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Abstract

Empirical studies indicate the existence of long range dependence in the volatility of the underlying
asset. This feature can be captured by modeling its return and volatility using functions of a stationary
fractional Ornstein—Uhlenbeck (fOU) process with Hurst index H € (%, 1). In this paper, we analyze
the nonlinear optimal portfolio allocation problem under this model and in the regime where the fOU
process is fast mean-reverting. We first consider the case of power utility, and rigorously give first order
approximations of the value and the optimal strategy by a martingale distortion transformation. We
also establish the asymptotic optimality in all admissible controls of a zeroth order trading strategy.
Then, we consider the case with general utility functions using the epsilon-martingale decomposition
technique, and we obtain similar asymptotic optimality results within a specific family of admissible
strategies.

Keywords: Optimal portfolio, fractional Ornstein—Uhlenbeck process, long range dependence, mar-
tingale distortion, asymptotic optimality.

1 Introduction

Asset allocation problems in continuous time framework are among the most widely studied problems
in the field of mathematical finance, and has a long history dating back to Mertonl [1969, 1971]. In his
original work, explicit solutions are provided on how to trade stocks and/or to consume so that one’s
expected utility is maximized, when the underlying assets follow the Black—Scholes—Merton model, and
where the utility functions are of specific type. Since these pioneering works, a large volume of research has
been done for allowing financial market imperfections, for instance, see [Magill and Constantinided [1976],
Guasoni and Muhle-Karbd [2013] for transaction costs, (Grossman and Zhou [1993], (Cvitani¢ and Karatzas
11995, [Elie and Touzi [2008] for investment under drawdown constraint, and [Cuoco and Cvitanid [1998]
for trading with price impact.

Particularly, in the direction of asset modeling, the U-shaped pattern of Black—Scholes implied volatility
from market option prices is widely observed when plotted against different strike prices, leading to the

study of Merton problem when the volatility is stochastic, see [Zariphopoulou M}, Chacko and Viceira
12005, [Fouque et al! [2015] and [Lorig and Sircai [2016], to name a few. Moreover, empirical studies show
that non-Markovian (dependence) structure models seem to better describe the data. Especially, in long-
term investment which is related to daily data, long range dependence exhibits in both return and volatility:
Breidt et all [1998], [Chronopoulou and Vien [20124H], [Cont [2001, 2003], [Engle and Patton [2001].

Our aim is to study the optimal portfolio problem when both return and volatility are driven by a
long-range dependence process, denoted by Yf’H, which is fast-varying. Specifically, we model Yf’H by a
stationary fractional Ornstein—Uhlenbeck process (fOU), which follows

1
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Here, € is a small parameter to make the process Yf’H fast-varying and its natural time scale to be of
order € (that is, its mean-reversion time scale proportional to €), and Wt(H) is a fractional Brownian motion
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(fBm) with Hurst index H € (%, 1) to give a fOU process that is of long-range dependence. A brief review
regarding fBm and fOU is given in Section 22 and the e-scaled fOU process Y;"" is discussed in more

details in Sectlon B For further references, we refer to Mmﬂdbrﬁjndm&sé ﬂl})ﬁﬁ |Cheridito et. al!

The reason to cons1der such an asset modehng is threefold.

Firstly, the stationary fOU process is Gaussian which makes its spectral decomposition (see
M]) available in explicit form when analyzing the properties of the Sharpe-ratio )\(Y;E’H) introduced in
Section The fOU process can be expressed as an integral of a well-studied kernel function with re-
spect to a fBm process, which simplifies the derivation of needed estimates. Moreover, in addition to
long-range correlation, it also satisfies other empirical “stylized facts”, such as heavy tails and volatility
clustering of returmd persistence and mean-reversion of volatility as mentioned in [Contl HZDD_]J, [20_05],
[Engle and Pattonl .

Secondly, when the process Yf’H is slowly varying (that is e large), which is particularly important
in long-term investments, the asset allocation problem has been studied in [Fouque and Hu HZD;LZH] by a
martingale distortion transformation and regular perturbation techniques. So, it is natural to study the
fast-varying regime as well.

Thirdly, although it is natural to consider multiscale factor models for risky assets, with a slow factor
and a fast factor as in [Fouque et all [2015] in a Markovian framework, the analysis requires more technical
details, as the martingale distortion transformation is not available. This will be presented in another
paper in preparation (IE M])

In this paper, we focus on one-factor models and we study the effect of a fast time-scale on the optimal
allocation problem. The analysis of long-memory models is quite challenging. This is mainly due to
the fact that the process Yf’H is neither a semimartingale nor a Markov process. Consequently, the
Hamilton-Jacobi-Bellman (HJB) partial differential equation (PDE) is not available, to which the singular
perturbation technique is usually applied. Nevertheless, when the utility is of power type, a martingale
distortion transformation is available and gives a representation of the value process as well as the optimal
strategy This result was originally discovered by Zariphopoulou [1999] in the Markovian case and proved

appl ing a linearizing transformation to the HJB PDE. The general (non-Markovian) case was proved

ﬂm via a conditional Holder inequality, and by |[Frei and Schweizer [2008] via a BSDE
approach in the case of exponential utility. Recently, it has been revisited in [Fougue and Hu ﬂZD_l_ZH] under
the setup (Z)) with a short proof based on a verification argument. For general utilities, the problem can
be investigated using the “epsilon-martingale decomposition” method. This approach was introduced in
Fouque et al! [2000] and [Fouque et _al! [2001], and recently developed in|Garnier and Selnal [2017] for linear
pricing problems where corrections to the Black—Scholes formula and implied volatility are derived when the
fractional stochastic volatility is slowly varying (or has small fluctuations), and in the fast mean-reverting

regime in |Garnier and Selna [2016]

Main results. In this paper, we study the nonlinear portfolio optimization problem under the fast-varying
fractional stochastic environment described above. In the power utility case:

e The value function and the optimal portfolio are obtained via the martingale distortion transfor-
mation stated in [Fouque and Hu 2!2125]. Using the “ergodic property” of Yf’H, we expand these
expression in a probabilistic way, and deduce the first order approximations of both quantities. These
approximations consist of a leading order term, which is related to the solution to the Merton problem
with constant coefficients, and correction terms of order e!=#.

e The asymptotics shares remarkable similarities with the slowly-varying case (see

): we find that without using the correction term 7 of the optimal strategy, the leading

order term (9 by itself, generates the value process up to corrections of order e!~#; and both 7(%)

and (1) are explicit in terms of the state processes (the wealth process X; defined below, Yf’H and
the time variable ).

e The later similarity, that is, 7(®) and () are explicit in terms of (X;,Y,"" ), however, leads to a
non-trivial implementation of 7(?), as the fast-varying Yf’H needs to be tracked. We address this
issue by suggesting a sub-optimal practical (or lazy) strategy that sacrifices some accuracy in the
value process.



For general utility functions, using the epsilon-martingale decomposition method and the properties of the
risk tolerance function for the Merton problem with constant coefficients, we obtain an approximation for
the portfolio value corresponding to a given strategy. As in [Fouque and Hul [2017a] in the Markovian case,
we show that this strategy is asymptotically optimal in a specific class of admissible strategies.

The context of this paper is long-range correlation characterized by Hurst index H € (%, 1). As for
the linear pricing problem in (Garnier and Selna ﬂZ_Qlﬂ], our results hold only in the range H € (%, 1). The
singular perturbation as € — 0 does not commute with the limit H | % (see Section B77). Therefore,
the results in [Fouque et all [2015] in the Markovian case can not be recovered by taking H | % The
case H € (0, %) corresponding to rough fractional stochastic volatility and short-term dependence is not
addressed in this paper. Surprisingly, when H < 1/2, the first order corrections to the value process appear
to be of order /¢, and Yf’H is not visible to the leading order nor in the corrections. These findings will be
presented in another paper in preparation (Fouque and Hu HM]) In fact, the proofs of crucial lemmas
in Appendix [A] break down when H < %, which is translated into divergent integrals in that case.

Organization of the paper. The rest of the paper is organized as follows. In Section Bl we re-
state the martingale distortion transformation under general stochastic volatility models. This is de-
rived in the Markovian case in [Zariphopoulot [1999], and in non-Markovian settings in M],
Frei and Schweizer [2008], [Fouque and Hu [2017h]. We also review the fractional Brownian motion and
fractional Ornstein—Uhlenbeck processes. In Section [B] we introduce the fast-varying long-range depen-
dence stochastic factor Yf’H modeled by the e-scaled fOU process. Then, the asymptotic results under this
modeling are derived and given in Section and for the value process and optimal portfolio respec-
tively. Asymptotic optimality of the leading order strategy 7(?) in the full class of admissible strategies up
to €'~ is discussed, and the implementation difficulties are also addressed with numerical illustrations.
We also compare the results with the Markovian case and comment on the influence of long-range depen-
dence models. The problem with general utility functions is discussed and similar asymptotic optimality
results are presented in Section @l We make conclusive remarks in Section [B

2 Merton problem under one factor stochastic environment and
power utility

Let S; be the price of the underlying asset at time ¢, whose return and volatility are driven by a stochastic
factor Yy,

dS; = S [u(Yy) dt + o (Y;) dWi]. (2.1)

Here Y; is a general stochastic process adapted to the natural filtration G; generated by a Brownian motion
WtY correlated with the Brownian motion W; which drives the asset price S;:

AWy, W)y = pdt, |p| <1 (2.2)

We also define F; as the natural filtration generated by the two Brownian motions (W;, W)Y).

Let 7 be the amount of money invested in the underlying asset S; at time ¢, while the rest earns a
constant interest rate r. We require m; to be Fi-adapted and self-financing. Denote by X[ the wealth
process associated to the strategy m, and, without loss of generality, assume that the interest rate r is zero,
then the dynamics of X[ is given by:

dX] = mp(Yy) dt + mo (V) dW,. (2.3)

The investor aims at finding the optimal strategy in order to maximize her expected utility of terminal
wealth X 7. Mathematically, it consists in identifying the value process V; defined by

V; :==esssupE [U(X7T)|F, 24)
TEA;

and the corresponding optimal strategy 7*, given the investor’s utility function U(-). The form of U(-)
varies from section to section. Specifically, in the rest of this section and Section Bl we will work with



power utilities under Assumption 211 namely

1=y

X
U(I):l—w’ 7>0, v#L, (2.5)

while in Section [ the utility function is in general form satisfying Assumption Il The set A; contains
all admissible strategies:

Ay = {r is (F)-adapted : X7 in (Z3)) stays nonnegative Vs > ¢, given F;}, (2.6)

with zero being an absorbing state for X™ (bankruptcy). Additionally, for the power utility case, we require
that for all = € Ay, the following integrability conditions are satisfied:

sup E [(Xt”)%(l*w] < 400, for somep>1, and E
t€[0,T]

In [Fouque and Hil [2017h], the value process (24) is studied when U(z) is of power type and is rep-
resented via a martingale distortion transformation. For readers’ convenience, we first briefly review this
representation. Then, as a preparation for working under a specific fractional stochastic environment, we
review the fractional Brownian motion (fBm) and fractional Ornstein-Uhlenbeck (fOU) processes.

/T (X)) 2 mio? (V) dt| <oo. (2.7
0

2.1 Martingale distortion transformation

The martingale distortion transformation was derived in m with a slightly different utility

function, and recently stated in [Fouque and Hu ﬂZ_Ql_ﬁ:l] under the same setup as in this paper.
Denote by P the probability measure defined by

dP ’ 1 (7
— _ s d Y _ = 2 d 2.
ap = P { /0 as dW, 5 /0 a; s} ) (2.8)

a=—p <1_TW> A, (2.9)

where

is bounded and G;-adapted. Therefore, ﬁ/’ty =Wy + fot as ds is a P-Brownian motion.
Assumption 2.1.
(i) The SDE @I for S has a unique strong solution, in other words,

S, = Spelo (W(¥e)=530°(Ye)) ds+ [g o(Ye) AW

exists for all t € [0,T].
(i1) Assume the filtration generated by (Ys)s<¢ is also Gy, and the volatility function o(-) is injective.

(iii) The Sharpe ratio \(-) := u(-)/o(+) is assumed to be bounded and C*(R). Also, the derivatives \' and
X' are assumed bounded.
(iv) Define the P-martingale

Qt} : (2.10)

and write its representation .
dM; = Mg dW)Y . (2.11)

We assume .o
E [ecf Jo & dt} < 00,
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where the constant c¢ is given by ce = 16(1777# fory <1, and cec = 16(17'22
~v > 1. The parameter p is introduced in [27) and q is defined in terms of v and p by

g=—21 . (2.12)

(1 =)p?
Note that q is the usual “distortion” exponent firstly introduced in \Zariphopoulou ZM]

Remark 2.2. In the above assumptions, by part (), F; is also the filtration generated by (W,Y). Since
o(+) is one-to-one, it is also the one generated by Sy;. This assumption is important, since in reality S
is what we observed. In part (), the smoothness of X is needed when Taylor expansions are performed
to prove Theorem and [33; while the boundedness of X' and N’ are convenient assumptions for the
estimation of the error terms. Part ([¥) on (§)tejo,r) seems to be a strong assumption. However, in

Section [, we will see that it is satisfied for our proposed model for Yf’H.
The assumption that r = 0 can be viewed as a change of numéraire. In fact, the following Proposition
could be extended to the case r = r(Y:) with only minor modifications.

Proposition 2.3 (Martingale Distortion Transformation). Let S; follow the dynamics 21I), and suppose
the objective is (24l with the power utility function (Z3). Under Assumptions 2], the value process V; is
given by

1—v
V=3 [E (e 20
1—x

gt)]q. (2.13)

The expectation I~E[] is computed with respect to P introduced in @3). The parameter q is given by 2I2).
The optimal strategy * is

_ [ AG%) pgét
e = [wm) o)

where & s given by the Martingale Representation Theorem in (Z11)).

Proof. See ﬂ]:lmqummi_Hﬂ, 12017h, Proposition 2.2] for a detailed proof. O

Remark 2.4. The separation of variable form 2I3), that is, the utility of the current wealth U(Xy)
multiplied by a process related to the stochastic factor Yy, is motivated by the Markovian case firstly developed
in|Zariphopoulou [1999].

When Y, is Markovian, results in|Zariphopoulod ZM] is recovered by rewriting the value process:

*

} Xy, (2.14)

Ve =U(X)) [B (57 1000

v)| = vxemy,

and applying the Feyman-Kac formula to v(-).

When the Sharpe-ratio is degenerate \(y) = Ao, the value process and the optimal strategy are reduced
to
X, 77 1ana gy . Ao

e 2 T, = ———X.

Tt (%)

When the two Brownian motions Wy and WY are uncorrelated p = 0, the problem is already “linear”
since ¢ = 1. In that case, the value process and the optimal strategy are simplified as:

Vi

1—~
_ Xt

= T

Qt], o M)

Vi _
! b oY)

E [o357 100

t-

The results in Proposition can also be generalized to the case of log utility and/or with multiple

assets, see|Fouque and Hil IZQI_’ZH/ for further discussion.




2.2 Fractional Brownian motion and fractional Ornstein-Uhlenbeck processes

A standard fractional Brownian motion (fBm) is a continuous Gaussian process (Wt(H)) with zero mean
teR

and covariance structure:
o2
L e Y (e T [ ) P

where oy is a positive constant
1

o =
B T(@2H + 1) sin(rH)’
and H € (0, 1) is the Hurst index. According toMandelbrot and Van Ness [1968], Wt(H) can be represented

by the following moving-average integral:

(2.15)

) _ 1 H-} H-}
Wi = m/R((f—SM — (=s)% ) aw;’, (2.16)

where (W));cg+ is the standard Brownian motion that is correlated with W; as given in ([2]), and
(W )ier- := (B—t),cp- is another Brownian motion independent of (W));cg+ and (W3).
We then introduce the stationary fractional Ornstein-Uhlenbeck (fOU) process as

t
v;H ::/ e~ at=3) q ) (2.17)

which is the unique (in distribution) stationary solution to the Langevin equation driven by fBm (see

[Cheridito et all [2003])

AV = —aYH dt + dw ™, (2.18)
where a > 0 is a strictly positive parameter. It has zero mean and (co)variance structure:
1
o2 =E [(}QH)Q] = 5a T 2H + 1)oF, (2.19)
2sin(rH) [ 128
E [V ] = oguf / cos((zsgc)l_|_—a72 dz := o2 ,Cy (). (2.20)
0

By the moving-average representation (216 for Wt(H), the stationary solution (ZI7) is expressed as:

t
YtH:/ K(t —s)dW), (2.21)

— 00

where (Wty) 1cp 18 the standard Brownian motion on R as described after equation [@I6)). The non-negative
kernel K takes the form

K(t) = ! ){tff—é_a/ot(t_s)ff—%e—asas : (2.22)

T(H+ 3

and [-°K?(u)du = o?,. For asymptotic properties of K(t) when + < 1 and ¢t > 1, we refer to

i , 2017, Section 2.2]. They also provide short-range correlation properties when H €
(0, %), and long-range correlation properties when H € (%, 1). In Section Bl we will mainly focus on the
case of H > %, as explained in the introduction. Specifically, we will study the Merton problem (2.4]) when

Y; follows a rescaled version of (ZI7T), such that it is fast-varying.

3 Application to fast-varying fractional stochastic environment

In this section, we first introduce the e-scaled stationary fOU process denote by Y;’H, of which we mention
several properties with proofs delayed to the Appendix. Then, we study the Merton problem (2.4]) under



such fractional stochastic factor Yf’H. To be specific, we will give approximations of both the value process,
denoted by V¢ and the corresponding optimal strategy 7*. This is done by applying Proposition [2.3 with
Y; =Y,° H , then by expanding the expressions ([B.11]) based on the properties mentioned in Section Bl We
also show that the “leading order” strategy alone can produce the given approximation of V,*. However,
the implementation needs to track the fast factor Yf’H using high-frequency data and this is not an easy
task. To address this issue, we propose a practical strategy which does not require tracking Yf’H, with
numerical illustration. Finally, we compare the results with the Markovian case, and we comment on the
effects of taking into account the long-range dependence.

3.1 The fast mean-reverting fOU process
The e-scaled fractional Ornstein-Uhlenbeck process Yf’H is defined by
t a(t— s)
vt .= e*H/ dw ) (3.1)

where € < 1 is a small parameter and H € (%, 1). In the following moving-average integral representation

/ Kt — s)dWY, Ke(t) = %IC (E) (3.2)

WY is the Brownian motion that drives the process Y, as in (Z2I)), and is correlated with W; as in (Z2).

It is a zero-mean, stationary Gaussian process with variance o2, and covariance

1-2H

e H~re H s 2sin(rH) [ asz\ x'~
B |yl =ty (3) = ot = | eos () T e (3:3)

which shows the natural scale of Yf’H is € as desired. Moreover, the correlation function Cy (s) is not
integrable at infinity and the long-range correlation exhibits the behavior:
(as)?H-2

2H—2
S T —— 1.
F(2H_1)+O(S ), s>

Cy(s) =

The Sharpe-ratio process )\(Yf’H) inherits this long-range correlation, namely,

Coo( MY AYET)) = Var(2 (v, ) Ca (D), and Ca(s) ~ O(s2H72), for s> 1.
€

This follows from a straightforward modification of proofs in |Garnier and Selna, 2016, Lemma 3.1].
Now, we check that Assumption ZI(EY) is satisfied by Y.

Lemma 3.1. Under AssumptionZ1[) (), the fast mean-reverting stationary fractional Ornstein—Uhlenbeck
process Yo defined in (31) satisfies Assumption [Z ().

Proof. This is a slightly different version of Lemma 3.1 in [Fouque and Hu 2!!125]. Using the property
that A¢(T fo K¢(s)ds is of order ¢!~ essentially the same proof applies. Thus, we omit the details
here. |

We now introduce the bracket notation (-) for averaging with respect to the invariant distribution of
fOU process:

1 B 22 = oy’ z A
(@) .=/Rg<z>me Z. dz—/Rm w2)pl(2) dz,

where p(z) is the density of the standard normal distribution, as well as A and A which will be used
throughout the rest of the paper:

Xi=A2), A= (). (3.4)



Accordingly, we define several important quantities, which are differences between time averages and spacial
averages:

1€ = /t ()\2(Y;’H) —X2) ds, (3.5)
0
ne = /Ot (A(Y;H) —X) ds, (3.6)

K = /t (AYSN (Y)Y — (X)) ds. (3.7)
0

It is proved in Appendix [A] that, by the ergodicity of Y;’H, these differences are small and of order e!=#,
More properties and estimates regarding Yf’H are also stated therein.

Let Ck, be the “probabilists” Hermite coefficients of the function A?(-):

dk e—z2/2
Coim [ Mool dz, L) = (-1)Fe ¥
R

The Hermite polynomials are naturally associated with OU processes. Now, we state a further assumption
on A(-) which is required in Lemma [A2]

Assumption 3.2. There exists o > 4 such that

> akC,%
k!

< 00,
k=0

where C’s are the Hermite coefficients defined above.

Remark 3.3. A sufficient condition to Assumption [ZQ gwen in |Garnier and Solnd XZQI_&] is stated as
follows. If \*(z) is of the form

T/0ou

X(z) = / f(y) d,

where the Fourier transform of the function f satisfies ‘f(y)’ < Cexp(—v?) for some C > 0, then As-

sumption [T is fulfilled. The proof relies on Parseval identity, and we refer to J(Zgﬂm’gf and _Solna, 12016,
Lemma A.2] for details.

In the rest of this section, we study the Merton problem (Z4l), when the stochastic environment is
modeled by Yf’H with H restricted to H > %, and when the investor’s utility is of power type. Note that

under such circumstance (in fact, as long as H # %), Yf’H is neither a semi-martingale nor a Markov
process, thus the usual Hamilton-Jacobi-Bellman partial differential equation is not available. However,
we have Proposition 2.3] which can be applied directly, and this will be the starting point of our derivation
of the approximations.

3.2 First order approximation to the value process

Let S; follow the dynamics
S, = S [y dt + o (Vo) th] , (3.8)

where Y, is the e-scaled stationary fOU process (B described above with H > 3. Then, the wealth
process X/ becomes

AX7 = mu(Y,oH) dt + mo (V,OH) aw,. (3.9)
Denote by V¢ the value process at time ¢ under the current setup:
V¢ :==esssupE [U(X7)|Fi], (3.10)
TEAf



where the superscript ¢ emphasizes the dependence on e brought by Yf’H, and the notation of admissible
set is also changed from A, to A accordingly. Directly applying Proposition 2.3 with Y; = Yf’H gives the
following expression for V,

Ve = ‘fi_; [E (e e S ds gt)r. (3.11)

Theorem 3.4. In the regime of € small, under Assumptions[Z1l and[33, for fized t € [0,T), V£ takes the
form

V£ = Qi(Xy) +o(e' ™), (3.12)

Loy ey amn 5 (L=} W) (T —t)*=
1+ 5 <¢t+ pA( 7) VRS )] (3.13)

where

1—~ o
Qi) = f e = O

Here ¢ is the random process defined as

¢; =E

;[ Groen %) a
t

which is of order e\ ~H as proved in Lemma[AD@). The notation o(e!~H) denotes a F;-adapted random
variable whose order is higher than ¢!~ in L.

Proof. In order to obtain (BI12)-BI3), we start by expanding

\IJE:—]E{ (R =) ds

gt‘| ) (3.14)

gt} , (3.15)

then, we apply Taylor formula to the function z?.
Using the fact that If is “small” and Taylor expansion of e” in x, one deduces

~ 1—v (T 2
U= |14 —2 (/\2 yeH —)\)d R
t + 20 /t (YoH) s+ Ry 1

o 1_7/" 1 ’ 2 e, H 32

2
where R, 1) = eX [ ft ()\2 (Yer) )\2) ds} with x being the bounded Lagrange remainder. Thus the

term E [Rp,77|G¢] is of order €272 in L' by Lemma [A2f).
Define the ﬁ”—martingale {/)V,f by

_ T
=E / G(YSM)ds
0

+E [Riy71/G:] (3.16)

7 L Gly) = 5 (%) - X)

Taylor expanding G(YEH) at y = YEH = S K (s —uw) dWY | together with YSH — Y&H ~ O(el—H)
(see Lemma [A3I)) yields

T T
U =E / GV ds|gi| + B / G (Vo) (Vo - o) ds\gt]
0 0
- T - 2
+E / G/I(Xs) (sze,H _ Y;e,H) dS‘gt‘|
0
- T . . T . S 1 _ ,7
_E / GV ds|g | + B / G’(Y;’H)/ p(—) AR (s = ) duds|G, | +O(e22)

0 0 0 Y

=+ 9+ O(ETH.



Now it remains to find approximations for J,f’j, j = 1,2, up to order ¢!, To this end, we need the
following estimates in L':

t
RY .= elfH/ (T —w)H—% (A(Y;H) - /\) du ~ o(e!~H), (3.17)
0

R® .—E l/OT (G’(ff;ﬂ) - <)\X>) /0 p <1‘TV> AYEH)CE (s — u) duds

V/ AY2H) = X) k(s — w) duds|G,

The proofs are technical and lengthy, thus deferred to Lemma [A4] To condense the notation, we define

Qt] ~ o(elfH), (3.18)

~ o(e!=H), (3.19)

Y =E %/T (AQ(Y;vH)—f) ds t], (3.20)
0
T
Ve ::/ E [G'(YOM)|G] K(s — t) ds, (3.21)
5 ::/ E[G'(YEH)|GK (s — t) ds, (3.22)

where wt is a P-martingale satisfying dy§ = 9$dW,Y (see details in Lemma [AIf)). Similarly we have
dyps = 9$dWY , and the dlﬁerence between ¢ and ¢ is discussed in Lemma A3(E)).
Next, the terms z/Jt and wt are computed as follows:

~ T ~
t]—E | eemas
0

t to, ¢ L ,
0 0 0 ol
(expression of ¥y and 5; — 95 ~ (9(62*21{))
_ t R
=i —p <_1 ”Y> / 19;/\(Yu€vH) du + o(elfH) (9 = A-Hg, + 6 )
0
_ t B .
B (u> | oy du—p <1—”> | FAwE ) dut ofe =)
0 ~ o

(65 ~ o(e =)

T t
Jol = / GVeH) ds Gol + / LAWY (VoG 2 YeH|gy)
0 0

T
_E / Gy ds|do
0

_ _ t _ t B
=i = (177) 5[ tudu— e, (177) o (Ave) =5) dut o)

(definition of 6,, and estimate of Rgl))
1-— ~ AN
b —eHp ( 7) X (AX) . (TH+§ (T t)H+%) o(e =),
a 2
2
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and

- - T . s 1—
Vet = / G'(YE H)/ p<T’Y> MYSH)K (s — u) duds|Gy
/ / < ) MY (s — u) duds|Gy | + R
=\\)p (1 7) / / K¢(s —u)duds + R(z) + R(g) (estimates of R§2> and RES))
v

_ - H+3
61H</\X>p(1ﬁy7)x er+ g +ole LMy

All reasonings are mentioned in the parentheses from line to line and proofs can be found in Lemmas[ATI(),
A3 and A4 Combining the expansions of 1" and 19 together yields,

- —a (=75 (W) 1 -
f=qps 4+t ( ))\ T —t)"*2 +o(e' ). 3.23
Subtracting fot G(Y,5H) du from both sides of ([323)), together with (3I6), (3I4) and ([B20), brings
1— L=\ 1y (W) H 1) 1-H
We=14+—1 A T—t)"*2 ) +o(e . 3.24
(e (5 Sy 0 (@) (3.24)
Taylor expanding ¢ produces the desired result
1-— -
Ve = R (s
-y
X7 iy 1- =9\~ (AW
— 2t (Tt){l—i— ((bt ( 7))\ < >3 (T—t)H+%)}+0(61_H).
1—~ ¥ v al'(H + 3)
Observe that there are two corrections to the leading term: a random component ¢f, and a deterministic
function of ¢, X; and the spatial average with respect to Yf’H, both being of order ' . |

3.3 First order expansion of the optimal strategy

We now turn to the optimal portfolio 7* that leads to V. Under the fractional stochastic environment
Yf’H, the form of the optimal strategy (214 in Proposition 23 becomes

Yo paé
o (Vo) yo (v

(3.25)

It is not fully explicit due to the presence of &; given by the martingale representation theorem (ZIT]). In
the regime of e small, we use ([B.24]) derived above to obtain the following expansion for 7.

Theorem 3.5. Under Assumption[21] and[3.2, we have the following approximation of the optimal strategy
i

AT m =) (W)
yo (Y 720(Y, ") al'(H + 3)
= 7Tt(0) + elwat(l) + o(el7H).

ko

X, + o(e!™H) (3.26)

Proof. This is done by deriving the expansion of & from its definition (2I1)). We rewrite M; in terms of

U¢ by comparing (Z10) to (15,

M, = U ez Jo (Yo ds o 2N (T 0,

11



and then use the approximation ([B:24]) of W¢.

Since, by definition, M; is a P-martingale, in the following calculation where It6’s formula is applied to
M;, we will only concentrate on the diffusion part. More precisely, the drift terms will not be computed
explicitly and are replaced by “dt terms”, in other words, calculations are omitted as long as they do not
contribute to the diffusion part:

1—
AM, = M,(U$)~1 dWS + dt terms = M, (T$) 1 —L dg¢ + dt terms
ay
5711_7 € 671]‘_76 Y
= M (V7)™ —— dof + dt terms = M, (V5)"" ——9;dW;" + dt terms
ay ay
1—7v ~
= M ()L —Lpsdw Y.
t t qy t t

In the above derivation, we have successively used @.24)), dy§ = d¢§ + dt terms , and dipf = 9$ AW, .
Then &; is easily identified and the approximation is deduced

1= _gl—v _
_ \I]e 1—06261 H—e +O€1 H
§t ( t) - t - t ( )
Cal—y W) 1 B
_-H T _pH 7 4+ ofe! H
qy aF(HJr%)( ) )

using 95 = ¢!, + 65 (sec Lemma [AIJ[) for details). Plugging the above expression into (Z.25) yields
the desired result (3:20]). O

Note that, in the above approximation, both the leading order strategy W,EO) and the first order correction

term 77,51) are in feedback forms in terms of the state processes. Therefore, if one decides to track the

fast-varying process Yf’H to implement ﬁt(o), no further computational cost is required when ﬂ't(l) is also
included in order to incorporate the inter-temporal hedging. On the other hand, tracking Yf"H is not easy
and requires sophisticated econometric techniques. This issue will be addressed in Section 3.5l Before that,

we discuss how good the strategy 7r§0) is.

3.4 Asymptotic optimality of 7r§0)

In this subsection, we investigate the relation between V¢ and the value function obtained by following the
zeroth-order strategy given in (3:20):

o MY
™= e, H
Yo (Y7

Let Xt”(o) be the wealth process associated to 7r§0):

t-

X7 = u(¥m dt + o (¥ M)m® di,

2 Y€1H Ye,H
= X er 0 gy AT e gy,
v

©
and denote by V.™ ¢ the corresponding value process

(0

Vi

O

e (7))
then, the following result holds:

Corollary 3.6. Under Assumptions[21] and[3Z2, for fixed t € [0,T) and the observed value X, Vtﬂ(o)’€ 18

approzimated by o
Vi = QX)) + o), (3.27)

where Qf is given in (BI3).

12



Proof. In Section [] Proposition 13| such approximation result is given under a more general setup, that
is, U(-) is in general form that includes the power utility case (21). Therefore, the proof here is a straight-
forward application by adapting the notation v(®), »() ... in Proposition @3] to the power utility case, and
B21) is easily verified. O

)
Now, combining Theorem B4 with Corollary gives that V" P _ Vi is of order o(e!=#), which
indicates that 7r§0) already generates the leading order term plus two corrections of order ¢!~ given by

BI3). Therefore, we state that:

(0)

7, is asymptotically optimal within all admissible strategy AS up to order ¢~

3.5 A practical strategy

The analysis above relies on the assumption that Yf’H is observable or trackable. In other words, to
implement the principal term w,go), one needs to track the fast-varying factor Yf’H for any ¢ € [0,7T]. This
is usually not practical and long-term investors will not tackle this issue, since it usually requires high-
frequency data and to deal with microstructure issues, as mentioned in [Fouque et. all ﬂZQlﬂ] Instead, they
would prefer to look for a practical strategy which does not depend on the factor Yf’H. To this end, we
propose such a strategy and quantify its loss in terms of utility.

In the regime of € small, the optimal Y-independent strategy proportional to the current wealth level
is:

70 =2 x, (3.28)
o2

where the coefficients are
=, 7 =(").

This is obtained by making the ansatz W,E ) = cX¢, and then determining ¢ by optimizing the leading

order term of the corresponding problem value. Under self-financing, the wealth process ([B9) following

the ansatz becomes: . . " - . Y
= N 1 5 5
XZT( ) _ Xoefo (en(vo™My=L?oa? (o)) dit [ co (VS )dWs7

and the value to the problem is computed as

7O 7O
Vit =EUXT )IF

1_
_X V]E(eu—v)f,,T(w(Y:’H)—%c%—%Y:’H))dt+<1—v>ff co(YOH) dw, ft)
1—
X ( ST ((=)en(ve =222 a2 (v o) ) e Qt>
1 _ b)

where W, — (1 —~)c fo o(YEH) ds is a standard Brownian motion under P. Using ergodic property of Y

T T
|t =) ds~ o), and [ (@) = 7) ds o),

and Taylor expanding the function e” at © = 0 (a similar derivation as in Theorem B)) one deduces:

0

e = X et ety og (eJ;T(<1v>c<u<Y;~H>mW;2c2<a2<Y:*”>?2>) a

1=y
=X e o),
L=~
The leading order is optimized at ¢* = %, which leads to ([B:28]), and gives the optimal leading order term
1=y
X — LT (7).
1_

13



This can be interpreted as the optimal value with Sharpe ratio 71/7.

The loss in utility of using 7’r§0) is quantified by comparing the above term with the leading order term

of V¢ given in B12)-BI3):
1—
Xi T Rty
1—7 ’
and is measured by the Cauchy-Schwarz gap

[\

QM’:I

0-2

as in the Markovian setup in [Fouque et all 2!!15]. Note that > = (02) is the average which arises in the
linear problem of option pricing as observed in |Garnier and Solna 2!!16] in the long-range memory case.

3.6 Numerical illustration

Next, we illustrate numerically the asymptotic optimality property of wt(o) and the sub-optimality of ﬁt(o),

©) 2(0)
that is, we compute V¢, V;" ¢ and V;" ¢ at time ¢ = 0 using Monte Carlo simulations, and compare
their differences. Using equation [BI1l) and changing the measure from P to P, one deduces

G|

0
Solving the SDE for X[ “ and plugging the solution into the definition of V;" e bring

7).

1—
e = B0 (I () BT 05 e (S T o0 7).
L=n

Xli’y AZ(YEHY d A(YSH) dwY
1/5:10_7[1@(@( ) Jo )ds+p(157) Jom AT AW

Voﬂmp€ _ X(%”’E <€(2722j§71) JTN(YE ) ds+(157) [T AYEH) AW,
L—n

Similarly, the value process following the Y-independent strategy ﬁ,go) is given by

The model parameters are chosen as:

0.1 x A(y) 1 e
Ty W= 5/ plz/2) dz

— 00

T=1, H=06, a=1, v=04, p=-05, pu(y) =

where we recall that p(z) is the N(0,1)-density. Note that the choice of A(y) above satisfies Assump-
tion 2I(i) and B2 (see ﬂCﬁLmﬁLand_S_and 2016, Lemma A.2]) and X = /(\2) = 0.7. Note also that
with our choice for pu(y), both u(y) and o%(y) = u?(y)/A?(y) are integrable with respect to the invariant
distribution of Y¢#  so that 77 and @ are finite and equal to .087 and .0176 respectively.

Due to the natural non-Markovian structure, we first generate a “historical” path W} between —M
and 0, and then evaluate each conditional expectation by the average of 500,000 paths. The fast-varying
factor (Y;""),ci0.m B2 is generated using Euler scheme with mesh size At = 1073, and M = (T/At)5
(cf. Bardet et all [2003]).

The numerical results presented in Table [l are only for a purpose of illustration as we computed the
values for only a few “omegas” denoted by #1,#2, and #3.

14



Table 1: The value processes V{ vs. VOW(O)’6 vs. VOTT(O)’E for the power utility case.
| | | #L [ #2 | #3 |

Vo 1.5772 | 1.5644 | 1.3016

e=1 | Ve—vr" | 0.0018 | 0.0019 | 0.0024

Ve — v | 0.0689 | 0.0643 | 0.0820
7 1.5567 | 1.4965 | 1.3183

e=05 | Ve— V7" | 0.0025 | 0.0028 | 0.0028

Ve — V7" | 0.0760 | 0.0593 | 0.0999
Vs 1.4514 | 1.4417 | 1.3976

e=01 | Vg —vr"e | 0.0026 | 0.0026 | 0.0025

Ve — v | 0.0761 | 0.0756 | 0.0823
7 1.4376 | 1.4375 | 1.4105

e=0.05 | Vg — V7 | 0.0022 | 0.0022 | 0.0021

Ve — V7" | 0.0750 | 0.0762 | 0.0806
Vs 1.4417 | 1.4416 | 1.4276

e=0.01 | Vi — v | 0.0015 | 0.0015 | 0.0015
Ve — v | 0.0724 | 0.0727 | 0.0748

As expected, the strategy 77,50) performs well for e small, the relative difference (V — VO”(O)’E) /V§ being

about 0.1%. What is more surprising is that it also performs well even for not so small values of €. Again,
as expected, the sub-optimal “lazy” strategy 7?,50) underperforms 7r§0) but it performs relatively well since

(Vie — V&) JVis is about 5%.

3.7 Comparison with the Markovian case

In the Markovian case, which corresponds to H = % in the modeling of Yf’H BJ), approximations to the

value function and the optimal portfolio have been derived in [Fouque et all ﬂZQlﬂ] They are given by:

Xli’y 1—y32 1-— 2 9/
Ve, X,) = Lt —em AT l1 —Vep <—7) (A >(T—t) + O(e) (3.29)
1—7 ol 2
A p(l—7) (v~
u (t7 Xtu YE’H) = tie + \/E € Xt + 0(6) (330)
' yo(vo™h) T ey 2

—2
where 6(y) solves the Poisson equation $6”(y) — ay#’(y) = A*(y) — A". These can be viewed as the limits
lime_yo lim g 1 of our current setup.
However, these limits do not commute. For instance, if we consider the small € expansion of 7* from
[B20) and formally let H = %, we obtain

AT

) X; + 0(v/e), (3.31)

_pll-1) (W)
T

which corresponds to the other order of limits limy 1 limeo. The two expansions B30) and @B3T) are
different and in particular they track the first order correction in different ways.

Regarding the value process V°, one first observes that the path-dependent component ¢§ disappears
in BI3) in the limit H | 3. To be precise,

}Ii?} lim A=1pe =0, (3.32)
2
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by Lertr)lma [ATIE). This is because e/ ~1¢¢ converges in distribution to A/(0, Ui(T — t)2H), where Ui is
given by

1 1
2 =02, (W) - :
%o = Tou AX) T(2H + 1)sin(nH) 2HT2(H + 1)

Then, the claim ((32) is obtained by setting H =
feedback-type correction when taking a formal limit H | 3 in @I3):

1+¢zp(1‘77)2@@—t>

However the first order correction is in general not the same as in (3.29).

We remark that although the two sets of expansions (H = % vs. H € (%, 1)) share the same form, the
coefficients are not identical. This is because our derivations in Theorem [B4] and are only valid for
He (%, 1), and the singular perturbation is “singular” at H = % Consequently, the order of limits H | %
and € — 0 is not interchangeable, and this leads to different expansion results.

Finally, note that in the Markovian case H = %, the first order correction to V¢ is “deterministic”,

while in the case H > %, the stochastic correction ¢5 of the same order also appears, as a consequence of

in ai. Now, we conclude that V¢ only exhibits a

17
X, VE%XZ(T—Q
I—v

+o(Ve).

having long-range dependence in the stochastic environment Yf’H.

4 General utilities and fractional stochastic environment

In this section, we analyze the nonlinear asset allocation problem using asymptotic methods where the
utility function U(z) is general, and when, as in ([B.8), the log-return p and volatility o of the risky asset Sy
are driven by the fast-varying fractional stochastic factor Yf’H defined in (B0 and discussed in Section B]
For the linear pricing problem when the volatility is modeled by Yf’H, approximation results have been
developed in |Garnier and Solnal ﬂZ_Qlﬂ] using the same technique.

Here, unlike in the power utility case, the representations (2I3]) and (2I4]) for the value process and
the corresponding optimal strategy are not available, therefore asymptotic expansions can not be done
directly. However, we are able to follow the idea developed in ﬂﬂmqumnd_ﬂﬂ, 120174, Section 4] and
ﬂ]:lmqumnd_Hﬂ, 12017b, Section 4] and partially solve this problem. We first study the value process
following a specific strategy called 7(®) introduced in [(#H), and then show that 7(9 is the best up to order
e~ among the following subset jﬁ of admissible strategies Af,

A7, 7 a] = {r =7+ 7 ime AL,a > 0,0< e <1}, (4.1)

The detailed definition of jﬁ will be given in Section 22 Note that the full optimality of 7(°) in the whole
class A§ remains an open problem.

In the rest of this section, we briefly review the classical Merton problem, where p and o are con-
stants in (1)) . Denote by M (t,z;\) the corresponding value function, if the utility U(x) is C?(0, 00),
strictly increasing, strictly concave, and satisfies the Inada and Asymptotic Elasticity conditions (see

[2003] for details)

U'(0+) =00, U'(x)=0, AE[U]:= lim :zUl(x)

T—00 (;c)

<1,

then, the Merton value function M (¢, x; \) is strictly increasing, strictly concave in the wealth variable z,
and decreasing in the time variable ¢. It is C*2(]0,T] x RT) and solves the HJB equation

M2
Mmm

1 1
M, + sup {50'27T2Mmc + MMI} = M, — 5/\2 =0, M(T,z;)\) =U(z), (4.2)

where A = u/o is the constant Sharpe ratio, and appears as a parameter in ([d2]).
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Based on the Merton value function M (¢, z; A), one defines the risk-tolerance function by

M, (t, x; \)

(4.3)

It is clear that R(t,x; \) is continuous and strictly positive due to the regularity, concavity and monotonicity

of M(t,z;)\). Further properties regarding R(t,z;\) are also discussed in Kéllblad and Zariphopoulou
m, and [Fouque and Hu [2017a] under general utility with additional assumptions. Some of them are
repeatedly used in the derivations and will be mentioned during the proofs.

4.1 Portfolio performance of a given strategy

Denote by v(©) (t,x) the value function at “averaged” Sharpe-ratio A

v O (t, ) = M(t, 2 X), (4.4)

with X given in (B4). Using the notations from [Fouque et al! [2015):
Dy, == R(t, z; \)*oF, k=1,2,--, (4.5)
Lio(N) =0 + %)@D2 + A\2Dy, (4.6)

and the Merton PDE @2), v(?) also satisfies
LN (t,z) = 0. (4.7)

The strategy 7(¥) is defined as

(0) (t N _ .
T (t, . y) (t, @3 M), (4.8)
o(y) v;%) (t,x) o(y)
and our aim is to compute the following quantity:
AR 1 ca VAR (4.9)

where X7 “ is the wealth process following the feedback-form strategy (%)

X7 = p e O X7 Y de 4 o (v a0 0, X7 ) aws (4.10)
= 2R XT X dt + ARG X X) AW

©)
The technique used to study V,© ° is called “epsilon-martingale decomposition”, which was firstl
introduced in [Fouque et all ﬂZDDﬂ] to solve the linear pricing problem, and later developed in Mﬁ

©
[2001], [Garnier and Selnd [2017, 2016], Fouque and Hu [20175]. The idea is to make an ansatz Q7 for
Vﬂ'(o),e
t
(
condition. Then this ansatz is indeed the approximation to V" with an error that is of order of the
non-martingale part. Detailed discussion can be found in the references we just mentioned.

in the form of a martingale plus something small (non-martingale part) with the right terminal

,€

To prove that the ansatz Qf(m’e is indeed a martingale plus the non-martingale part of the desired
order, we further require Assumption ] for the utility function and Assumption for the value function
v (t,z). Basically, we work under the same setup of U(-) as in [Fouque and Hul [2017a], and we restate
these requirements here for convenience. Detailed discussions about general utility functions can be found
there in Section 2.3.

Assumption 4.1. Throughout this section, we make the following assumptions on the utility U(x):

17



(i) U(x) is C°(0,00), strictly increasing, strictly concave and satisfying the following conditions (Inada
and Asymptotic Elasticity):

U(04) =00, U'(00) =0, ABU] = lim 228 <1, (4.11)

(i) U(0+) is finite. Without loss of generality, we assume U(0+) = 0.
(i1i) Denote by R(x) the risk tolerance,

U'(x)

U”(ZE) :
Assume that R(0) = 0, R(x) is strictly increasing and R'(x) < 0o on [0,00), and there exists K € RT,
such that for x >0, and 2 < i <4,

R(z) :=—

(4.12)

‘a;”Ri(x)‘ <K. (4.13)

w) Define the inverse function of the marginal utility U'(z) as I : Rt — Rt I(y) = U'"Y(y), and
9 Y Yy Y
assume that, for some positive «, k, I(y) satisfies the polynomial growth condition:

I(y) <a+rky™®. (4.14)

Note that the item (ii) above excludes the case of power utility U(x) = ””;:w when v > 1. However,

all results in this section still hold for the case v > 1, with a slight modification in the proofs. Below
is the additional assumption needed jointly on v(®)(t,z) and X[ (0), which is also considered as a hidden
assumption on U(+).

Assumption 4.2. The process v(%) (t,Xf(o)) is in L* uniformly in € and in t € [0,T), i.e.,

4
sup E [(U(O)(t,Xt’r(o))> ] < (4.15)
t€[0,T]

where Cy is independent of €.

©
Now we state the following proposition which gives Qf ¢

Proposition 4. 3 Under Assumption [Z[)-(@), [32, [/ and [{-3 for fixed t € [0,T), the Fi-measurable

value process V; .8 defined in [@3) is approzimated by Qt( e up to order '~ :
(0),5 _ QQ(O)’E(XZF(O)) + 0(61_H), (4.16)
2O ¢ .
where Q7 (x) is given by:
70 e _ (0 (0) € 1-H Y, .(1)
Q7 “(x) =0 (t,x) + D1oV(t,x)d5 + e T pAvt (¢t x). (4.17)

The function v\ is defined in @&4) and satisfies L (N)v (t ;v) =0, Dy and X are from @3) and B4)
respectively, (¢f),cpo,) is the Fi-measurable process of order '~ given in BI4) and vV (t,2) is defined
as

(AX)

v(l)(t,x) = D%v(o) (t,2)Cer, Crr =

O]
Proof. Based on the epsilon-martingale decomposition, it suffices to show that Q7 " can be decomposed
as Mf + RS, where M is a true martingale, and Rf is of order o(e!~#). In the sequel, we shall focus on

©
the derivation of determining Qf ’ . which involves finding corrections of order ¢!~ so that R is pushed
to a higher order, while the proofs regarding My and R{ are delayed to Appendix [Al
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Applying It6 formula to v (t, Xt”(o)) brings

(0)

dv® (t, X7) = LMY )0t X77) dt 4+ o (v r O X7 vl (6 X7 diy
1 _
=5 (") = X) D@ X7 at + g, (4.19)
where Mt(l) is the martingale given by
(1) _ e,Hy_(0) 7(© y-e,H\ (0) 7(©
A = o(Vo 2O, X7 e O @, X7 dwg, (4.20)

and the relations @) and D10 (t,2) = —Dyv(® (¢, 2) have been used.
Recall ¢§ and 9§ defined in (I3) and (B20) respectively, then, we have dif— dg¢ = 1 (AQ (voH) - Xz) at,
and the first term in (ZI9) becomes

(0)

() = X) D@t X7 ) dt = Do (e, X7 (dws — dg).

1
2
To further simplify Dyv® (£, X7”)d¢¢, which corresponds to finding the corrector to v(0(t, X7 at

order €/=H  we compute the total differential of Dyv©® (£, X7 )¢ (the arguments of v(0 (¢, X7 will be
omitted systematically in the following):

a (D10®5) = Dyv® dgf + 6L AX) D@ dt + 5o (v (1, X7 Y M)0, D10 aw
+ oV MmO, X7 Y00, D@ A (W),
= D10 d¢S + ¢ %()\Q(Yf’H) — X)) (Dy + 2D1) D10 @ | dt
+ SN DI AW, + pA (VST DI d (WY ),
In the derivation, we have used the definition of D; and R(t, ;) (cf. (@3] and [@3), and

Lix(ND10® = DiL; (X0 =0, and d(W,¢), = pd (W, ¥°),.

The results in Lemma [ATI{): d (WY, ¢), = d5dt = (el_HGt + 5;) dt, together with the above derivation

produce
1 ~ 1 -
d (D1v<0>¢;) - -2 ()\2(Yf’H) - )\2> D1o© dt + ¢ [§(A2(Y;>H) — X)) (Dy + 2D1) D10 | dt
+ T oAV D26, At + pA(YS ) D268 dt + dM P, (4.21)
and
AM® = DO, X7 dys + GV T D20 (1, X7 ) AW (4.22)

The term €'~ # pA(YV;7")D20(9)6, dt is taken care of by adding the term A HpxoD to Qf(m’e. By using
the relation 6; = —9,C r, one has

A, X7T) = Lo AV D @, X7 dt+ o (V) @, X7 v, X7 ) aw
1 _
= S - ) (Ds + 2DV (8, X7y dt — D2 O ¢, X7 V0, dt + dM P, (4.23)
where Mt(g) is the martingale defined by

A = o (v MmO, x5 v @ X7 aw. (424)

i
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Combining equation ([@I9), (£2I) and [@23)) yields
aQr " (X7 = a (VO X7") + Do, X7 )5+ oD (1, X7

= ¢S B(AZ’(Y;»H) ~ X)) (Dy + 2D1)D1v(0)} dt + €'~ Hp ()\(Yf’H) — X) D3¢, dt

(0)

1 - _
+ YD, dt + ST AN (Y M) — ) Dy + 2Dy oM (¢, X7 dt
+ dM® + aM® + e HprdM®.
Denote by RE)J%, j=1,2,3,4 the first four terms in the above expression
1) ._ g (3 1 2 e, H 32 (0) 7(0)
R, ;= O | =N (YoT) = X)) (D2 +2D1) Do (s, XT )| ds, (4.25)
s + 2
T
R®). = / Hy ()\(Y;’H) - )\) D2 (s, x™")9, ds, (4.26)
’ ¢
(3) ._ T e, H 2,.(0) (@ 7e
RtT T p/\(}/s )Dlv (Sva )95 dSv (427)
’ t
T
1 -
Ry} = / ST (YEH) = X)(D2 +2D1)0 M (5, X7 ) ds, (4.28)
t
and it is proved in Lemma [A.6 that they are o(e!~#) terms in L:
lim 71 E‘R(J) Vji=1,2,3,4. (4.29)

e—0

Lemma [A 5] also shows that Mt(j ), 7 =1,2,3 are indeed true P-martingales.
Therefore, define the martingale My and the non-martingale part R respectively by

t
M¢ ::/ AM®Y + dM® + = HpXdM®)
0

Rs — R := R\ + R + R + R,

and observe that Q;(O)’E(;v) = vO(T,z) = U(z) (since ¢5 = v (T,2) = 0 by definition), and then we
obtain the desired result

w0 ¢ 70 ¢ ﬂ—(o) (0 e (0 € € € €
v =B [QF T (xE|F] = @ (xr) + BlMg - M\F) + B[R - R|F]
ey 7 e 1 (©® -
= QF (XF) + BIRY. + RO + RY) + R F) = (X7™) + o(e'~H).
O

When the utility U(-) is of power type, the functions v(®), D9 and v(*) in @IZ) can be computed
explicitly:

1— . 1—
U(O)(t,x) _ ;: v (312%7,\2(;r—15)7 Dlv(o)(t,x) _z We SN (T— t)7
- v
1-— ’7 w _ <)\)\I> 1
U(l) (t, .’L‘) — 1 e (T t)ié(T _ t)H+
0 al'(H + 35)

which leads to Qf(m’e = Qf and completes the proof of Corollary B0l
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4.2 Asymptotic optimality of 7()

Now we study the optimality of 7(°) within the smaller class of admissible strategies N;, which are of the

forms _
A7 7o) = {r=7"+ 7 imeA,a>0,0<e< 1},

Note that 7 and 7' are not required to be feedback controls (even 7(9) is chosen to be in this form), but
only adapted random processes , namely, 7¢ € F; and 7; € F;. Furthermore, we require 7° and 7' to satisfy
Assumption 4] and [B-Il The parameter « is restricted to be positive since 7% + 67! = 7% + 7! + § - 0.
To show the optimality of 7(9), we compare the value processes Vt”(o) to V. The later one is defined by

V= E[U (XP)| R (4.30)
where 7 denotes an admissible strategy m € .Z; [7°, 7!, a], and X[ is the corresponding wealth process:
AXT = p(V,o M me dt + o (Y, )y dW,. (4.31)

To this end, we first find the approximation of V;™¢ using the epsilon-martingale decomposition technique
as demonstrated in Proposition [£3] and then asymptotically compare it with (ZI7).

Assumption 4.4. For a fized choice of (7°, ©', a > 0), we require:
(i) The whole family (in €) of strategies {7° + >} is contained in AS;
(ii) The process v (t, XT) is in L* uniformly in ¢ and t € [0,T], i.e.,

4
sup E [(U(O)(t,Xt”)) } < Oy (4.32)
t€[0,T]

where Cy is independent of €, and X[ follows [@3]) with m = 7° + 7L,
Theorem 4.5. Under AssumptionsZ1[)-@), 32 [/-1 /-3 and[Bl, for any family of trading strate-
gies AS[70, T, al, the following limit exists in L' and satisfies

O

Vﬂ',e _ Vﬂ'
0= lim ! <0, in L', (4.33)

e—0 elfH

©
where V" ¢ and V" are defined in [&3) and @E30) respectively.
)
That is, the strategy ©© given by @) which generates v e asymptotically outperforms any fam-
ily AS[7°, 71, ] producing V"¢ at order ¢! =H. Moreover, the inequality can be written according to the
following four cases:

(i) 7 =70, a>(1—H)/2: £=0 and V[ = V7 1 o(e!~H);

(ii) 7 = 0, o = (1—H)/2: —c0o < <0 and V" = Vt’f(o)ﬁ€ + O HY with O~ H) < 0;
(ii)) 7 =70, o < (1= H)/2: £ = =00 and V] = V[ + O(e®) with O(**) < 0;
(iv) 7 # 70 im0 V"¢ < lime0 Vtﬂ(o)’é’

©)
where all relations between V," and V;" " hold under L' sense.

Remark 4.6. To better understand the limit [L33), and to show that different values of « lead to different
levels of accuracy in the expansion of V", the result in Theorem [J-5] has been decomposed into the four
possible cases. In the cases where we got £ = 0, the result means that the strategy ©°) is as good as
the family of strategies {7° + €“7'} at order e!~H. In other cases where a strict inequality is obtained,
7O outperforms other strategies, and adding the “correction” €7 (even if T° = W(O)) will not help in
increasing the expected utility of terminal wealth. On the contrary, it leads to a negative effect on the value
process V" at order ¢** (resp. order one), even when one follows 7 in the leading order (resp. 7°
deviate from 7(°)). Therefore, overall we say that 70 is “asymptotically” optimal in the class A€ is at

least at order ¢*~H, no matter what « is.
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Proof. We start with the case 7° = 7(?). Following the same procedure as in Proposition 23], one deduces

7O e T 70 O\ e — N T
dQ7 (X7) = A (t, X7 ) + D@ (1, X7 )5 + € ph M (1, X))
= dRS + dM; + > dNf

where d]\ZE, déf and dN; are given by

AMf = o (VoD O (¢, X7 ) AWy + Do @ (¢, XT) dys + ¢5o (Vom0 D10 (¢, X)W,
+ 0(1/1567H)7Ttva(51) (tv XZT) dWs,

1 ~
ANy = 5o () (7)ol (L XT) dt,

~ 1 — ~ —
ARy = Soi(\ (V") - N)(D +2D1) D3 dt + e $gu(YET )7 0, + R(t, XT3 X)000) D10 dt
1
+ 562% (VM FH20,. D10 At + pA(YET) D208 dt + o (Vo)7L 0, D105 dt
+ oA = N D30, dt + T pa (YR (0D + R, XT3 MulY) dt

1 ~ € - 1 _ N 5
+561_Hp)\(/\2(Yt ’H)—>\2)(D2+2D1)v(1)dt+§el 20 N2 (V) (71 20lY) dt,

and in the expression of ]TZE, the arguments of v(9 (¢, X7) and v (t, XJ) are omitted to condense the
notation. ~
The process Ny is strictly decreasing following from the strict concavity of v (t,x) = M(t,z; X\). The

true martingality of M ¢ and the fact that RS ~ o(e!~#) are guaranteed by Assumption Bl Thus we
deduce

€ (0 e T w0 e T De De a € €
V= BQE (XE)F) = QFC(XT) + B[R — R§|F] + “E[N§ — Nf|F]
= QF " (XT) + ol H) + O(2) = V7 o(H) + 0(2), (4.34)

with O(e?**) < 0. This leads to the first three cases in the theorem.
In the case that 70 # 7(®) similar derivation brings

dv O (¢, X[) = dR + dM{ + dNF,
where J/\/[\f, ﬁ; and ]Vf are defined by
dM¢ = o (V) mu @ (¢, XT) dW,,

L,

aN; = 5o* (V) (%? —W(O)(t,XZT,Yf’H)) St X7) dt,

~ 1 — ~
dR; = 5()\2(Yf’H) - )\2)D1v(0) dt + € [/urtlvg(ﬁo) + o797 00 + 56 o (7rt1)2 v dt,

and the arguments of (V) oV, and v (¢, X[) are omitted in the equation of ﬁt As in the
previous case, Nt is strictly decreasmg due to the concavity of v(?), and Assumption [BI] ensures that Mt
is a true martingale and that Rt O(e'=H)A)  This gives the last case in the theorem, since

Ve = Ep (T, XF)|F] = v (¢, X[) + E[RG — Rf|F] + E[N§ — N¢|F]
<o O (t, X[) + O Hney (4.35)

and im0 V™0 = 0O (¢, X7,
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5 Conclusion

In this paper, we study the nonlinear problem of portfolio optimization in the context of a one-factor
fractional stochastic environment. This factor is modeled as a long-range memory fractional Ornstein—
Uhlenbeck process with Hurst index in ( %, 1) and varying on a fast time-scale characterized by a small
parameter €. In this context, and with power utilities, the value process can be expressed explicitly thanks
to a martingale distortion transformation allowing us to perform an expansion as e — 0 and obtain explicit
formulas for the zeroth order term and the first order corrections of order e!=#. Likewise, we can expand
the optimal strategy and show that its zeroth order approximation is optimal up to the first order in the
value process. We also extend this analysis in the case of general utility functions and we show that the
asymptotic optimality of the zeroth order strategy in a specific sub-class of admissible strategies.

A Technical Lemmas

In this section, we present several lemmas used in Section 3] and Section @ Note that the constants K, K’
in all lemmas do not depend on € and may vary from line to line, and we denote the function G(y) as

Gy) = 5 ) 1),

and || X||, := (EXP)!/P as the LP-norm of X.

Lemma A.1.

(i) The martingale V5 defined in ([3.20):

Py =E

T
/ G(Y:’H) ds‘gt] N
0

satisfies
dys =95 AW,y , 95 = /TE [G'(YSM)|G] Ko (s — t) ds.
Moreover, the process ¥ can be written as, for tall te€0,7]
95 =", + 05,
where 0; is a deterministic function

9t _ <GI>

= _(7_p)H-z
aF(H-I—%)( ) 7

and 5; is random and of high order than ¢!~ in L? sense uniformly in t € [0,T]

=0.

2
i

It is a random variable with mean zero and variance of order €~

Var(¢f) < K28

limsupe?~! sup ||6f
e—0 te[0,T]

(i) The random component ¢§ defined in [BI4) has the form

T
oi=E| [ Goremas
t

2H .

uniformly in t € [0,T]. Moreover, as € — 0, the random variable e =1¢$ converges in distribution to

N(0,05(T = t)*"), where o3 is defined by

2 _ 2 "2 ! - :
0y = Ooy (AX) <1’*(2H+ 1)sin(rH) 2HT?(H + %)) '
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(111) Recall the random process n§ defined in (3.0)

0 = / t (Ao = 3) as,

It is of order '~ in L? sense uniformly in t € [0,T):

sup ||nglly < Ke' M.
te[0,7)

(iv) Recall the random process k§ defined in (B10)

Ky = /t AN (YEH) = (AX)) ds.
0

It is of order '~ in L? sense uniformly in t € [0,T):

sup ||, < Ke' ="
t€[0,T

Lemma A.2. Under Assumption[72,

(i) The random process If defined in (B

I = / t () = X°) as,

satisfies
sup E[(If)1] < Ke'4H,
t€[0,T
(i) Define the random process @5 by:
€ 1 ! 2 e, H 32 €
ei=5 [ (RrEm-X)etds, (A1)
0
it is of order o(e'~H) in L? sense uniformly in t € [0,T]
limsup ™! sup [|¢f]l, = 0.
0 t€[0,7)

(i) The L* norm of ¢5 is of order '~ uniformly in t € [0,T):

sup |[|gll, < Ke' ™.
te[0,T]

Proof of LemmalA 1l and[A. 2. All results are slightly different versions or straightforward generalizations
of lemmas in |Garnier and Selna, 2016, Appendix A B], thus we omit the details here. O

Lemma A.3.

(i) Denote by )N/te’H the ]IND—stationary fractional Ornstein—Ulenbeck process, whose moving average repre-
sentation is of the form

t
vyt ::/ Ke(t —s)dWY.

Then, sup;e(o,7] Vet — vy | < Kel-H,
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(ii) Recall the stochastic process V¢ defined in 321), and 9¢ defined in Z22):
T B _ T
0= [ BE TG s - 0ds, = [ BEEMIGIK s - o)
t t

05 — 95| < Ke22H,

then sup;e o 7
tH-3
al(H—73)
For part (ii), we first compute the conditional distribution of Y& and Y& given G;, for t < s:

YEH|G, LA (/ K(s — ) WY <os,st>2), ver|G, LA (/ K< (s — ) dITY (oasm),

Proof. Part (i) follows straightforwardly by the boundedness of A(-) and the fact that IC(¢) — e L

with (of,)? = [/ K(u)? du. Therefore the difference is computed as
J; = ;

= /T{N[G’&ff’ng] E[G/ (Y )\Gu) (s — ) ds

//{G’(/ K<(s dWY—i—oostz) G’(/ Kes_u)dWY'f'Uost2>}p(z)dzlce(5—t)ds
//G” /’Ces‘“ ( )WEH)dw()de%s—t)ds,

where x is a Gs-adapted random variable determined by the remainder of Taylor expansion. Now, taking
absolute value on both sides, together with fact that G” and A are bounded, and [ K¢(u) du ~ O(elfH )
uniformly in [, € [0, T] brings the desired result. O

Lemma A.4. The quantities jo) defined in B17)-B19)
t ) _
Ril) = elfH/ (T —u)f~2 (/\(YUEH) - )\) du,
0
(2) w g 1(ve,H l ° 1- g e,H\ e
R® —E (G (VEH) — (AN >) p (5 ) MK (s — w) duds
0 0

R® _El// Ay - )ICe(s—u)dudS‘gt

satisfy, for all t € [0,T],

gt] ’

)

lim 'K ‘R,Ej) —0, Vj=1,2,3, (A.2)
e—0
Proof. Proof of (A2) for j = 3. Tt suffices to prove
R® .= / (/\(YJH) - X) Ke(s — u) du ~ o(e! ™) in L? uniformly in s € [0, 7], (A.3)
0

and then use dominated convergence theorem. Noticing that K(t) — % € L', it is equivalent to show
2

that
RG) = / (/\(YJ’H) - X) (s — )72 du ~ o(1) in L? uniformly in s € [0, T]. (A4)
0
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To this end, we pick a sequence ¢,, — 0, denote s, = (s — ¢, )k/N, Z{® = (s —u)f 3 and recall n¢ defined

in (36), thus
RO — / 2 Ve g, /H" 2 Y g, / 2 Y g,
0 du 0 du s—c, du

N—-1 ®) Sk+1 3) dne s 3) dne
- (thss =) Z/ — % )Ed“%_cnz“ w2

= Rg?)/,a) + Rg?) ,b) + Rg?) ,c)'

The proofs for RS"*“) and R?”b) are similar to the ones in ﬂQaJ:nier_and_S_and, 12016, Proposition 4.1 Stepl].
By Minkowski’s inequality,

_3
2

N
<2329 ll, <2V nelTF s il
k=0

u€[0,5—cn)

i

<N + 1) P K H,

‘Rgﬁl',a)

The last inequality follows from Lemma [AJI[H), which implies, for any fixed N and ¢, , goes to

0 uniformly in s as € — 0. For the second term

Sk41 N—-1
_ H-3 1
HR<3 b>H <A E:/ s—u H=% _ (5 g)H )dugKE:cn =
k=0

< Kecp, H-3 —,
« N
which goes to 0 uniformly in s for any fixed ¢,, as N — 0. The last term R§3”C> also tends to zero as
¢n — 0 uniformly in s by Dini’s theorem. Therefore, we get the desired result (A2]) for j = 3.
The proof of (A2) for j = 1 follows the same routine as in (A4]) with Z{¥ replaced by Z{" =
(T —u)H-x.
The proof of [A2) for j = 2 is based on the one of (A.3). To be specific, one has

REQ) =p (1_77> A\E /OT (G’(ffse,H) — <)\)\’>) /OS K(s —u)duds t]

1—

+p< ”)1@ g]

0

T _ ) [

[ (@@em = o) s asler| + K 161LE | [ 1RO as]g
0 0

— K- HE[ 2a)|g]—|—KR(2b)

/ (G - ) B ds

0

< K HE

G

_

with

T
R;Q*“):/O (¢ = ) sf=hds, RV =

T ~
/ RO ds]gt] .
0

Now it reduces to show IE[R(TZGHQt] — 0 and Rﬁ“) ~o(e!=H) in L', Using

E ymgvmgt]] <K HR%?"”

)

the first one then follows the same line as the proof of (A4). The second one also holds by

~ O(el_H)

.

’ 1/2
]E’Rf’b)’gK IE/ (R®)2ds| <K sup HRS’)
0 s€[0,7)

and the previously proved result (A3)). O
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Lemma A.5. The processes Mt(j), j=1,2,3 defined in (E20), E22) and [@24) are true P-martingales.

Proof. By the Burkholder-Davis-Gundy inequality, it suffices to show E [<M (g )>1/2} < oo, for j =1,2,3.
For the case j = 1, we compute

d<M(1)>t (v (D1v<°> (thZT(O))f &t <K (v<0) (t,XZT<o>))2 dt,

using Assumption Z.IJ(i) and the concavity of v(°). Then, under Assumption

1/2
ERM } / KO X"t <K sw [o@0 x5 < oo
t€[0,T 2
The martingality of Mt(3) is obtained by a similar derivation with additional estimates from |[Fouque and Hu,
, Proposition 3.5]:
‘Rj(t, x;X)a;HUR(t,x;X)‘ <K, 0<j<3, Y(taz)el0,T)xR*. (A.5)

For the case j = 2, similar reasonings lead to

2
d(M®) < K[@05) + (60)°) (0Ot x7")) " .
Given Assumption 2 for v(®) and Lemma [A2I{H) for ¢, it suffices to prove

sup ||95]l, < Ke' . (A.6)
t€[0,T]

Recall 9 from ([B21)) and use Minkowski inequality, one deduces

4 4
E[(99)Y] < (/tT [E (Bl (vom)lgs(s — 1)'] v ds> — </t Ke(s = 1) [[E[G"(YS™)IGe |, d )

< (/tTicf(s—t)II(G’<Y;’H))H4 ds> = (W) </tTIC6(s—t)ds> ,

and we conclude that E[(9¢)"] is bounded by a constant of order e2=4# | since

- 4
</ K(s) ds) < Kt
0
H-3/2

using K(s) — crg—i/zy € L'. This completes the proof of ([A6]), and we get the desired results for Mt(j)7
J=123. O

Lemma A.6. The random variable Ri?}, J=1,2,3,4 defined in ([E25)-E28)
(1) Tt Hy 2 ©
R ::/ o {i(v(y; ) = X) (D2 +2D1)Div (s, XT )| ds,
t

T
R?) ;:/ ey (A(YE’H)—A) D2 (s, X760, ds,

T

Rgg% :/ p)\ YeH D2U(O)( 7X;T(o>)§§ ds,
t
(4) 1 el H 2 H 2 1 ©
R :/ € PAN (M) = XD +2D1)o (s, XT) ds,
are of order o(e'~H):
lim e ~1 ’RE{} —0, Vj=1,2,34. (A7)
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Proof. The proofs here are similar to the ones in Lemma [A.4]
To prove (&) with j = 1, we denote tj, = ¢ + (T — t)k/N, Z" = (Dy + 2D1) D10 (s, X7 and
recall ¢f defined in (AJ)), thus Rgl% can be written as

thy1

Ry dso dso dys

Y 1) s (1 s
Z/t 70 s g — Z/ 7y~ ds +Z/ 20 — 7)) > ds
k=0 k

tht1

—1
1 1), dog
-y 2 - +Z/ (20 — 24 % as

= R§1 ) R(1 2}

1
Ry

To proceed the analysis of Rg}fa) and Rg)lfb), we first state two properties of Zs(l): (a) it has a finite

second moment uniformly in € and s € [0, T
E[(Z{V)?] < KE[(v*) (s, X]"))’) < K sup E[(v®(s, X]"
s€[0,7)

))?] < o0 (A.8)

using the concavity of v(?), the estimates (AJ]) and Assumption @2} and (b) its increments are bounded
in L? by
E(Z) — ZV)) < K |u—v]. (A.9)

Part (b) is obtained by firstly using It6 formula

u

zM — 7z — / Lo AYETNZW ds + / MY STYD, zW awy,

v

then, squaring both sides, together with the boundedness of A and the estimates (A5

E[(Z) - Z))? < K < / '

and Assumption
Now we proceed to the proof (A7) with j = 1.

2 u
@ (s, x77)| ds) +K’/ E[(v® (s, X7”))?] ds,
2 v

E‘R(la

2|, o)+, )2 <28 sup |20
s€t,T]

sup |5,
sEtT

and is of order o(e’ =) for any fixed N by Lemma [A2){]). For the second term, using (A9) gives

E‘R(lb)‘<”)\” Z/
tht1

1
<Al Ke'™ HZ/ (s —tp)/?ds = Ke'~ H\/N’

W sel d
Nl ds

and

o H-1 (Lb)‘ < K
e B }RtﬁT =N
holds for any N. Thus, we have the desired result, by letting N — oc.

Proof of (A7) for j = 2 (resp. j = 4) is done by applying essentially the same argument to Zs(z) =

D2pO (s, X0, (resp. Z$ = (Dy+2D1)0M (s, X)) which also satisfies (A8) and (&), and e!~Hp¢
(resp. = HIy).
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Proof of (A7) for j = 3 is given by

T T
E]R?}] Sp/ IE‘/\(Y;’H)va(o)(s,X;’(O))Gg dng/ v )(s,X;’(O))H \9; ds
’ t t 2 2
<K 0@ (s, x77)| sup |
s€t,T) 2 sc[t,T) 2
and Lemma [ATI([D). O

B Assumptions for Theorem

This set of assumptions is used to establish the approximation accuracy (Z34)) (resp. E3T)) to V;"° defined
in [@30). To be specific, these assumptions will ensure that M (resp. Mf) is a true martingale and that
RS (resp. RS) is of order o(e' =) (resp. O(e1=H)Nay),

Assumption B.1. Let «ZE [%O, 7t a] be the family of trading strategies defined in ([1l). Recall that X™ is
the wealth process generated by the strategy m = 7° + €7 as defined in [@E3T)). In order to condense the
notation, we systematically omit the arguments (s, XT) of v'% and vV and the argument Y of o and o
in what follows. According to the different cases, we further require:

(i) If 7° = =7 the quantities below, for any t € [0,T), are of order ! =H in L' sense:

JF G U (00 + R(s, XT3 X)) D10 ds, [ ¢ 02 (7)) 2050 D10 ds,

and the following quantities are uniformly bounded in €:

Efo (U%tlvg(go ) ds, E ‘fOT uﬂvél) ds|,

E(fOT (a%tlvc(go)qﬁf) ds) , (fo (thvg(gl) ds)é,

(i) If 70 # 70 we require the uniformly boundedness (in €) of the following:

E (fOT (owt Ug(co)) ds) %,

E|fy wmt R(t, X7 Mol ds|,

E‘IOTU 7rt)2vg(52 ds|,

E ‘fOT ptol® ds|,

‘ 7r x)ds

T
E‘fo o? 7Tt7rtvm

( 5 ()’ ds>%.
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