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NO-GAP SECOND-ORDER CONDITIONS VIA A DIRECTIONAL
CURVATURE FUNCTIONAL*

CONSTANTIN CHRISTOFT AND GERD WACHSMUTH?

Abstract. This paper is concerned with necessary and sufficient second-order conditions for
finite-dimensional and infinite-dimensional constrained optimization problems. Using a suitably de-
fined directional curvature functional for the admissible set, we derive no-gap second-order optimality
conditions in an abstract functional analytic setting. Our theory not only covers those cases where
the classical assumptions of polyhedricity or second-order regularity are satisfied but also allows to
study problems in the absence of these requirements. As a tangible example, we consider no-gap
second-order conditions for bang-bang optimal control problems.
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no-gap optimality condition

AMS subject classifications. 49J53, 49K20, 49K27, 49K30

1. Introduction. The aim of this paper is to develop a theoretical framework
for necessary and sufficient second-order optimality conditions (henceforth referred to
as SNC and SSC, respectively). The main feature of our approach is that we use a
suitably defined “directional” curvature functional to take into account the influence
of the admissible set. Our definition of curvature allows us to derive no-gap second-
order conditions that provide more flexibility than classical results. In particular,
our approach makes it possible to exploit additional information about the gradient
of the objective functional. Such information is, e.g., often available in the optimal
control of partial differential equations (PDEs) where the gradient of the objective is
typically characterized by an adjoint equation and, as a consequence, enjoys additional
regularity properties.

Let us briefly clarify what we understand by “no-gap second-order conditions”. For
simplicity, we focus on the minimization of a smooth function f over R?. In this case,
it is well known that local optimality of z implies V f(z) = 0 and h" V2 f(z) h > 0 for
all h € R% On the other hand, Vf(z) = 0 and A" V2f(z)h > 0 for all h € R%\ {0}
is equivalent to z being a local minimizer satisfying a quadratic growth condition.
Hence, the only difference between the necessary and the sufficient condition is a
non-strict vs. a strict inequality in the second-order condition. Moreover, this change
is as small as possible. Such a pair of optimality conditions is denoted as “no-gap
second-order conditions”.

The analysis found in this paper originated from the idea to extend the results of
[11]. In this paper, the authors derived an SSC for a class of bang-bang optimal control
problems that does not fit into the classical setting of polyhedricity and second-order
regularity, cf. [4]. Our results turned out to be of relevance for other problems as well
and ultimately gave rise to the abstract framework of Section 4 that not only covers
large parts of the classical SNC and SSC theory but also allows to study situations
where the admissible set exhibits a singular or degenerate curvature behavior, cf.
Section 6. We hope that with the subsequent analysis we can, on the one hand, offer
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an alternative view on well-known SNC and SSC results and, on the other hand, also
provide some new ideas for the study of problems that do not satisfy the classical
assumptions of polyhedricity and second-order regularity.

Let us give some references: There are several contributions addressing second-
order optimality conditions for optimization problems posed in infinite-dimensional
spaces. We mention exemplarily [18, 3, 5, 4, 8, 9]. No-gap optimality conditions
in the infinite-dimensional case can be found, e.g., in [5, Theorems 2.7, 2.10], [8,
Theorems 2.2, 2.3], and [23, Theorem 5.7]. Note that the latter results all rely on
the concept of polyhedricity (in contrast to our Theorem 4.5) and require that the
Hessian of the Lagrangian is a Legendre form. In the finite-dimensional case, one
can further employ the notion of second-order regularity to derive no-gap optimality
conditions, see, e.g., [3]. Note that, in our approach, the Legendre form condition is
substituted by a more general non-degeneracy condition, see (NDC) in Theorem 4.4
and the discussion in Subsection 5.1.

Before we begin with our analysis, we give a short overview over the contents and
the structure of this paper:

In Section 2, we clarify the notation, make our assumptions precise and recall
several definitions that are needed for our investigation.

In Section 3, we define the directional curvature functional that is at the heart
of our SNC and SSC analysis. Here, we also discuss basic properties of the curvature
functional as, e.g., positivity and lower semicontinuity, that are used in the remainder
of the paper.

Section 4 addresses SNC and SSC for constrained optimization problems on an
abstract functional analytic level. The main results of this section (and of the paper
as a whole) are Theorems 4.3 to 4.5. These theorems illustrate the advantages of
working with the directional curvature functional and demonstrate that our approach
allows for a very short and elegant derivation of the second-order theory.

In Section 5, we demonstrate that the framework of Section 4 indeed covers the
classical SNC and SSC theory for optimization problems with polyhedric or second-
order regular sets. Here, we further comment on how the assumptions (NDC) and
(MRC) appearing in our second-order conditions can be verified in practice and in-
terpreted in the context of generalized Legendre forms and Tikhonov regularization.
Section 5 also includes two tangible examples that demonstrate the usefulness of the
theorems in Section 4.

Section 6 is devoted to problems that are covered by our analysis but do not fall
under the scope of the classical SNC- and SSC-framework. The first example that we
consider in this context is a finite-dimensional optimization problem whose admissible
set exhibits a singular curvature behavior. In Subsection 6.2, we then study no-gap
second-order conditions for bang-bang optimal control problems in the measure space
M(Q). Here, we prove a novel SNC for bang-bang controls and further sharpen the
SSC in [11] to close the gap between the two conditions, see Theorems 6.4 and 6.12,
and the comparison in Example 6.14.

Section 7 summarizes our findings and gives some pointers to further research.

2. Notation, Preliminaries and Basic Concepts. Throughout this paper,

we always consider the following situation.

ASSUMPTION 2.1 (Standing Assumptions and Notation).

(i) X is the (topological) dual of a separable Banach space Y,
(i) ¢:Y — X* denotes the canonical embedding of Y into the dual X* of X,
(iii) the admissible set C is a closed, non-empty subset of X.
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Note that, under the above assumptions, X is necessarily a Banach space with a
weak-x sequentially compact unit ball, cf. the Banach—Alaoglu theorem. We remark
that the overwhelming majority of our results also holds when the space Y is assumed
to be reflexive instead of separable. We restrict our analysis to the above setting since
it allows to study more interesting practical examples, see Subsection 6.2. For our
analysis, we need the following classical concepts (cf. [4, Section 2.2.4]).

DEFINITION 2.2. Let x € C be given. We define the radial cone, the strong outer
tangent cone and the weak-x outer tangent cone to C at x, respectively, by

Re(z) :={he X |3T >0Vt [0,T],x+the C},

7&@;{hexbmxmiwecwmmm”;x%h}
k

T (x) = {h eX ’ Jtx (0,32 € C such that xkt—:zr R\ h}.
k

Moreover, we define the weak-x (outer) normal cone to x by
Ng(z) :i={a* € u(Y) | Vh € Ta(x) : (x*, h) <0}
Finally, given a ¢ € —N§(x), we define the weak-x critical cone by
K& (@, 0) = Té(x) ot

We emphasize that N (z) is defined to be a subset of ¢(Y) and may thus be
identified with a subset of the predual space Y. Note that all “cones” in the above
are indeed cones in the mathematical sense, i.e., h € Re(x) implies ah € Re(z) for
all @ > 0 etc. We point out that Re(z) C To(x) C Ta(x). If C is convex, then [4,
Proposition 2.55]

Re(r) =RT(C —2), To(x) =c(Re(x)) Vrel.

If, in addition, X is reflexive, then we have 75 (z) = Tc(x) by Mazur’s lemma. We
remark that 75 (z) is in general not closed since the weak-x topology is not sequential
on infinite-dimensional spaces, cf. [19, Example 5.9].

3. The Directional Curvature Functional. The basic idea of our SNC and
SSC approach is to not discuss the curvature properties of the admissible set C' sep-
arately, i.e., independently of the optimization problem at hand, but to develop a
second-order analysis that takes into account the gradient of the objective. To accom-
plish the latter, we introduce the directional curvature functional.

DEFINITION 3.1. Let © € C and ¢ € —Ng(z) be given. The weak-x directional

curvature functional Q5% : K& (x, o) — [—00, 00| associated with the triple (z, ¢, C) is
defined by

(1) QE¥(h):= inf{ liminf ( >%HCX“”CR““\Q%M$&
: := inf< liminf (@, rg .
C k— o0 $+tkh+§ti7“k€0

In case that X is finite-dimensional, the curvature functional Q5% coincides with a
generalized derivative of second order of the indicator function dc : X — {0, 00},
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which is termed “second subderivative” in [21, Definition 13.3]. A similar concept in
infinite dimensions is called “second-order epiderivative” in [14, Section 1]. Therein,
it is required that the second-order difference quotients associated with the indicator
function of the set C, the point z, and the element ¢ € —N(x) Mosco epi-converge,
whereas our definition just uses the weak-* limes superior (in the sense of Kuratowski)
of the epigraphs of the difference quotients, see also Remark 3.5 below. The functional
Q&7 (+) may thus be identified with a second-order weak-* lower subderivative.

Definition 3.1 can be motivated as follows: Consider an optimization problem of
the form min J(z) := (p, z) s.t. z € C, where ¢ satisfies p € —N(Z) for some z € C,
ie., (p,h) > 0 for all h € T5(z). Then Z is a critical point and we have to study
perturbations into the critical directions h € K% (z, ¢) to decide whether z is a local
minimizer or not. If we fix a critical direction h € K% (z,¢), then the definition of
T&(%) yields the existence of sequences {ry} € X, {t,} C RY with ¢t \, 0, tyrx =0
and zy, := T+1tx h+ 5 ti 1y, € C, and we may calculate that J(z)— J(2) = £ 2 (p,75).
This identity suggests that the limiting behavior of the dual pairing (p,r;) between
the gradient ¢ of the objective J and the second-order correction r is a decisive
factor in the study of the optimality of the critical point Z. Since the directional
curvature functional Q¥ (-) allows to estimate the limes inferior of precisely that
quantity for all possible sequences {ry} and {¢;}, it is only natural to consider it
an adequate tool for the derivation of optimality conditions. Note that, instead of
looking at the accumulation points of the corrections ry, which is the idea of second-
order tangent sets, cf. Definition 5.2, we only study accumulation points of the scalar
sequences (p, ) when working with the functional Q& ?(-). Thus, it is possible to
obtain information even when the second-order corrections 7 diverge or cannot be
analyzed properly. Before turning our attention to SNC and SSC, in what follows,
we first state some preliminary results on the properties of the directional curvature
functional that are needed for our investigation.

LEMMA 3.2. Let x € C be given. Then the following assertions hold.

(i) For all o € —NE(z), h € K&(z, ), a > 0, we have Q5% (ah) = a2QE¥ (h).

(it) If C is convez, then QG¥(h) >0 for all p € =N (z) and h € K& (z, ¢).

Proof. Assertion (i) can be checked by a simple scaling argument. To prove
(i), suppose that C is convex, let h € K& (z,¢) and ¢ € —N(z) be arbitrary but
fixed, and let {ry}, {tx} be sequences as in the definition of Q5% (h). Then it holds
%h + 7, € Re(z) C Ta(x) due to the convexity of C' and, consequently, (p,ry) =

(¢, %h +75) > 0. Taking the limes inferior for k — co and the infimum over all {ry},
{tx} now yields the claim. 0

In addition to Lemma 3.2, we have the following weak-x lower semicontinuity
result.

LEMMA 3.3. Let x € C and ¢ € —Ng(z) be given. Let {h,} C K&(z,0) be a
sequence such that h, = h holds for some h € X and such that there exist sequences
{rnx} C X and {t, xr} CR" and a constant M > 0 with

bk N0y togTnk =0, (prng) — Q¥ (hyn)  forallm as k — oo and
1
[tnkrnkllx <M, z+tnk hn—|—§ti)krn7k eC  foralln,k.

Then, h is an element of the critical cone K% (x, @) and it holds

@ £9(h) < lim inf QF* (1)
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Proof. Consider a countable dense subset {y;} of ¥ and choose a sequence ky,
such that

1 . 1 1.
(3) tn;kn S g7 <sD,Tn7k;n> S de(h’n) + ; a'nd |<yi7tn;kn rn;k7l>| S E VZ S n

holds for all n € N. Then, our assumptions on 7y, imply ||tn.k, ™n.k., | x
we may deduce from (3) that the sequences t,, := t, i, and r, = rp i, +
satisfy

* 1 p
th (0, tprp—0, x+t,h+- ti rn € C and liminf{p,r,) < liminf Qc’“’(hn).
2 n— 00 n— 00
The above yields h € T5(z) and, since we trivially have h € ¢, h € K&(z,¢).
Moreover, we obtain (2) from the definition of @5 ¥(h). This proves the claim. O

We point out that Lemma 3.3 is in particular applicable if for every h € K% (x, ¢)
we can find sequences {ry} C X and {t;} C RT that realize the infimum in (1) with
strong convergence tirr — 0. Since sets C' with the latter property prove to be useful
also in different contexts, we introduce the following concept.

DEFINITION 3.4 (Mosco Regularity Condition (MRC)). We say that C' is Mosco
reqular in (z,¢) € C x —N&(z) if

Vh € K&(z,0) e} € X, {tx} CRT:

(MRC) 1, . )
te O, txry =0, x4+t h+ 5%% e C, Qc’w(h) Zkli)I{.lo <(p,7‘k>.

REMARK 3.5. It is easy to see that (MRC) holds in (z,p) € C x =N (z) if and
only if

{re} € X, {tx} CRY 11, \ 0,57 — 0,

x,p ) . .
¢ (h) = infq liminf (¢, 77)

1
x+tkh+§tim€6’

forallh € K& (x, @), i.e., if and only if the functional Q5% () remains unchanged when
we replace the weak-x convergence of ti i, with strong convergence. In the context of
Kuratowski limits, the latter means that the weak-x limes superior and the strong limes
superior of the epigraphs of the second-order difference quotients associated with the
indicator function of the set C, the point x, and the element ¢ € —Ng(x) coincide.
We again refer to [14] for details.

We will see in the following section that the condition (MRC) is also of significance for
the study of second-order optimality conditions as it allows to weaken the regularity
assumptions on the objective needed for the derivation of SNC. Note that (MRC) is
always satisfied when X is finite-dimensional. Further conditions ensuring (MRC) can
be found in Lemmas 5.3 and 5.7.

4. Necessary and Sufficient Second-Order Conditions. Having introduced
the directional curvature functional Q75 (-), we now turn our attention to SNC and
SSC for minimization problems of the form

(P) Minimize J(z), such that z € C.

In the remainder of this paper, when discussing optimality conditions for a problem
of the type (P), we always require that (in addition to our standing Assumption 2.1)
the following assumption holds.



ASSUMPTION 4.1.

(i) T is a fized element of the set C (the minimizer/candidate for a minimizer),

(i) J: C — R is a function such that there exist a J'(Z) € «(Y) and a bounded
bilinear J"(Z) : X x X — R with

(4) fo @t ) = J(@) — e (@) by — 5 17" (2) by

=0
k—o0 tz

for all {h.} C X, {tx} C RT satisfying tx, \ 0, hy A he X andz+tihy € C.

Note that we use the abbreviations J'(z) h := (J'(z),h) and J"(z) h? := J"(z)(h,h)
for all h € X in (4), and that (4) is automatically satisfied if J admits a second-order
Taylor expansion of the form

() J@h) - J@ - T @h- I @R = o) as [hllx 0.

We begin our investigation by stating necessary conditions of first order.

THEOREM 4.2 (First-Order Necessary Condition). Suppose that Z is a local min-
imizer of (P), i.e., assume that there is an € > 0 with

J(x) > J(2)  VzeCnBX(z),
where BX () denotes the closed ball of radius € around T. Then, J'(z) € —N&(Z).

Proof. Let h € Tz(z) be given. By definition, there are sequences {z;} C C,
{tx} € Rt with ¢, \, 0 and (z, — Z)/ty = h. We set hy := (x) — &)/ty. Then
for large enough k, we have (due to (4) and the boundedness of weakly-x convergent
sequences)

—J@@ P+t ) — J (3
0< J(Ik>t J(:E) _ J(:E"' ktk) J(I) _ J/(J_?) hp —|—O(tk) N J/(a_j) h.
k k
The above and our assumption J'(z) € «(Y) yield J'(z) € —Ng(Z) as claimed. 0

Using Theorem 4.2, we can provide second-order optimality conditions for (P).

THEOREM 4.3 (SNC Involving the Directional Curvature Functional). Suppose
that T is a local minimizer of (P) such that

(6) J(z) > J(7) + g lz—z|%  VoeCnBX(@)

holds for some ¢ > 0 and some € > 0. Assume further that one of the following
conditions is satisfied.

(i) The map h — J"(Z)h? is weak-+ upper semicontinuous.
(ii) The admissible set C satisfies (MRC) in (z,J'(z)) € C x —Ng&(Z).
Then

(7) Qe n) + 7" @) h? > ek Vh e Ke(@, T (@),

Proof. We first consider the case with (i): From the definition of Q¥ 7 @,
it follows that for every h € K5 (z,J'(z)) and every 6 > 0 we can find sequences

{re} C€ X and {tx} C RT such that &5 \ 0, tx 200, xp = x—i—tkh—i— t2r, € C
and
(8) lim (J'(z), %) < Q%7 @ (h) + 6.

k—o0
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Since @3, — @ strongly in X, (6) entails J(zx) > J(Z) + § ||zx — &% for large enough
k. Hence, we may use (4), J'(z)h = 0 and the weak-x lower semicontinuity of the
norm || - || x to obtain

0 i J(xk)—J(.f)—tk J/({f) (h—F%tka) —%ti J//(:f) (h+%tk7"k)2
= 1m

T = 2
(9) > lim sup Stallh + s terill X — te J'(2) (5 twrn) — 57 J"(2) (B + § tery)
T koo 2
¢ 1 L. "(= 1 2
§||h||X 5 hmlnf< ( )7T7€> - 5 hinSUP(J (CE) (h+ thrk) )
—00

From (8), (9) and the weak-x upper semicontinuity of h — J”(Z) h?, it follows

clnl% < QG P (h) + 6 + 1" (@) h>.

Passing to the limit 6 \, 0 in this inequality yields the claim in the first case.

It remains to prove (7) under assumption (ii). To this end, we note that, if
(MRC) holds in (z, J'(z)) € C x =N (z), then for every h € K& (z, J'(Z)) we can find
{Tk} c X, {tk} C Rt such that te (0, txrry = 0,z ==+t h+ %ti?”k € C and

lim (J'(2), ) = Q5" @ (h).

k—o0

Now, the second-order condition (7) follows analogously to case (i). O

THEOREM 4.4 (SSC Involving the Directional Curvature Functional). Assume
that the map h — J"(Z) h? is weak-+ lower semicontinuous, that J'(z) € —Ng(z) and
that

(10) SO hy+ T @) >0 Yhe Ki(@, (7)) \ {0}.
Suppose further that

for all {h} € X, {tx} CRY with T+t hy € C, hy 20, tx \ 0
(NDC) and ||\hgllx =1, it is true that
lim inf ((J'(Z), hi/tk) + J”( )hz) > 0.
k— o0

Then T satisfies the growth condition (6) with some constants ¢ > 0 and € > 0.

Proof. We argue by contradiction. Assume that there are no ¢ > 0, ¢ > 0 such
that (6) holds. Then there are sequences {z;} C C and {¢;x} C RT such that

_ _ & _
e N0, flax —Z|x =0, and J(ax) < J(@) + 5 o - 7k

Define ty, := ||zr — Z||x and hg := (xvx — T)/tx. Then ||hg|]|x =1 for all £ and we may
7



extract a subsequence (not relabeled) such that hy, = h € TZ(Z). From (4), it follows

J(@ + tphi) — J(Z) =t J'(2) hie — 3 63 " (T) hi,

0= lim

k—o0 ti
g =t T e = 7)1
k—o0 tk
—J"(Z) hy — Lt J"(2) h?
(11) = lim inf (@) b 2k (%) b
k—o00 tr
"Z)h Ly, T (%) h2
< —limsup M —_ liminf 2]“7(96)’“
k—ro0 k k—o0 tr
"(Z)h 1
< —limsup J@h 1 J"(z) h*.
k—o00 k 2

Thus, limsupy_,., J'(Z) h/tr is bounded from above and from t; N\, 0 we infer
lim sup,,_, . J'(Z) b < 0. Together with J'(z) € —N&(Z) we find J'(z) h = 0. Using
h € T5(z), this yields h € K5 (Z, J'(Z)). Setting ry := 2 (hy; — h)/tx and using (11),
J'(z) h = 0 and Definition 3.1, we obtain
‘=
J"(z) h* < —2 limsup J1@) e = —limsup J'(Z) rp < —liminf J'(Z) g
k—o0 k k— o0 k=00

< -Q&" P (h).

From (10), we may now deduce that h is zero. This is a contradiction with (NDC),
see the properties of the sequences {hy}, {tx} and (11). O

The acronym (NDC) stands for “non-degeneracy condition”. Comments on (NDC)
are provided in Subsection 5.1. By combining the previous two theorems, we arrive
at our main theorem on no-gap second-order conditions.

THEOREM 4.5 (No-Gap Second-Order Optimality Condition). Assume that the
map h— J"(Z) h? is weak-x lower semicontinuous, that J'(z) € —Ng(), that (NDC)
holds, and that one of the conditions (i) and (ii) in Theorem 4.3 is satisfied. Then,
the condition

QLT (hy 4+ J" (@) h2 >0 VheKg(@, J() )\ {0}

is equivalent to the quadratic growth condition (6) with constants ¢ > 0 and & > 0.
Some remarks regarding Theorems 4.3 to 4.5 are in order.

REMARK 4.6.

(i) Note that Theorem 4.3 yields that there are two ways to obtain the second-
order necessary condition (7) in the situation of Assumption 4.1: We can
assume either that the second derivative of J at T has additional (semi)-
continuity properties (this is case (i)) or that the set C is sufficiently well-
behaved at T (this is case (ii)). The observation that one has the choice to
impose additional assumptions either on the appearing sets or the appearing
functions can be made frequently when working with the directional curvature
functional.

(i) We point out that the reqularity condition (MRC) is not helpful in the deriva-
tion of the SSC in Theorem 4.4. At the heart of the proof of Theorem 4.4 is,
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after all, the contradiction argument which only provides a weak-x convergent
subsequence.

(iii) It is easy to see that the differentiability assumptions on J in Assumption 4.1
can be weakened when one is interested in only one of the results in The-
orems 4.3 and 4.4. To derive the necessary condition (7) in case (ii) of
Theorem 4.3, for example, it suffices to assume that

hEX,{Tk}CX, {tk}CR+,tk\(0,tka—>0 mn X

J(@ + tph + 3t3rk) — J(2) — te ' (T)(h + Sters) — %tiJ”(f)fﬁ) o
t

= max (O,

holds for some bounded, linear mapping J'(Z) : X — R and some bilinear
form J"(z) : X x X = R. We refrain from stating the minimal differentiabil-
ity properties in each of the Theorems 4.3 to 4.5 since this would just obscure
the basic ideas of our analysis.

(iv) We point out that it is possible to modify the proofs of Theorems 4.3 and 4.4 to
obtain second-order conditions in the setting of two-norms discrepancy, i.e.,
in the situation where the objective J only satisfies a second-order Taylor

expansion d la (5) w.r.t. some norm || - ||z that is stronger than || - ||x. We
leave it to the interested reader to work out this easy extension of our analysis
in detail.

(v) In the finite-dimensional setting, results similar to Theorems 4.3 to 4.5 have
been obtained in [21, Theorem 13.24].

5. How to Apply and Interpret the Results of Section 4 in the Con-
text of the Classical Theory. In this section, we comment on the verification and
interpretation of the conditions (NDC) and (MRC) appearing in our second-order
conditions, see Subsection 5.1, Lemma 5.3, and Lemma 5.7. Further, we address the
computation of the directional curvature functional for polyhedric and second-order
regular sets, see Subsection 5.2. Finally, we compare our theorems of Section 4 with
classical results. In Subsection 5.3, we use the observations of Subsections 5.1 and 5.2
to state two corollaries of Theorem 4.5 that reproduce (and slightly extend) classical
results found, e.g., in [4] and [9]. We conclude this section with two examples that
illustrate the usefulness of Theorems 4.3 to 4.5.

5.1. Remarks on the Non-Degeneracy Condition (NDC). The condition
(NDC) appearing in our SSC can be interpreted as a generalized Legendre condition,
cf. [4, Section 3.3.2] and Lemma 5.1 (ii). In contrast to a classical Legendre condition,
our requirement (NDC) is a condition on the interplay between the curvature of C
in Z in the direction J'(Z) and the properties of J”(Z). In practice, (NDC) can be
ensured, e.g., by assuming ellipticity of the second derivative J”(Z) or by assuming
that the admissible set C' has “positive” curvature at & (or some combination of the
both). Some sufficient criteria can be found in the following lemma.

LEMMA 5.1. Each of the following conditions is sufficient for (NDC).

(i) C is a convex subset of X, J'(z) € —N&(Z), and J"(Z)h? > r > 0 for all
h e X with ||h]|x = 1.

(ii) C is a convex subset of X, J'(z) € —N&(Z), and J"(Z) is a Legendre form
in the sense that h v~ J"(Z) h? is weak—* lower semicontinuous and

hp = hoand J"(Z)hi — J'(Z)h* = hp—h
9



holds for all sequences {hy} C X.
(iii) There exist c,e > 0 with J'(z) (x — ) > £ ||z — z||? for all z € BX(z)NC
and the map h — J"(Z)h? is weak-x lower semicontinuous.

(iv) X is finite-dimensional.

Proof. Case (iv) is trivial. To prove (NDC) in the cases (i) to (iii), we have to
show that for all {t;}, {hy} satisfying t;, \, 0, by = 0 and ||h||x =1, T + tx hy € C
for all k, it holds liminfy o0 ((J'(Z), ki /tk) + 5 J"(Z) h) > 0. Therefore, we assume
that sequences {tr}, {hi} with the above properties are given.

We first discuss the case that C' is convex. For such a C, it holds hy € R¢(Z)
and, as a consequence, J'(Z) hy > 0, so it suffices to prove liminfy_, J”(Z) hZ > 0
to obtain the claim. The latter is trivially true under assumption (i). Similarly, in
case (ii), we have lim infy_, J”(Z) h3 > 0 by lower semicontinuity. Moreover, if we
had J”(Z) hi — 0 (along a subsequence), we would obtain the contradiction hy — 0
(along a subsequence). Hence, liminfy_,o J”(Z) h > 0 and (NDC) is proved for (ii).

In case (iii), we have

_ _ _ Cc _ C
(J'(Z), i) = .2 (J'(Z), tr b} > 5%2 l[te hell® = 3

for k large enough. Together with liminfy_o J”(Z)hi > J"(Z) 0% = 0, the above
yields the desired inequality lim infj—,oc ((J'(Z), hi/tr) + 5 J"(Z) h3) > 0. This com-
pletes the proof. 0

Note that in case (iii) of Lemma 5.1, the second derivative J”(Z) is allowed to be
negative definite. This effect occurs whenever the curvature of the set C' at x is such
that it can compensate for negative curvature of the objective J. In Subsection 6.2,
we will see an example, where the latter actually happens. We further point out
that, under the assumptions of Lemma 5.1 (iii), the directional curvature functional
is coercive in the sense that

(12) Q" D) > c|nk  VheKa(@, T (@),

where ¢ is the constant in Lemma 5.1 (iii). Indeed, for h € K&(z, J'(Z)), tx ¢ 0,
tere = 0and 2 =T+t h+ %tirk € C, we have

T -

7
— 7|12 1

> liminfcw =liminfc|lh + = trril|% > c||hl%-
k—o0 tk k—r o0 2

lim inf J'(Z) 7, = lim inf J'(Z)
k— o0 k—o0

The above gives a lower estimate for the directional curvature functional that is often
also interesting for its own sake. We will get back to this topic in Subsection 6.2.

5.2. Directional Curvature, Polyhedricity and Second-Order Regular-
ity. In this section, we discuss how the notion of directional curvature is related to
the classical concepts of polyhedricity and second-order regularity, and how these
properties can be used to calculate the functional Q57(-) for a given tuple (z,¢) €
C x =Ng(x). Recall the following definitions, cf. [4, Section 3.2.1, Definitions 3.51,
3.85], [20], and [23, Lemma 4.1].

DEFINITION 5.2 (Polyhedricity and Second-Order Regularity).
(i) The set C is said to be polyhedric at x € C if C is convex and

To(z) Nt =cl(Re(z)Net) Ve X*
10



(i) The strong (outer) second-order tangent set to a tuple (z,h) € C x To(x) is
given by

Te(x,h) == {r €X ‘ Tty N\ 0, dist (z + ty h+ L 27, C) = o(t,%)}.

(iii) The set C is called (outer) second-order regular at x € C if for all h € To(x)
and all x, € C of the form z, := x + t,h+ %t%ru with t, \(0 and t,r, — 0
it holds

nhﬂn;o dist (rn, T& (2, h)) = 0.
Note that sequences {x,}, {r,} as in (iii) exist for all h € T¢(z) and that a set C can
only be (outer) second-order regular at x € C if TZ(z, h) # 0 for all h € T (z) (since
otherwise dist(-, 72 (z, h)) = +oc by the usual conventions).
First, we show that the boundary of polyhedric sets is not curved.

LEMMA 5.3 (Curvature of Polyhedric Sets). Assume that X is reflexive and that
C is polyhedric at x € C. Then (MRC) is satisfied in (x,¢) for all ¢ € —N§(x) and

5P =0 VheKh(r, ).

Proof. From the reflexivity, Mazur’s lemma and the convexity and closedness
of O, it follows T5(x) = To(x). Consequently, K& (z,¢) = To(z) N ot for every
¢ € —Ng&(z). For h € Re(z) Nt the choice ¢, = 1/k, k € N sufficiently large,
and 1, = 0 shows Q4¥(h) = 0, see also Lemma 3.2 (ii). Now, let h € K& (z,¢) =
Te(z) Nt be given. Owing to the polyhedricity of C at z, there exists a sequence
{ht} € Re(z) Nt with hy — hin X. Now, we can apply Lemma 3.2 (ii) and
Lemma 3.3 (with M = 0) to obtain

0. < QE7(h) < liminf Q&7(hy) = 0.

The recovery sequence in (MRC) can be constructed straightforwardly from {hx}. O

Lemma 5.3 shows that, for a polyhedric set C', the directional curvature functional
is always identical zero. This is, of course, exactly what one would expect (cf. also
with [14, Example 2.10] in this context). The situation is different when C' possesses
curvature in the sense of second-order regularity — a concept that is promoted and
extensively used in [4]. The curvature of second-order regular sets is addressed in the
next lemma.

LEMMA 5.4 (Curvature of Second-Order Regular Sets). Assume that C is outer
second-order regular at © € C, that ¢ € —Ng(x), and that (MRC) is satisfied in
(z,¢). Then

x,p . .
ot (h) = re%lfz,m (@, 7) Vh € K& (z, ).

Proof. Let h € Kf (z,¢) be given. Then (MRC) yields that we can find sequences
{Tk} Cc X, {tk} C Rt such that te (0, txry > 0, z +txh+ %ti""k € C and
£9(h) = Jim {p.m2).
11



Note that the above implies in particular that h € To(x). From the outer second-order
regularity of C' in x, we now obtain

lim dist (rg, T3 (2, h)) =0,

k— o0

i.e., there exists a sequence {fx} C T2(z, h) with

T, IRT IRT ~ .
(13) ¢’ (h) = lim (p,ry) = lim (p,7) > Te%l(fz,m (o).
If, on the other hand, r € Tg(gc, h) is arbitrary but fixed, then we know that there
are sequences {t;} C R, {s;} C X with

1
tr \ 0, $+tkh+§t%(7°+8k)60, s — 0,

and we obtain from the definition of Q¥ (h) that

{re} € X, {te} CRY 1t \ 0, 57 — 0,

T2 (h) < inf{ lim inf
¢7(h) <in im in (@, 71)

1
x+tkh+§tirkec

< liminf (@, + s) = (o,7) .
k— o0
This yields

P(h) < inf ,
Qa7 ( )—re%él(m,h) (@,7)

which, together with (13), proves the claim. d

We would like to point out that Lemma 5.3 cannot be obtained as a corollary of
Lemma 5.4. The reason for this is that polyhedric sets do not necessarily have to be
second-order regular. In fact, we have the following result.

LEMMA 5.5 (Necessary Condition for Second-Order Regularity). Assume that C
is outer second-order reqular at x € C. Then, for all h € Tc(z), it holds T2 (z,h) # 0
and there exists a positive sequence ti, N\, 0 such that dist(z + ty h,C) = O(t3) as
k — oo.

Proof. Let h € Te(x) be given. As explained after Definition 5.2, the outer
second-order regularity of C' at « € C implies TZ(z, h) # 0.

Now, let r € TZ(x, h) be given. By definition, there is a positive sequence t; ~\, 0
such that dist(z + ¢ty h + 3 t3 7, C) = o(t?). Using the latter and the triangle inequal-
ity, we obtain

1 1
dist(z + ty h,C) < dist(x +txht g 2, O) +5 t2lrlx = o(t2) + O(2) = O(t3).

This finishes the proof. |

Using Lemma 5.5, we can prove that even the most elementary examples of

infinite-dimensional polyhedric sets can lack the property of second-order regularity.

EXAMPLE 5.6. Let (0,1) be equipped with Lebesgue’s measure. Define X :=
L?(0,1) and C := {v € L?(0,1) : v > 0}, and let x be the unique element of X with
(&) =1 for a.a. £ € (0,1). Then, C is polyhedric at x and it holds To(z) = L2(0,1).

12



Consider now an arbitrary but fized o € (—1/2,—1/4) and let h € L*(0,1) be defined
via h(§) = —&% for a.a. £ € (0,1). Then, for all sequences ti \, 0, it holds

-1/«

t 1/2
dist(z + ty h, C) = (ﬁk (1—tkgﬂ2d§) = /2 VRO L o),

where ¢, = Wajoﬁl) > 0. Hence, Tg(x,h) = () and, consequently, C cannot be
outer second-order reqular at x by Lemma 5.5. Using similar arguments, we can show

that C fails to be outer second-order reqular at all x € C'\ {0}.

Note that, due to the effects appearing in Example 5.6, the concept of second-
order regularity is typically not suited for the analysis of optimal control problems
with pointwise control or state constraints. It is, however, quite useful when the
optimization problem at hand is finite-dimensional or involves constraints of the form
G(r) € K, where K C R? is a closed, convex, non-empty set, cf. Example 5.13. To
simplify the derivation of second-order optimality conditions for problems of the latter
type, we provide a calculus rule for the curvature of preimages.

LEMMA 5.7. Let Z be a Banach space. Assume that C = G~1(K) holds for some
twice continuously Fréchet differentiable function G : X — Z and some closed, convez,
non-empty set K C Z. Suppose further that a tuple (z,¢) € C x —N§(x) is given
such that the Zowe-Kurcyusz constraint qualification

(ZKCQ) G'(2) X - Ric(Gla) = Z

is satisfied in x, such that K is second-order regular in G(x), and such that the
maps h — G'(x)h and h — G"(x)h? are weak-x-to-strong continuous. Then, C
satisfies (MRC) in (x,p), it holds K& (z,¢) = o1 NG (2) " Tk (G(x)), and for every
h e K&(x,p) it is true that
LP(h) = inf Ty

(14) Qe () reG(2)~1(T2(G(2),G' (2)h)—G" (x)h2) (o)

Proof. The proof of Lemma 5.7 follows the lines of that of [4, Proposition 3.88]:
Let h € K&(z,¢) be fixed, and let {ry} C X,{tx} C R be sequences satisfying
th O, tprp = 0and &+t h+ %tirk e C,ie., G(I—Ftkh—l—%tirk) € K. Then, by
a Taylor expansion of G, cf. [6, Theorem 5.6.3], and using our assumptions on G”(x),
we obtain

1
Glo+tih+ 5 tim)
1 1
(15) = G(z) + t,G'(z)h + Eti (G/(I)Tk +G"(x) (h + §tk Tk)z) + o(ti)
1
:G@+mawm+?ﬁdwm+gum%m@eK

with some () satisfying ¢ — 0 in Z. Since G'(z) is weak-x-to-strong continu-
ous, (15) implies G'(z)h € Tk (G(z)) and, by [4, Corollary 2.91], h € To(x) =
G'(2) 1Tk (G(x)). This yields Kg(z,p) = ¢+ N G'(2) 1Tk (G(x)) and shows that
it makes sense to use the second-order tangent sets 72(z, h) and T2 (G(z), G’ (z)h) in
the following. Next, we will prove that dist(rg, 72(z, h)) — 0. We start by observing
that

0 < Dy := dist (G (@)r, T (G(x), G’ (z)h) — G" (x)h?)
< dist (G'(z)re + G" (x)h? —i—léﬂk,T;%(G(x), G'(z)h)) + lekllz — 0,



where we used (15), t,G'(x)rr, — 0 and the outer second-order regularity of K at
G(z).

Now, let {nx} C Z be a sequence with G'(x)ry +G" (x)h?+ny, € TZ(G(x), G'(z)h)
and ||nkl|z < Dy + 1/k. From [24, Theorem 2.1] and [4, Proposition 2.95], we obtain
that there exists a p > 0 with

B(0) € G'(x)B{ (0) — (K — G(x)) N BY(0).
In particular, we may find sequences py € X and A\, € Rg(G(x)) such that
(16) e =G'(@)px — A and|pellx < p7 |kl 2.

From (16) and the inclusions

(17a) Rk (G(7)) C Try(c(a)) (M),
(17Db) TR(G(2), G (2)h) + Tr (02 (G (2)h) C TE(G(x), G’ (2)h),

which follow from the fact that Tx (G(x)) is a closed convex cone and [4, Proposition
3.34], we obtain

G'(x)(ry + pr) € TA(G(x), G (2)h) + M\ — G (x)h? C TE(G(x), G (x)h) — G” (z)h>.
Using the identity
(18) Té(z,h) = G'(x)™* (TI%(G(,T), G'(z)h) — G" (x)(h, h)) Vh € To(x)

that is found, e.g., in [4, Proposition 3.33|, we infer

ri+ e € G'(z) 71 (TR(G(2), G (z)h) — G" (x)h*) = T (2, h).

The above implies that we indeed have

dist(ri, T8(x, 1)) < llunllx < p~ mllz < p~* (Di + 1/k) — 0.

Arguing as in the first part of the proof of Lemma 5.4, we now obtain

lim inf > inf
im inf (o, 7y) > verdl (p,7),

and, as a consequence,

LP(h) > inf T
¢ ( ) - r€7%1(z,h) <90 T>

On the other hand, an argumentation analogous to that employed in the second part
of the proof of Lemma 5.4 yields

{ri} € X, {te} CR" 1t O, tx 7 — 0,
L?(h) < inf{ liminf (o, r 1
Qz# (h) i (p.7c) rhs Hinec

< inf ) < QEF(h).
_r€7%1(m,h) <<P T> _QC ( )

Hence, equality holds everywhere, (14) is valid (cf. (18)) and (MRC) is satisfied in
(z,¢) by the observation in Remark 3.5. This completes the proof. d
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Under stronger assumptions on x and G, the right-hand side of (14) is directly
related to the directional curvature functional of K.

LEMMA 5.8. In the situation of Lemma 5.7, assume that Z is the dual of a sepa-
rable Banach space and that there exists a X € Njo(G(z)) with ¢ + G'(z)* X = 0 such
that (MRC) of K holds in (G(x), —\) and

(19) Z =G ()X — R (G(z)) N AL
Then,
(20) S2(h) = QNG () h) + (A G" () h2) Yh € Ka(z, @)

Proof. Let h € Kf(x, ) be arbitrary but fixed. From (17), (19) and [24, The-
orem 2.1}, it follows (analogously to the proof of Lemma 5.7) that for every w €
T2(G(x),G'(x) h) — G"(x) h? there exist an r € X and an 7 € Rk (G(x)) N A+ with

w=G'(z)r—n and G'(z)r=w+n€ TF(G(x),G (z)h) - G"(x)h*.

Note that an r with the latter properties necessarily satisfies (—\, w) = (=\, G'(z)r)
and G'(z)r € G'(x)X N (TZ(G(z),G'(x) h) — G"(x) h?). Consequently, we may de-
duce
(21)

inf (A w) > inf (=X, w).

weTZ(G(x),G'(z) h)—G" (x)h? weG (2)XN(TZ(G(z),G’ (z) h)—G" (z)h?)

On the other hand, we trivially have

inf (= w) < inf (=, w),
weTZ(G(2),G' (x) h)—G" (z)h? weG (x) XN (T2 (G(x),G () h)—G" (x)h?)

so equality has to hold in (21). Using this equality, (18), Lemmas 5.4 and 5.7, the
identity ¢ + G'(z)*A = 0 and a straightforward calculation, we obtain

at(n)

= inf p,r) = inf -\ G (z)r
r€7‘3(r,h)< ) TGG/(I)*l(’7’;(G(z),G’(m)h)fG”(z)hﬂ< @)

= inf (—A\w) = inf (=X, w)
weG! () XN (TZ(G(x),G'(x) h)—G" (x)h?) weTE(G(x),G’ (x) h)—G" (x)h?

= inf N w) + (NG () h2) = QS NG (@) h) + (\, G (x) h2).
et o () LG ) = QDTG ) )+ (0,6 () )

This proves the claim. ad

Several things are noteworthy regarding Lemma 5.8 and its assumptions.

REMARK 5.9.

(i) The pull-back formula (20) is, in fact, valid in a setting that is far more
general than the one considered in Lemmas 5.7 and 5.8. It holds, e.g., also
for polyhedric sets K provided the strengthened Zowe-Kurcyusz condition (19)
is satisfied, cf. [23, Theorem 5.7]. It is further remarkable that the estimate

QU (h) = Q5 NG (@) h) + (A, G"(x) h?)  Vh € Ka(z, ),

which yields an SSC for the problem (P), can often be proved without any
constraint qualifications at all. To avoid overloading this paper, we leave a
detailed discussion of the latter topics for future research.
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(i) A possible interpretation of the formula (20) is that the (directional) curvature
of the set C' has its origin in the nonlinearity of G or in the curvedness of K.

(iii) The condition (19) is well-known and appears, e.g., also in the study of the
uniqueness of Lagrange multipliers. It is precisely the ordinary Zowe-Kurcyusz
constraint qualification for the set K := {u € K : (u—G(x)) € A\*}. We refer
to [22, Theorem 2.2] for details on this topic.

5.3. Two Corollaries of Theorem 4.5 and Some Tangible Examples. If
we combine the findings of Subsections 5.1 and 5.2 with the analysis of Section 4, then
we arrive, e.g., at the following two results.

THEOREM 5.10 (No-Gap Second-Order Condition for Polyhedric Sets). Suppose
that X is reflexive and that C is polyhedric at T. Assume that J'(z) € —NE(Z) holds
and that J"(Z) is a Legendre form in the sense of Lemma 5.1 (ii). Then, the condition

J'(Z)h* >0 VheKs(z,J(x))\ {0}

is equivalent to the quadratic growth condition (6) with constants ¢ > 0 and & > 0.
Proof. Use Lemmas 5.1 and 5.3 in Theorem 4.5. d

THEOREM 5.11 (No-Gap Second-Order Condition under Second-Order Regular-
ity). Let Z be a Banach space. Assume that C = G~1(K) holds for some twice
continuously Fréchet differentiable function G : X — Z and some closed, convez, non-
empty set K C Z. Assume further that J'(z) € —N§&(Z) holds, that J"(Z) is weak-x
lower semicontinuous, that (NDC) holds, that the maps h — G'(Z)h and h — G" (z)h?
are weak-x-to-strong continuous, that K is second-order reqular in G(Z), and that the
constraint qualification

G ()X —Rk(Gx) =27
is satisfied. Then, the condition

J"(z) h? + inf (J'(z),7) >0
(22) reG(2)~1(T2(G(%),G'(2)h)—G" (z)h?)
vhe J'(2)F NG (2)" ' T (G()) \ {0}
is equivalent to the quadratic growth condition (6) with constants ¢ > 0 and € > 0.
If, moreover, we know that Z is the dual of a separable Banach space and that there
exists a Lagrange multiplier N € Nj-(G(z)) satisfying J'(z) + G'(Z)*\ = 0 such that
(MRC) holds in (G(Z),—A) and such that

Z =G'(2)X — Rx(G(Z)) N AL,

then (22) is equivalent to

Oue L(z, VB2 + QS NG (@)h) >0 Vhe J'(@)" NG (2) Tk (G(@)) \ {0},

where L(xz, ) := J(z) + (A, G(x)) is the Lagrangian associated with (P).
Proof. Use Lemmas 5.4, 5.7 and 5.8 in Theorem 4.5. a

We remark that no-gap second-order conditions for specific classes of optimization
problems with polyhedric admissible sets (in particular, optimal control problems
with box constraints) can be found frequently in the literature. We only mention
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[2, Theorem 2.7], [8, Theorems 2.2, 2.3], and [9, Theorem 4.13] as examples here.
Theorem 5.10 reproduces these results on an abstract level.

Second-order conditions similar to those in Theorem 5.11, on the other hand, have
been studied extensively in [4] in various formats and settings, see ibidem Theorems
3.45, 3.83, 3.86, 3.109, 3.137, 3.145, 3.148, 3.155 and Proposition 3.46. It should be
noted that the no-gap conditions derived in [4, Section 3.3.3] all require X to be finite-
dimensional and, in addition, all need further assumptions on, e.g., the second-order
tangent set T2(G(z),G'(Z)h). Such assumptions are not needed for the derivation of
our second-order condition (22), but may be required for reformulations of (22) as we
have seen in the second part of Theorem 5.11.

We conclude this section with two simple examples that demonstrate the useful-
ness of Theorems 5.10 and 5.11.

EXAMPLE 5.12 (A Simple Optimal Control Problem with Control Constraints).
Consider a minimization problem of the form

Lo . 2 2 3pd
Minimize j(y) + = / dc
(23) 2 Ja

such that w € L*(Q), —1<u<1lae inQ, Su)=y,

where 0 C RY is a bounded domain, j : L>=(Q) — R is twice continuously differen-
tiable, v > 0 is a Tikhonov parameter, L% is the Lebesque measure, and S : L*(Q) —
L>(R) is (for simplicity) linear and compact. In this situation, the space X = L*(Q)
is obviously reflexive, the set C := L*(Q,[—1,1]) is closed, non-empty and polyhedric
at every point, and the reduced objective J(u) := j(Su)+ 3 [, u* dL? is a C?-function
with

J'(w)h = j'(Su)(Sh) + y(u, h) 120 Yu, h € L*(Q),
J”(’U,)(hl, h2) = j”(SU)(Shl, Shg) + "y(h,l, h2)L2(Q) VU, h,l, h2 S LQ(Q)
Note that the map h — J"(u) h? is weakly lower semicontinuous for all u € L*(Q),
and that J"(u) is a Legendre form for all u € L?(2) since
he = h and J"(u) i = J"(u)h® = hx = h and |[h]|720) = [Bl|72(0)

24
( ) = hp — h.

Consequently, Theorem 5.10 is applicable in case of problem (23), and we may deduce
that, given some u € C with p+~yu € —Ng(u), where p = S*(j'(Su)) is the adjoint
state, the condition

3" (8u)(Sh, Sh) +v[|hlZ2) >0 Vh € Ki(a,p+va) \ {0}

s equivalent to the quadratic growth condition
Jw) = J@) + 5 =il VueCnBE@@)

with ¢ > 0 and some € > 0. Note that the Tikhonov regqularization is of particular
importance in the above setting: The condition v > 0 ensures (in combination with
the compactness of S) that the derivative J"(u) is a Legendre form for all u € L*(Q)
and thus guarantees (NDC). We will see in Subsection 6.2 that the situation changes
drastically when the regularization parameter v equals zero.
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EXAMPLE 5.13 (A Simple Optimal Control Problem with a Scalar Constraint).
Consider a minimization problem of the form

Minimize j(y)—i—g/ zdc?
Q

such that w € L*(Q), Su=y, Tue€ B (0),

where Q@ C R is a bounded domain, j : L>(2) — R is twice continuously differ-
entiable, v > 0 is a Tikhonov parameter, L% is the Lebesque measure, H is some
Hilbert space, and S : L*(Q) — L>(Q), T : L*(Y) — H are (for simplicity) linear
and compact. Define X = L*(Q), Z := R, G(u) = ||Tu|} — 1, K := (—00,0],
C:=GY(K), and J(u) := j(Su)+ 3 [u*dL. Then X and Z are Hilbert spaces, C
is non-empty, convex and closed, K is non-empty, convex and closed, G is twice con-
tinuously differentiable with G'(u)h = 2(Tu, Th)g and G" (u)(h1, ha) = 2(Thy, The) g
for all uw € L3(Q), J is twice continuously differentiable with the same derivatives
as in Example 5.12, the map h — J"(u)h? is weakly lower semicontinuous for all
w € L2(Q), J"(u) is a Legendre form for all w € L*(Q) (cf. Ezample 5.12), (ZKCQ)
is satisfied in every u € C (just use a distinction of cases), and K is second-order
reqular at every z € K with

if z € (—00,0), h €R,

R
TE(z,h) =< R if 2= 0,h € (—00,0),
(—00,0] ifz=0,h=0.

R if z € (—00,0),
Tk (2) =
K {(—oo,m 20,

Now, let u € C be given, such that p +~vyu € —Ng(a), where p = S*(j'(Su)) is the
adjoint state. Using the above observations and (22), we obtain that the condition
(25)

3" (Sw)(Sh, Sh) + [Pl 720 + inf (p+~u,r) >0

reG/(u) = (T2(G(w),G' (w)h)—2(Th|%)
Vhe (p+m) " NG () Tie(G(@) \ {0)

is equivalent to the quadratic growth condition (6) with constants ¢ > 0 and € > 0.
Note that G'(u) : L?(2) — R is surjective if | Tl g > 0. Consequently, if 0 < | Tl <
1, we may use the second part of Theorem 5.11 to simplify (25). This yields

7(S)(Sh. Sh) + Akl 30y >0 Yh e (p+7m) "\ {0}
for the case 0 < || Tul| <1 and the condition
J(S7)(Sh, Sh) + A h[220y + 2NITHI, > 0
Vhe (p+~i)" N {heL*(Q)\{0}: (Tu,Th)y < 0}
for the case ||Tul|g = 1. Here, A > 0 is the (in this case necessarily unique) Lagrange

multiplier associated with u.

We remark that Example 5.13 can also be studied with different means. We chose
the approach with the second-order regularity here to illustrate Theorem 5.11.

6. Advantages of our Approach. Having demonstrated that the framework of
Section 4 indeed allows to reproduce classical results for minimization problems with
polyhedric and second-order regular sets, we now turn our attention to the benefits

18



offered by our approach in comparison with the classical theory. The main advantages
of our method are the following.

(i) Our approach splits the task of proving no-gap second-order optimality con-
ditions for problems of the type (P) into subproblems that can be tackled
independently from each other (namely, verifying (NDC), checking the differ-
entiability of J, and computing the directional curvature functional Q5% (-)).
We can further state our second-order conditions without imposing any pre-
liminary assumptions (as, e.g., polyhedricity or second-order regularity) on
the admissible set C, cf. Theorem 4.5. All of this makes our method more
flexible than the classical “all-at-once” approach.

(if) Our results can also be employed in situations where the admissible set ex-
hibits a singular or degenerate curvature behavior, cf. the examples in Sub-
sections 6.1 and 6.2.

(iii) Our approach does not require a detailed analysis of the curvature of the set
C. To obtain the second-order condition in Theorem 4.5, we only have to
study the behavior of the quantity (J'(z),7x) that appears in the definition
of the functional Qé"] (1)(~), i.e., we only have to analyze how the derivative
J'(z) acts on the second-order corrections r, and not how the r; behave in
detail. This is a major difference to the concept of second-order regularity,
cf. Definition 5.2 (iii), and often very advantageous since it allows to exploit
additional information about the gradient of the objective. We will see this
effect in Subsection 6.2 below.

In the following, we demonstrate by means of two tangible examples that the
above points are not only of academic interest but also of relevance in practice. We
begin with a simple finite-dimensional optimization problem whose admissible set
exhibits a singular curvature behavior.

6.1. Singular Curvature in Finite Dimensions. Consider a two-dimensional
optimization problem of the form

(26) Minimize J(z), such that =€ C = {(z1,z2) € R? |z > |21|*}

with a twice continuously differentiable objective J : R? — R and some « € (1,2). Set
Z := (0,0) and suppose that Z is a critical point of (26) with a non-vanishing gradient,
ie., J'(z) = (0,8) € =Ng&(z) = {0} x [0,00) for some > 0. Then, for every critical
direction h € K% (z,J'(z)) = {(h1,h2) € R? | hy = 0} and all sequences {t;} C RT
and {r,} C R? satisfying tx \, 0, ty 7 — 0 and Z + t h+ S t2 ), € C, it holds

lim inf (J'(Z), ry)

k— oo
THtrh+1it2r Z+trh+1t2r
o7 — 2 limint (@) T AT BT g g D g Bk
( ) k—o0 tk k—oo tk
Z4tph+ Lt2r) | 1
> 28 lin fnf [ 1 2k £l = 28 liminf|(h + = t ri)1 |02,
k—oo tk k—oo 2

The above implies
28) QL7 (h) =400  Vhe Ky J'(@)\ {0} ={h€R2| hy £0, hy = 0}.

Using (28), Theorem 4.5 and the fact that the conditions (MRC) and (NDC) are
trivially satisfied for (26), we obtain (analogous to [4, Example 3.84]) the following
result.
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THEOREM 6.1. If z = (0,0) is a critical point of (26) with J'(z) # 0, then T is
a local minimizer of (26) and there exist parameters ¢ > 0 and € > 0 such that the
quadratic growth condition (6) is satisfied.

Note that the second derivative J”(Z) is not important for local optimality of Z.
The reason for this is that the curvature of the boundary dC' is singular at the origin
and can thus compensate for any negative curvature that the objective J might have
at . It should be noted further that the set C in (26) is neither polyhedric (trivially)
nor second-order regular at  (since 72(z,h) = 0 for all h € KX (7, J'(z)) \ {0}, cf.
Lemma 5.5, and the estimate (27)). This demonstrates that (26) does not fall under
the setting of Theorems 5.10 and 5.11 and is indeed not covered by what is typically
seen as the classical second-order theory.

We remark that, given an optimization problem of the form

(29) Minimize J(z), such that =€ C = {(z1,22) € R? | 2o < |21|*}

with J € C*(R?), J'(z) = (0,—8) € —N&(Z) = {0} x (—00,0], 8 >0, T := (0,0), we
can use exactly the same arguments as for (26) to prove

QG" V() =-c0  VheKLE, J'(7) = {h R | hy =0}

The above yields in combination with Theorems 4.2 and 4.3 that £ = (0,0) can never
be a local minimizer of (29) unless the derivative J'(Z) is identical zero.

6.2. No-Gap Second-Order Conditions for Bang-Bang Problems. In this
section, we demonstrate that the analysis of Section 4 is not only relevant for finite-
dimensional toy problems & la (26) and (29), but also applicable in more complicated
situations. In what follows, we will use it to derive no-gap second-order conditions for
bang-bang optimal control problems. As a motivation, let us consider the optimization
problem (23) in Example 5.12 with v = 0, i.e., the problem

20 Minimize j(y)
(30) such that w € L*(Q), —-1<u<1lae. inQ, Su)=y.

From Theorem 4.2, we obtain that every minimizer u of (30) satisfies p € —Ng(u),
where p = S*(j'(S@)) is the adjoint state. In particular, this implies that a minimizer
u with £4({p = 0}) = 0 can only take the values 1 a.e. in . Such a solution # is
called bang-bang.

The major problem that arises when SSC for a bang-bang control « are considered
is the verification of the non-degeneracy condition (NDC). Recall that in Example 5.12
the latter is satisfied since the Tikhonov regularization causes the second derivative
of the reduced objective to be a Legendre form in L2(€), cf. (24). For (30) such
an argumentation is obviously not possible and this is not an artificial problem: It
can be shown that quadratic growth in L?(Q2) is in general not possible for a bang-
bang solution u of (30), i.e., the growth condition (6) typically does not hold with
X = L*(Q) and ¢,e > 0, cf. [7, end of Section 2].

Hence, Theorem 4.5 cannot be applicable when we work with the space X =
L%*(Q). Note that, if we calculate the critical cone K& (4, p) for a bang-bang control
@ in the L2-setting, then we end up with K5 (u,p) = To(u) N pt = {0} so that
the conditions j”(Su)(Sh,Sh) > 0 Vh € K&(u,p) \ {0} and j”(Su)(Sh,Sh) > 0
Vh € Kz (4, p), which are the natural candidates for the SSC and SNC, respectively,

20



are both void. This also indicates that it is not useful to discuss (30) as a problem in
X = L*(Q).

The above discussion shows that, if we want to derive no-gap second-order condi-
tions for a bang-bang optimal control problem of the type (30), then we have to work
with a space X that is different from L?(). As it turns out, the right choice is the
measure space X = M(). Therefore, we consider the following setting.

ASSUMPTION 6.2 (Standing Assumptions and Notation for the Bang-Bang Set-
ting). We suppose that Q C R, d > 1, is a bounded domain with a Lipschitz boundary,
cf. [16, Definition 1.2.1.1]. We define the space Y := Co(2) = clj | (Cc(Q)) endowed
with the usual supremum norm. Its dual space can be identified with X = M(Q)
which is the space of signed finite Radon measures on €0 endowed with the norm
il mey == |1l (), ¢f. [1, Theorem 1.54]. The space L'(Q) is identified with a closed
subspace of M(Q) wia the isometric embedding x — L%, where L% is Lebesgue’s
measure. Note that this implies |z||L1q) = ||zl m) for all x € L(Q). Finally,
C:=L>®Q,[-1,1))={z e L>®(Q): =1 <z <1 ae in Q} C M(Q).

The reason for using the space X = M(Q) is the following observation, cf. [11
Proposition 2.7].

LEMMA 6.3. Let & € C and ¢ € —N} () be given. Define

(31) K(p) := ! hmlnf ( € [0, 4o0].

4 Cd({lwl < S})>

Then, there exists a family of constants {c.} satisfying c. \, 0 as € \ 0 such that

_ _ 1, _ _
32) (pro-aoyame = (5K0) o) o=l ¥oeCNBE@) ve0,

Proof. We adapt the proof of [11, Proposition 2.7]. Define K := K(p). If K =0,
then the claim is trivially true. If K > 0, then it necessarily holds that £L¥({p =
0}) = 0 and we obtain from ¢ € —Nj(Z) that Z is bang-bang with Z = —sgn g a.e.
in Q. Using the latter and N&(z) C Cy(2), we may calculate that for all h € X and
all t > 0 with Z + th € C and [[h]|x = [|h]|1ay = 1, it holds

- 1Cd |—|| | ]Cd Ef |—|| | 1Cd
t t t
Q Q {le|>Kt}

KAt = [ KWLt K — K eo)£(] < Kt
o {1g1<Kt}

By using ¢ := |lz — Z|11(), b = (v — Z)/||z — Z[|1(0) and [|h[|L=@) < 2/t, this
implies

_ _ L4{|p| < Kt _
(@, = Z) oy m©) = (K —2K? sup Lol < K1) I|(t })) |z — 15”%1(9)
0<t<e

for all z € C N BX(z)\ {z} and all € > 0. Note that the coefficient on the right-hand
side of the last estimate satisfies

d s < d 5| <
lim (K —9K? sup —E ({le] < Kt})) =K —2K? lim sup 75 (el = 1) = 1K
eN0 0<t<e Kt N0 t 2

This proves the claim. a
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Lemma 6.3 shows that Lemma 5.1 (iii) is applicable when we consider a bang-
bang solution z whose gradient ¢ := J'(z) satisfies K (@) > 0. This allows us to verify
(NDC) and to obtain the following result from Theorem 4.5.

THEOREM 6.4 (No-Gap Second-Order Condition for Bang-Bang Problems). We
consider an optimization problem of the form (P) with C, X etc. as in Assumption 6.2.
Assume that & € C is fized, that J satisfies the conditions in Assumption 4.1, that the
map X > h — J'(Z)h* € R is weak—* continuous, that ¢ := J'(z) € —N§&(Z), and
that the constant K () in (31) is positive. Then, the condition

(33) GP(h)+J"(@)R? >0 VheKE(Z, @)\ {0}
1s equivalent to the quadratic growth condition

_ & _ _
(34) J(z) 2 J(@) + 5 ||l - Z|7iq VeeCnBX(z)

with constants ¢ > 0 and € > 0.

Proof. We only need to check that Theorem 4.5 is applicable. The setting in
Assumption 6.2 clearly fits into that of Assumption 2.1, and Assumption 4.1 is trivially
satisfied. From K (p) > 0 and Lemma 6.3, we further obtain that there exist constants
c,e > 0 with J'(z) (x — &) > § |l — Z|? for all z € BX(z) N C. This yields, in
combination with the weak-x continuity of h +— J”(Z)h? and Lemma 5.1 (iii), that
(NDC) holds. Note that the weak-% continuity of h +— J”(Z)h? also implies (i) in
Theorem 4.3. This shows that Theorem 4.5 is applicable and proves the claim. d

Some remarks concerning Lemma 6.3 and Theorem 6.4 are in order.

REMARK 6.5.

(i) Theorem 6.4 provides no-gap second-order conditions even in the case that
we cannot characterize the directional curvature functional Q5% (+) precisely.

(7t) Recall that the condition in Lemma 5.1 (i) not only implies (NDC) but also
yields a coercivity estimate for the functional Q57 (), see (12). Using this
estimate and (32), we obtain that, in the situation of Theorem 6.4,

(35) Qu?(h) > K(@)|hlI%x  Vh € K&(Z, ).

Here, K(¢) > 0 is again defined by (31). We point out that (35) implies
that the set C = L>®(Q,[—1,1]) possesses positive curvature as a subset of
the space M(Q). This is not true if C' is considered as a subset of the space
L2(Q) as we have seen in Ezample 5.12 (in L*(Y), C is polyhedric and the
curvature functional is zero).

(i) From (35), it follows that J"(Z) h* > —K (@) ||h||% for all h € K& (Z,¢) \ {0}
is a sufficient condition for quadratic growth in the situation of Theorem 6.4,
cf. (33). We point out that this SSC is sharper than that found in [11, Corol-
lary 2.15]. In this contribution the authors work with the slightly more re-
strictive “global” level set assumption

K< i Vs > 0
R EET .
for some K > 0. Note that such a K necessarily satisfies K < K(p). We
further point out that the SSC in [11, Corollary 2.15] can be improved to

Je>0: J'(@h*>—(K-e)|h|x VheK:(z,9),
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cf. [10, Theorem 2.4].

(iv) We expect that the SSC J"(z)h? > —K(p) |h|% Yh € K&(Z, ) \ {0} can
also be formulated as an inequality on the so-called extended critical cone
introduced in [7], cf. [11, Theorem 2.14] and [10, Theorem 2.4]. We do not
pursue this approach here.

The next step is the calculation of the curvature functional Q%% () for a bang-
bang solution = in order to obtain a no-gap optimality condition that is more explicit
than (33). Hence, we have to compute the (directional) curvature of the set C :=
L>(Q,[-1,1]) as a subset of the space M(€2). In the remainder of this section, we
will consider a bang-bang solution Z whose gradient ¢ := J'(z) € —N&(z) is in C ().
Let us first fix our assumptions on the x under consideration.

ASSUMPTION 6.6 (Assumptions and Notation for the Calculation of Q7 (-)).

In addition to Assumption 6.2, we suppose that T € C and ¢ € —Ng(Z) are given.
We require ¢ € 1(Co(2) N CL(Q)) and define Z := {z € Q: ¢(z) = 0}. We assume
ZC{z€Q:|Vp(z)| # 0}. Here and in the sequel, |V@(z)| denotes the Euclidean
norm of Vg(z) € R

Finally, we denote by He~ the (d — 1)-dimensional Hausdorff measure, which is
scaled as in [15, Definition 2.1].

In the above situation, the set Z is a (d — 1)-dimensional C*-submanifold of R¢
due to the implicit function theorem, cf. [17, Theorem 2.32]. This implies in particular
that £4(Z) = £L4({¢ = 0}) = 0 and that Z is indeed bang-bang with z = —sgn ¢ a.e.
in Q. To calculate Q57 (-), we need the following directional Taylor-like expansion of
the L'(Q)-norm.

LEMMA 6.7 ([12, Corollary 5.10]). Given Assumption 6.6, for all v € C.(£2) N
HY(Q) and all sequences ty € (0,00) with t;, \, 0, it is true that

2
(36) /Q|—¢7+tkv|d£d:/Q|¢a|d£d+tk/ﬂivd£d+ti/z |é¢|d7-ld_1+o(ti).

Proof in the case d = 1. To give the reader an idea of how Lemma 6.7 is obtained,
we prove (36) in the one-dimensional setting. The proof of the general case is similar
but much more technical, see [12, Corollary 5.10]. So let us suppose that d = 1 and
that v € C.(Q) N HY(Q) and {t;} C (0,00) with ¢, \, 0 are given. Then, Q is an
interval and the compactness of the support supp(v), the regularity of ¢ and our
assumption Z C {z € Q: |¢/(2)| # 0} yield that the set Z Nsupp(v) is finite. Denote
the elements of Z N supp(v) with a;, ¢ = 1,...,n, assume that a1 < a2 < ... < a,
holds and choose b;, i = 1,...,n + 1, such that b; < a; < b;41 for all i = 1,..,n and
supp(v) C [b1,bp+1] C Q. Then, we may write

1 [ =g+ to] - |p N N R R [
tk O tk i—1 tk bi tk

Consider now an arbitrary but fixed ¢ € {1,...,n}, assume w.lLo.g. that @'(a;) > 0

(the case ¢'(a;) < 0 is analogous) and choose an € > 0 such that ¢’ > § > 0 holds in

(a; —e,a; +¢€) C (b, bi+1). Then, it follows from our construction, the boundedness

of v, the fact that ¢ < —c <0 and 0 < ¢ < ¢ holds in [b;,a; — €] and [a; + €, b;41] for
23



some ¢ > 0, respectively, and a simple distinction of cases that

1 bit1 |5 4 ¢ — |©

_/ | 90+ kvl |(P| —i—sgn(cﬁ)vdﬁl

tk bi tk
a; - [ _ =

(38) :/ 2max(0,320 trv) dEl—i—/ 2max(0, Qcp—i-tkv) ar!

b; tk a; tk
a3 0,—t dite 0,—p+t

:/ 2Wd£1+/ 2max( 7t;0+ kv) d£1+0(1),
a;—¢ k a; k

where the Landau symbol refers to the limit k& — co. Note that the integrand of the
second integral on the right-hand side of (38) is only non-zero in a z € (a;,a; + €) if

(o= a) £ [ POLI) = 5) £ ti0(e) < tulvlo.
Consequently, for all large enough k, we have
“*e max(0, —@ + txv)
2 2
ai k
_ /‘“*Ctk o max(0, ~(2) + trv(2))
a t

B /C 2max(0, —@(a; + tgz) + tpv(a; + tgz))
= >
0 k

dct

dLl(z)

tk dﬁl (Z)

c 1
= / 2 max <O, - / @' (a; + strz)dsz + v(a; + tkz)) dLt(z)
0 0

C
_/O 2max (0, — & (a;) + v(ai)) ALL(2) + o(1),

where C := ||v||L~(q)/d and where the last identity follows from the dominated con-
vergence theorem. From ¢'(a;) > 0, we now obtain

C
/0 2max (0, —¢ (a;)z + v(a;)) dL (2)

/max(O,v(az‘))/Vsl(ai) ?

=2 _‘ﬁl(ai)z + U(ai)dﬁl () = w

0 @' (a;)

If we use exactly the same argumentation for the first integral on the right-hand side
of (38) and combine our results with (37), then we arrive at the identity

L [ |=o+tev| =@l _ . Zn v(a;)?
— R EE— _xvdﬁ = — + [ 1 .
tk/g te — ¢/ (as)] @

Rewriting the above yields (36) in the case d = 1. This completes the proof. d

The next lemma provides a link between the curvature of C' and V.
LEMMA 6.8. For allv € C.(Q), all h € KE(Z,¢), and all o > 0, it holds

a? v?

—Q%%(h) — a{v,h +/ —dH > 0.
5 @o” () —alv Moo ma [ 55
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Proof. Let o > 0 and h € K% (Z, ) be given. From the cone property of K% (Z, ¢),
it follows ah € K% (2, ¢). This implies that there exist sequences {ry} C X, {tx} C R*
with t, N\, 0, tx 7 =0 and Z + t ah + %t% ri € C. Fix such sequences {ry}, {tx}
and define hy := ah + %tk ri. Then, it holds hy € Re(Z) € L>®(R2) and hy X ahin
X, and Lemma 6.7 yields

2
v _

= ( sup /(—@—Ftkv)qdﬁd) - / (1@| + trzv)dLe
qeL>(Q,[-1,1]) JQ Q

= ( sup /(—@ + tpv) (T + tkp)d£d> - / (el + tpzv)dL
pEL>®(Q): Z+t,peL>(2,[-1,1]) /O Q

- ( sup [o+ tm(tkp)owd)
pEL>(Q): T+tpeL>(Q,[—1,1]) JQ

(40)
> / (=3 + t50) (tehi )AL o € Cu(Q) 1 (9.
Q

If we divide (40) by ¢ and let kK — oo, then we obtain (with (g, hi) o) Mm@Q) =
(s 3thTE) Co (), M(2))

L. . - v? d—1

5 I inf (2, 1) ¢ () ) = (0 ) ooy M) + /Z et =0
for all v € C.(2) N H'(2). Taking the infimum over all sequences {ry}, {tx}, using
the positive homogeneity of the functional Q¢ ?(+), and employing a density argument,
we Now arrive at

2

a? -
—QL?(h) — (v, ah +/ —dH >0 Yo e ().
2 C ( ) < >CO(Q),M(Q) = |VSD| ( )

This is the desired estimate. a
We are now in the position to prove a lower bound for the curvature of C.

PROPOSITION 6.9. For all h € K&(Z, ¢) with Q5% (h) < oo there exists a g such
that

h=gH" Yz, geL'(Z,H"Y)NL*(Z,|VgH),
1 _ _ .0
3 [ vl < Qi)

Proof. Let h € K&(z,p) € M(Q) with Q57(h) < oo be given. Then, for all
v € Cc(Q) with v =0 on Z, we obtain from (39) that

(6% z,p
EQC@(h) > (0, Moy Mm@ Ye>0,
ie., (v, h>CO(Q),M(Q) < 0. Using +v, we find <th>co(ﬂ),/vl(ﬂ) = 0. Hence, the map

h:Ce(2) =R, T (0,h)g oy m@: v EC(Q), v]z =70
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is well-defined as it is independent of the extension v of ¥ appearing in its definition.
Note that, given a @ € C.(Z), we can always find a v € C.(Q) with v|z = ¥, cf. the
submanifold property of Z. From (39) with

9 1/2
o= (/ Y — d’Hd1> B, B > 0 arbitrary but fixed,
z |Vl

it now follows

<§ 52 (1) + %) </Z |V6;|d7{d1>1/2 > h(3) Vo€ Cl(2).

Now, since C.(Z) is dense in the Lebesgue-space L? (Z,H%1/|V¢|), the functional
h can be uniquely extended. Thus, there exists an f € L? (2, H971/|V¢g|) with

(Feerm+ 5) () o)

Note that f is independent of 3 due to the density of Co(Z) in L? (Z,H4"1/|V]).
We thus arrive at

P of a1 -
> h(d) = /z |V¢7|dH Vi e C.(2).

T _ vf d—1
(0B oy = B02) = [ it o€ C(@)
with
P2 i\ (B ey L L
(/z |V¢|dH ) < (chw(h) + B) V3 > 0.

Choosing 8 = (2/Q%% (h))'/? for Q%% (h) > 0 and § arbitrarily large for Q57 (h) = 0,

defining g := f/|Ve| and using the density of C.(92) in Cy(2) now yields the claim.

Note that g € L* (£, H%™!) follows trivially from h = gH* !z € M(Q). 0
Next, we address the reverse estimate to that in Proposition 6.9.

LEMMA 6.10. Let g € C.(Z) be given and let h := gH* |z € M(Q). Then, h is
an element of the critical cone K5 (Z, ), it holds

1 -

(1) 3 [ v = QE%,
2)z

and for every sequence {ti.} C Rt with t;, \, 0 there exists a sequence {ry} C X such

that T+tih+t2ry, € C holds for all k and such that tiry = 0, |h+t,ril|x — ||k x

and (P, k) co(),m) — Q&7 (h) holds for k — oc.

Proof. Since ¢ € Cy(2) and Z = {¢ = 0}, it trivially holds (p, h)c,(0),m@) =0
and, consequently, h € @. It remains to show that h is an element of the weak-%
tangent cone 75(z), that (41) holds, and that for each {t;} C R™ with t; \, 0 we
can find a sequence {r;} with the desired approximation properties. To prove these
three assertions, we proceed in two steps:

Step 1 (Proof in a Rectification Neighborhood): In what follows, we first consider
a prototypical situation, where the support of the function g is contained in a recti-
fication neighborhood of the C''-manifold Z, i.e., in an open set where Z resembles
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a C'-graph. As we will see, in this simplified setting, we can manually construct a
sequence {hy} such that r := 2(hy, — h)/ty satisfies the conditions in the lemma, see
(42), (43), (44) and (45) below.

Let us denote with 9;, ¢ = 1, ..., d, the partial derivatives of a function and assume
that a point p € Z, an open ball B C R471, an open interval J := (a,b), and a map
v € CY(B) are given such that

peBxJ, B x JCQ, ZN(BxJ)={(z,7(2)):z € B}
W :={(z,7):2€B,|z' —v(z)| <e} T B x J, Odap(p) >0

for some ¢ € (0,1). Let 0 < ¢ € C(W) and g € C(ZnN (B x J)) be continuous and
bounded functions and let t; € (0,00) be a sequence with ¢, N\, 0. Assume w.l.o.g.
that

tillgllz=llvV1+ VPl <e

for all k (else consider {tx}x>k, K € N sufficiently large) and extend i by zero outside
of W. With some abuse of notation, we extend the sign of g from ZNW to W by

sign(g)(z, 2) == sign g(z,7(2))-

We further define the sets

tkg

Gp {(Z,Z,) cpxg|lp 1) o Foalx) g*(zm(Z))} cw

t
2 S /It ver ¢ 2

where gt and g~ are abbreviations for max(0, g) and min(0, g), respectively, and set

2 sign(g)

(42) hk .
172

]lea

where 14 :  — {0,1} denotes the characteristic function of a set A C . We claim
that the above hj satisfies

(43) lim ( / hkwvdﬁd) = / g dHITt Yo € Co(Q),

k—oo \ /o ZN(BxJ)
an g (mdeac) = [ leane,

—o0 \JQ ZN(BxJ)
and

2h 1
(45) lim < / —k<;>1/)d£d) == / G| VpldHit.
k—oo \ Jo Uk 2 JznxJ)

This can be seen as follows: Given a v € Cy(2), we may calculate (using the abbrevi-
27



ations dz := d£971(2) and d2’ := dL(2'))

2)+ty, L=2(E) PRRCITE))) ’Y(Z)) 1+|Vy(2)|2
/ hippvdL? = / / sign(g)vipdz'dz
O

9~ (= ’Y(Z)) 1+|Vv(2) 2

g (z 7(2)) 1+|V'y(z)|2
= 2/ / (Sign(g)mb)|(277(z)+tkz/)d2/d2
9~ (=, ’Y( )) 1+\V’y( )2

L) TTVAE)E
- 2/ /9 (A | TV () (Sign(g)'m/})|(z,y(z))dzldz

VIHVA ()2
— [ VIFROR o) enendz = [ guodntt
B ZN(BxJ)

This yields (43). To obtain (44), we can use exactly the same calculation as above
(just replace v with sign(g)). It remains to prove (45). To this end, we compute

Qhk g (z 7(2)) 1+|V'y(z)|2 . B ,
| Fgvaci = [ [ ° (510 (0) ) (1,122
Q Uk 9= (=, ’Y( ))

VIHIVA ()2

stiepte) e
= 4/ / / 0ap(z,7v(2) + stz")ds (sign(g) V)| (2, (2)41e 2y 2 d2'dz
9= (z, ’Y(Z)) ATV 2

g (z w(z)) 1+|VV(Z)|2
_)4// 2'd2! (sign(9)9ap V)| (z,v(x)) d2
&G 14V~ (2)]2

1 _
= 5/3 (L+[VY(2)1%) (9°0aP )| (2. (2)) d2-

Differentiating @(z,v(z)) w.r.t. z; yields 9q¢(z,v(2)) 0iv(2) = —0;¢(z,v(z)) for all
i=1,...,d—1. Thus,

Bap(2,7(2))V1+[Vy(2)]? = [Vo(z,7(2))] Vz e B.

Hence, we arrive at

2hy _ 1 _
/ 2k et L / VIFIVAEE (V80%0) o opd=
o tk 2 /B

1 _ _
—5 [ ulveant
ZN(BxJ)

This proves that (45) holds and that {hx} indeed has the desired properties.

Step 2 (Proof in the General Case): In this second part of the proof, we demon-
strate that, given an arbitrary but fixed h := gH? 1|z € M(Q), g € C.(Z), we can
always use a partition of unity and the manifold property of Z to reduce the situation
to the case studied in Step 1, see (46), (47) and (48) below.

Recall that the implicit function theorem and the definition of Z imply that
for every p € Z there exist an orthogonal transformation R € O(d), an open ball
B C R%1 an open interval J := (a,b), and a map v € C'(B) with values in J such
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that
pERBxJ), RBxJ)CQ  ZNRBxJ)=R({(2,7(2):z€ B},
W :={(2,2"):2€ B,|2 —v(2)| <e} C B x J,
R({(z,2') € Bx J:~v(z) < 2'}) C {g > 0},
R({(z,2)e Bx J:2 <~(2)}) c{p <0}

for some € > 0. Since supp(g) is compact, we may find points p1,...,pr € Z with
associated Ry, By etc. such that the sets R;(W;), I =1,..., L, cover supp(g). Define

L
U:=|JR(W)cCQ
=1

and choose a partition of unity (;)%, subordinate to the R;(W;)-cover of the set U,
i.e., a collection of continuous functions v¢; € C(U, [0, 1]) such that

supp(¢y) C Wi, > dy=1onU.
l

Consider now an arbitrary but fixed sequence t; € (0,00) with ¢; \, 0, extend the
functions v¢; by zero and define (for k large enough)

sign; (9)(Ri(z,2")) := sign g(Ri(z,7(z))) V(z,2') € W,
9 (Ru(zm(2) ty (2 = n(2) < 9+(Rl(27”ﬂ(2)))}
I ST A

Gl,k = {(Z,Z/) € B x J }

L 9 sign; (g)
!
hy = Z 7@@ ]lRL(GL,k)wl'
1=1

Then, it holds z + tyhy € C = L>®(Q,[0,1]) (cf. the signs of the involved functions
and ||hx ||~ < 2/tx), and we may deduce from (b) that for all v € Cy(Q2), we have

L

(46) Jim. ( /Q hkvdﬁd) = Z

=

(47) Jim (/ |hk|d£d) Z/ gl dH " = ||h) x
ZﬂRl(BlXJL

and

. 2hy d 2 ~1qqyd—1
(48) lim (/ pdL ) = / g | Vo|dH
k—oo \Jo Tk Z ZNR, leh)

1
= —/ g*IVeldH .

/ g A1 = (v, B) o ) Mm@
ZNR (B xJp)

2

The above proves h € T%(z) and h € K5 (Z, @), see (a). From (46), (47) and (48), we
obtain further that ry := 2(hy — h)/ty satlsﬁes T+ tph + %tirk € C for all k and

. 1 _ 1 _ _
trry — 0, ||k + §tk7”k||X = hllx, (@, 7mk)co@)Mm@) — 5/ g?IVe|dH!
Z

as k — oo. If we combine this with Proposition 6.9 and Definition 3.1, then the claim
follows immediately. a
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Using Proposition 6.9 and Lemma 6.10, we finally arrive at an explicit formula for
the directional curvature functional in the bang-bang case.

THEOREM 6.11. For every tuple (Z,¢) € C'x —N§(Z) that satisfies the conditions
in Assumption 6.6, it holds

{heK&(z,0) | QEF(h) < o}

49
(49) ={gH*" Nz |ge L' (Z,H")NL* (2, |Ve|H" )}

Moreover, for every element h = gH* |z of the above set, it is true that

(50) Qi) =5 [ gvelant

Proof. Proposition 6.9 yields that “C” holds in (49) and that “>” holds in (50).
To obtain the reverse inclusion/inequality, we consider an arbitrary but fixed h =
gHz € M(Q) with some g € L' (Z,H4 )N L? (Z,|Ve|H?™!). Using a compact
exhaustion of the domain 2 and mollification, it is easy to see that we can find a
sequence (gn) C Ce(Z) with g, — g in L* (Z,H4"1) N L2 (Z,|V@[H?™!). The latter
implies that h,, := g, H? |z satisfies h,, X hin X and that

1 1

5 [ velant o o [ v

2 )z 2)z

On the other hand, we obtain from Lemma 6.10 that h, € K% (Z, ) holds for all n
and that there exist {r, r} C X and {t, 1} C R" with Z + ¢, x hp, + %tik ok € C
for all n, k and

tge N\ O, tngtngk =0, (B, Tnk)co@ Mm@ = QEF (ha)

1
and Ay, + §tn,krn,k||X = ||l x

for all n as k — co. Note that, since the sequence ||h, | x is bounded and since the
norms ||hy, + 3tn k7nkl|x converge to [|hy,[|x, in the above situation, we may assume
w.lo.g. that [[t, xrnk|lx < M holds for some constant M that is independent of n
and k (just shift the index k appropriately for each n). From Lemmas 3.3 and 6.10,
we may now deduce that h is an element of the critical cone K (z, ¢) and that

. 5.5 1 1
QL% (h) < liminf Q%% (hn) :hminf—/ g2 |VpldHit = —/ PIVPdH ! < oo.
n— 00 n—oo 2 z 2 z
This proves “D” in (49) and “<” in (50). 0
We combine Theorems 6.4 and 6.11 and arrive at the main result of this section.
THEOREM 6.12 (Explicit No-Gap Second-Order Condition for Bang-Bang Prob-
lems).  Consider an optimization problem of the form (P) with C, X etc. as in
Assumption 6.2. Assume that x € C is fixed, that J satisfies the conditions in As-
sumption 4.1, that the map X > h — J"(z) h? € R is weak-x continuous, that T and
@ satisfy the conditions in Assumption 6.6, and that the constant K(p) in (31) is
non-zero. Then, the condition

1 / 217 5| Jyd—1 e d—1)_)?
- VeldH* "+ J"(z) (gH >0
51) 5/, oIVl () (91" 2)
Vge L' (2, HY) N L* (2,|Ve[H ) \ {0}
is equivalent to the quadratic growth condition (34) with constants ¢ > 0 and € > 0.
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We conclude this section with some remarks.

REMARK 6.13.

(i) The inequality (51) with “>7” instead of “>7 is still a necessary optimality
condition when K(p) = 0.

(i) Theorem 6.12 is still valid when Z = 0 and (51) is empty. In this case,
the only thing that has to be checked to obtain (34) is the level-set condition
K(p) > 0.

(iii) We expect that the assumptions on ¢ in Theorem 6.12 can be weakened (the
Taylor expansion in Lemma 6.7, for example, also holds in a far more general
setting, see [12, Proposition 5.9]).

(iv) The techniques used in the proofs of Lemma 6.8 and Proposition 6.9 might be
useable in other situations as well (e.g., the idea to exploit the subdifferential
structure of the admissible set C, cf. (40)).

(v) We point out that (MRC) does not hold in the situation of Theorem 6.12 (from
C C LY(Q) it follows Te(z) N @t = {0} # K& (z,9) and this is incompatible
with the condition (MRC), c¢f. Remark 3.5).

(vi) The first addend on the left-hand side of (51) measures the curvature of the
set C in & (compare, e.g., with Theorem 5.11). Note that the surface integral
in (51) is only meaningful for a C*-function ¢. This shows that exploiting
the regularity of the gradient ¢ = J'(Z) is essential for the derivation of
Theorem 6.12.

Finally, we would like to compare our Theorem 6.12 with the results of [11] by
means of an example.

EXAMPLE 6.14. We consider the optimal control problem

o1
Minimize B lly — yd||2L2(Q)

(52) such that —Ay+aly)=u nQ, y=0 ondQ

and —1<u<1l inQ.

Here, the state equation is to be understood in the weak sense. We assume that Q C R?,
d € {1,2,3}, is a bounded domain with Lipschitz boundary 99, that yq € L*(2) and
that a : R — R is twice continuously differentiable and monotonically increasing.
Further, we define the admissible set C := L*>(Q;[-1,1]).

Now, we can employ [11, Theorem 2.1] to obtain that the control-to-state operator
G : L*(Q) — H}(Q)NC(Q) which maps u to the solution y of the semilinear PDE in
(52) is well defined and twice continuously Fréchet differentiable. For u,h € L?(Q),
the derivative z, := G'(u)h solves the linearized PDE

—Azp+d(G)zn=h nQ, z,=0 ondQ,

with § = Gu. Consequently, we can check that the reduced objective J : L=°(Q) — R,
J(u) = %HGU — yd||%2(ﬂ) is twice continuously Fréchet differentiable and that the
derivatives are given by

J' (@) h = / ghdcl,  J'(a)h? = / {1 —d"(F) @} 2dc.
Q Q
Here, ¢ € H}(Q) N C(Q) is the solution of the adjoint equation

—Ap+d(H)p=y—ya mQ, @=0 ondN.
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In order to apply the previous theorems, we have to check that the Taylor expansion (4)
from Assumption 4.1 is satisfied by J with the setting of spaces as in Assumption 6.2.
First of all, we mention that the quadratic form J"(u) can be extended from L>(£2)?
to M(Q)? by using results for PDEs with measures on the right-hand side, see the
discussion in [11, Section 2.5]. Now, let sequences {hy} C L>(Q), {tx} C R" with
tr \( 0, hy X hin M(Q) and —1 < u+ty hi, < 1 be given. Then, the twice continuous
Fréchet differentiability of J : L>=°(Q) — R yields

1
J(u+ty hi) = J(u) + tg J' (@) hi, + 3 t2 J" (4 + Ok ty hi) hi

for some 0y € [0,1]. Further, [7, Lemmas 2.6, 2.7] imply that for all ¢ > 0, the
inequality

| J" (@) b = J"(a+ Oyt hie) B | < € llzn,lI72() < Ccllhullfig) < Ce
holds if k is large enough. Together with the above Taylor expansion, we find

J(u+ty hi) = J(u) =ty J'(@) he — 5 83 J" (@) hg  J" (@ + Ok ty hie) hi — J" (@) hi
t2 2
—0

as k — oo. This shows that Assumption 4.1 is satisfied.

In order to proceed, we fix u € C such that the first-order condition J'(u) (u—u) >
0 for all w € C is satisfied. We further assume that the adjoint state ¢ has the
additional regularity ¢ € C* (Q) and we suppose that

(53) Hél]l\}|v</_7($)| >0, where N :={x € Q:p(x) =0}

On the one hand, this condition ensures that Assumption 6.6 holds. On the other
hand, from [13, Lemma 8.2] we know that this condition implies

Li{lpl<sh) <Ks  Vs>0

for some K > 0. From the definition (31), we directly infer K(@) > (4K)~* > 0,
such that we can apply Theorems 6.4 and 6.12.

We start by the interpretation of Theorem 6.4 and compare it to the results of
[11, 10]. As discussed in Remark 6.5, we obtain that the condition

(54) T () h?* > —K(@) |kl h € K&(a,9)\ {0}

implies a quadratic growth at @ in L'(Q), and this sufficient condition is similar
to [11, Corollary 2.15]. Here, K (u,p) is the critical cone of C = L>(Q;[—1,1])
w.r.t. the weak-x topology in M(Q), see Definition 2.2. In our situation, we have
K&(u,0) = M(Z2) with Z2 = {xz € Q: ¢(x) = 0}, see [11, Corollary 2.18] and (53).
Note that [10, Theorem 2.4] improves the constant in [11, Theorem 2.8], and therefore,
also [11, Corollary 2.15] can be improved slightly, see also Remark 6.5 (iii). However,
it is not possible to obtain a necessary optimality condition similar to (54).
By applying Theorem 6.12, we obtain that

1

(55) 5/ FIVe|ldH + " (a) (ng_1|z)2 >0  VYgeL*(2,H"')\ {0}
Z
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is equivalent to a quadratic growth of J at @ w.r.t. the norm in L'(Q). Note that due
to (53), we do not need to employ weighted Lebesgue spaces on Z.

It is interesting to see that the sufficient condition (54) involves all signed finite
Radon measures with support contained in Z, whereas we only need to consider Radon
measures with L?-density (w.r.t. H4=1) on Z for the no-gap condition (55).

To conclude, our technique of performing a careful analysis of the curvature of the
feasible set C = L>®(;[—1,1]) € M(Q) allows us to formulate second-order no-gap
optimality conditions for the optimal control problem (52). This is not possible with
the techniques of [11] which only allow to produce sufficient optimality conditions.

7. Conclusion. Given the examples and applications in Sections 5 and 6, we mayfj
conclude that the theoretical framework of Section 4 is indeed a handy tool in the
derivation of (no-gap) second-order optimality conditions for problems of the type (P).
Our results are not only applicable in those situations where the classical assumptions
of polyhedricity and second-order regularity are satisfied (see Theorems 5.10 and 5.11)
but also allow to study problems with more complicated admissible sets. This is
underlined by the no-gap second-order conditions which were derived in the bang-
bang setting of Subsection 6.2. Further investigation is needed for the study of the
directional curvature functional in the presence of pointwise state constraints, cf. the
comments after Example 5.6. We plan to discuss this topic in a forthcoming paper.
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