12. Let s = dist(supp fi,supp fo) > 0. If2 < v <6, 7 > 1 and ¢ €
LB('%T)(’r‘a('ny)ﬁ('y’T)dr)’ then

M (frs f2) S s~ DN f LN+ L fl) 2 (2.13)
Proof. Given the duality expressed in Lemma 2.10 this is now simple: We have
M(f1, f2) = M%(flafé)

and note that the assumption on the separation of the supports of f1 and fa means, of course,
that f1 and fo have separated Fourier support, so Proposition 2.8 applies to M%( f1, f2) as

long as J is in the correct LP space. A short calculation shows

~ p(6—7)
50y = [ D™ 2P ar
and (2.13) follows by choosing p = (7, 7). [

To handle the cases with 6 < v < 10 for positive average dispersion, we need a fractional
bilinear estimate for MIZ in H' as follows.

Proposition 2.13 (H' bilinear estimate). Let v > 2 and ¢ € L'(R) with compact support.
Then for any fi1, fo € H'(R) with s = dist(supp f1,supp f2) > 0,

M (fr f2) S sTHU e fell e (LAl + (12l ) =2,

where the implicit constant depends only on the support and the L' norm of 1.

Proof. From the definition of M l (f1, f2) one sees
M (f1, f2) S 1T AT fol 1 82 dear) Suﬂlg(HTrleL°o + || T fal 2o )2 (2.14)
re

We use (2.10) to bound the second factor in (2.14) by (|| fillz1 + ||f2ll g1 )2
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To bound the first factor, we use the positive operators PLS and P; from Lemma B.4
for suitably chosen L > 0. Although they are not projection operators, we think of PLS as
‘projecting’ onto frequencies localized to < L and P} as ‘projecting’ onto large frequencies
2 L. At the same time, the supports of P]f f1 and Py fo will still be essentially separated.
See Lemma B.2 and B.4 in Appendix B for the properties of PLS and P; which we will
need.

Since P; + P; =1 on L?(R) by Lemma B.2, we can use the triangle inequality and the
linearity of T, to split

| T F1T5 foll L1 (R2, dwdr)
<\T,P; AT fall Lo @2, doyary + T PE HLTrPL foll 1t (w2, dear) (2.15)
+ |1 P; A\ PE fall 1 (r2, dpar)-
The Cauchy—-Schwarz inequality and Lemma 2.1 yield
1T Pp 1T foll 2, devar) < TP PE fill 22, degar) | Tr f2ll L2 ®2, degar)
SIPE Al 2l < 27 Al 1 £l

where we also use (B.20) in the last bound. Note that the implicit constant from Lemma
2.1 depends only on the L' norm of 1. Switching the roles of f; and fs, using in addition
that PLS < 1, shows

|17 PE AT PE foll 1 g2, dwgary S LA 2l
To bound the last term of the right hand side in (2.15), we use the bound (B.22) to get

T PE 1T Pf fall o w2, deary < 1901 11 ﬂi%HTTPLSflTrPL§f2HL1(R,d:c)
T

2_ 2
< 1l ARL? € =PLms || f [ fall,

with R > 0 chosen such that supp ¢ C [-R,R] and the constants Ar and Bj r from
Lemma B.4. Therefore

1T AT foll 3 82, ampary S | L2705 4 L7l s | ol
for any L > 0. Choosing 2L* = Bj rs?, we get
T 1T foll pr v2, dwpary S 8~ I fill ] fll s
and using this in (2.14) proves Proposition 2.13. [ ]

2.2. Splitting the nonlocal nonlinearity. For the nonlinear potential V' : R, — R our
assumption A1l guarantees a simple bound which is central for our existence proofs.

Lemma 2.14. Assume that V obeys A1. Then

V(a)| S a™ +a™ (2.16)
for all a > 0. Moreover,
V(12 +w]) = V([2DI S hwl ((|2] + [w)™ 7+ (2] + [w])27F) (2.17)
and
V(12 +wl) = V(Iz]) = V([w)| S l2llw] (2] + [w])* 72 + (2] + [w])27?) (2.18)

for all z,w € C.
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Proof. As already observed in Remark 1.1.i, (2.16) follows from integrating the bound for
V’. For the second claim, let ¢ = min{|z|, |z + w|} and d = max{|z|, |z + w|} < |z| + |w].
Then d — ¢ = ||z + w| — |z|| < |w| and using the triangle inequality and A1, we have

V(|2 +wl) = V([2))] < /\V'(a)\ da < (" +d* ) (d ~c)
< (el + )™+ (J2] + Jwl) 27w

For the last claim note that since V(0) = 0, we have V (|z 4+ w|) — V(|z|) — V(Jw|) = 0 if at
least one of z and w equals zero. So assume z,w # 0 in the following. Then

V4l = V(e = V() = |V (e 4w = V(e 1o
(2.19)
1 1
+ | Ve ) — V(D) ol
Moreover,
# z w|) — ! z # z w|) — z — ‘w‘ z
eVl = V(e = e (V) = V() - v,

Using (2.16) we have

|w] |w] - - _ _
T Tonal Y 0D S U™ ™ #1077 < () 4+ o)™ 72 + (e =+ )™ 7).
which together with (2.17) in (2.20) gives

(12 + [w)™ 72 + (2] + |w])> %) w]

21+ Jw] V(lz +w|) - H V(lz])| <

and a similar inequality holds when we switch z and w, so (2.19) and (2.20) imply (2.18). ®

Recall that the nonlocal nonlinearity is given by

-/ / VT f()) dargr

Proposition 2.15 (Boundedness). Assume that V' obeys assumption A1. Furthermore for

j=1,2 choose rj with' (v; —6)4 < Kj <~; —2 and assume that ) € Lo~ TR N L6 W2+“2
Then for all f € HY(R)

INCOIS P I3 + 11 (2.21)

4 4
where the implicit constant depends only on the LS~v1i+r1 and L5-72%%2 norms of ¥». More-
over, if 2 <1 < v < 6 and k1 = ko = 0, then the above bound extends to all f € L?(R).

Remark 2.16. As the condition in Proposition 2.15 indicates, we need x; > 0 only when
;> 6 for some j = 1,2. If 2 < 4y < 45 < 6, we can bound N(f) solely in terms of the L?
norm of f. This is not possible anymore if some exponent «y; is bigger than 6. In this case
one has to use an L bound and (2.9) to extract some excess power and for this one has
to pay the price that the bound then contains the L? norm of the derivative of f, but this
allows to go beyond the exponent 6 in the existence results for d,, > 0.

1Here (z); = max{z,0} is the positive part of z € R.
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Note also that the choice x; = v; —2 is allowed. In this case Proposition 2.15 shows that
for arbitrary ¢ € L' the nonlinearity is bounded by

INCHIS I £ (2.22)
Moreover, using || f'[|[[f|| < || f]|%:. (2.22) also gives the bound
INCOLS I (I3 + A1) (2.23)

where the implicit constant only depends on the L' norm of .

Proof of Proposition 2.15: Take an arbitrary f € H'(R). As in the proof of Proposition
2.13 we can use (2.9) to get

sup |75 f [ < [/
reR

Thus, for any v > 2 and k > 0 with v — x > 0, we have
[ s dvsar < s T 15 [ [ 185@)0 " dovar
<IPIENAIE [ s dodr.
If, in addition, 2 <~y —x <6 and 9 € Lﬁf;ﬁ(]R), then we can use Lemma 2.1 to see
J L s devar < 15177
where the implicit constant depends only on the Lﬁ norm of . Thus,

[ ms@r devdr 1551017

for all (v —6)4 < k <~ —2. With the bound (2.16) and the definition of N(f) this proves
(2.21) under the assumption that ¢ € L~ AT N Lo- 72+"€2 m

Proposition 2.17 (Splitting N). Assume that V obeys assumption A1.
4
(i) If2 <y < <6 and v € L' N L5z, then

IN(fi + f2) = N(f1) = NI S WA+ AT+ 1) - (2.24)
(i) If 2 <y <72 <6 and T > 1, then with a(y1,7) and B(y2,7) as in Proposition 2.8,

IN(fi + f2) = N(f1) = N(fo)|  s™minleOnneCondy g fol (14 [|A1* + 1 2]1) (2:25)

if v € L' 0 LPO27) and s = dist(supp f1,supp fg) > 0, or ¢ € LPO27) has compact
support and s = dist(supp f1,supp fa2) > 0.
(iii) If2 <71 <72 <00 and ¢ € L', then

IN(fi+ f2) = N(f) = NI S AN (L+ AN +1R1577) . (220

(iv) If2 < v <72 < o0 and ¢ € L' has compact support, then
INCA+ £2) = N = NS s Wl fallm (V4 LA + 1RIEC)  @227)

with s = dist(supp f1,supp f2) > 0.
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Proof. Because of Lemma 2.14 and the Definition 2.5 of M l , we have
IN(f1+ f2) — N(f2)
/ / 1v T, 1(2) + T o)) — V(T f@)]) — V(T fola))| e (2.28)

<M71 f17f2) Mﬁ/2(f17f2)

So (2.26) follows from Proposition 2.7 and (2.27) follows from Proposition 2.13, noting also
that

(a+ b)71—2 + (a + b)“’2_2 <1+a? 240272

4 4
for all a,b > 0. Similarly, (2.24) follows from Proposition 2.7 as long as ¢ € L1 N L6z,

4
Since we also assume ¢ € L' for convenience, this condition reduces to ¢ € L' N L5z,
For the proof of (2.25), we first assume s = dist(supp f1,supp f2) > 0. Then Proposition
2.8 shows

M (fr, f2) S s~ O AN+ 120072

for any 2 < v < 6 and 7 > 1, as long as ¢ € L7,
Thus (2.25) follows from (2.28) as long as ¢ € L#017) 0 LA027) Noting

1< B(y,7) < B(ye,7) and L'nLAO27) ¢ [O7) A 027

finishes the proof of (2.25) when fl and fg have separated supports.
If s = dist(supp f1, supp f2) > 0, we make the simple observation that for any compactly
supported 1) one has

Y eLP = e LP(r|*dr)n Lt
for any weight |r|* with a > 0 and p > 1. With this observation, the above proofs carry over

to the case that the functions f; and fo have separated supports, using now Proposition
2.12 instead of Proposition 2.8. [ ]

3. STRICT SUBADDITIVITY OF THE GROUND STATE ENERGY

Recall that for d,, > 0

dav /
H(f) = SIS = N ()
and
BS =inf {H(f): | f]* = A},

where, if f € L?\ H!, we set ||f’|| = oo, so the infimum in the definition of Egav is over all
f € H' with fixed L? norm if dn, > 0.

In this section, we will give an a-priori bound on the ground-state energy which will
be an essential ingredient in the construction of strongly convergent minimizing sequences.
Recall also the definition of oy = max{1, ﬁ + 0} for § > 0 from Theorem 1.2.
Lemma 3.1. Assume that V' obeys assumption A1.

4
() Ifday = 0,2 <791 <72 <6 and 1p € L' N L5 2, then for every A > 0
—00 < Eg <0,

in particular, the variational problem (1.1) is well-posed.
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(i) If day > 0,2 < 71 < 72 < 10 and op € L' N L% for some § > 0, then the energy
functional H(f) is coercive in || f'|| for fized || f||, that is,
lim H(f)=o0 (3.1)

£/l —o00
for fized ||f||* = X > 0. Also
—00 < B <0

and thus the variational problem (1.1) is well-posed and any minimizing sequence
(fa)n € HY(R) for E;lav is bounded in the H' norm.
(iii) If V' obeys assumption A4, then Efav <0 for any A > 0 and day > 0.

Proof. If 2 < 1 < 9 < 6 we choose k1 = ko = 0 in Proposition 2.15 to see that for any
4
Y € L' N L5 % one has

INOIS A+ (£
Thus for d,, = 0 we have

ES=— sup N(f) > —()\771 —i—)\%z) > —00.
£112=A

To get a finite lower bound for Ef‘"” for day > 0 and 2 < 1 < 9 < 10 we have to do a
little bit of numerology first: If a5 = 1, simply set x; == v; —2. Since ¢ € L' the conditions
on ¢ from Proposition 2.15 are clearly satisfied. Note that if sy = 1, then necessarily
Yo < 6, thus also v; < v < 6, and hence

(7 =6)+ =0 <Kj =75 —2.

This shows that the condition on x; from Proposition 2.15 are fulfilled and it also shows
that x; < 2 —2 < 4 in this case.

If as > 1, pick 8; > 0 such that ﬁj—ﬁj = a5 > 1. Setting r; == (4 — )4 we certainly
have 0 < k; < 4. Also, since 10 —y; — 8; > 0, we have 3; < 10 — ; and this implies

rj=(4=Bj)+ = (1 —6)+ -
: 4
Also, since 0=,=5; > 1, we have
Kj <75 — 2.
So again, the conditions on «; from Proposition 2.15 are fulfilled. So from (2.21) we get

aa g _f1 k2 _F2
INCOLS I I + I 1A

4 4
and there exists a constant C' > 0 depending only on the L5-7+#1 and L%-72%#2 norms of
1) such that

day 51 s S _rg
H(f) = 212 = ¢ (IF1F 1A% + 121 12 ). (3:2)
Since kj = (4 — B)+, for a5 > 1, we have 6 — v; + £; > 10 — v; — 3;, s0
1 1
1 ag

< < =
6—’Yj+/€j 10—’yj—ﬁj

and by interpolating, or simply Holder’s inequality, the constant C' in (3.2) can be made to
depend only on the L' and L® norms of 1.
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If we fix ||f]|> = A > 0, then we can rewrite (3.2) with || f/|| =t as

K
n-g

dav 2 K1 kg 727&72

Since k; < 4 for j = 1,2, this immediately implies (3.1).
The lower bound (3.2) also shows that

d - 7
av 2l Ko 273

K1
EilaVZinf{H(f):\\f\\QzA}zgg(?t?—C(tzlA127+tzA 2 )>>_oo.

The coercivity expressed in (3.3) also makes it easy to see that any minimizing sequence
(fu)n € HY(R) for E;lav is bounded in the H' norm. Indeed, if f, is such that ||f,[|> = A > 0
and H(f,) — Efav > —00 as n — 00, then the lower bound (3.3) shows that || f] || stays
bounded and hence also || fu |3 = |2l + [|f}[I* stays bounded.

To finish the proof of Lemma 3.1, we have to show that for A > 0 and d,, > 0 one has
E;lav < 0 and even Eﬁav < 0, if, in addition, assumption A4 on V holds. We will do this
by computing the energy of suitable Gaussians.

For this, we let g,, be the centered Gaussian from (B.11) with oy > 0. Then [|g,,||* =
A >0, ||g5, 1> = A/oo, and its time evolution is given in Lemma B.3 by

92\ /4 - /2 »
TT’ o = _— _— o(r)
=) (&)

with o(r) = oo + 4ir. The first bound from Lemma 2.14 shows

N (goo)| < / /R VI Trgop @) dir S IR (1T [ + [T 1722)

and Lemma B.3 gives

Y—2

rdoollLy — < ‘
7 m |o(7)] v m

Thus,

dav
H(goy) = “2 g5, I* = N ()

dow A 1/2 2)\2 v1/4 _y-2 2)\2 v2/4 g2
< o o + Cll9] (E) [<—> oyt + <—> oy *
oo v T T

for some constant C' > 0. Since 2 < 1 < 9 we can let og — 00 to see

lim H(gs,) =0

ago—00

which clearly implies Ef‘"‘v <0.
To apply A4 when d,, > 0, we consider o( large enough so that

2)\2 1/4 ’0,0‘ 1/2 2)\2 1/4
195 < | = <= :
ral< (5) (may) <) <
Then A4 implies the lower bound

Nigw) = [ VilTgn@Diovar 2 [[ 1m0 dovar

Kko—2

(2 ) W [ () o
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:<_>/<a>ﬁ [0
wo/ \m ) SR (rfog)

where in the second line we used (B.13). Thus the energy of this Gaussian test function is
bounded above by

Higo) < T2 |1 = _© <1>1/2 (2_A2>T0064°/ W(r) 0
7T 200 dav A \ Ko T C e (1 (rfo))

for some constant C'. So, using a large enough og, we get H(gs,) < 0 since 2 < kg < 6 and

[t el
R [1+ (4r/00)?] s

as og — oo by Lebesgue’s dominated convergence theorem.
If day = 0, we again use the Gaussian g,, with o so large that 0 < |T}.gs,| < . Then A4
implies H(go,) = —N(go,) < 0, so EY < 0. ]

For our proof of a quantitative version of strict subadditivity of the energy we need one
more ingredient.

Lemma 3.2. V obeys A2 if and only if for all t > 1 we have
V(ta) >tV (a) for all a > 0. (3.4)
Proof. Assume that V obeys A2. Then

d / 70
— — > =
o V(ta) = V'(ta)a ; V(ta)

for all @ > 0 and ¢ > 1. Thus

d

—(t7°V (ta)) >0

&V (ta)) 2
and integrating this yields (3.4). Conversely, since (3.4) is an equality for ¢ = 1, we can
differentiate it at ¢t = 1 to get A2. [}

The lower bound from Lemma 3.2 will be the main input for the following quantita-
tive version of strict subadditivity of E;lav, which in turn will be crucial in the proof of
Propositions 4.3 and 4.4.

Proposition 3.3 (Strict Subadditivity). Under assumptions A1 and A2 and for any \ >
0,0<0<AN2, and A1, Ay > with A\ + A2 < X\, we have
J0

J\ 2
B> + B > [1 — (27 —2) <X> B

for vo > 2 as in assumption A2.

J0
Remark 3.4. Since 1 — (2%O —2) (%) 2 < 1for any § > 0 and vy > 2, the energy is strictly
subadditive whenever E;lav < 0, since then

dav dav
E\™ + E\2Y > E)
for all A1, Ao > 0 with Ay + Ao = A > 0, by Proposition 3.3.
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Proof of Proposition 3.3: First we show that for all A >0 and 0 < 4 <1
0
Bl > p2 B, (3.5)

Setting A= pXand = p~!

, one sees that the inequality (3.5) is equivalent to

E;li" < pyEila" forall p>1, A>0 (3.6)
which we are going to prove now: Given f € HY(R), or f € L*(R) if day = 0, with ||f[|? = A
and p > 1, we get from Lemma 3.2

N(p\/2f) = // V(p'?|T, f(z)|) depdr > p%ON(f)-

Since [|p2f||> = pA, p > 1 and o > 2 we get

20 0

dav ! — =
H(p"2f) < p=" 1|7 = p2 N(f) < p= H(S),

which proves (3.6).
Now let A1 = pi A and Ao = o\ with gy + po < 1 and pq, ,ug > 6/ Using (3.5), we get

B + B = Bl 4+ By > (f + py? ) B (3.7)

Without loss of generality, we may assume that 0 < p1 < po. Using this and puy + po < 1
one sees

Jo J0

2 2 W “{0 WTO
p +py = (pn+p2)? <(m+m)2 -y —u2>

20

o0 70
20 2 2
= (1 + ) ® — ((1 + &> —-1- <&> ) (3.8)
K1 H1

Jo
<1-pp <2§—2)§1—<§>2 (2% -2)

where we have also used that the function ¢ — (1 + t)%0 —1—t7 is increasing on [1,00).
Since by Lemma 3.1 we always have E;lav < 0, we can use (3.8) in (3.7) to get

E;\lav _|_Edav > [1 _ <§> <2ﬂ/70 — 2)

which completes the proof. ]

20
2

dav
Ey®

4. THE EXISTENCE PROOF

In this section we will characterize when minimizing sequences are precompact modulo
tranlations and boosts. Recall the definition of the exponent as = as(7y2) = 10 &t d.

Theorem 4.1. Let A > 0 and assume that V obeys A1 and A2 and that the density ¢ has

compact support.

(i) If day > 0, 2 < 91 < 72 < 10, and ¥ € L* for some 6 > 0, then every minimizing
sequence for the variational problem (1.1) is precompact modulo translations if and only
if Ef <0.

4
(il)) If day =0, 2 <1 <72 <6, and @) € L5 o for some § > 0, then every minimizing
sequence for the variational problem (1.1) is precompact modulo translations and boosts
if and only if Eg < 0.
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In both cases minimizers of (1.1) exist if Eﬁav < 0, and these miniminzers are solutions of
the dispersion management equation (1.12) for some Lagrange multiplier w < ZE;laV /A <0.

Remark 4.2. This theorem shows that compactness modulo translation, respectively mod-
ulo translations and boost, for minimizing sequences is equivalent to strict negativity of the
energy.

Key for our proof of Theorem 4.1 are the following propositions, which will help to
eliminate splitting of minimizing sequences. First, we introduce notations. For s > 0 and
0 < a <1, define

]—1/2‘

Ga(s) = |(s+ 1)% -1 (4.1)

Note that G, is a decreasing function on (0, 00) which vanishes at infinity, which is impor-
tant for us, and

lim G, (s) = o0 (4.2)

s—01

which is of less importance. Moreover, for z € R, let x4 = max{z,0}.

Proposition 4.3 (Fat-tail for positive average dispersion). Assume V obeys A1 with 2 <
v <72 <10 and A2, day > 0 and ¢ € L' has compact support. Let A > 0, f € H" with
I£1? = A, and 0 < 6 < \/2, and choose any a,b € R with

/_a £(2)[2dz > 6 and /boo \f(2)2dz > 6 (4.3)

then
X

H(f) > [1 —e?-g($)

where the constant C' depends only on the support and the L' norm of 1.

EP = Clf i (L4 fl5n) Gi((b—a=1)1),  (44)

We have a similar bound in the case of vanishing average dispersion.

Proposition 4.4 (Fat-tail for zero average dispersion). Assume V obeys A1 with 2 < v1 <
o < 6 and A2, da = 0 and ¢ € LPO27) has compact support’. Let X > 0, f € L? with
IfIIP =X, and 0 < § < \/2, and a,b € R with either

/_oo £(2)[2dz > 6 and /boo \f(2)2dz > 6 (4.5)
o

[ 1FeRan =5t [ Iffanz s (46)
then

Jo

20 0\ 2
H(p) > [1—(27—2) (3)7 | B8 X0+ ¥)Cuintaumratamy (6= a= 1) @1

where the constant C depends only on the support and the LPO27T) norm of V.

2Recall the definition of a(v,7) and B(~, 7) from Proposition 2.8.
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Proof of Proposition 4.3. If b —a < 1, (4.4) holds immediately since its right hand side
is —oo by (4.2). So now we assume that b —a > 1. Let a’ and ¥ be arbitrary numbers
satisfying a < a’ < b <band b —da’ > 1, which we will suitably choose later. The estimate
of || f'||? is based on a one-dimensional version of the well-known IMS localization formula

P12 =D XY (G h)) = D IG1R (4.8)
J J
for any collection of functions {£;} which are smooth, 0 < &; < 1, and Zj 5]2 =1. To

construct such a partition which suits our needs, consider smooth functions {x;} that
satisfy

i) 0 < x; <1forj=-1,0,1.
1

i) > xf=1

j=—1

iif) suppxo C [-3,4], xo=1 on [-1, 1],
suppX—1 C (—00,—1], x-1 =1 on (—o0,—1],
supp x1 C [1,00), x1=1 on [},00).

Let

r—(d +0) ,
&i(z) = x5 (—lj — for j = —1,0,1.

Since X;' is bounded, we see that for some constant C; > 0

Z €7 < ) :

j=—1
Plugging this into (4.8) yields

2
IF17 2 NV + NP+ 617 - ol

2
> eI + eV - L

Now we set f;j :=§;f for j=—1,1and fo:=f— fi— f-1 = (1 —&-1 — &) f, where we note
that fy is defined differently from f_; and f;!
Obviously, | f;]| < || f]| for j = —1,1, and since the supports of {_; and & are disjoint

also | fol < [f], hence | foll < [ f]]-
Set h:= f_1+ f1. Then f = fy + h and the bound (2.26) from Proposition 2.17 shows

N(f) = N(fo) = N(h) S I follllnll (1 + [ follz + lIAllF)

where we also used 1+ @272 < 14 a® for all @ > 0 and v, < 10. Using Proposition 2.15,
more precisely equation (2.23), which is one of its consequences, we have

-2 -2
N(fo) S Il (Mol 5 + 1ol ET7) S 1ol (1 + 11 follfn)
and combining the above two bounds we arrive at

N(f) = N®) S ol +1f1%), (4.10)

where used || fol, [|R]| < ||f]] and also || follgr, 1Bl < || £, the latter holds because of
our smoothness assumptions on the cut-off functions &; uniformly in ' —a’ > 1.

(4.9)
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Since f_; and f1 have supports separated by at least (V' —a’)/2, (2.27) gives
N(h) = N(f-1) = N(f1) S (0" =) f -l [ il g (1 + 1 f-allEn + 1 0%)
SO =) fF L+ 115 (4.11)

where we again used that, because of our assumption that &' —a’ > 1, the bound || f; g1 <
|/ |lz1 holds, where the implicit constant does not depend on @’ and b'.
Combining (4.10) and (4.11), we get

£ 1171

N(f)— N(f1) — N(f1) < (ufo||ufu+

so when combined with (4.9), this yields

2
() - 10 - 10 2 = [+ (i + 22 ) @] @

To choose a' and ', we use a continuous version of the pigeon hole principle, as in our
previous work [12]: Let 1 <1 < b — a and note that

b—1 y+l
/ / x)|2dxdy </ / x)Pdydz < 1| f|]%. (4.13)
z—I

Moreover, by the mean value theorem, there exists ¢y’ € (a,b — ) such that

y+l b—1 y+l
(b—a—l)/ |dx—/ / z)|2dzdn.
y/

Thus, since fo has support in [@/,V'] and |fo| < |f], choosing @’ = ¢/ and &/ = ¢/ + [ in the
previous identity together with (4.13) gives [ = b — a’ and

l
1foll> < [ f L pl® < ﬁHfHZ-

b
Plugging this into (4.12) yields

2 1/2
H(f) ~ H(f) - H(f) 2 - [”lf—” + ((ﬁ) 112 141 ) (4 ||f||§h)]

1 I 12
T <b —a— z> 7
Since || fI[Z =X A =[If5? =0, j=—1,1and Ay + Ao = [|[f-1]* + || f1]]* < A, we certainly
have

) (L4 1715%0)

£ 171

> =[If 7 L+ 1150)

0

0

2
H(fo)+H(f1) > Ef + Ef > [1 - (2% -2 <x> B

by Proposition 3.3. Thus we arrive at the bound
HO-[1-@% -2 (3)7 | B 2 -1 0418 |2+ (5=eg) +7

for any 0 < 6 < A/2and all 1 <1 <b—a. Now we choose | = v/b—a. Then1 <[ <b—a
since b —a > 1, and

max{%, <ﬁ>m,%} _ <ﬁ)m - (M;m_lf/z — Gi((b—a—1))
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which completes the proof. [}

Proof of Proposition /.4. Since its proof is very analogous to that of Proposition 4.3, let us
mention only the things which need to be changed: In the case of zero average dispersion,
the energy contains no || f’||?> term, hence we do not need to use smooth cut-offs, that is,
we can use f = f_1+ fo+ f1 where we set f_1 = f1(_o o), fo = fligp) and f1 = [l o),
and similarly for f.

We can then simply repeat the argument in the proof of (4.12), again using (2.24) but
now combined with (2.25) instead of (2.27), to see that

2
H(f)~ H(f1) — H() > (nfonufu n I/ ) L+ 171

(b/ — a/)min{a(“ﬂ ,7),a(v2,7)}

l 1/2 1
<m> + (in{a(y1,7),0(y2,7)} (414)

with the only restriction that [ =0 —a’ > 1.
If 0 < b—a <1, we note that (4.7) trivially holds since the right hand side equals —oc.

1
Solet b —a > 1. We choose | == (b — q)F2minfe(ni.m00277 . Then 1 < [ < b — a and
pr2min{atnm.e(2 )l = p — g > b—a —1 > 0 hence

l 1”> 1
b—a—1 — [min{a(y1,7),a(y2,7)} "

This together with (4.14) and our choice of Gin{a(y1,r),a(ve,7)} ((0—a—1)4 ), which satisfies
0 < min{a(y1,7), (2, 7)} <1, finishes the proof. [ ]

> - (1+2?)

Since the function G, is decreasing on R, and vanishes at infinity, similar results to
Proposition 2.4 in [12] follow from Propositions 4.3 and 4.4.

Proposition 4.5 (Tightness for Positive Average Dispersion). Under the conditions of
Theorem 4.1 on V., y1,72, and ¥, let (fn)n C H'(R) be a minimizing sequence for the
variational problem (1.1) for du, > 0 with A = || f4||?> > 0 and assume Eﬁav < 0. Then there
exists K < oo such that, for any L > 0,

P K
sup [ )P < (115)
In[>L

neN
i.e., the sequence is tight in Fourier space. Moreover, there exist shifts y, such that

lim Sup/ | fo(@ = yn)Pda = 0, (4.16)
|z|>R

i.e., the shifted sequence is also tight.

Proposition 4.6 (Tightness for Zero Average Dispersion). Under the conditions of Theo-
rem 4.1 on' V', v1,%v2, and 1, let (fn)n C L%(R) be a minimizing sequence for the variational
problem (1.1) for day = 0 with A = || f,||> > 0 and assume EY < 0. Then there exist shifts
Yn and boosts &, such that

lim sup/ |j?n(77)|2 dn=20 (4.17)
‘77_5n|>L

and
lim sup/ | fr(2)|? dz = 0. (4.18)
|[z—yn|>R
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Proof of Proposition 4.5. Let (f,)n be a minimizing sequence. Lemma 3.1 shows that || f/||
is bounded, that is,

K = sup|| fy||* < oo
neN

Thus, for every n € N and L > 0, we obtain

; n? [nl* K
[ iorans [ i< [ Trliora< g

which is (4.15).
To prove the second bound, we follow the argument of [12] closely. We give some details
for the readers’ convenience. Deﬁne ans and by, 5 by

An,s ::inf{aER:/ ]fn(m)\Qdazzd}
and
bnv(;::sup{bGR:/ |fn(:13)|2d:1725}.
b

Note that the measure | f,,(z)|? dx is absolutely continuous with respect to Lebesgue measure
and hence

an, 5 [ee]
/ |fn(@)]?de =8 and / | fn(2)|? dz = 0.
—00 by,s

Furthermore § — a, s and 0 — b, s are monotone, more precisely, for 0 < d < 01 < A/2
one has a5, < apgs, and b,s, > bys. Let R, s = b, s — a,s and note that the above
monotonicity yields Ry, 5, > R, 5, for 0 < do < §; < A/2. Lastly, for some fixed 0 < dp < A/2
put
L bn,ég + Qn 5
Yn = - 5
In particular, a,s < ans, < Yn < bps, < by for all 0 < 0 < 6g. This implies by, 5 — yn <
bps — ans = Ry s and y, — an s < by s — an s = Ry 5, hence we are guaranteed that

€ [an,s9, bn,s)-

[an,éy bn,&] C [yn — Ry, yn + Rnﬁ]. (419)
Now assume that
Rs = sup Ry 5 < 00 (4.20)
neN

for 0 < 6 < ¢ and put Rs := Rs, for dyp < 6 < A\/2. Then (4.19) yields

an, s S8
/ fa(@)P de < / fula) 2 dz + / ) dz = 25
|z—yn|>Rs —00 bp,s

for all 0 < 0 < dy but the same bound also holds when dy < 6 < A/2 since in this case

/ fula)? do = / o) da < 260 < 26.
\x—yn\>R5 |m—yn|>R50

It remains to show (4.20): Recall that K := sup, oy || f1]|2 < o0, set K = VA+ K, and
note that the minimizing sequence f,, obeys || fn| g1 < K for all n € N. Using b = b,, 5 and
a = a5, rearranging (4.4) from Proposition 4.3 yields

ali}

Ef - (2% - 2) G) LB = H(fa) £ CR*(14+ K9G (Rus = 1)4).
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Thus, since H(f,) — E;lav <0,
5\ %
0< —(27 —2) <X> Ef < CK*(1 + K®)liminf Gy (Rps — 1)4) -
n—o0

Since (G; is monotone decreasing, we get

Gi((limsup R, 5 — 1)4) = liniinf Gi((Rns—1)4) >0

n—oo
and so

limsup R,, s < 00.
n—oo

Hence (4.20) holds. [ ]

Proof of Proposition 4.6. Using the fact that the function G, is monotone decreasing, the
proof is virtually identical to the proof of the bound (4.16) of Proposition 4.5. [}

To prove Theorem 4.1, we need one more result for the continuity of the nonlinear
functional N(f).

4
Lemma 4.7. (i) If2 <7 <7 <6 and ¢ € L2 then the nonlinear nonlocal functional
N : L?(R) — R given by

I®)5 o N = [ V(T shdovar
R2
is locally Lipshitz continuous on L? in the sense that
IN(A) = N(f)l S (L AP+ 10270 1= f

4
where the implicit constant depends only on the L2 norm of 1.
(ii) If2 < v1 < 2 < o0 and ¢ € LY, then the nonlinear nonlocal functional N : H'(R) — R
given by

H'®) > o N = [[ V(T fhdevds
R2
18 locally Lipschitz continuous in the sense that

V() = NS (L AR+ 1R172) (A + 1D 1 = £

Remark 4.8. Note that the second part of Lemma 4.7 shows that the Lipschitz constant
of N on H' depends on the H! norm, however, if f; and f, are bounded in H', then the
difference N(f1) — N(f2) is small whenever f; is close to fs in the much weaker L? norm!

Proof. We always have

NG =N < [ VT = VAT o] dovar
and from (2.17) we see that
VATAD) ~ VTR S TG = )| (Tl + 1T )™ 4 (Tl + T

SO
IN(f1) = Nl S N (fr = )T fil + 1T fo )7 2, daviar)

. (4.21)
+ |7 (fr = )T frl + 1T £21) 7 M 21 (r2, depdr)-
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If 2 < 4 < 6 we can use Holder’s inequality for 2 functions with exponents v, and /(v —1)
to bound

1T (f1 = f2) (T fr T f21) M £r 2, dwpary <
||Tr(f1 - f2)||L’Y(R2,dmwdr)|||T7‘f1| + |Trf2|‘ z;(l[fg{dm,dr)'
Applying the triangle inequality and Lemma 2.1 then yields
IT-(fr = f)UT fil + 1T fo ) Ml 2, dapary S 11— Foll (LA + (L2l

where the implicit constant depends only on the Lﬁ norm of 1. Using these bounds in

(4.21) shows that
INCA) = NS (A 10 AT 270 1 — fol

S+ IAIET 1027 1 = fo

where we also used that a1~ + g72~1 <1+ a"?~! for all @ > 0 when 2 < v < 7. This
proves the first part of Lemma 4.7 when 2 < v < 5 < 6.

To prove the second part of the Lemma, we have to bound the terms in (4.21) slightly
differently. For v > 2 we use the Cauchy—Schwarz inequality to get

1T (fr = f2) (T frl 41T o) 1 R2, dpar)
< T (f1r = Fo)ll 22, awpar) 1T 1] + 1T £l 2O e gy
<l llfi = ST Al + 1T fo )N
using Lemma 2.1. Since v > 2, we can further split
1T Al + 1T F2) 2O e, )
< ilellg(HTrleLw + 1T foll o) 2 T f1] + 1T folll 2 (R2, doar) -

Because of (2.10) the first factor is bounded by (|| f1||g1 + || f2llg2)?~2 and using Lemma
2.1 and the triangle inequality, the second factor is bounded by ||¢|| 1 (|| f1]| + || f2]|). Using
this in (4.21) proves the second part of the lemma for 2 < v < 45 < 0. [

4
Lemma 4.9. If2 <~y <7 <6 and ¢ € L' N L2, respectively if 2 < v < vo < 00 and

W € LY, then for any f,h € L*(R), respectively f,h € H'(R), the functional N as above
has directional derivative given by

DuN(f) = /R Re (Toh, V(|7 f)sen(T,.f)) wdr.

Proof. Let f € L?(R) and € # 0. Fix any h € L?(R) and the quotient of N is

N(f+eh) = N(f) 1
c s [ J [ VAT + i) = VAT, )
1 1 g
- E//R?/o EV(|Tr(f+Seh)|)dsdm[)dr. (4.22)
By straightforward calculations, we obtain

diiv(m(f +seh)]) = V/(IT,(f + seh)|)

e(T, fT;h + T,hT f + 2s€|T,h|%)
2T, (f + seh)|




THRESHOLDS FOR EXISTENCE OF DMS FOR GENERAL NONLINEARITIES 29

and thus
! T, fTh + T, hT. f + 2se|T,h|?
4.22) = V'(|T-(f + seh)|)—— — ———dsdxipdr.
@22) = [[[ [ vm s st S sdaidr
By Lebesgue’s dominated convergence theorem, letting e — 0, we get
! T, fT, T,.fT,h
oun(n = [[ [ vir B s = [ vin R b
r2 Jo T f] T, f]

which completes the proof when 2 < v <5 < 6. The case 2 < 1 < v < o is similar. W

Now we are ready to give the

Proof of Theorem /.1: 1t is easy to see that if E;lav = 0 for some A\ > 0, then there are
minimizing sequences which are not precompact modulo translations. Indeed, assume that
Eﬁ\la" = 0 and let g,, be the centered Gaussian from (B.11) with the choice 0g = n € N. This
gives a sequence of Gaussians which weakly converges to zero and no translates or boosts
of g,, converges strongly and, as the proof of Lemma 3.1 shows, we have H(g,) — 0 = Eﬁ\la"
as n — 0o0. By contrapositive, this is equivalent to that if every sequence is modulo
translations, respectively modulo translations and boosts, then necessarily Ei‘"” < 0.

For the converse, assume that Egav < 0 and assume further that d,, > 0. Let (f,), C
H'(R) be a minimizing sequence of the variational problem (1.1). Since |[f,]|> = A > 0 is
fixed we can use Lemma 3.1 to see that f, is bounded in the H! norm,

Ky = sup |l fullm < oo.
neN

In addition, applying Proposition 4.5, there exist shifts v, such that for the shifted
sequence hy,, hy(z) = fo(z — yp) for z € R, we have

lim sup/ |hn (2))?dz = 0. (4.23)
R—=00neN J|z|>R

Clearly, by translation invariance of Lebesgue measure, we still have [|h,[|* = X. On the

Fourier side, shifts correspond to modulations with e*¥»", so for the shifted sequence h,,

Proposition 4.5 also yields that there exists Ko < oo such that for any L > 0

sup / lon(n)
neNJ|n|>L

Thus, by translation invariance of the minimization problem, the shifted sequence is a
minimizing sequence for Eﬁ\la" which is tight in the sense of Lemma A.1. The shifted sequence
h, is certainly also bounded in H', hence also bounded in L?. By the weak sequential
compactness of bounded sets in L? and H', we can extract a subsequence, which by some
slight abuse of notation, we still denote by hy,, which converges weakly both to some f
in L? and some f in H'. By uniqueness of weak limits, we must have f = f and by the
characterization of strong convergence in L? from Lemma A.1, we know that h,, converges
even strongly in L? to f. In particular,

IFI* = lim [ ]* =X >0

dn < =5 (4.24)

so f # 0. Since H' is a Hilbert space, we also have the weak sequential lower semi-continuity
of the H! norm, that is,

| llze < limninf ([ 1o (4.25)
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Since ||f[|> = A and ||h,[|> = A this implies
I1£1? < T inf ||A7, 12,
n—oo

that is, the kinetic energy is lower semi—continuous.
Since h,, is bounded in H' and h,, converges strongly to f in L?, Lemma 4.7 shows that

lim N(h,) = N(f).
n—o0o
Together with the lower semi—continuity of the kinetic energy this implies

dav < < o o — dav
B\ < H(f) < hnrr_1>1£fH(fn) By

and since || f||? = A, this shows that f is a minimizer for the variational problem (1.1).

It remains to show that the existence of a minimizer of (1.1) for d,y, = 0. Again, the
main task is to use translations and boosts to massage an arbitrary minimizing sequence
into one having a strongly convergent subsequence.

Let (fn)n C L?*(R) be an arbitrary minimizing sequence of the variational problem (1.1)
with || f.|> = A > 0. Proposition 4.6 guarantees the existence of shifts y, € R and
boosts &, € R such that (4.17) and (4.18) hold. Define the shifted and boosted sequence

(hn)n = (fﬁn,yn,n)n by
hn(flf) - fﬁn,ynm(x) = eif'nxfn(x - yn) for LS R.

Note that ||h,]|? = || fal|*> = X since shifts and boost are unitary operations on L?(R) and
N(fn) = N(hy), see Appendix B. Hence (hy,), is also a minimizing sequence. Certainly
|hn(x)| = | fu(x — yp)| for all n € N. The Fourier transform of h,, is given by

/i{n(n) = \/%_7? /e‘imems”fn(x —yp) dx = e_iy”"ﬁl(n —&n). (4.26)

Thus also |ﬁn(77)| = |fn(77 —&,)|- In particular, (4.17) and (4.18) show that the minimizing
sequence (hy,), is tight in the sense of Lemma A.1.

Since (hy,)y is bounded in L?(R), the weak compactness of the unit ball, guarantees the
existence of a weakly converging subsequence of (h,),, denoted again by (h;,),. Obviously,
this subsequence is also tight in the sense of Lemma A.1 and thus hence converges even
strongly in L?(R). We set

f= lim hy,.
n—oo
By strong convergence ||f||? = lim, oo ||hn*> = A. To conclude that f is the sought
after minimizer we note that by Lemma 4.7 the map f — N(f) = [[z2 V(T f])datpdr is

continuous on L?(R). Hence

EY < H(f) = =N(f) = lim —N(h,) = EY

n—o0

where the last equality follows since (hy,), is a minimizing sequence for (1.1). Thus f is a
minimizer for the variational problem (1.1).

To prove that the above minimizer is a weak solution of the associated Euler-Lagrange
equation (1.12) is standard in the calculus of variations. One has to be a bit careful here,
since we only have the directional derivative of N and hence of the energy functional H at
our disposal. Let f be a minimizer of (1.1).

Recall H(f) = dav Ilf1I?2=N(f). By Lemma 4.9 the directional derivative of the functional
of Hat f € H' in dlrectlon h € H' is given by

DhH(f) = davRe<h/7 f/> - DhN(f)
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Similarly, one can check that the derivative of ¢(f) == ||f||?> = (f, f) is given by Dpp(f) =
2Re(h, f).
Now let f be any minimizer of the constraint variational problem (1.1) and h € H!
arbitrary. Define, for any (s,t) € R?,
F(s,t) =H(f+sf+th),
G(s,t) =o(f +sf +th).
Note that

_( DyH(f +sf +1th)
VE(st) = ( DuH(F + sf + th) >

and
[ Dyo(f+sf+th) \ Re(f, f + sf +th)
VG(S’t)_<D£<,0(f—|—Sf—I—th)>_2<Re<h,f+sf+th>>'

Since (f, f) = ||fII* = A #0,

VG(0,0) = 2( Ri{’,j% ) = 2( Re<2, f) >

is not the zero vector in R? and since VG(s,t) depends multi-linearly, in particular contin-
uously, on (s, t), the implicit function theorem [24] shows that there exists an open interval
I C R containing 0 and a differentiable function ¢ on I with ¢(0) = 0 such that

A= |IfII> = G(0,0) = G(4(t), 1)

for all ¢ € I. Consider the function I 5 ¢ — F(¢(t),t). Since f is a minimizer for the
constraint variational problem (1.1), F(¢4(t),t) has a local minimum at ¢t = 0. Hence, using
the chain rule,

%LO — VF(0,0) - < ¢/£0) > = DyH(f)#'(0) + DpH(f).

Since A = G(¢(t),t), the chain rule also yields

0=

dG(o(t),t /
0= 10D g0 ( #(0) ) — 2(f, )¢/ (0) + 2Relh, f).

Solving this for ¢’(0) and plugging it back into the expression for the derivative of F, we
see that (

DyH(f)

———=Re(h, f) = DLH(f).
In other words, with

DiH
wi= =L A(f) (4.27)

and f any minimizer of (1.1) we have
Re(w(h, f)) = DyH(f) = Re <dav(h’,f'> — /]R <Trh, V’(|Trf|)sgn(Trf)> Q,Z)dr> (4.28)

for any h € H', using the formula for Dy N(f) from Lemma 4.9. Replacing h by ih in
(4.28), one gets

Im(w(h, f)) =Im (dav<h',f'> — /R <T,«h, V’(|Trf|)sgn(Trf)> ¢dr> (4.29)
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for all h € H'. (4.28) and (4.29) together show

w(h, f) = day(h', f') — / (Toh, V'(IT: f1)sen(T5 f)) ber

R

for any h € L?(R), that is, f is a weak solution of the dispersion management equation
(1.12).
It remains to prove w < 2E§av /A. For this, recall that assumption A2 states that

V'(a)a > vV (a) for all a > 0.
Thus

DN = [[[ VTSN fldwvde =0 [ VAT 1) dwdr =20 ()

and since Egav < 0, we must have N(f) > 0 for any minimizer f, so (4.27) gives

W(F)X = DyH(f) = duy (', ') = DyN(f) < dan (', ') = 20N (f)
= 2H(f) — (0 — 2)N(f) < 2H(f) = 2B <0

for every minimizers. [ ]

5. THRESHOLD PHENOMENA

As we showed in the previous section, assumptions A1l and A2 guarantee the existence
of minimizers for arbitrary A > 0 and d,, > 0 as soon as the ground state energy Ef‘"” is
strictly negative. In this section we will prove there exists a threshold 0 < A% < co such
that solutions exist if the power A = || f||?> > A%v. Furthermore A% < oo if assumption A3
holds.

For pure power law nonlinearities and the model case dy = 1(g 1) — 1[1 9 for the diffraction
profile, this had been partly investigated earlier in [I18] for the diffraction management
equation and for pure power nonlinearities in [28] for the discrete nonlinear Schrodinger
equation. We are not aware of any work which investigates threshold phenomena for general
nonlinearities for dispersion management solitons in the continuum.

In the following we will always assume, without explicitly mentioning it every time, that
1) is a probability density on R with compact support, that is, there exists 0 < R < oo
such that supp (¢) C [ R, R] together with further LP properties, depending on the range
of v1 < 9. Our main result in this section is

Theorem 5.1 (Threshold phenomenon). Assume that V obeys A1 for some 2 < v < yp <

10 if daw > 0 and some 2 < v < 72 < 6 if doy = 0 and also A2. Then

(i) The map A — Egav is decreasing on (0,00), strictly decreasing where E;lav < 0, and
there exists a critical threshold 0 < Mav < oo such that for 0 < A < A% we have
Eﬁ\la" =0 and for A\ > = we have —oo < Eﬁ\la" < 0.

(ii) If A > Mav, then minimizers of (1.1) exist and any minimizing sequence is, up to
translations, precompact in L*(R) if day > 0, respectively, precompact up to translations
and boosts in L? if day = 0. In both cases the suitably translated, respectively translated
and boosted, minimizing sequence has a subsequence which converges to a minimizer.

(iil) If 0 < XA < A% and day > 0, no minimizers of the variational problem (1.1) ewist.

(iv) If 6 <1 < vo < 10, then A%v > 0 for all day, > 0.

(v) If there exists f € H'(R) such that N(f) > 0, then one has A& < oo for all day > 0.
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Remarks 5.2. The precise definition of A% is given below in Definition 5.4. When A > \av
we have E;lav < 0 and Theorem 4.1 shows that every minimizing sequence is precompact
modulo translations if d,, > 0, respectively, precompact modulo translations and boosts if
day = 0, and thus minimizers exist yielding solutions of (1.12) for some Lagrange multiplier
w < 2E% /X < 0.

Since Eﬁav = 0 when 0 < A < A%, Theorem 4.1 also shows that there are minimizing
sequences which are not precompact modulo translations and boosts in this case. Never-
theless, it could be that minimizers still exist. At least when d,, > 0, Theorem 5.1 shows
that this cannot be the case. At the moment, we need d,, > 0 to conclude nonexistence of
minimizers when 0 < A\ < Ap.

We give the proof of Theorem 5.1 at the end of this section after some preparations.
Recall the definition of the energy functional

dav /
H(f) = AP = N ()
and
Ef~ =if{H(f): f € H'R),|fI* = A}.

For strictly positive average dispersion, we write f € H'(R) with A = ||f[> > 0 as f = V/\h.
Then h € H*(R) with ||h|| =1 and

d

H(f) = =l I* = N = 17117 < (5.1)

doy  N(v/Ah)
2 MK )

In the case of vanishing average dispersion, we simply write, again for f € H',

_ _ 12 N(\/Xh)

S0 deﬁning3 for d,y > 0

N(VAh)

R()\, h) = W

and  R(\) :=sup{R(\,h): he HY||h|| = 1}

we see that the following holds®

Lemma 5.3. For any day > 0 and A > 0 one has Efav < 0 if and only if R(\,h) > d% for
some h € HY(R) with ||h| = 1 and this is the case if and only if R(\) > d%.

Proof. 1f d,, > 0 the claims are certainly true by the discussion above, which motivated
the very definition of R(\). Now let dy, = 0. We note that EY < 0 if and only if there
exists f € L? with ||f||> = A\ and N(f) > 0. For day = 0, we consider only the range
2 < v < ¥ < 6 together with suitable further LP properties of @ which guarantee that
L? > f + N(f) is continuous, see Lemma 4.7. Since H! is dense in L2, we can find fe H!
with || f]| = ||f] such that N(f) > 0 if N(f) > 0. Thus we also have EY <0 if and only if
R(\) > 0. |

This simple observation motivates our definition of the threshold:
3Note that the null space of 9, on H'(R) is trivial, so R(), k) is well defined for any h € H' \ {0}.

4We combine the cases day > 0 and day = 0 only so that we do not have to distinguish the two cases in
Lemma 5.6 and Corollary 5.7.
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Definition 5.4 (Threshold). For d,, > 0 we let

Aav = inf{\ > 0: R(\) > d2ﬂ}.

Remark 5.5. It is clear from Lemma 5.3 that Ei‘"” < 0 for arbitrary A > 0 and all d,, > 0
if and only if R(\) = oo, in which case A& = 0 for all day > 0. Thus it is important to
know when R is finite. Using the bound from Proposition 2.15 with x; = ko = 4, which is
allowed if 6 < 1 < 79 < 10, one sees that
-2 72—2
RN SA 7 +X77 <.

Thus R(\) < d% for small enough A > 0, hence A% > 0 for all d, > 0 in this case. This
gives an easy proof of Theorem 5.1.5.1.iv, which shows the naturalness of R in the study of
threshold phenomena.

For a pure power law nonlinearity, given by V' (a) = a” for some v > 2, one can explicitly
calculate

N(VAR) a2 . Jo | T-R[7, wdr
= ———~ =X2 Ry with Ry = sup € (0, 0]
In=1 AP [hl=1 12|

and Remark 5.5 shows that Ry < oo if v > 6. This scaling property for R for pure power
nonlinearities shows that R(\) > %v for all A > A% and R(\) < %> for all 0 < A < A,
Thus for pure power nonlinearities one immediately sees that the first claim of Theorem
1.2 and 1.4 holds and A% > 0 if v > 6. For the general class of nonlinearities one cannot
expect a simple scaling property of R to hold. However, condition A2 ensures a lower
bound of the same type which is enough to conlcude all necessary properties of R and the
threshold A\%v. This is made precise in the following

Lemma 5.6. Assume that V obeys assumption A2. Then

R(X\2) > <¥

70—2

) © RO (5.2)

1
for all 0 < Ay < Ao,

Before we give the proof we state and prove an important consequence.

Corollary 5.7. Assume that V obeys assumption A2. Then
(i) If M < oo, then R(\) > %= for all A > \av.
(ii) If \av > 0, then R(\) < %> for all 0 < X < Adav.
(iii) R(Ao) < oo for some Ao > 0 if and only if limsup,_,q R(A) < 0.
(iv) R(Xo) > 0 for some Ao > 0 if and only if liminfy_, . R(\) = oo.

Proof. Take any A > A%v. The definition of A% shows that there exists A; with A > \; >
Adav and R(A1) > %¢. Then Lemma 5.6 shows

0—2
A

R(/\)2<>\—1> " R(\M) > RO >

dav
27
which proves the first claim.
For the second claim, assume that R(A;) > d% for some 0 < A\; < A%v. Then the bound
from Lemma 5.6 shows that for every Ay with A\ < Ay < Ag;w we have
70—2

R(\) > (%) T RO > RO > G

1
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which is in conflict with the definition of \%v.

For the third claim assume that R(\g) < co. Setting Ay = A\g and A\; = X in Lemma 5.6,
we get

AN\
limsup R(\) < lim sup <—> R(N\p) <0.
A0 A=0 \Ao

The converse is easy.

For the last claim assume that R()\g) > 0 for some Ao > 0. Arguing similarly as above
we see that Lemma 5.6 implies

20—2

liminf R()) > lim inf <i> © R(N) = oo
A—00 A

A—00 0

Again, the converse is easy. [ ]
It remains to give the

Proof of Lemma 5.6. Fix h € H'(R) \ {0} and define

A(s) = s72N(sh)
for s > 0. Because of Lemma 4.9 , A is differentiable with derivative

Al(s) =53 (thN(sh) - 2N(sh))
where
sDAN(sh) = 2N(sh) = [ [ VT (6@ DIT: (51 )| = 2V (T, (sh)@))] doir
> (70 — 2)N(sh)

and the lower bound follows from assumption A2. Thus we arrive at the first order differ-
ential inequality

A(s) > %—;2A(s) (5.3)

for all s > 0. Using the integrating factor s>~ one sees that this implies %(SZ_VOA(S)) >0
and thus

STTWA(s) > sg_VOA(so)
for all 0 < so < s. Since R(\,h) = A(VX)/||W||?, this proves

20=2

R(Ag,h)2<:\\—?> © RO, h)

for all 0 < A\; < A2 and taking the supremum over all h € H'(R) with ||h]| = 1 gives
(5.2). ]

Now we can give the proof of

Proof of Theorem 5.1: By Lemma 3.1 we know that Efav < 0 for all A > 0 and d,, > 0 and
Proposition 3.3 shows

dav dav dav dav
E)q = E)q +E)\2 = E>\1+)\2

where the last inequality is strict, when E;l;*ﬁr ny <0. Thus 0 <A Egav is decreasing and
strictly decreasing where Efav < 0. Corollary 5.7 and Lemma 5.3 show that Efav < 0if
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A > Mav and if 0 < A < Av| Corollary 5.7 and Lemma 5.3 yields E% >0, which together
cr A

cr

with Lemma 3.1 shows Egav = 0 in this case. This proves the first claim.
If A > M\ov we know by the first part that Efav < 0. So Theorem 4.1 applies. This

cr
proves the second part.

To prove the third claim, assume that dyy > 0, 0 < XA < M, and f € H! with

cr

| £> = A > 0 is a minimizer for Eﬁ\la". Using (5.1) we must have
dav 112 dav
0= Bl —H( 2 17 (% - R0)

From Corollary 5.7.ii we know that R(\) < 4. So the above inequality implies ||| = 0.

On H' the null-space of 9, on H' is trivial, hence f = 0, which is a contradiction to
11> 0.

Assume that d,, > 0. Since the proof of the fourth claim was already given in Remark
5.5, we finish with the proof of the last claim.

Assume that there exists f € H' with N(f) > 0. Then R(\g) > 0 where \g = ||f]%.
Corollary 5.7.iv then shows that lim infy_, ., R(\) = oo, which implies that for every d,, > 0
there exists A > 0 with R(\) > d%. By the definition of the threshold, this shows A\ < oo
for all d,, > 0. ]

We can finally give the

Proof of Theorems 1.2 and 1.4: The first three claims of Theorem 1.2, respectively the
first two claims of Theorem 1.4, follow from Theorem 4.1 in tandem with Theorem 5.1.

It remains to prove that assumption A3 guarantees that A% < oo and Al = 0, if,
additionally, A4 holds.

Under assumption A4 Lemma 3.1 shows that Eﬁ\la" < 0 for all d,, > 0 and the definition
of A% then yields R()\) = oo for A > 0, so A& = 0.

Now assume that A1, A2, and A3 hold. First, note that assumptions A2 and A3,
together with Lemma 3.2 show that there exists ap > 0 such that V(a) 2 a for all
a > ap and using assumption A1, we have V(a) 2 —a™ for 0 < a < ag. Thus, with
~ = min(vp, 1), we see that the lower bound

V(a) 2 —a"1jg g0 (a) + a"1j4, o0y (a) (5.4)

holds. In particular, V' is bounded from below.
Let 0p > 0 and use the Gaussian g,, from (B.11). Clearly g,, € H' for all og > 0. Then

Trgo,(x :A0< ) e lo()?

with Ag = (%2)1/4. Then ||go, ||*> = A and, moreover, since |o(r)|? = 03 + (47)2, we have,
for any |z| < /00,

0'8 A -l A
‘Trgao(x)’ > A <m> e “otAnT > 5 (5_5)

for any large enough o( and all |[r| < R, where R > 0 is chose such that supp (¢) C [-R, R].
On the other hand, for a large enough oy and any |x| > o we also have

TG0y ()] < Age™ 5 (5.6)
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By (5.5), we can choose oy and Ay large enough such that |7,.g,,(z)| > % > ag for all

|z| < /oo and |r| < R. Then (5.4) yields
1:/ V(T g (2)]) dz = /TG A
|z|<\/a0

Since V is bounded from below, we also have

IT1 ::/ V(T 905, (x)|) dx 2 —00,
Voo<|z<ao
and (5.4) together with (5.6) gives

A'Y
M= | V(Ggn(@hdez-a3 [ ez —20emr
[z[>00 y

|z|>00

for all |r| < R. Thus, since 1 is integrable, this gives the lower bound

A'Y
N(gcro) = /(I—I—II+III)¢dT‘ Z 1/00148 — 09 — 706—’700/2
R

for all large enough Ay and oq. Setting A = oy, that is, Ag = (200/77)1/4 shows N(gs,) > 0
for large enough oy > 0. [ ]

6. NONEXISTENCE
In this section, we will make the standing assumption that V is a power—law nonlinearity
given by
V(a) = ca” for a > 0 (6.1)
and some ¢ > 0,7~ > 6.

Proof of Theorem 1.6: For the proof of the first part of Theorem 1.6 assume first that
v > 10, ¢ > 0, and fix A > 0. Let g, be the Gaussian from (B.11) with op > 0. Since V is
a power—law, Lemma B.3 shows that the nonlinearity N(g.,) is given by

o =e(2) ()" [ () o

~

(D) ()" 7 [ (rrg) v 02

~

A\ /2 7952 v/4 6 1 12
:CG> &F> % é@+@w> Y(oos)ds

where we also did a change of variables r = gps. Since v is bounded below by m, say, in a
possibly one-sided neighborhood of zero and @ has compact support, we have

y—2 1—2
1 T4 © 1 T4
liminf [ | —— ds > )
700 R<1+(43)2> ¥(o0s) S—m/o <1—|—(4s)2> 520

1/2 4 12
so with C \ = %C (E) / <ﬁ)v/ mfooo (é) " ds > 0 we get from (6.2) the lower

R ™ 11 (45)2
bound
6

o
N(goo) 2 Cyn0p* (6.3)
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for all small enough o > 0. Lemma B.3 also yields [|gs, [|* = A and ||g}, [|* = A/00, so

d 1 [(davA 10—y
H(go,) = %HQQOHQ — N(goy) < o0 ( ag —Cyhop " > — —ooas g J 0

since v > 10. If v = 10, we can still conclude that H(g,,) — —o0 as oo | 0, as long as
Cyx > daé’ , which is the case if ¢ > 0 is large enough. This proves that f — H(f) is
unbounded from below on H' even for fixed L? norm of f.

If doy = 0 and 7 > 6, then (6.3) shows

6—~

H(gdo): N(QJO)S C«,)\O'O — —oo as gg | 0,

so in this case the energy functional f +— H(f) is again unbounded from below on L? even
for fixed L? norm of f.
If v = 6 and 9 = 1jg 4], we modify an argument of [22]. Set

ey =swp{ [ [ gl dsar 512 = 2} (6.4

and note that EY has a minimizer for ¢ = 1jp,1) if there is a maximizer for Cy()). The
main point for the argument is that Cs(\) is independent of s > 0: To see this, note that
if u : R? — C solves the free Schrodinger equation, i0,u = —02u, u(0,:) = f € L2 then us
defined by us(r, ) = 6'/2u(6%r, 6z) solves again the free Schrodinger equation with initial
condition us(0,z) = f5(x) == 02 f(0z), z € R. Then

/OS/R|Trf5(:E)|6d:Edr:/Os/R|u5(r,x)|6 dwdr:/os/R§3|u(527‘,5:E)|6 o
:/628/R|u(7“,x)|6dxdr:/0628/R|Trf(x))|6d$dr

and noting || f5]|* = [|f[|* = A we get
CS()‘) = 0628()\)

for all s,d,\ > 0, in particular, Cs(\) = C1(\) for all s > 0 and A > 0. Assume that f is a
minimizer for EY for ¢ = 1j9,1), that is, f is a maximizer for C1(\):

I£12 = A > 0 and Cy(A / / T, £(2)[6 dadr

0=Cy(\) — Cr1(\ //ny \dedr—//\Tf )¢ dadr
:/l /R]T,,f(x)\(jdxdrzo.

So [T, f(x)| = 0 for Lebesque almost all pairs 1 < r < 2 and « € R and hence, since T, is

unitary on L2,
2
0= /1 /R 1T, ()2 dedr = |11

which contradicts || f|> = A > 0. So no minimizer of (1.1) exists if 7 = 6 in the model case
where ¢ = 1 1.

Then
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APPENDIX A. TIGHTNESS AND STRONG CONVERGENCE IN 2

A key step in our existence proof of minimizers of the variational problems (1.1) is the
following characterization of strong convergence in L?(R) which is given in [12].

Lemma A.1. A sequence (fn), C L?(R) is strongly converging to f in L*(R) if and only
if it is weakly convergent to f and

lim limsup/ |]‘/’;L(77)|2 dn =0, (A.1)
L—oo pooo In|>L
lim lim Sup/ | fr(@)|? dz = 0, (A.2)
—00 n—oo |z|>R

where f is the Fourier transform of f.

APPENDIX B. GALILEI TRANSFORMATIONS AND SPACE-TIME LOCALIZATION PROPERTIES
OF (GAUSSIAN COHERENT STATES

We will only discuss the one-dimensional case which is somewhat easier since we do not
have to deal with rotations in one dimension. The unitary operator implementing the shift
Sy i LA(R) — L*(R), (S, f)(x) = f(z —y) is given by

S, = e~ WP (B.1)

where P = —i0, is the momentum operator. Indeed, since e=®¥" corresponds to multipli-

cation by e~* in Fourier space, we have

(7" f)(x) VR (k) dk = f(x —y).

“ e

Boosts, i.e., shifts in momentum space are given by e : L?(R) — L2(R), i.e., multiplication
by e** since

e eiz(k=v) z=f(k—v). .
I = o= [ e @) do = ik —0) (B.2)

Finally, if G is a bounded (measurable) function then G(P) is defined by
G(P)f(k) = G(k)F (k).

Of course, for any y € R, the operators G(P) and e~%" commute, G(P)e %" =
e~ WPG(P). Moreover, for any v € R the commutation relation

G(P)e™ = e G(P +v) (B.3)
holds. Indeed, Computing the Fourier transform F yields
F(GP)e™ f) (k) = GR)e™ f(k) = G(k) f(k — v)
= (G(- +0)[)(k —v) = F(G(P +v) f) (k — )
= F (e G(P +v)f) (k).

In particular, choosing G(P) = e~ * we arrive at the commutation relation

—irP? —iyP

—i —i 2
e 6 e zyP ir(P+v)

o D (P2 2
— e — e zyPe ir(P?+2vP+v?)

—irv? v —i(y+2rv)P _—ir P2 (B4)
=e ee "W e .

Now let f € L2(R). Then u(r) = T,f = e~"P”f is the solution of the (one-dimensional)
Schrédinger equation —id,u = P?u = —d2u with initial condition u(0) = f. Using (B.4),
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the solution of the free Schrédinger equation for the translated and boosted initial condition
Sfyv = e e~ WP f is given by

Uy (r,7) 1= T fy (@) = (7" e e P f) (2)

_ (e—irvz eivve—i(y+2rv)Pe—irP2f) (.Z')

_ e—irv2 eiv:c (e—i(y+2rv)Pe—irP2f) (l‘) (B5)

— e—irvzeivm (e—irpzf) (w —y— 27,1))

= TN (T f) (2 — y — 2r0),
that is, on the level of the solutions of the free time-dependent Schrodinger equation, trans-
lations and boosts of the initial condition are implemented by the Galilei transformations
Gy.v given by (Gyvu)(r, ) = uy (1, ) = e~irv ¢ty (r 1 — y — 2rv). Except for the time-
dependent phase factor e‘"”z, formula (B.5) is exactly what one would have guessed from

classical mechanics
A simple calculation now shows that any functional of the form

fro N () = [[ VAT s devar

is invariant under translations and boosts of f in L?(R).
Now, we come to one of the major tools for our analysis, the so-called coherent states.

Definition B.1 (Coherent states). Let h € L?, ||h]| = 1, y, v € R and hy,, = Ve %P,

ie.,
hyw(r) = " h(x — y) (B.6)
for € R and define the coherent rank-one projection P, ,, := |hy ) (hy,.| in Dirac’s notation,
i.e., given by
[ = Pyof = hyy(hys, f). (B.7)

A well-known property of coherent states is their completeness expressed in

Lemma B.2 (Completeness of coherent states). Let h € L*(R) with ||h| = 1 and hy,, the
shifted and boosted h as above. Then, in a weak sense,

1 1
o / - dydvP, , = Dy //]R2 dydv|hy ) (hy | =1 (B.8)
on L?. Moreover,
1
3 [ a0 Pt} = [ Ine = )Pl @) da (B.9)
and
1 N .
3 [arts.Pu) = [ lhtn—o)Plf) dn (B.10)

Proof. The completeness expressed in (B.8) is well-known, see [19, 21], the other two are
less known. We give a short proof for the convenience of the reader: In order to see that
the operator A given by its matrix elements

(odf) = 5o [ [ dudofihg) e 1)
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is the identity on L? it is enough, by polarization, to take fi = fo» = f and to check
(f,Af) = (f, f) for all f € L*. Note

(o ) = [ R =9 (a)dn = (2m) 2 Ry §)0)
and thus by Plancherel,

—/dv fPyof) = /dv| hy,os )] /d:l?|hyo /d:vlh:v— (@),

so (B.9) follows and we also see

(Af) = /dy/dv| By )2 /dy/dxmx— <:c>|2=/R|f<:c>|2d:c

thus, in addltlon, (B.8) follows. For (B.10) we note that a short calculation reveals

hy () = e VIR = v) = €¥hy, _y(n).
By Plancherel

(s ) = (g F) = [ 0 RG=0)Fla) = (22671 [f0f] ()

where F~! denotes the inverse Fourier transform. Again by Plancherel, we thus have

3 | Attty =5 [l P = [ o st Fon| = [ dn oo =o)F|

and (B.10) follows. ]

We use coherent states in order to localize a wave function simultaneously in real and
Fourier spaces and since Gaussians have nice localization properties simultaneously in real
and Fourier spaces, it is natural to use Gaussian coherent states for this.

First we note some important properties of Gaussians, which are needed in several places
of this work.

Lemma B.3 (Properties of Gaussians). Let A > 0, o9 € C with Re(og) > 0, and

2Re(0() A2 A}
—= _— o0 , B].l
(@) = (FE2) e (B.11)
Then ||goo||* = A, lgh, II> = Reo_ , and its time evolution is given by

2 1/4 12 »
Trggo($):<w> <ﬂ> o) (B.12)

mloo[? a(r)

with o(r) = oo + 4ir. In particular, for all v > 1,

-2 -2
ool = (2) 7 (22) (Belon)) = (ool V= )
r9o¢ LY(R,dz) — v T ’0'0’2 ’U(T)’ '

Proof. Write g,, as g(z) = Age=2"/90 with Ap, 09 € C with Re(og) > 0. Then

1'{9(00)902

lg(x)| = [Aole 170

_ 2Re(oq)a? 7lo |2 1/2
2 2 2 2 0
=1|A lool = A 7

and thus
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using the Gaussian integral [p e P dy = (E)l/ 2. Thus with the choice

2
Ao = () (B.14)
we have ||g[|> = \. In addition,
ZRC(JO)z 8 9
16112 = [AoP4loo| - 2/3;26 Tl e = [AoPaloo| 2 [~ [ e gy
R 06 Jr g 2Relag)

logl

2 3/2
_ 2y 1-2,1/2 |o0] _ A
2040 lool <2Re(ao)> Re(oo)

To prove formula (B.12) note that for a centered Gaussian the time evolution T,.¢g can
be found by making the ansatz

(Trg)(z) = A(r)e™*/70) =t u(r, z). (B.15)
A short calculation, using that u(r,x) solves id,u = —02u, reveals that A and o solve
24
iA'="" and ¢ =4,
o
thus A(r) and o(r) are given by
1/2
A(r) = Ay (—)> and o(r) = og + 4ir (B.16)

which proves (B.12).
Using (B.15), (B.16), and Re(o(r)) = Re(op) we get
oo [ <7T|0(7")|

7/2 _'yRe(aO):c 2 1/2
e 1M dx = |Ap|” 7>
=i A5 GRetoo)

and with the choice (B.14) for Ay and rearranging the terms this shows (B.13).

00

17900 1 7 2,y = 1Al

The localization properties of Gaussian coherent states are the content of

Lemma B.4 (Space-time localization properties of Gaussian coherent states). Let g(x) =

7~ Y4e=7*/2 pe the standard L2 normalized Gaussian and
Gyo(T) = eimg(ﬂf ) (B.17)
its shifted and boosted version. Let
Piimge [y [ dvlay) (ol (B.18)
™ lv|<L
and
1
Pr o= 2—/dy/ dv|gy,v)(Gy.l- (B.19)
T JR |v|>L

Then PLS +P;=1,0< PLS <1, and 0 < P; <1 as operators. Moreover P} localizes a
wave function in the region of large frequencies |n| 2 L in the sense that for any f € H®
we have

IPL A S LN f e (B.20)

where the implicit constant does not depend on f nor L.
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Moreover, the time-evolution of the shifted and boosted Gaussian g, . is given by
(T,9y0) () -
)= —————¢
ruy T/ T 2ir

and for any fi, fo € L? which have separated supports we have the bilinear estimate

2/, 2
IS&%\\TTPEflTrPEszLg S ARLP P [ fal], 1< p < o0, (B.22)
r|<

where Ap =1+ 4R2, B, == 2"*(\/p(1 + 4R2) + 1)72, and s == dist(supp f1,supp fa).

Proof. The first assertions are clear, since by Lemma B.2 we have P;+P; = 1 and certainly
Pf and P; > 0 in the sense of operators. So also PLS =1-P; <1 and similarly P, <1.
To prove (B.20), we first note that because of 0 < P <1, one has

|P7 fII? = (PP Y2 f, Pz PEY2 ) < (f, PP f).
Let By, = |9y,v><9y,v|a then

2 . (Cvfy72r'u)2

e'fe  20+2in) (B.21)

—irv

> _ i — ~ _ 2 7 2
T K T B UG
1 2 A .
- = /| » L0 1 dndv = [ Huo)lF )P (B.23)
due to (B.10) and g = g where we set
1 2

H =—— ~=0)% gy,

£() VT Jjo|>L ‘ !

Note that Hy, is even, 0 < Hy, < 1, increasing on [0,00), and lim, . Hr(n) = 1. A short

calculation reveals
1 1 o0 2
H (L :—+—/ eV dv
() 2 V7o

so Hp(L) is extremely close to 1/2 for large L. For |n| < L/2 and |v| > L, one has
lv=mnl = [v] = n| = |v] = L/2 = L/2, hence

2 [ 4 2 L
Hp(n) < —/ et dy = — e T forall In| < 5

VT L /L
So
[amifopan= [ P [ HmlioP
R In|<L/2 In|>L/2
1 ATk £l |2
< =gt P+ /|77>L/2\f(n)] .
Using

n[>L/2

/ F@)dn < (L2 / 22| F ) 2 dn < (L/2)22| 713
[n|>L/2

completes the proof of (B.20).
To prove formula (B.21) first note that for the centered Gaussian from (B.11) with oy = 2
and A = 1 Lemma B.3 gives the time evolution as

1 __2?
(Tr9070)($) = 7T_1/47€ 2(1+2ir)

V14 2ir



44 M.-R. CHOI, D. HUNDERTMARK, Y.-R. LEE

Now we use the Galilei transformation formula (B.5) to arrive at

. 2 .
—irvT 1T (z—y—2rv)?

(Trgy,v)(x) = 7T_1/4676_W

V1+2ir
which is (B.21).
To prove (B.22), fix |r| < R and note that

(T, P5 f) ZW/dy/u<L T 9y 0) () (Gy 0, [)-

Thus using (B.21) and the triangle 1nequahty

(x7y727“v)2

(T, Pf f) ()] < om(m (1+4r2 1/4/dy/|v dve 20442 (g, f)]

<L

together with

_ (z—y—2rv)* 27“v)2
A(r,L) /dy/ 20 = 2L(2n(1 + 41%))V/2,
|v|<L

which is independent of x, by translation invariance of Lebesgue measure we can thus bound

(0 PEN@) < gt [ vty do)li. 1)

_(:L‘fy727"u)
with the probability measure v, (dy,dv) = ﬁe 2(14+4r?) 1<z dydv. Hence Jensen’s

inequality [16] for the convex function r» — |r|P, 1 < p < oo, shows

KTTPLSf)(m)‘pS (271)( 1+4r2 p/4//V:c Ay, dv){gy.0. S

_ (z—y— 27‘1})2

< LPT 1(1—1—47") 1 /dy dve 20442 |(gy ., f)IP.
R |v|<L
Therefore,
ITPE TPy < 200045 [ [ v [ [
|v1|<L |v2|<L
_(zfyl72r'u1)2+(1‘27y2727‘v2)2

G S e £V [ e e

2(p—1) [(y1*yz)+2f'(g1 v9)]?
< L2 (1 4 492) /dy1/ dvl/dyz/ dva [(Gys 010 f1) 1P 1(Gyavms f2) P € )
|v1|<L |v2|<L
(B.24)

where we used

_ (z—y1 —2rv)) 24 (2 —yg—2rvg)? _ ((y1—y2)+2r(v] —v9))?
/ dxe 2(1+4r?) = (m(1 +4r?)) /% 4(1+4r2)
R

by a simple convolution of Gaussians. Since (a + b)? > %a2 — b? for any a,b € R, the lower

bound
[(y1 — y2) +2r(v1 — v2)]* > =(y1 — y2)* — 16r°L?

holds for all y1,y9, and |v1], |v2| < L. Moreover,

Gy )] < /R gy (@) || f ()] dz = =1/ /R 30| f(2)| der = (goo * |F)(¥),

N |
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and thus (B.24) gives the upper bound

(y1*y2)2
T PEATLPE fallly S L% (14 472) / dy1 / dys e SO (g0 % L1 () Plgon * 1l ()P
(B.25)

Let Kj = supp fj, j = 1,2 be the support of f;. Recall that we assume s := dist(K, K2) >
0. Given 0 < § < s/2, we will enlarge K alittle bit,

K; = {y € R|dist(y, K;) < 5}.

Note that dist(Ky, K») = s — 25 > 0 and we will | split the integral in (B.25) according to
the splitting R x R = (K¢ x R) U (K1 x R) = (K¢ x R) U (K1 x K§) U (K1 x Ky). As a
further preparation, note that the Cauchy-Schwartz inequality implies

//2 e~ e W82 by (41 ) ho (ya) dyr dys
R

1/2 1/2 B2
< [// e_%(yl_m)z‘hl(y1)‘2dy1dy2} [// e_%(yl_ym\hg(yg)\2dy1dy2 ( . 6)
R2 R2
=ver|[h|[|hz]]-

for any hy,hy € L*(R) and ¢ > 0. Using this, we can bound

(W1—y2 )2
I —/K dyl/dyz e 30 [(goo * | f1]) (w1)]" [(g0,0 * | fo]) (12)]"

1/2

savaty | [ o= 1D)] " dn " [ [tono « 1£2e)] " e

(B.27)
Moreover, by Young’s inequality,
2p %
[ [tono*12202)] "y < e (B.28)
and, on the other hand,
2p 1 (a2 o
/kvc[@o,o*\flr)(y)] =gy [ty [ B IR 0
1 1 1
<em P ldist(K1,K1) He il? \fl!Hsz
< e BUFLEO® gy 2, (B.29)

where again Young’s inequality, similar as for (B.28), has been used in the last inequality.
Plugging (B.28) and (B.29) into (B.27), we obtain

I S (1+ 4r?) V2= S ELROR) £ o) g2 (B.30)

Furthermore, the bound

(y1-v2)?

_ J2) p p
I = /N dyr | __dya e 30+ |(gogo * |f1|)(yl)] [(90,0 * | f2]) (y2)
¢ e

< (1+ 4r?) 12 RUAURROR £ 2] £y (1P

(B.31)

follows as the one for I;, by symmetry.
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It remains to get a bound on

(1-v2)?

_ P p
I3 = /N dyr [ dyz e 30549 [(90,0 * |f1|)(yl)] [(90,0 * |f2|)(y2)} : (B.32)
K K>
Since (y1 — y2)? > (y1 — y2)%/2 + [dist(K, K5)]?/2 in the integral in (B.32), we get

— 1 [dist(K1,K2)]2 7( Y p p
Iy < ¢ oty L) /z? dyl/f{ dys e 160+4r) [(900* !fl\)(yl)] [(9070 * | f2])(y2)
1 2

[dlst(KLKz

-1
S (1+4r%)1/2 ¢ 00 llgo.0 * Lf1l 720 llg0.0 [ 2 1720

LANPN f2IP (B.33)

1
< (1+4r)Y/2 e w0 (dist (1, K2)]*

using again (B.28). Combining
1T, PEATPE folly S 1% €2 (14 4%)F (L + B+ 1)

with (B.30), (B.31), (B.33), dist(K;, K§) = § for j = 1,2, and dist(Ky, K3) = s — 25, we
obtain
(s—25)2
T PEAT, P follgy < L2 (14 4r)E [ + e 0000 || P ol
choosing 5 = 5/(2+/p(1 + 472) + 2), which makes p3?/4 = (s — 25)%/(16(1 + 4r?)), gives the
upper bound

2
T, PEAT P fall g S (1+4r%) /2 L2 e i/ueara? || £ ] fo

2
< (L+ 4R 2L Pe 00T | | fo
for all |r| < R, which proves (B.22). [ ]
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