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GLOBAL REGULARITY VERSUS INFINITE-TIME SINGULARITY
FORMATION IN A CHEMOTAXIS MODEL WITH
VOLUME-FILLING EFFECT AND DEGENERATE DIFFUSION*
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Abstract. A system of quasi-linear parabolic and elliptic-parabolic equations describing chemo-
taxis is studied. Due to the assumed presence of a volume-filling effect it is assumed that there is
an impassable threshold for the density of cells. This assumption leads to singular or degenerate
operators in both the diffusive and the chemotactic components of the flux of cells. We improve re-
sults from earlier works and find critical conditions which reflect the interplay between diffusion and
chemotaxis and warrant that classical solutions are global in time and separated uniformly from the
threshold. In the case of degenerate diffusion for the elliptic-parabolic version of the model we prove
the existence of radially symmetric solutions which exhibit a phenomenon of infinite-time singularity
formation in that they are global and smooth but attain the threshold in the large time limit.
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1. Introduction. The movement of biological cells or organisms in response to
a chemical gradient is called chemotaxis. Focusing on the understanding of corre-
sponding processes of self-organization detectable in certain cell populations, many
theoretical studies of this phenomenon concentrate on the situation when the latter
chemical is secreted by the cells themselves. Since the pioneering works of Patlak [26]
in 1953 and Keller and Segel [20] in 1970, a number of particularized models have
been proposed to describe the aggregation phase of such processes. In most of these
works the formation of a cell aggregate is interpreted as a finite-time blow-up of the
cell density [14, 13]. In contrast to this, some models derived in the last decade do
not treat cells as point masses and take into account their positive sizes. In such a
description, arbitrarily high cell densities can be precluded and a threshold value for
cell density, for convenience normalized to u = 1 corresponding to the tight packing
state, can a priori be assumed. Concepts of this type, in the context of chemotaxis
named the volume-filling effect, were first introduced by Painter and Hillen [25] and
further developed in [31].

Different modeling approaches based on this assumption lead to a class of quasi-
linear parabolic systems with singularities as u approaches the threshold 1 in either
the diffusion coefficient or the chemotactic sensitivity. For instance, this is the case
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in both the model in [24], recently derived as a macroscopic limit of a cellular Potts
model, and the system in [31], obtained on taking limits in a reinforced random walk
approach on a discrete grid. Surveys of mathematical results on chemotaxis equations
are available in [14, 13, 37], the last one particularly focusing on various models of
chemotaxis with the density threshold. Accordingly, in this paper we shall consider
the system

uy =V - (D(u)Vu — uh(u)Vv), z€Q, t>0,

vy = Av — v+ u, r e, t>0,

(1.1)
Gu_v_0,  zedQ t>0,
u(z,0) = up(x), v(x,0) =vp(x), x €,
and its parabolic-elliptic simplification of Jager—Luckhaus type [17] given by
uy = V- (D(u)Vu) — uh(u)Vv), z€eQ, t>0,

0=Av—m+u, re, t>0,

(1.2) Jov(z, t)dz =0, z€Q, t>0,
Gu=0t—=0, €, t>0,

U(QJ,O) = UO(Qf), T e Qv
with

_ 1
(1.3) m = m(ug) = Ug := ﬁ/ﬂuo(aj)daj.

For example, the modeling approach in [25, 31] suggests that in the presence of a
volume-filling effect, accounting for the finite size of cells, the diffusion coefficient D
and the chemotactic sensitivity h are of the form

(1.4) D(u) = d(q(u) — uq'(u)), h(u) = xq(u),

where d and x are positive constants and ¢(u) denotes the probability for cells, located
at a point with cell density u, to move to some neighboring site. The precise form
of this probability function ¢(u) is basically unknown and not directly accessible to
experiments. An important class of functions ¢(u) is obtained by assuming that there
exists a known maximal number of cells that can be accommodated at any site of unit
volume. Then a prototypical choice of g(u) (see [25, 30]) is

(1.5) q(u) = { (1 —O’U)T, 0 iu>§171,

where 7 > 0 and we have assumed for convenience that this maximal cell density is
u = 1. In this situation, (1.4) yields the precise formulae

(1.6) D(u) = d(1 —u)""'[1 —u(l —7)]
=d[(1 —u)" +ru(l —u)""1], h(u) = x(1 —u)",
whence already in this simplified setting we may encounter different types of coefficient

behavior: Namely, for instance, we see that then

degenerate and > d(1 —u)""1 if r > 1,
(1.7) D(u) is linear and =d ifr=1,
singular and > rd(1 —u)""1  ifr < 1.
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Guided by (1.6)—(1.7), we shall suppose that the diffusivity D and the cross-diffusivity
h generalize the prototypes

(1.8) D(u) =cp(l—u)"% hu) =cp(1 —u)?, u € [0,1),

with some c¢p > 0 and ¢;, > 0, where we admit a and S to attain any real value, not
necessarily linked through (1.6).

Within this framework, in which existence and uniqueness of global weak solutions
for (1.1) have been asserted in [23], a natural question concerning the qualitative
solution behavior is the one posed in [36]:

Will all solutions, initially satisfying u < 1, remain separated from the
(Q) threshold value v = 1 uniformly for all times, or may there exist solutions
which approach this singular value either in finite or in infinite time?

Clearly, this problem is similar to that of blow-up vs. the existence of global solutions
for the classical reaction-diffusion equations, and partial answers have already been
given in [32]. Namely, it has been shown there that if

(1.9) a+p<1

and 2 is a ball with radius R, under the assumption that j—g is sufficiently large,
depending on R, one can find smooth initial data ug such that 0 < ug < 1 in © but
such that the corresponding solution of (1.2) attains the value u = 1 in either finite
or infinite time.

As for results on the opposite type of behavior, it was shown in [4] that the global
classical solution exists if @ > 2,8 = 0, where the solutions are bounded away from
u = 1 for any finite time. A similar result was subsequently extended in [36] to a
general parameter regime

(1.10) 521—% and  a>0

but only under the stronger requirement that 5 > 2 solutions are known to remain
bounded away from u = 1 uniformly for all times [36].

It is the goal of the present paper to close the apparently remaining gap between
the above parameter regimes, at the same time allowing also for negative «. In this
respect, the results presented here generalize and significantly improve those from
[36] by employing a different approach to derive uniform-in-time L? bounds on ﬁ
Indeed, our technique will enable us to prove that the sole condition a + 5 > 1
ensures the existence of global-in-time classical solutions separated from 1 uniformly
with respect to time.

In order to make this more precise, let us now be more specific about the technical
framework: We shall study (1.1) and (1.2) under the assumptions that the coefficient

functions D and h are smooth in [0,1) and such that
(1.11) D(u)>cp(l—u)™@ for all w € [0,1)
as well as

(1.12) h(u) < cp(1 —u)? for all u € [0,1)
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hold with some o € R, 8 € R, ¢p > 0, and ¢, > 0. Moreover, we suppose that Q2 is a
bounded domain in R™, n > 1, with smooth boundary 92 and outward normal unit
vector field v, and that m := |—gl‘ fQ ug, where

(1.13) ug € WH>(9Q) and 0 <ug(zr) <1 forallze Q.
In the parabolic-parabolic system (1.1) we shall additionally assume that
(1.14) vy € WHe(Q) and 0 <wvg(x) forall z € Q.

Then the first of our main results reads as follows.
THEOREM 1.1. Suppose that Q is conver and that (1.11) and (1.12) are satisfied
with some a € R and B € R fulfilling

(1.15) g>1—a.

(i) For all (uo,vo) satisfying (1.13)—(1.14), the problem (1.1) has a global classical
solution (u,v) which remains uniformly regular in the sense that there exists 6 > 0,
possibly depending on ||uol|os [|[vol|so » €D s Chy a0, B, such that

(1.16) u(z,t) <1-4 for all (z,t) € Q x (0, 00).

(ii) For any ug fulfilling (1.13), the problem (1.2) admits a global classical solution
(u,v) satisfying (1.16).

In light of the mentioned possibility of singularity formation asserted under the
assumption (1.9), this evidently is optimal and thereby completes the answer to (Q),
up to equality in (1.9), at least for the parabolic-elliptic system (1.2), a case for which
singularity formation does occur when (1.9) holds (cf. [32])

Let us note here that the above convexity assumption is required as a hypothesis
in a variant of the Poincaré inequality, which will be a technical cornerstone of our
analysis (see Lemma 3.3 below and [18, Corollary 8.1.4]).

Next, it turns out that the mere existence of a global smooth solution can be
asserted under a condition on « and /5 which is different from (1.15).

THEOREM 1.2. Let (1.11) and (1.12) hold with some o € R and B € R such that

«
(1.17) Bz1-73.

(i) For any (uo,vo) satisfying (1.13)—(1.14), the problem (1.1) has a global clas-
sical solution (u,v). Moreover, for all T > 0 there exists 6(T') > 0 such that for this
solution we have

(1.18) u(z,t) <1-6(T) for all (z,t) € Q2 x (0,T).

(ii) For each ug such that (1.13) holds, there exists a global classical solution
(u,v) of (1.2). Furthermore, for all T > 0 one can pick 6(T) > 0 such that (1.18)
holds.

As a by-product, utilizing a blow-up result obtained in [32], we finally detect some
global classical solutions of (1.2) exhibiting a singularity formation in infinite time,
provided that a is negative and f lies in the intermediate range [1 — §,1 — ). In
formulating this result in a precise way, besides (1.11) and (1.12) we shall refer to the
complementary conditions

(1.19) D(u) <ép(l—u)™ for all u € [0,1)
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and
(1.20) h(u) > én(1—u)®  forallu e [0,1)

for some a € R, B € R, ép > 0, and ¢, > 0.
THEOREM 1.3. Let Q be a ball, and assume that (1.11), (1.12), (1.19), and (1.20)
are satisfied with some o < 0 and

(1.21) 561—%J—a)
Then if g—]’; is large enough, there exists ug € O () such that 0 < ug < 1 in Q and

such that (1.2) possesses a global classical solution (u,v) which fulfills 0 < u <1 in
Q2 x [0,00) but

(1.22) lu(-, t)|| Loy — 1 as t — oo.

We remark here that instead of assuming (1.19) and (1.20), one might alterna-
tively require that

% > cpp(l—u)*th

hold with « and 3 as above and some appropriately large c;,p > 0.
In conjunction with the outcome from [32], the above results form an essentially
complete picture with regard to singularity formation in (1.2) at least in the situation

when both D(u) and h(u) exhibit an algebraic behavior near u = 1. A brief summary
thereof can be found in Figure 1 and Table 1.

Fic. 1. An illustration of parameter regimes for o and B, which includes the four regions I
={(a,8) |[a+B>1}, T :={(o,B) [a<0,1-F < <1—a}, T :={(,8) | a<0,8<
1-35}, and IV := {(, B) | &« > 0,a + B < 1}. The lines Bl := {(a, B) | a > 0,a + 3 = 1}, B2
={(a,8) | a<0,a+ B =1}, and B3 := {(a,8) | «a = 0,a+ 8 = 1} appear as boundaries, whereas
two more boundaries have been included in regions II and IV. An overview over the occurrence of
singular solution behavior in the respective ranges can be found in Table 1.

From a mathematical point of view, we find it worth underlining that the solution
behavior detected in Theorem 1.3 might be surprising in itself: As far as we know, in
nonlinear parabolic equations and systems not many situations have been previously
identified in which solutions are global and smooth but develop a singularity in the
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TABLE 1
Solution behavior in the parameter ranges from Figure 1 in the case when g((::)) =o(1- u)o“"ﬁ

for some o > 0. “None” means that the solution reaches 1 neither in finite nor in infinite time.

Parameter regime  Possible occurrence of singularity References

1 None for both (1.1) and (1.2) Present paper
11 Yes (in infinite time for (1.2)) if o is large Present paper
111 Yes (in infinite time for (1.2)) if o is large [32]

v Yes (in finite time for (1.2)) [32]

Bl Unknown

B2 No finite time singularity for both (1.1) and (1.2) Present paper
B3 None for both (1.1) and (1.2) Present paper

large time limit. Indeed, some semilinear and quasi-linear parabolic equations are
known to allow for phenomena of this type (cf., e.g., [27, 9, 33, 34]), but in most
examples this kind of behavior seems to be unstable with respect to either the initial
data or parameters in the equation. This also applies to some related results ad-
dressing the standard parabolic-elliptic Keller—Segel system, where global unbounded
solutions are known to exist if the total mass of cells precisely attains some critical
value (cf., e.g., [19] for a detailed analysis of the time asymptotics of such solutions).

Before going into details, let us finally mention that different variants of the
Keller—Segel system are discussed as possible candidates to model volume-filling effects
in chemotaxis processes. Unlike the approach pursued here, the class of models studied
in [3] does not impose a fixed threshold value that cannot be exceeded by the cell
density, but rather assumes that the diffusivity D(u) and the cross-diffusion parameter
h(u), though positive for all u, decay as u — co. In the probabilistic picture of random
walks, this corresponds to positive but decaying probabilities g(u) of cells to move
towards some neighboring site (see [25]). A considerable literature is concerned with
models resulting from approaches of this type, the essential outcome being that again
the asymptotic behavior, now as u — oo, of the ratio of cross-diffusion and diffusion
decides whether or not a singularity formation may occur; namely, if

uh(u) < Cun~*¢ for all u > 1
D(u)

with positive constants € and C, then all solutions of both (1.1) and (1.2) are global
and uniformly bounded (cf. [29, 8] and also [15, 21, 6] for some precedents), whereas
if

> cunte forallu >1

with some ¢ > 0 and ¢ > 0, then unbounded solutions exist (see [12, 35, 5, 7, 8]).
Results of a similar flavor have also been derived for associate Cauchy problems in
Q =R" (see [28, 16]).

As contrasted to this, in conjunction with [32] the present work shows that the
critical relationship between h and D does not depend on the space dimension when
an a priori threshold of the above type is built in the model.

2. Local existence and uniqueness. Let us first ensure local solvability of
(1.1) and (1.2), along with useful extensibility criteria.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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LEMMA 2.1. Let (ug,vo) satisfy (1.13)—(1.14). Then there exist Tmae € (0, 0]
and a unique pair (u,v) of functions (u,v) € C([0, Tynaz) X Q;R2) N CH2((0, Trax) X
O R?) such that (u,v) solves (1.1) in the classical sense in Q x (0, Tynaz). Moreover,
if Trnaz < 00, then

(2.1) timsup (-, 1) =) = 1

Tmaz

Proof. First we may note that the Neumann boundary condition in (1.1) is equiv-
alent to the no-flux boundary condition for u, i.e.,

(D(u)Vu — uh(uw)Voulr) =0 on (0,00) x 09,

as long as u < 1; therefore we may use Amann’s theory of quasi-linear parabolic
equations [2] and proceed as in the proof of [36, Proposition 1]. O

Our counterpart of this for (1.2) reads as follows.

LEMMA 2.2. Suppose that ug satisfies (1.13). Then there ezist Tqas € (0,00] and
a unique pair (u,v) of functions (u,v) € C([0, Trnaz) X ;R NCH2((0, Thnaz) x Q5 R?)
such that (u,v) solves (1.2) in the classical sense in Q X (0,Tyaz). Moreover, if
Traz < 00, then

(2.2) lim sup (-, )| o o) = 1.

t/ Tmax

Proof. Let M = ||lug||~(qy and n € (0,1 — M) . We define a set

XT::{weOO(Qx[O,T])‘O§w§M+T]<1

1
and —/ w(x,t)dz =m for all t € (0,T)
€] Ja

and a mapping ® : X7 — X such that given @ € Xp, ®(a) = u, where u is an
L2-weak solution to

ur = V- (D(@)Vu — uh(a)Vv), x e, te(0,T),
(2.3) gu —0, z€dQ, te(0,T),

u(z,0) = uo(x), x €Q,

with v defined to be the solution of

(2.4)

- z €0, te(0,7),

{ —Av=—-m+a, xeQ te(0,T),
ov

along with the condition
(2.5) / v(z,t) de =0 forany te0,T].
Q
We shall show that for T small enough ® has a fixed point. Notice that by [11,
Theorem 8.34] there is a unique solution v(-,t) € C*+5(2) to (2.4) for some s € (0,1).

It is easy to see that in fact v € L>®(0,T : C'*5(Q)) for each s € (0,1). Then
uwe C0,T): L2()) N L3(0,T : HY(Q)) is the unique weak solution to the linear
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parabolic equation (2.3). Since both D(i) and h(u)Vv belong to L>(2 x (0,7')), and
since ug was assumed to be Hélder continuous in €2, we may apply [22, Theorem V1.1]
to conclude that for some v € (0,1) and K > 0 we have u € C7>3 (2 x [0,7T]) and

(2'6) HUHC’Y’%(QX[O,T]) S K’

where K depends on mingc(o as4y) D(§), maxee(o, a4 M), and HV”HLOO(O TCe (@)
the last quantity being controlled by |ul|p=) < M + 7. It follows that
(- t) = uol| oo (o) < Kt2
and hence
3

sup |lu(-,t)||p=@) < KT
te[0,T]

+ M.

From this we deduce that if we fix T =Ty < ( 7’%)%, then we have

sup u(-,t)|| gy < M +1.
te[0,T0)

Notice also that (2.3) implies Wll Jou(x,t)de = m for all t € (0,Tp). Thus, u € X,
and we proceed to show using the Schauder fixed point theorem that ® : X7, — Xr,
has a fixed point. To this end observe that X7, is a convex subset of C°(Q x [0, Tp]).
From (2.6) we infer that ® is a compact mapping. It remains to prove that ® is a
continuous mapping. Let @i, — @ as k — oo in C°(Q x [0, Tp)). First notice that (2.5),
the Poincaré inequality, and Young’s inequality with e entail

2.7) / Vo — Vo 2da < 01/ li— ax2dz  for all £ € (0,Tp),
Q Q

where C is a positive constant. Next, using Young’s inequality and (2.7) we obtain

t
/|u—uk|2dx+Q/ /|Vu—Vuk|2dxds
Q 0o Ja

§/Ot/Q|Vuk|(|D(1l)—D(ﬂk)||Vu—Vuk|)dxds

t t
+ O </ / | — i) *dxds —|—/ / lu — uk|2dxds) for all ¢t € (0, Tp),
0 Ja 0 Ja

where D = mingcj a4y D(§) and Cy depends on M + 1 and maxee(o, a4y |P(§) +
R'(€)] and Cy. The usual energy estimate for (2.3) yields

sup /|uk x,t)] da:—l—/ / |Vug(z, s)|*deds < E,

te[0,To]

where F is a constant independent of k. Hence, using Young’s inequality and the
local Lipschitz continuity of D and h and (2.7), we obtain

/|u—uk xt|da:<02/ /|u—uk| dxds

(2.9) +Cs Sup|D(~) |2/ /|Vuk| dxds

+C4/ /|u—uk|dxds
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with C3 depending on K, M + 7, and maxec(o a4y |2(E) + 1/ (§)| and Cy depending
also on E. By Gronwall’s lemma we deduce that for any ¢t € [0, Tp]

(2.10) /Q (= i) (@, )2

< (cgsup|D(~) D |2/ / Vg [2dads
Q
+ 04/ /|u—u;.C |2d;vds> C2To
t
< Cge2To <sup|ﬁ—ﬂk)|2—|—/ /|(ﬁ—ﬂk)(x,s)|2dxds> ,
Qr, 0 JQ

where C5 depends on Cs, Cy, E, and maxee(o a4y [D'(§)]. Thus,
up —u in L>(0,Ty: L*(Q)),
and using (2.6) we deduce that
up —u in C°(Q x [0,Ty]) .

By the Schauder theorem there exists a pair (u,v) which solves (1.2) in a weak sense.
In fact the solution is more regular: By the classical regularity theory of elliptic
equations, for any ¢ € (0, Tp] it follows that

v(-,t) € C*T(Q)
for some v € (0,1). Then it is easy to check using (2.6) that
veCT QX [r,Ty))  forall 7 € (0,Ty).
The regularity theory for parabolic equations [22, Theorem V.6.1] thus entails
we CHITT(Q x [1,Ty])  for all 7 € (0,Ty).

The solution may be prolonged in the interval [0, Tyq,) and either Tp,q, = oo or
Tinaz < 00, where in the latter case

lu(-,t)loo = 1 when t — Thas -

To prove the uniqueness of solutions to problem (1.2) let us assume that there are
two distinct solutions (w1 ,v1) and (uz2,v2). Then we may perform similar estimates
to those which led to (2.10) with the substitution u; in the place of u and @, and
with ug in the place of uy and @y. The only difference is to use in (2.8) the fact that
[IVuz|loo < 0o. Consequently, we deduce that for any 7 € [0, To],

sup / lui(z,t) — ug(x, t)|>dz < Csre“?T0 sup / lui(z,8) — ua(x, s)|*dx,
te[0,7] s€[0,7]
which leads to a contradiction. Finally the nonnegativity of u follows from the classical
maximum principle if we rewrite the first equation in (1.2) in the nondivergence form.
The above uniqueness statement entails that the assumed radial symmetry of ug
is inherited by both solution components u and v. Accordingly, without any danger
of confusion we may write ug = uo(r) and u = u(r,t) whenever this appears to be
convenient in what follows. |
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3. Preliminary estimates. Before deriving a priori estimates, let us provide
some preliminary material. We begin by stating a lower bound for the size of the set
where a given nonnegative function from L!(£2) remains conveniently small.

LEMMA 3.1. Let ¢ € LY(2) be nonnegative. Then for all a > 1 the inequality

aM a—1
. < — > |Q)
(3.1) ‘{SD |Q|}‘ a il

holds with M := [, o.
Proof. Using that ¢ > 0, we estimate

aM
u=fo= [ ezllem
{@>uhl |Q|}

12]

aM
1€2]

and hence obtain

Since
aM aM
<2V g a
<] == (o> o))
this yields (3.1). 0

We next check the independence of the constants in a Gagliardo—Nirenberg in-
equality within a certain parameter range.
LEMMA 3.2. Letq > 1 be such that § < (nf—’;ﬂ Then there exists C > 0 such

that whenever q € [1,q] we have

(32)  N2llza) < ClIValtaqq) - 12l i) + Clizlli@y — for all = € WH(Q),
where a 1= Q(Z(JZ;){Z) )

Proof. By the Gagliardo—Nirenberg inequality (see [10]),

Hz||La(Q) < cl||Vz||%2(Q) . ||zH1LT(bQ) +cillzll o) for all z € WH2(Q)
is valid with b := 2(1;(46-;)16) and some c¢; > 0. Now the Holder inequality says that

12llzae) < 2l @) - 12l o)
(2

holds for all such z with d := q(q 1) Since (X +Y)? < 2¢4(X9 +Y4) for all X > 0
and Y > 0, we obtain

1-b)d _
l2llzooy < 27 (V21 - D215 + elizlEmy ) - 2.
which results in (3.2) due to the fact that bd = a. O

A last preliminary result provides a Poincaré-Sobolev-type inequality for func-
tions remaining suitably small in sets of appropriately large measure. It is an imme-
diate consequence of a corresponding Poincaré inequality for functions with large zero
set.
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LEMMA 3.3. Suppose that Q is a convexr domain. Let k > 0,5 >0, and g > 1 be
such that q < (nz—gh Then there exists C = C(8) > 0 such that if z € WH%(Q) is
nonnegative with

(3.3) ‘{z < ﬁ}‘ >,

then

(3.4) /QZQ<C-{1+(/Q|VZ|2)%}.

Proof. Since q < (nf—’;)w we have W12(Q) < L9(Q), whence there exists ¢; > 0
such that
(35) el < e (IVellia + lellnae)  for all g € WH3(Q).

Next, we shall use the following variant of the Poincaré inequality which follows from
[18, Corollary 8.1.4]. It ensures that in the case of convex § there is constant cz(d) > 0
such that

(3.6)

llellzz) < c2(0) - Vel L2 for all o € W'?(Q) such that ‘{(p = 0}‘ > 0.
Applying this to ¢ := (2 — k)4 shows that

Izl ogy < [1(z = 8)+ [l agey + 5123
< er(1+¢2(0)) - [IV(z = k) llzao) + 5l
< er(1+¢2(8)) - [|V2] 2oy + 5197,
which easily yields (3.4). O

4. Basic a priori estimates for an auxiliary problem. In what follows we
shall derive various a priori estimates for solutions of the scalar parabolic problem

uy =V - (D(uw)Vu) — V- (uh(u)Vv), r€Q, t>0,

(4.1) gu — 0, zed, t>0,

u(z,0) = up(x), x €8,

where v = v(z,t) is considered to be a given sufficiently regular function.

Our first observation concerning such solutions is essentially the same as in [36,
Lemma 4].

LEMMA 4.1. Assume that (1.11) and (1.12) are satisfied with some o € R, 5 €
R,cp >0, and ¢, > 0. Let T > 0 and suppose that u is a classical solution of (4.1),
where v € L>=((0,T); CY(Q)) satisfies % =0 on 9Q and

(4.2) [Vu| < K a.e. in Qx(0,T)

with some K > 0. Then for all p > 1 the function w := 1 — u satisfies the inequality
(4.3)

9 2.2 772[0,(. 2
i/ w,p_i_p cD/w*”*"‘*2|Vw|2 < P B |u ’t)”L‘”(Q) / w—Prat28—2
dt Q 2 Q CD Q

for allt € (0,T).
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Proof. Testing (4.1) against w1 and using (1.11) and (1.12) yields
(4.4)
1d

odl w_p+(p+1)cD/ w P2 Vw|? < (p+1)ch/ w P2 |Vy - V|
Q

u
Q Q

for all t € (0,T). Here, according to Young’s inequality we have

1
(p—|— 1)Ch/ uw—P+B—2|vU . vw| < W/ w—p—a—2|vw|2
Q Q

2
(4.5) +M/ u2w*p+a+2ﬂ*2|vv|27
2CD [¢)

and thanks to (4.2) we obtain

1 2
(46) (p;—ﬂ / u2w—p+a+2ﬁ—2|vv|2
CD Q

2 720 (. 1|12
< (p + D K Ju )70 0 / wPrat26-2
- 2cp Q

Since p < p+ 1 < 2p due to the fact that p > 1, collecting (4.4)—(4.6) we end up with
(4.3). O

We shall secondly provide a statement ensuring that bounds for ﬁ in spaces
L>((0,T); LP(QY)) with suitably large p > 1 already imply pointwise boundedness of
L. This lemma will be referred to twice in what follows (cf. Lemmas 5.2 and 6.2),
and its proof is based on a Moser—Alikakos-type iteration procedure (see [1]).

LEMMA 4.2. Assume that (1.13), (1.11), and (1.12) are valid with some cp >
0,cp, >0, « € R, and B € R. Then there exists pg > 1 such that for all K > 0 and
L > 0 one can find C(K, L) > 0 with the following property: If, for some T € (0, 0],
v € L>®((0,T); CY(Q)) satisfies % =0 on 00 and |Vv| < K a.e. in Q x (0,T), and
if u is a classical solution of (4.1) in Q x (0,T) such that 0 <u < 1 and

(4.7) /(1 —u) P (z,t)de < L for allt € (0,7),
Q

then

(4.8) ! <C(K,L) in x (0,7T).

1—u

Proof. Let us fix pg > 1 large enough such that

nla
(49) po > 10
and
(4.10) po>4la+p-1)—a,
and such that
dla+ 8 —1]
n:'=——5"
po — |af
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satisfies
(4.11) 2 4y < —21
. ’]70 [
(n—2)4
as well as
2
4.12 < —.
( ) o "
Then defining (pg)ren recursively by setting
(4.13) PE = 2Dk—1 — @, k>1,

we can easily check using (4.9) that (pg)gen is strictly increasing, and that there exist
c1 > 0 and ¢o > 0 such that

(4.14) e -2k < pr < cCy- ok for all £ > 0.

Hence, according to (4.10) and the monotonicity of (pk)ken,

2 —a—2 2 4 -1
= (pr —« g+ )52—M, k>1,
pr+« Pk +«
satisfies
(4.15) 1<qgr <2+ forall K >1
with
4 -1
pooe Mot 51 oy
pr — o

Then (4.12) guarantees that

2
(4.16) e < Mo < — for all £ > 1,

n
and (4.15) in conjunction with (4.11) entails that

2n
(4.17) G <Q:=24+nn< — for all £ > 1.
(n—2)4

Moreover, from (4.14) we see that

(4.18) < — <ecg-27F forallk>1

holds with cg := 2 i:’o Likewise, for

- 2px,
4.19 = k> 1’
(4.19) == >
we have
2
(4.20) 1<gp<g:=—20 for all k > 1,
po — |a]

where g < (nz’§)+ due to (4.9).
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Our goal is to derive upper bounds for
A ;= max {1 , sup / w Pk (x,t)da:}, k>0,
te(0,7) JQ

where again w := 1 — u. To this end, we recall Lemma 4.1, which implies that for all
k>1,

(4.21)
d ppte
7 w Pk —|—C4/ |[Vw™ Hig |? < C5pi/ wPretat2B-2 for all t € (0,T)
Q
is valid with some constants ¢4 € (0,1] and ¢; > 0 which, like cg, ¢7, ... below, may

depend on K but not on ¢, T, or k.
In view of (4.17), Lemma 3.2 allows us to interpolate

2 —prtat28-2 _ 2, —2kF gy
C5pk/w Pk p = cspillwT 2
Q

Lk (Q)

o 2n(ap-D 2n—(n—2)qy

Pk+0¢

< cep} | V™ " lpz(ay w2 ey
(4.22) + cepd|lw" 5l ol T
with some ¢g > 0. Here we note that thanks to (4.13),
(428)  Jw D)) = / wP (1) < Aoy forall t € (0,7),
Q
and that from (4.15) and (4.16) we know that
-1 1 1

(4.24) e — 1) ndtm) g ndFm)

n—+2 n+2 n+2
where

n(l+ 2)

4.25 < —2-=1.
( ) n+2
Therefore, upon an application of Young’s inequality in the form

X)s -1y 1
(4.26) xy < EX VT v, 551, e 50,

s

s—1
2n(qp—1) 2n—(n—2)qy
to s == n(qk 1),X o\ oy Y= A @) ande =
5, (4.22) turns into the inequality
—1 .+ o
C5pz/ w—pk+a+2ﬁ—2 < n(qk )64 / |Vw_ p’”; |2
2n + 2 — ngy _ —221(12'“;1% ~{c QAW}%
77%’_2 4 6Pk Ag—1

(4.27) + copr A .

Here clearly

2n + 2 — nqy < 2n + 2
n+2 ~ n+2’
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and thanks to (4.15) and (4.16) we have

n(qr — 1) < n(1+nx) < n(1+no)
2n+2—-nq, = 2—nn, ~ 2-—nn

as well as
_nt?2 .
2n + 2 — nqyg
where
2(n+2)
2 nno

Finally, from (4.15), (4.16), and (4.18) we obtain that

(2n—(n—2)qk. n+2 )_2_(n+2)(qk—2)
n—+2 2n + 2 — ngy o 2n 42— ngy
< (n+2)m,
T 2—nn
< (n+2)me
T 2—mnnp
<ep-27F

for all £ > 1, where ¢; := % Since ¢4 < 1,pr > 1, and Ag_1 > 1, (4.27) in

conjunction with (4.14), (4.15), (4.24), and (4.25) thus implies that
C5pk/ﬂw prtat2B=2 < (1 _¢) C4/ |Vw |2—|—08 27’“-Ait’z’“

for some cg > 0 and 7, > 0 satisfying
(4.28) i <co-27%  forallk>1

with a certain cg > 0. Accordingly, (4.21) yields

(4.29) i/w"”“—k(l—ﬁ)/ (Vw2

We next apply Lemma 3.2 to ¢ := §i to find c19 > 1 fulfilling

< 08-27]“-14?:717’“ for all t € (0,T).

Prto a _Pgptae &
/ WP < el V™ 1850, - w9 gy + eaollw™ T | % g
Q
with g := 22k 1) . Applying (4.26) to s := L and ¢ := 1 and invoking (4.23), we thus

(n+2)q

+
/w_p"‘ < e {||Vw_pk i
Q

obtain

e 0 B }

_ Pk
+ CloH’LU 2

S CloHV’w || Q) + 2010Ak 15
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Now thanks to the easily verified elementary inequality (X —Y)? > 277X —Y“,
valid whenever o > 0 and 0 <Y < X, we infer that

2
[ (B [t
Q €10 Jo
'_l
(2010)_‘% ' (/ w_p’“) T _om CAY
Q

1 PRt
— D1 Pk 2
2 (L)

in view of (4.20), (4.19) and the fact that 2c;o > 1. Accordingly, (4.29) leads to the
ordinary differential inequality

v

PRt

d _ 1-46 _ Mk
Q 10 Q

PRt

< —011(/ w_p"‘) PR e 27 Ait’l”“ for all t € (0,7)
Q

for the function t — fQ w™Pk(x, t)dx, where ¢11 := ic_f and ¢ :=4(1 — 0) + cs.
10

By integration, we see that

/ w Pk (x, t)dx
Q
o [C12- 20 AT e
(4.30) < max{ [ (1—wg) P+, (22 Tkl for all ¢ € (0,T).
Q

C11

Since (4.20) entails that -2~ < £ for all k > 1, we see that

Prta —
Crils | —a i m
2 prta 2 ppta
-« QM
o]+ B
=k PE+ 4

and hence (4.30) in particular implies that for all £ > 1 we have

Ay < max {1, /9(1 — ug) Pk bk .Ai(lfﬁsk)}

with some b > 1 independent of k. Now in the case when Ay < max{1, [,(1—ug) ?*}
for infinitely many k& € N, we immediately conclude that (4.7) holds. Otherwise we
may assume upon increasing pq if necessary that

Ay <P forall k> 1

Upon a straightforward induction, using (4.14) we see that
i Sk AT 2(1+6:) Hf—l 2(1+46;) Cl‘lzk
Ak} S b j=1 i=j+1 .AO =

= por T 02T Tl 0 TG00 e > 1
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Since by (4.14) and (4.28)

5 1 o Qi

T o1kl 4
Po

1 . pola G-cg-27F
c1-28 po—|af 4
< 13- o~k forall £k >1

holds with ¢;3 := #‘f‘“a‘) + L& it follows that []:2; (1 + &) is finite due to the fact
that 32, d; converges. Since, moreover, 72, j - 277 < oo, and since Ag is finite
according to (4.7), from this we conclude that (4.8) also holds in this case. The proof

is complete. a

5. Global uniformly regular solutions for a« + 8 > 1. In order to derive
Theorem 1.1, we first exploit the estimate from Lemma 4.1 in conjunction with the
preparations provided in section 3 to establish bounds, uniform with respect to time,
for -1 in any space LP(f2), provided that (1.15) and (4.2) hold.

LEMMA 5.1. Assume that (1.11) and (1.12) are valid with some cp > 0,¢cp, > 0,
a € R, and B € R such that

B8>1-—aq,

and let uy comply with (1.13). Then for each K > 0 and any p > 1 there exists
C(K,p) > 0 with the following property: If T > 0 and v € L>((0,T); C1(Q2)) satisfies
% =0 0n 9 and [Vv| < K a.e. in Qx(0,T), and if u is a classical solution of (4.1)
in Q x (0,T) such that 0 < wu < 1, then

(5.1) /Q(l —u)"P(x,t)dr < C(K,p) for all t € (0,T).

Remark. We once more underline that the constant in (5.1) does not depend on
T.
Proof. Tt is evidently sufficient to consider p > 1 large enough fulfilling

p—a—2ﬂ+2 1 no

P 5 p>lal, and p>-——.

(5.2) .

For such p, from Lemma 4.1 and the fact that u < 1, we see that w := 1 — u satisfies

d 2p 15) /
(5:3) dt /Qw (p+)? Ve

2K2
P o= / w=Pret2B=2 for all t € (0,7T).
¢D Q

Now an integration of (4.1) shows that [, u(z,t)dr = [,uo =: M for all t € (0,T),
where our assumption ug < 1 in 2 entails that M < |Q|. Tt is therefore possible to

pick some a € (1, ‘&MI) and apply Lemma 3.1 to infer that

aM a—1
I i :
{u(,t)_ |Q|}‘_ —|0|  forallte (0,T)
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. . +o .
Since T—g‘[ < 1, this means that z := w="2" satisfies

‘{z(-,t)gcl}} > co for all t € (0,T)

with the positive constants ¢; = (1 — %)’pga and ¢z := 2=1|Q]. Consequently,
Lemma 3.3 says that for some c3 > 0, as all constants ¢y, cs, ... below possibly de-

pending on K and p but not on ¢ or on T', we have

2.2 772 2.2 102 o
P K /w—p+a+2ﬂ—2 _ gk /22@ a—28+2)
Q Q

(635) CD
p7a12l3+2
(5.4) <esz- {1+ (/ |VZ|2) e } for all t € (0,7),
Q
because q := W satisfies ¢ > 1 and
4 -1 2
q= 2 — M < 2 < 7”
p+o (n—2)+

according to our hypotheses (5.2) on p and the fact that « + 8 > 1. Using that even
the strict inequality o+ 8 > 1 holds, we find that 2=2=28%2 < 1 whence by means

+a
of Young’s inequality we can find ¢4 > 0 such that .
p7a12ﬁ+2 pZCD
vap) <7/v2+ for all ¢ € (0,T),
03(/Q| z| S ra? Q| z|°+ ey or a (0,7)
and thus obtain from (5.3) and (5.4) that
(5.5) i/wp+ﬁ/|VwT|2<c +c for all t € (0,T)
' dt Jo (p+a)* Jo e o

In order to turn the dissipative integral into an appropriate absorptive term that
can be used to control the large time behavior, we once more apply Lemma 3.3, but
2p

. . ~ . . } . ~ 2
this time to ¢ := et which, again by (5.2), also satisfies 1 < ¢ < ﬁ As a

consequence, we infer that

/w—p:/zp% gc5.{1+(/|vz|2)”"‘} for all ¢ € (0,7)
Q Q Q

holds with some ¢5 > 0. From (5.5) we can therefore derive the inequality

d _ p’ep 1 _ pte
— w”§03+04—7-{—- w”—l} for all t € (0,7).
dt Q (p—|—0¢)2 Cs Q

Upon a straightforward ODE comparison argument, this entails the estimate

/Qw_p(x,t)da: Smax{/g(l—uo)_p, ¢s - {((p+0z]);£;3+c4))pia +1]}

for all t € (0,T), and thereby proves the lemma. O
In conjunction with this, an application of Lemma 4.2 now immediately yields
the following.
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LEMMA 5.2. Let (1.13), (1.11), and (1.12) hold with some cp > 0,¢p, > 0, o € R,
and B € R fulfilling

B>1—a.

Then for each K > 0 one can find C(K) > 0 such that whenever T > 0 and v €
L®((0,T); CY(Q)) satisfies 22 = 0 on 0Q and |Vv| < K a.e. in Q x (0,T), and if u

v

is a classical solution of (4.1) in Q x (0,T) such that 0 < u < 1, then
1

(5.6) < C(K) in Q x (0,7T).

1—u

Remark. Again, the constant appearing on the right-hand side of (5.6) does not
depend on T'.

We can now directly pass to the proof of our main results concerning the case
a+p>1.

Proof of Theorem 1.1. (i) Since 0 < u < 1 and Vug is bounded, parabolic
regularity applied to the second equation in (1.1) guarantees that there exists K > 0
such that |Vo| < K in Qx (0, T)qs) (cf. [36, Proposition 1] for details). By Lemma 5.1
we have

sup  Ap(T) < oo,
T€0, Trax)
and therefore the claim immediately results from Lemma 5.2 and the extensibility
criterion (2.1) provided by Lemma 2.1.
(i) The proof is similar to the one above, relying on Lemma 2.2 instead of
Lemma 2.1. The only difference consists of a usage of elliptic [11] rather than parabolic

regularity arguments here in order to make sure that again Vv is bounded in  x
(Oa Tmaz) . a

6. Global solutions for 3 > 1 — 5 and singularity formation in infinite
time.

6.1. Global solvability. We first go back to Lemma 4.1, but proceed from (4.3)
by pursuing a strategy different from that used in Lemma 5.1. Namely, we shall no
longer rely on the dissipative term in (4.3) here. A similar reasoning has been applied
in [36, Corollary 5] for a > 0.

LEMMA 6.1. Suppose that (1.11) and (1.12) hold with some cp > 0,¢p, > 0,
a € R, and B € R such that

«
(6.1) fz21-3,

and let ug satisfy (1.13). Then for each K > 0, p > 1, and T > 0 there exists
C(K,p,T) > 0 with the following property: If v € L=((0,T); C*(Q)) satisfies % =0
on 0 and |[Vv| < K a.e. in Q x (0,T), and if u is a classical solution of (4.1) in
Q% (0,T) such that 0 < u < 1, then

(6.2) /Q(l —u) P(z,t)dx < C(K,p,T) for allt € (0,T).

Proof. According to (4.3) and the fact that 0 < w < 1, the function w :=1—u
satisfies

d 202 |2
—/ w P < ]L/ wPrat2s-2 for all t € (0,7).
dt Q CD Q
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Since w < 1 and hence w*+28-2 < 1 due to the fact that o+ 28 > 2, this implies that

d 2 2K2
£ *pSZlﬁL—l/ufp for all t € (0, 7).
dt Jo cp  Ja

Upon integration, this yields

p2c2 K2

/ w P (x,t)der < (/ w*p(x,O)dx) et for all t € (0,T)
Q Q

and thereby proves (6.2). O
Based on the above result, Lemma 4.2 now provides a time-dependent pointwise
upper bound for ﬁ

LEMMA 6.2. Assume that (1.13), (1.11), and (1.12) are valid with some cp >
0,cp, >0, a € R, and 5 € R fulfilling

o'
>1——.
fz 2
Then for each K > 0 and any T > 0 there exists C(K,T) > 0 such that if v €
L*((0,T); CY(Q)) satisfies % =0 on 0Q and |Vu| < K a.e. in Q x (0,T), and if u
is a classical solution of (4.1) in Q x (0,T) such that 0 <wu < 1, then

L cowm)  imax 7).

(6.3) — <

Now as in the previous section, the main result on global existence in the case
B > 1— 3 actually reduces to a corollary.

Proof of Theorem 1.2. As in the proof of Theorem 1.1, we use parabolic and elliptic
regularity arguments to derive a uniform bound for Vv and then apply Lemma 6.2
along with Lemmas 2.1 and 2.2. O

Remark 6.1. We may notice that in the case of @ = 0 and S = 1 the strong
maximum principle can be applied to the first equation in (1.1) after the change of

variable w := 1 — u. It then follows that u(x,?) < 1 for all z € Q and ¢t > 0.

6.2. Singularity formation in infinite time.
Proof of Theorem 1.3. Writing A := a4 3, we have A < 1, and hence from [32,
Theorem 1.1] we know that there exists ¢; > 0 with the property that if

h(s)

(6.4) e

>c(1—s) for all s € (0,1),

then there exists ug € C°°(Q2) such that 0 < up < 1 in Q and such that the corre-
sponding maximally extended local-in-time solution (u,v) of (1.2) satisfies 0 <u <1
in Q x [0, Thnaz) and

(65) ||U(, t)”L"O(Q) =1 ast / Taz,

where Tnas € (0, 00] denotes its maximal existence time. However, evidently (6.4) is
implied by the validity of (1.19) and (1.20) when %—f < é We therefore only need
to notice that on the other hand any such solution must be global in time, which is
an immediate consequence of Theorem 1.2 (ii) in view of our assumption that (1.11)
and (1.12) are valid with 8 > 1 — 5. O
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7. Numerical simulations. In this section, we shall explore some numerical
solutions of the model (1.1) in different parameter regimes to illustrate how the pa-
rameter values affect the solution profiles, and make predictions for undiscussed cases.
The finite-element-based software COMSOL has been implemented for computation,
and for simplicity we restrict our attention to a one-dimensional interval = (0, 20).

The most interesting component pertaining to our analytical results is to see in
which parameter regimes the solution blows up (i.e., u reaches the singular value 1)
or is strictly less than 1. Theorem 1.1 makes significant progress toward the complete
answer, and we show the relevant numerical solutions in Figure 2 (a), where the
solution profile u is plotted at time ¢t = 800 for different values of a and 3 such that
a+ [ > 1 fulfills the conditions of Theorem 1.1. We observe that the maximum of the
solution decreases with respect to the value of sum « 4 3. In particular the profile of
the solution becomes flatter when o + 8 gets smaller.

<4
@
<4
@

=3
)
=3
)

1

1

U

- - -o=2p=1 |
o=1,p=1 |,
I

I

I

1

I

o
~

- = 0=1,=0.5

Cell density u
Cell density u

o=1,3=0.1

o
~

F1G. 2. Numerical solution u to the system (1.1) with initial data uo = vg = 0.5+0.4 cos(nz/5),
where D(u) = d(1 —u)~% and h(u) = x(1 — u)?. Other parameter values are (a) a4 8 > 1,
d=1,x=100; (b) a+ =1 with a <0, d=1,x =20. The ezact values of o and [ are indicated
in the legend.

To recall, it was shown in our previous paper [32] that the solution may blow up
in finite time if « > 0,5 > 0, and a + 8 < 1. Theorem 1.1 shows that the solution is
classical if «+ 8 > 1. This indicates that the line a+ 8 = 1 might become important,
and that so does the region where o« + 8 < 1 and a < 0. Theorem 1.2 has shown
that the solution of (1.1) is classical and bounded away from 1 for any finite time if
a4+ =1and a <0, as shown in Figure 2 (b), where we see the solution is strictly less
than the singular value 1 and observe that the maximum of the solution u is getting
closer to 1 when « approaches 0 from below. However, in light of Remark 6.1 we know
that for the critical case o = 0, u will be strictly less than 1 in the interior of the
domain for any time ¢ > 0. This fact was also numerically illustrated in Figure 2 (b).
Now a natural question, left open by our analysis, is whether the solution may blow
up in the critical case a + f = 1 if @ > 0. Corresponding numerical solutions can
be found in Figure 3, which indicates that the distance between the maximum of the
large-time profile of w and 1 seems to decrease to zero with respect to the sum o +
when this sum decreases to 1. According to this observation we believe that in the
limit case a+ 3 = 1 when « > 0, the solution u indeed may attain the threshold value
1 either in finite or infinite time.
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Cell density u
Cell density u

0.995

0.99
0

Fi1a. 3. The numerical simulation of the solution u of system (1.1) with D(u) = d(1 — u)~®
and h(u) = x(1 — u)? for the critical case a 4+ § = 1, where d = 1,x = 25 and nitial data are
up = vo = 0.5+ 0.4 cos(wx/5). The process of the solution u converging to the critical value 1 as the
sum o« + B approaches the critical value 1 is illustrated, where (a) plots the solution at t = 400 for
three different values of a+ 8 which are close to 1. Since the variation of the solutions u plotted in
(a) is too small to distinguish by eyes, a correspondingly amplified picture is given in (b).

x 10

35

Density u

Space x Space x
(a) (b)

Fic. 4. The plot of the numerical solution u of system (1.1) with D(u) = d(1 — u)~* and
h(u) = x(1 — u)P for the subcritical case o + B < 1, where d = 1,x = 100. The initial data are
(a) uwop = vo = 0.5 4 0.4 cos(wz/5) and (b) ug = vg = 0.5 + 0.498 cos(wxz/5). The values of a and B
in (a) are « = —1,8 = 1.8 such that 1 —a/2 < 8 <1—a, and in (b) they are « = —1,8 = 1.4 such
that B <1—a/2<1—a.

Theorem 1.3 partially addresses what happens to the case a + 8 < 1 if a < 0. It
particularly asserts that if @ and § fall within the region II as plotted in Figure 1, then
the solution may reach 1 in infinite time, provided that g—g is large. This is numerically
supported in Figure 4 (a), which plots the solution profile u at the numerically terminal
time step ¢ = 112, just before the computation stops due to the degeneracy of both
diffusion (o < 0) and chemotaxis (8 > 0). The simulation shown in Figure 4 (b)
explores the case § < 1 — /2, < 0, for which it still remains open analytically
whether the solution reaches singularity. However, Figure 4 (b) seems to indicate
accumulative behavior of the graph of ﬁ, plotted here at ¢ = 0.12; we thus may
speculate that the solution u will reach 1 in finite time.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/23/12 to 193.0.96.15. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

3524 ZHI-AN WANG, MICHAEL WINKLER, AND DARIUSZ WRZOSEK

2]

[3]
[4]

[5]

[6]

7]
(8]

[9]

REFERENCES

N. D. ALIKAKOS, An application of invariance principle to reaction-diffusion equations, J.
Differential Equations, 33 (1979), pp. 201-225.

H. AMANN, Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value prob-
lems, in Function Spaces, Differential Operators and Nonlinear Analysis, H. Triebel and
H. J. Schmeisser, eds., Teubner-Texte Math. 133, Teubner, Stuttgart, 1993, pp. 9-126.

V. CALVEZ AND J. A. CARRILLO, Volume effects in the Keller-Segel model: Energy estimates
preventing blow-up, J. Math. Pures Appl. (9), 86 (2006), pp. 155-175.

Y. S. CHOI AND Z. A. WANG, Prevention of blow up by fast diffusion in chemotaxis, J. Math.
Anal. Appl., 362 (2010), pp. 553-564.

T. CIESLAK AND P. LAURENCOT, Finite time blow-up for radially symmetric solutions to a
critical quasilinear Smoluchowski- Poisson system, C. R. Math. Acad. Sci. Paris, 347 (2009),
pp. 237-242.

T. CiESLAK AND C. MORALES-RODRIGO, Quasilinear non-uniformly parabolic-elliptic system
modelling chemotazis with volume filling effect. Existence and uniqueness of global-in-time
solutions, Topol. Methods Nonlinear Anal., 29 (2007), pp. 361-381.

T. CieSLAK AND M. WINKLER, Finite-time blow-up in a quasilinear system of chemotaxis,
Nonlinearity, 21 (2008), pp. 1057-1076.

K. DJiE AND M. WINKLER, Boundedness and finite-time collapse in a chemotazis system with
volume-filling effect, Nonlinear Anal., 72 (2010), pp. 1044-1064.

J. W. DoLD, V. A. GALAKTIONOV, A. A. LACEY, AND J. L. VAzZQUEZ, Rate of approach to a
singular steady state in quasilinear reaction-diffusion equations, Ann. Scuola Norm. Sup.
Pisa Cl. Sci. (4), 26 (1998), pp. 663-687.

A. FRIEDMAN, Partial Differential Equations, Holt, Rinehart & Winston, New York, 1969.

D. GILBARG AND N. S. TRUDINGER, Elliptic Partial Differential Equations of Second Order,
Springer-Verlag, Berlin, 2001.

M. A. HERRERO AND J. J. L. VELAZQUEZ, A blow-up mechanism for a chemotazis model, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4), 24 (1997), pp. 633-683.

T. HILLEN AND K. J. PAINTER, A user’s guide to PDE models for chemotaxis, J. Math. Biol.,
58 (2009), pp. 183-217.

D. HORSTMANN, From 1970 until present: The Keller-Segel model in chemotaxis and its con-
sequences. 1, Jahresber. Deutsch. Math.-Verein., 105 (2003), pp. 103-165.

D. HORSTMANN AND M. WINKLER, Boundedness vs. blow-up in a chemotaxis system, J. Differ-
ential Equations, 215 (2005), pp. 52-107.

S. IsHIDA AND T. YOKOTA, Global existence of weak solutions to quasilinear degenerate Keller-
Segel systems of parabolic-parabolic type, J. Differential Equations, 252 (2012), pp. 1421—
1440.

W. JAGER AND S. LUCKHAUS, On explosions of solutions to a system of partial differential
equations modelling chemotaxis, Trans. Amer. Math. Soc., 329 (1992), pp. 819-824.

J. Jost, Partial Differential Equations, Springer-Verlag, New York, 2002.

N. I. KAVALLARIS AND PH. SOUPLET, Grow-up rate and refined asymptotics for a two-dimen-
stonal Patlak—Keller—Segel model in a disk, SIAM J. Math. Anal., 40 (2009), pp. 1852-1881.

E. KELLER AND L. A. SEGEL, Initiation of slime mold aggregation viewed as an instability, J.
Theoret. Biol., 26 (1970), pp. 399-415.

R. KOWALCZYK AND Z. SZYMANSKA, On the global existence of solutions to an aggregation
model, J. Math. Anal. Appl., 343 (2008), pp. 379-398.

O. A. LADYZENSKAYA, V. A. SOLONNIKOV, AND N. N. URAL'CEVA, Linear and Quasi-linear
Equations of Parabolic Type, Amer. Math. Soc. Transl. 23, AMS, Providence, RI, 1968.

Pu. LAURENGOT AND D. WRZOSEK, A chemotaxis model with threshold density and degener-
ate diffusion, in Nonlinear Elliptic and Parabolic Problems, Progr. Nonlinear Differential
Equations Appl. 64, Birkhauser, Basel, 2005, pp. 273-290.

P. M. LusanNikov, N. CHEN, AND M. ALBER, Macroscopic dynamics of biological cells inter-
acting via chemotazis and direct contact, Phys. Rev. E., 78 (2008), 061904.

K. J. PAINTER AND T. HILLEN, Volume-filling and quorum-sensing in models for chemosensitive
movement, Can. Appl. Math. Q., 10 (2002), pp. 501-543.

C. S. PATLAK, Random walk with persistence and external bias, Bull. Math. Biophys., 15 (1953),
pp. 311-338.

P. POLACIK AND E. YANAGIDA, On bounded and unbounded global solutions of a supercritical
semilinear heat equation, Math. Ann., 327 (2003), pp. 745-771.

Y. SuGciyAMA AND H. KUNII, Global existence and decay properties for a degenerate Keller-Segel
model with a power factor in drift term, J. Differential Equations, 227 (2006), pp. 333-364.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/23/12 to 193.0.96.15. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

REGULARITY VS. INFINITE-TIME SINGULARITY FORMATION 3525

Y. Ta0 AND M. WINKLER, Boundedness tn a quastlinear parabolic-parabolic Keller-Segel system
with subcritical sensitivity, J. Differential Equations, 252 (2012), pp. 692-715.

Z. A. WANG, On chemotaxis models with cell population interactions, Math. Model. Nat. Phe-
nom., 5 (2010), pp. 173-190.

Z. A. WANG AND T. HILLEN, Classical solutions and pattern formation for a volume filling
chemotazis model, Chaos, 17 (2007), 037108.

Z. A. WANG, M. WINKLER, AND D. WRZOSEK, Singularity formation in chemotazis systems
with volume-filling effect, Nonlinearity, 24 (2011), pp. 3279-3297.

M. WINKLER, A critical exponent in a degenerate parabolic equation, Math. Methods Appl.
Sci., 25 (2002), pp. 911-925.

M. WINKLER, A doubly critical degenerate parabolic problem, Math. Methods Appl. Sci., 27
(2004), pp. 1619-1627.

M. WINKLER, Does a “volume-filling effect” always prevent chemotactic collapse?, Math. Meth-
ods Appl. Sci., 33 (2010), pp. 12-24.

D. WRZOSEK, Model of chemotaxis with threshold density and singular diffusion, Nonlinear
Anal., 73 (2010), pp. 338-349.

D. WRz0sek, Volume filling effect in modelling chemotaxis, Math. Model. Nat. Phenom., 5
(2010), pp. 123-147.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


