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Abstract

We consider low-space algorithms for the classic ELEMENT DisTINCTNESS problem: given an array
of n input integers with O(logn) bit-length, decide whether or not all elements are pairwise distinct.
Beame, Clifford, and Machmouchi [FOCS 2013] gave an O(n1'5)-time randomized algorithm for EL-
EMENT DisTINCTNESS using only O(logn) bits of working space. However, their algorithm assumes a
random oracle (in particular, read-only random access to polynomially many random bits), and it was
asked as an open question whether this assumption can be removed.

In this paper, we positively answer this question by giving an O(n1'5)-time randomized algorithm
using O(log3 nloglogn) bits of space, with one-way access to random bits. As a corollary, we also
obtain a poly(n)-space O*(2°-86")-time randomized algorithm for the Subset Sum problem, removing
the random oracles required in the algorithm of Bansal, Garg, Nederlof, and Vyas [STOC 2017].

The main technique underlying our results is a pseudorandom hash family based on iterative restric-
tions, which can fool the cycle-finding procedure in the algorithms of Beame et al. and Bansal et al.
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1 Introduction

What problems can be solved simultaneously in low time and low space? When we restrict the space usage
for solving a problem, how does this affect the possible running time of algorithms? The area of time-space
tradeoffs has studied such questions for decades, beginning with Cobham [Cob66]. A central problem studied
in time-space tradeoffs is ELEMENT DISTINCTNESS:

ELeMENT DisTINCTNESS: Given an array of n positive integers ay, ag, . . ., a,, with a; < poly(n)
for all 7, decide whether all a;’s are distinct.

The problem is extremely basic and useful: thinking of the array as describing a function from [n] to
[poly(n)], we are asking if the function is injective. The obvious algorithm that checks all pairs of elements
takes O(n?) time and uses O(log n) bits of workspace. If we allow O(n) bits of workspace, ELEMENT Dis-
TINCTNESS can be solved in near-linear time by sorting the input array. Applying low-space sorting algorithms
directly [MP80, PR98], one can interpolate between these two algorithms and solve ELEMENT DISTINCTNESS
in time 7'(n) and space S(n) for all T'(n), S(n) such that T'(n)- S(n) < O(n2). For comparison-based algo-
rithms, in which the only operation on elements allowed are pairwise comparisons, this time-space tradeoft
was shown to be near-optimal in the 1980s [BFM*87, Ya088].

In 2013, Beame, Clifford, and Machmouchi [BCM13] surprisingly bypassed this longstanding lower
bound, by giving a non-comparison-based algorithm for ELEMENT DisTINCTNESS with the time-space tradeoft
T(n) < O(n*?2/S(n)'/?). In particular, their algorithm can run in O(n!"®) time using only O(log n) bits
of space. For brevity, we call this the BCM algorithm. A major disadvantage of the BCM algorithm is that
it requires a random oracle: read-only random access to polynomially many uniform random bits (which do
not count towards the space complexity). In the BCM algorithm, these random bits are used to specify the
outgoing edges of a random 1-out digraph, on which Floyd’s cycle-finding algorithm [Knu69] is performed
to look for a pair of equal elements. Due to complicated dependencies on the paths in this random digraph,
it looks difficult to reduce the number of random bits using pseudorandomness. It was asked as an open
question [BCM13, BGNV 18] whether the BCM algorithm can be modified to work with only “one-way
access” to random bits, where we may toss up to O(t) coins in time ¢, but cannot randomly access arbitrary
coins tossed in the past. In particular, [BCM13] stated it “seems plausible” that the random oracle in the
BCM algorithm could be replaced by some family of poly log(n)-wise independent hash functions in the
analysis.

1.1 Our Results

Our main result in this paper proves that one-way access to randomness is sufficient for implementing the
BCM algorithm. We design a pseudorandom hash family with O(log3 nloglogn)-bit seed length based
on iterative restrictions of O(log n log log n)-wise independent generators, and show that the analysis of the
BCM algorithm still works when the random oracle is replaced by our pseudorandom generator. In fact, our
proofs use a careful coupling-based analysis of an infinite tree generated from our pseudorandom generator.
Hence we have the following result.

Theorem 1.1. ELEMENT DISTINCTNESS can be decided by a Monte Carlo algorithm in 5(711'5) time, with
O(log?® nloglogn) bits of workspace and no random oracle. Moreover, when there is a colliding pair, the
algorithm reports one.

A closely related problem is the List DisjoINTNESS problem (which is equivalent to the 2-Sum problem).



List DisjointNess: Given two integer arrays (aj, ag, ..., a,) and (b1, ba, ..., b,) with entries
in [poly(n)], decide whether there are i, j € [n] such that a; = b;.

This problem is harder than ELEMENT DisTINCTNESS, since the latter problem can be easily reduced to
the former with only O(log n)-factor overhead. The BCM algorithm for ELEMENT DisTINCTNESS does not
straightforwardly extend to ListT DisjoINTNESS, and it is still open whether LisT DisJoINTNESS can be solved
in no(l)—space and n2—91) time, even allowing random oracles. Recently, Bansal, Garg, Nederlof, and
Vyas [BGNV 18] showed that a variant of the BCM algorithm can be applied to solve List DiSJOINTNESS
with an improved running time, provided that the input arrays have small second frequency moment (i.e.,
there are few collision pairs within each arrays). Formally, define

Fy(a) = > 1fa; = ay),

i=1 j=1
and assume an upper bound p on F5(a)+ F»(b) is known. Then their algorithm solves the List DisJOINTNESS

problem in O(n+/p/s) time and O(s log n) space (with random oracle), for any s < n2/p. In this paper, we
show that our pseudorandom family designed for the BCM algorithm also applies to this setting for s = 1.

Theorem 1.2. There is a Monte Carlo algorithm for List DISIOINTNESS such that, given input arrays a =
(ai,...,an),b = (b1,...,by) and an upper bound p > Fy(a) 4+ F5(b), runs in O(n/p) time and uses
O(log3 nloglogn) bits of workspace and no random oracle.

Combining the above LisT DisioINTNESs algorithm with additive-combinatorial techniques, Bansal et al.
gave a poly(n)-space O* (20-86™)-time algorithm for Subset Sum: Given positive input integers a1, as . . . , a,
and a target integer ¢, find a subset of the input integers that sums to exactly ¢. They also solved the harder
Knapsack problem with essentially the same time and space complexity. Replacing their List DisjoiNT-
NEss subroutine with our Theorem 1.2, we immediately remove the assumption of random oracles in these
algorithms as well.

Theorem 1.3 (Follows from Theorem 1.2 and [BGNV18]). Subset Sum and Knapsack can be solved by a
Monte Carlo algorithm in O* (20-%57) time, with O(poly(n)) working space and no random oracle.

In our ELEMENT DisTINCTNESS algorithm (Theorem 1.1), the 1.5 exponent in the time complexity seems
hard to improve using current techniques. However, it is also difficult to prove a matching lower bound for
such a decision problem. Hence we are motivated to look at a closely related multi-output problem for which
our techniques still apply, and for which stronger time-space lower bounds are known. We consider the Set
Intersection problem:

SeT INTERSECTION: Given two integer sets A, B represented as two (not necessarily sorted)
input arrays (ai,...,a,), (b1,...,b,) which are promised to not contain duplicates, print all
the elements in their intersection A N B.

Patt-Shamir and Peleg [PP93] showed that any poly log(n)-space algorithm for this problem must have time
complexity ﬁ(n1'5), even if the printed elements can be in any order, and each element in A N B is allowed
to be printed multiple times. (The recent work of Dinur [Din20] also implies the same lower bound.) We
observe that our techniques imply a nearly-matching time upper bound for this problem, up to polylogarithmic
factors.

Theorem 1.4 (Set Intersection). There is a randomized algorithm that, given input arrays A = (aq,...,a,), B =
(b1,...,bn) where Aand B are both YES instances of ELEMENT DISTINCTNESS, prints all elements in {ax, . . . , Gy}
{b1,...,by} in O(n*®) time, with O(log® nloglogn) bits of workspace and no random oracle. The algo-

rithm prints elements in no particular order, and the same element may be printed multiple times.



1.2 Related Work

In the following, we discuss several related works from various areas.

Element Distinctness and Collision Finding. In cryptography there has been intensive study on find-
ing collisions in random-like functions using attacks based on the birthday paradox. Floyd’s cycle-finding
algorithm [Knu69, Pol75] has been used in memoryless birthday attacks [vOW99], which can be seen as low-
space algorithms for ELEMENT DisTINCTNESS (or LisT DisioINTNESS) with random-like input. In contrast, we
consider worst-case input and do not rely on any heuristic assumptions.

Ambainis [Amb07] gave a quantum algorithm for ELEMENT DisTINCTNESS (as well as LisT D1sJOINTNESS)
with optimal O(nz/ 3) query complexity [AS04]. The space complexity of Ambainis’ algorithm is 5(712/ ).
In the poly log(n)-space setting, there are no known quantum algorithms that can significantly beat the simple
O(n)-query algorithm obtainable from Grover Search [HM21].

Time-Space Tradeoff Lower Bounds. Borodin and Cook [BC82] proved nearly-optimal time-space trade-
off lower bounds for the sorting problem against (multi-way) branching programs. Their techniques were
extended to prove time-space lower bounds for many other multi-output functions [Yes84, Abr87, Abr91,
Bea91, MNTO93, PP93]. Recently, McKay and Williams [MW19] generalized techniques of Beame [Bea91]
to show quadratic time-space product lower bounds against branching programs armed with random oracles.
However, these techniques cannot prove nontrivial time-space lower bounds for decision problems such as
ELeEMENT DisTiNcTNESS. For decision problems, the current best known time-space lower bound states that
SAT cannot be solved in n*-8°! time and n°(!) space ([Wil08, BW15], building on [FLvMVO05]). For EL-
EMENT DISTINCTNESS, Ajtai [Ajt05] proved that for every k > 1, there exists an € > 0 such that it cannot
be solved by kn-time en-space algorithms in the RAM model. Other time-space tradeoff lower bounds for
decision problems are proved in [Kar86, Ajt02, BV02, BSSVO03].

Random oracles. In the usual notion of randomized space-bounded computation, the outcomes of previous
coin tosses cannot be recalled unless they are stored in working memory: this is typically called one-way
access to randomness. The stronger model where all previous coin tosses can be recalled (i.e., two-way
access to randomness) has also been studied in the computational complexity literature. For example, Nisan
[Nis93] showed that bounded two-sided error log-space machines with one-way access to randomness can
be simulated by zero-error randomized log-space machines with two-way access to randomness (BPL C
2wayZPL).

In the streaming literature, it is common to first design an streaming algorithm assuming access to a ran-
dom oracle, then to use pseudorandom generators to remove this assumption, sometimes incurring a blowup
in space complexity. Nisan’s pseudorandom generator [Nis92] offers a generic way to derandomize many
streaming algorithms (e.g., [Ind06]). In our case, it is entirely unclear whether any off-the-shelf pseudoran-
dom generators (such as [Nis92] or [FK18]) can be directly applied to replace the random oracle, since the
queries made to the random oracle by the cycle detection algorithm are highly adaptive, dependent on the
outcomes of previous queries.

(Pseudo-)random graphs The ELEMENT DisTINCTNESS algorithm of Beame et al. [BCM13] (and related
work) uses versions of the following basic fact about random mappings (a.k.a. random 1-out digraphs): start-
ing from any vertex, the expected number of reachable vertices is ©(y/n). The statistical properties (such
as cycle lengths and component sizes) of random mappings have been extensively studied, see e.g., [FK16,



Chapter 16] and the references therein. However, most of these studies crucially assume the random graphs
are generated with full independence, and generally do not imply useful results about pseudorandomly gen-
erated graphs. One exception is the work of Alon and Nussboim [ANOS] on k-wise independent Erds-Rényi
graphs, but it is very different from our setting of 1-out digraphs.

Subset Sum and Related Problems. The best known time complexity for Subset Sum is O*(2™/?) based
on a meet-in-middle approach, first given by Horowitz and Sahni [HS74] in 1974. The space complexity
of this algorithm was later improved from O*(2"/2) to O*(2"/*) by Schroeppel and Shamir [SS81]. Very
recently, Nederlof and Wegrzycki gave an O*(2”/ 2)-time O*(20-249999)_gpace algorithm [NW21]. This al-
gorithm (as well as the O* (286" )-time poly(n)-space algorithm [BGNV18]) used the techniques developed
in [AKKN15, AKKN16], which were inspired by advances on average-case Subset Sum algorithms [HJ10].

The low-space List DisjoINTNESSs algorithm of [BGNV 18] also has implications for average-case k-Sum
algorithms in low space [BGNV 18, GLP18]. See also [Wan14, LWWW16].

There is also a long line of research on low-space pseudopolynomial-time algorithms (i.e., with run-
ning time poly(n, t)) for Subset Sum [LN10, EJT10, Kan10, Bril7, JVW21], culminating in an 5(nt)—time
O(log nloglogn + log t)-space algorithm [JVW21].

1.3 Open Questions

We conclude by discussing several interesting questions left open by our work.

Time-space Tradeoffs? Beame et al. [BCM13] (and Bansal et al. [BGNV18]) not only gave efficient log-
space algorithms for ELEMENT DisTINCTNESS (and LisT D1sJoINTNESS), but also provided a smooth time-space
trade-off interpolating between the log-space algorithms and the linear-space algorithms. These algorithms,
when given S memory, perform the cycle-finding procedure from S starting vertices, and use a redirection
idea (which requires .S space to store the redirected edges) to nicely handle the collisions among all these
S walks. Our analysis of the pseudorandom family only considers the case with a single starting vertex,
corresponding to the poly log(n)-space algorithm. It would be interesting to see whether the analysis can
be generalized to the case of multiple starting vertices, and hence remove the random oracle assumption for
these time-space trade-off algorithms as well.

Shorter Seed Length? Our algorithm needs O(log3 nloglogn) bits of space to store the “seed”: the
description of the pseudorandom mapping. An interesting question is whether we can reduce this seed length
to O(logn). It seems plausible that our k-wise generators could be replaced by almost k-wise generators
(e.g., [AGHP90]) which have shorter seed length. However, to get O(logn) seed length, one might need
to significantly modify our O(log n)-level iterative restriction approach, which already incurs an O(logn)
multiplicative factor.

Faster List Disjointness Algorithm? We reiterate the question raised by Bansal et al. [BGNV18]: can
List Dissointness be decided in n2~ 1) time and n°®) space, even allowing random oracles? In hard
instances for the current algorithms, there is only one “real” collision between the two arrays, but many
“pseudo-collisions” coming from the same array, and it is not clear how to filter these pseudo-collisions
without affecting the real collision. As to the question of whether List DisjoiNTNESs does not have such an
algorithm, the current lower bound techniques do not seem to distinguish between ELEMENT DISTINCTNESS
and List DisjoINTNESS, and it is entirely unclear how to prove an nt-5+2M) _time lower bound for n°™) -space



algorithms solving such decision problems (for example, the best known time lower bound for ELEMENT
DistincTNESS in the small-space setting is barely superlinear [Ajt05]).

1.4 Organization

In Section 2, we provide an overview of the intuitions behind the proof of Theorem 1.1. In Section 3 we give
useful definitions and notations. In Section 4 we give the construction of our pseudorandom family, formally
state the properties satisfied by the pseudorandom family, and show how to use them to obtain algorithms for
ELeMENT DisTiNncTNESS and List DisjoiNnTnNEss. Then in Section 5 we define the extended random walk and
dependency tree. Finally, in Sections 6 and 7 we prove that our pseudorandom family satisfies the desired
properties.

2 Overview of Techniques

Now we give an informal overview of the techniques behind the proof of Theorem 1.1.

Notation. Let a = (a1,...,a,) € [m]|" be the input array to ELEMENT DisTiNncTNEss. Throughout this
overview, we will assume our instances are NO instances (note the YES case is simply the absence of a
collision pair), and for simplicity we assume our NO instances have at most one collision pair a,, = a,, where
u # v. (It turns out that the hardest NO instances are those with exactly one collision pair.) We will always
use (u, v) to denote the unique collision pair in the NO instance that our algorithm needs to find.

Let Hsyy be the collection of all functions from [m] to [n], and h €r Hgy be a truly random function
(implemented using a random oracle in the BCM algorithm). We define a 1-out digraph (i.e., each node has
at most one outgoing edge) G, j, on the vertex set [n| with the edge set {(z, h(as)) | = € [n]} C [n] x [n].
For a collision pair (u, v), note that vertices u, v € [n] point to the same vertex h(a,,) = h(a,) since a,, = a,.
We also use f ; 1 () to denote the set of all vertices reachable from s in the digraph G, 5.

In the following, we often use bold letters (e.g., x and y) to denote random variables.

2.1 Review of the BCM Algorithm

It is instructive to first review the O(log n)-space 5(n1'5)—time BCM algorithm for ELEMENT DISTINCTNESS,
and understand why it requires a random oracle.

The BCM algorithm. The BCM algorithm first chooses a random vertex s € [n] and performs Floyd’s
cycle-finding algorithm on digraph G, , starting from s. This will successfully detect u, v if both v and v
are reachable from s, since u and v point to the same vertex. To bound the running time, the following two
properties are established, using a birthday-paradox-style argument.

hERHM,SER[n}[If;As)l] < O(v/n), 0

BT v € fi()] = Q1 /m) @

Condition (2) says the probability that both u and v are reachable from s is at least {2(1/n). Thus, running
5(71) independent trials of cycle detection (each using a different h) will lead to at least one trial with u
and v reachable, with high probability. Condition (1) says we expect O(y/n) vertices to be reachable from
s. Together, these imply the running time can be bounded by 5(711'5). See Section 4 for a more formal
description.



Why the BCM algorithm needs a high degree of independence. Let us see why the birthday argument
mentioned above apparently needs the values of & to be fully independent (or close to that). For simplicity,
we consider how one proves that the probability of reaching v from a random starting vertex s is (1/+/n)
(the probability of reaching both v and v can be analyzed similarly). Let sg = s, s1, S2,... be the vertices
on the walk starting from s. Conditioning on sg = 59,81 = 51,...,8, = S, where ay,,as,, ..., as,
are distinct, the distribution of the next vertex sj1 is uniform over [n], due to the full independence of
h. Once the elements are not distinct (a collision has occurred), the walk will follow the formed cycle
(which is completely determined by the walk history) and no new vertices will be reached. From there, a
standard birthday argument can be applied, yielding the desired ©(1//n) probability bound of reaching v,
and O(1/n) of reaching both u and v.

Note in the argument above we have to condition on all previous (k + 1) random choices, because
determining the value of sy involves the (k + 1) compositions of the h function. Since k is typically as
large as /n, it appears that one needs at least 2(y/n)-wise independence of the values of h.

2.2 Overcoming the 2(,/n)-wise Independence Barrier

We first show how to overcome the need of 2(y/n)-wise independence with a toy pseudorandom hash func-
tion family Hto, based on a simple two-level iterative restriction. In particular, Hioy is constructed from
three ©(n'/*)-wise independent hash functions, so that b €g Hiey can be sampled using ©(n!/*) random
bits.

Drawing a sample h from the toy pseudorandom hash function family ..,

* Set a parameter T = @(nl/ 4logn), and independently draw two 7-wise independent uniform
hash functions r1,72: [m] — [n]|. Independently draw a 7-wise independent hash function
0  with probability n~1/4,
g1: [m] — {0,1} such that for every x € [m], g1(x) = VRO
1 otherwise.
r1(z) when g;(z) =1,

* Finally, h: [m] — [n] is defined by h(z) =
ro(x) otherwise.

Now we instantiate the BCM algorithm with the hash function h €g Ho,. We can also view f, (s) as
the following random walk on the vertex set [n].

The random walk corresponding to f;; (s) for h €r Hioy

[ 1 (s) contains the vertices on the following random walk:
* w1 = 8.
* For each integer j > 2, set w; = h(aq,_,) if there isno k € {2,...,j — 1} satistying
Ay = Ow; 45 otherwise the walk is terminated.

Since h €r Htoy, the following is an equivalent view of the walk above, in terms of g;, 71 and 7:
* Initially, sy = s and w is empty.
* For each integer ¢ > 1:



1. We start the i-th subwalk from s;_; following the edges defined by = — 71 (a,).

2. Each time we visit a new vertex x (including s;_1), suppose there are already j—1 vertices
inw. We setw; = wif thereisno k € {2,...,j — 1} satisfying ayw,_, = G, ;;
otherwise we terminate the whole walk.

3. Then we check whether g (a;) = 0. If this happens (with probability n~/4), we stop
this subwalk, and let s; = 72(a,). Namely, we follow the edge = — 72(a,) for one step.
Then we move to Step (1) to continue with the (i 4+ 1)-th subwalk, starting from s;.

Roughly speaking, when h €r Htoy, the random walk generated above alternates between subwalks of
typical length O(nl/ 4) defined by 71, and single steps defined by 5. In the below, we provide some intuition
about why such a random walk suffices for analyzing the BCM algorithm. For simplicity, we will make
a unrealistic assumption, which we will mark by underlining it. Later, we will explain how to remove the
assumption.

Intuition. We first argue that each subwalk has length less than 7/2 with high probability. Fix an integer
i > 1,and s;_1 = s;_1 for some s;_1 € [n]. From s;_1, suppose the subwalk has visited ¢ + 1 vertices
Z1,%2,...,%41 before termination. From the definition of our subwalk, we have g;(a,,) = 1 for every
k € [t]. Assuming the walk does not stop before s;, the elements a,, ..., a;,,, must be distinct. By the

T-wise independence of g1, such an event happens with probability at most (1 — n=1/ 4= min(t,7) - Applying
a union bound over all possible s;_; € [n], we can conclude that all subwalks have length at most 7/2, with
at probability at least

1—n(l—n""H)"7/2=1_pn=00),

From now on, we will condition on the event that all subwalks have length at most 7/2.

In each subwalk, we follow the edges defined by 74 for at most 7/2 steps. By the 7-wise independence
of r1, each subwalk has the same distribution as a truly random walk with the same length, as long as its
starting point s;_1 is independent of ;. However, we also note that different subwalks are not independent.
Therefore, our analysis has to overcome the following two challenges:

(i) Remove the dependency of s;_1 on r;.
(ii) Handle correlations between subwalks.

First, we show how to handle challenge (i). If s;_; is the random starting point s, it is independent of 7.
Otherwise, s;_1 is the vertex reached by a subwalk started from s;_o (which depends on ) together with a
single step defined by 3. We wish to remove this dependency on r; using the single step following 5.

The key observation is the following. A truly random walk has typical length ©(/n), while each subwalk
has a typical length ©(n'/*). So to mimic a truly random walk, our analysis only needs to handle O(n'/*)
queries to the hash function 7o (each query represents one step following 72). Assuming that the walk does
not stop before s; for all i € [n!/4], these O(n'/*) queries are distinct. Then by the 7-wise independence of

7o and the fact that n'/* < 7, each s; can indeed be replaced by a truly uniformly random variable over [n]
without changing the distribution of the generated random walk. Therefore, s;_; is independent of r; and
g1 as desired.

To handle challenge (ii) (i.e., the correlation across subwalks), the key idea is that in a standard birthday
paradox argument, we do not require complete independence of all items; in fact, pairwise independence
already suffices. Since each subwalk has length at most 7/2 and 74 is 7-wise independent, such subwalks are



also pairwise independent, which enables us to perform a birthday-paradox-style analysis. Of course, this is
an oversimplification, and our actual analysis framework will be clarified in Section 2.3.

Here we made the (unrealistic) assumption that the walk does not stop before reaching each s;. (In reality,
the walk has fo stop during some subwalk.) Note that whether the walk stops at the j-th step is equivalent
to whether j is no greater than the length of the walk |w|. Since |w| is a random variable depending on
all of r1, 72,91, we have to carefully ensure that our analysis does not involve |w|, to keep s;—1 and 7
independent. We will explain how we overcome such difficulty in Section 2.3, and in Section 2.4 we will
extend the two-level structure above into a O(logn)-level tree (using signficantly less randomness in our
hash functions).

2.3 An Alternative Analysis of the BCM Algorithm

The starting point of our work is a coupling-based proof of Condition (2), based on what we call extended
random walks.! This proof will introduce the key strategy of our later analysis, when we replace the random
oracle by a pseudorandom hash function.

The random walk corresponding to f;; (s). Note for h €g Hsu and s €r [n], f; 1, (8) can be seen as a
random walk on the vertex set [n] in a straightforward way.

The random walk w corresponding to f ;, (s)

* w; = 8.
* For each integer j > 2, set wj = h(aq,_,) if there isno 2 < k < j — 1 such that a,,; _;, =
(qp,,_, 5 Otherwise stop the the walk.

Since the walk stops immediately after a collision occurs, one can see that f; n(8) is exactly the set of
all vertices in the walk w = (wyq, ... ,'w|w‘).2

Recall (u,v) is the unique collision pair. In order to prove Condition (2), our goal now is to lower bound
the probability

Pr((3 (i,j) € [[w]*)[w; = uAw; = )] 3)
= Z Pr((i <|w|Aw;=u) A (j < |w|Awj =0)]. 4)
(4,)EN?

The equality of (3) and (4) holds since, by definition, if there is an (i, j) such that (w; = u) A (w; = v),
then the walk would immediately stop at step max(4, j) + 1 (i.e., |w| = max(7, j)). So w contains at most
one pair (4, j) such that (w;, w;) = (u,v), and hence we can decompose (3) into (4).

Our initial hope is that (4) may be simpler to analyze, as it is a sum of many simpler terms, each of which
only depends on two entries w; and w;. However, the condition (i < |w| A w; = u) is still difficult to
analyze, as it depends on the length |w|.

Coupling with the basic extended walk. To move forward, we wish to find a way to lower bound (3) by a
sum of many simpler probabilities that do not involve |w/|. The first idea is to extend the random walk w to

Condition (1) is easier to establish. We will focus on Condition (2) since it is more difficult.
*Note it is possible that for some j > 2, aw,_, is distinct from all @, _, for k& < j, but h(aw;_, ) has a collision with a previous
h(aw,_,). In this case, the walk moves to w; = wy, (which was already visited before) and stops at step j + 1.



an infinite extended random walk w. We stress that the walk w defined below is only used in the analysis,
and not in the algorithm.

Basic extended walk w

* Extend the domain of h from [m] to [m] U {*p,*1,... } as follows: for each t € N, sample
h(*;) €r [n], where all samples are independent.

* Perform the random walk w. After w ends, set w = w and for every t € IN append h(*;) to
the end of w.

Note that w and w are both defined over the joint probability space (h, s) (for the extended h), and w
is always a prefix of w. From the definition of w, we have the following nice properties:

o All entries of w are i.i.d. samples from [n]. %)

° For all i, if aw; # ag, forall 1 < j <k <, then w; = w;. (6)

Proof strategy: subtracting the overcount. By (6), we know that u, v € f; n(s) if there are ¢, j € N such
that (1) w; = w and w; = v, and (2) for all 1 < ¢ < ¢ < max(i,j), aw, # Gw,. In this way, we have
reformulated the success condition u,v € f; 1 () as a statement that does not involve the length |w| of the
original random walk w, and can be analyzed more easily. Fixing a length parameter L = c¢y/n for some
small constant ¢ > 0 to be determined later, we have

Prlu,v € f; p(8)] > Pr[3i,j € [L] s.t. (w;,w;) = (u,v) and forall 1 <t < q < L, ag, # aw,]
= Z Pr(w;, w;) = (u,v) andforall 1 <t < q < L, aw, # aw,)- (7)
ij€[L]

The last equality above holds because if for all 1 <t < ¢ < L, we have a, # a4, then there can only
be one pair (i, j) € [L]? satisfying (w;, w;) = (u,v).
To further lower bound (7), we define the following two quantities:

Eiotal = Z Prjw;, =uAwj =v] and Epyg = Z Priw; = u A w; = v A ag, = G,)-
(i,4)€[L]? (i,4)€[L])?
1<t<q<L

We claim that Pru,v € [, (8)] > Eiotal — Ebad: note that Eyo, counts the total expected number of pairs

(4, 7) with (w;,®;) = (u,v), and Eiotal — Ebad subtracts all the “bad pairs” from the total count.?

The rest of the analysis is a straightforward calculation using the property (5). We can see that Fiora =
O(L?/n?) = ©(c%/n), and Epag = O(L*/n?) = ©(c*/n). Setting c to be small enough, we have Fia —
Epag > (1 /n), which concludes the proof.

Remark. Setting

Eiotal = Z Prjw; =u] and FEpyg = Z Priw; = u A aw,_, = aw,_,]; (8)
i€[L] jell]
1<t<q<L

3We call such an (4, j) a “bad pair” because it should not be counted in (7), and has to be subtracted from the total count. Also,
we remark that is possible that a bad pair is subtracted more than once in Fp.q. This is not an issue for us, as we are trying to lower
bound Pr(u,v € f; ,(s)].



one can also show Pr[v € fr,(s)] > Q(1/y/n) for all possible vertices v, by showing Erotal — Ebad >
Q(1/y/n) (for L = c4/n and appropriately small ¢ > 0). Later in this overview, we will explain how to get an
Q(1/+/n) lower bound for this single-vertex case when we replace the random oracle h by a pseudorandom
function, and discuss additional challenges that arise for the two-vertex case (with u, v).

2.4 Pseudorandom Hash Functions, the Dependency Tree, and the Indexing Scheme

Next we describe our construction of pseudorandom hash functions h based on iterative restrictions. In
particular, we use a small number of independent partial functions defined by random restrictions to form
a full hash function. By considering how the hash values of vertices on the random walk are determined
by the iterative restriction, we can naturally organize these vertices into a hierarchical structure we call the
dependency tree, which will play an crucial role in our later analysis.

Pseudorandom hashing by iterative restrictions. Instead of using full randomness, we will implement
the hash function h: [m] — [n] by the following iterative pseudorandom restriction process, using only
polylog(n) seed length. Initially, all values of h(z) are undefined. The values are defined over ¢ <
logn iterations. In the i-th iteration, we sample O(logn loglogn)-wise random functions g;: [m] —
{0,1},7;: [m] — [n], and for every = € [m] such that g;(x) = 1 and h(z) is still undefined, we define h(x)
tobe r;(z). See Section 4.1 for details. Informally, in each iteration we independently use O(log n log log n)-
wise generators to fix about half of the remaining undefined values in h: the g; selects which half, and the r;
selects the values. (It is possible that a tiny number of hash values i (x) may still be undefined after log(n)
iterations, but this is not a significant issue for us and we ignore it in this overview.)

Let H denote the above family of pseudorandom functions. In the following, h will denote the random
variable for a function randomly drawn from . Analogously to Section 2.3, one can define a random walk
w on the random graph G p,.

Tree structure of pseudorandom walks. We now describe a dependency tree T for a walk w on G, ,. We
use non-negative integers to denote the nodes of T': node 0 is a “dummy”’ node representing the root, and for
i > 1, node p corresponds to the -th node of walk w if it exists (i.e., node p is associated with vertex w),).
We will use Greek letters «, 3, p, . . . to refer to nodes in the dependency tree T'.

The tree T" has one “level” for each iteration 1,..., ¢ of the process defining h. For each node p of
T, we define level(u) (the “level of ) to be the smallest integer j such that g;(a.w,) = 1 (note that this
J corresponds to the iteration in which the hash value of a,, is defined). If no such j exists, then we set
level(1) = £ + 1. We also set level(0) = £ + 1, and define next(u) = h(aw,) = Tievel(x) (@aw,,). Informally,
next (/) corresponds to the “next” vertex on the walk after w),.

Dependency tree T' based on w

* Node 0 is the root of T'.
* For each node . of T', its parent par(u) is defined as the largest node v < p with level at least
level(ut).

Observe that the walk w is simply the pre-order traversal of T'. Also, observe that every root-to-node
path of T has non-increasing node levels.

Indexing a tree node. Recall ¢ < log n is the number of iterations, which bounds the number of levels of T'.
Each node z of T can be assigned a unique “index” in a natural way, via a sequence k = (k1, ks, ..., kg) of
non-negative integers, where k; specifies the number of level-i nodes on the path from the root to the node =x.
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Figure 1: An example of a dependency tree T'. For example, the index of 7 is (0,0, 2, 1), since the path
0 < 2 < 4 < 7 has two level-3 nodes (node 4 and node 7), and one level-4 node (node 2).

See Figure 1 for an illustration of a tree and the index scheme. We will explain why such indexing scheme
helps our analysis at the end of the next subsection.

2.5 A Coupling-based Approach Based on the Dependency Tree

We wish to mimic the strategy of the coupling-based proof in Section 2.3. Instead of proving an Q(1/n)
lower bound for Pr(u,v € f*, (s)], we will first consider how to prove an ©2(1/+/n) lower bound for Pr{u €

* n(s)], which already contains all the important ideas. Then, we will briefly discuss additional technical
ch7allenges that arise for the analysis of the two-vertex case (computing Pru,v € f*, (s))).

As in Section 2.3, our strategy is again to carefully design an extended random walk w which is coupled
with w, so that w is always a prefix of w. We will also build a corresponding extended dependency tree
(“extended tree” for short) T on w. Note that T' would be a subtree of T as w is a prefix of w. We will
similarly define next and level values for nodes on extended tree T", and these values would be consistent with
T on the corresponding subtree. We will sometimes use nextr or nexts when there is a chance of confusion
on which tree next is referring to.

We hope to define an extended walk w that maintains Condition (6) as before. For notational convenience,
we slightly change Condition (6) to

For all i, if Gnext () 7 Gnextp(s) forall 0 < a < § <i—1, then w; = w;. ©)

Note that since nextT( ) = h(aw,) = wa+1, the above is equlvalent to (6).
For an index k € IN?, we also let ;¥ denote the node indexed by k in the dependency tree T. Note that

such a node may not exist in the tree; we use J' F to denote the event that p" exists in T'. To lower bound
Pr[u € f}, (s)], we define the following two quantities analogous to (8):

FEioral = Z Pr []—"E A next(,u];) = u] , (10)
keNt
and . . B .,
1
Eyg = Z Pr[]—"k A next(,uk) =uAF" AFFA et () = anext(ulp)]' (11)
keN¢?
kl<k2eN?

Note that our choice of E},,q in (11) is a bit different from that in Section 2.3, as we consider a “bad occur-
rence” to happen whenever there is a collision in w (while in (8) we restricted ¢, ¢ to the interval [¢]). This
will not be a problem if we choose ¢ carefully.

11



By an argument similar to that of Section 2.3, we have that Pr{u € f, (s)] > FEiotal — Epad- Hence,
the goal is to design w and T such that (9) holds and the summands in Ejss and Epaq can be bounded.

Quick estimate: a sanity check. To better understand the summands in Fioa and Ep,g, let us first calculatg
these summands under the uanalistic assumption that all involved events are independent. Note that F*
asserts the existence of node ;¥ in the tree T', which requires that there is a tree path starting from the root,
and extending down the levels in a way that is consistent with the vector k, which specifies the number of
level-i nodes on this path for every i € [¢]. Observe that, for every node /3 of level i on this path, we must
have g;(aw,) = 1, since otherwise 3 would not have been on level 4, and the path would not extend to reach
/3. Hence, the event (F* A next(u*) = u) is equivalent to the conjunction of the two conditions:
(1) Letx = ,uE . For all the k; level-i nodes /3 on the path from root to node «, we have g; (a4, B) =1, and
(2) Tlevel(a) (a’wa) =u,
where Item (2) directly follows from our definition of next(-). Observe that the event in Item (2) happens
with 1/n probability, and for each /3 the event in Item (1) happens with 1/2 probability. Pretending that all
these events are independent, we would have

- - - -1
Pr []:k A next(p¥) = u} = <2|k|1 n) , (12)
where |E |1 is the ¢1-norm of k. Similarly, pretending all events are independent, we would have

7 7 ! 2 Pl Bl 2 -1
Pr | F* A next(,uk) =uAFF AFE A Bt (') = anext(“gz)] = (2|k‘1+|k 1A R -n2> . (13)
Observe that » -\ -1kl = D FeNt 27k g7ke L 07k — (D ien 279)¢ = 2¢. Then, plugging (12)
and (13) into (10) and (11), we would have Eyora) = Q(2¢/n), and Epag = O(23¢/n?). Setting £ = % .
log(n) — c for a large enough constant ¢, we would have

Etotal — Ebad = Q2 <ﬁ> -0 <236f> > Q(1/v/n). (14)

Now we can explain why we chose such an indexing scheme: the existence of .* and the value of next( ,uk)
only depends on the ancestors of ;¥ in the dependency tree. Since typically there are at most poly log(n)
many ancestors, we can use the 7-wise independence of g; and r; to analyze the event F* A next(uk) = u.

2.6 Designing the Extended Random Walk

Finally we explain how to design the extended random walk w, by constructing an extended tree T. We
first aim to ensure Condition (12) holds, leading to a desired lower bound on E}.,. Handling Fl,,q is more
challenging; we will discuss that later.

Specifically, we will ensure that (12) holds for all “short” vectors k € [r/4]¢ and u € [n], where 7 =
O(log nloglog n) is the independence parameter of our pseudorandom hash function.*

Establishing (12) by induction. To show (12), we wish to prove the following claim.

*This is already enough for lower bounding E'otal, as the contribution of “long” (non short) k is negligible. Intuitively this is
true because for a “long” k, we have |k:|1 > max;c[g ki > 7/4, the probability that u¥ exists in the tree is quite small (2 ““1)
assuming (12). See Lemma 6.1 for a formal proof.

12



Claim 1. Fix an index k correspondlng to a level-¢ node (k: = (0,..., ki, kit1,...,ke) and k; > 0).
Conditioned on the event ]-'k with 1/2 probability ,uk has a level-i child v (i.e., for K= (0,..., ki +
L kiv1,... ke), F & holds) and next(v) is distributed uniformly in [n].

Assuming that Claim 1 holds, then (12) follows by a simple induction.’ However, it is not hard to see
that Clam} 1 does not h(zld for the original tree T'. To understand the issue, let k, k' be asﬁln Claim 1 and
assume /¥ exists (i.e., F* holds). We wish to better understand the conditions under which ,uk/ exists. Letting
r<;and g-; denote (11, ...,7;—1)and (g1, - . ., gi—1 ) respectively, we additionally fix (r<;, g<;) = (r<i, g<i)
(we use 7<; N\ g<; to denote this event for simplicity).

The existence condition of ;%" in T'. Let « be the smallest-numbered node such that o« > ¥ and the level of
« is greater than ¢ — 1. Then uk/ exists if and only if « exists and level(«) = i. Hence, our goal is to determine
. By definition, to move from p* to « in the random walk w, one first move to the node corresponding

to vertex next(u*), and then keep going to the next node, until reaching a node with level at least 7. The
following algorithm implements this procedure and returns the simulated random walk, and we observe that
it only uses the values of (7<;, g<;). Note that we use (- - -) to denote a sequence of vertices, and use o to
denote the concatenation of two sequences.

Algorithm 1: Simulating the random walk from s’ until reaching a level greater than i

1 Function sim(s’, 1)
2 if 7 = 0 then

3 L return (S/) // stop here since all nodes have levels at least 1
4 So S,,j — 0, w + () // start from so = s’
5 repeat

6 W < W osim(sj,i - 1) // simulate from s; until hitting a node with level at least i
7 Tjt1 < W)y // vertex z;i1 corresponds to the next node after s; with level >4
8 if g;(az;,,) = 1 then

9 Sj41 T‘i(axj+1) // move to the next node since the node corresponding to ;i1

has level 1@

10 j—J+1

11 until g;(a;,;) =0
12 return l’j// stop here since the node corresponding to x; has level >

13 Function Find(s', )
14 L return the last vertex in the sequence returned by sim(s’, 7)

One can see that sim(next(u),7 — 1) generates the entire sub-walk after p until reaching the next node
with level at least 7. Now, the hope is to argue that, conditioning on F* A r—; A g-;, we have

gi(Find(next(p),i — 1)) =1
with probability 1/2.

Two issues with the original random walk w. There are two important issues with the argument above:

1. We need to argue g;(Find(next(y),7 — 1)) is independent from the event FEA re<i N g<i.

5One also needs to show that with probability 1 /2, w has a level-j child with a uniformly random next-value, for all j < 7. We
ignore this part in the technical overview.

13



2. Even if g;(Find(next(u),i — 1)) = 1, it could be the case that w stops during the simulation of
sim(next(p),7 — 1) due to a collision®, and in that case ;" also does not exist.

The second issue is fundamental, as it reveals the “global dependency nature” of the original random
walk w: the event that w stops depends on all entries in w.

A locally simulatable extended random walk. To circumvent the second issue, we wish for our extended
random walk w to be locally simulatable. That is, knowing that node u exists and knowing the value of
next(u), together with fixed r; and g;, one should be able to simulate the extended random walk w after
 until reaching a node with level at least 7. The second issue above amounts to the fact that sim(y, ¢) fails to
locally simulate the walk w, since it does not have enough information to determine whether w has already
terminated during its simulation (it cannot determine whether there is a collision between the encountered
node and the nodes before in w).

Similar to the basic extended random walk in Section 2.3, for each i € [¢], we extend the domain of g; and
r; from [m] to [m] U {xo, 1, ... } as follows: for each ¢t € N, we sample g;(x¢) €r {0, 1} and 7;(%;) €r [n],
where all samples are independent.

Since the “local” simulation with respect to node 0, next(0) = s and fixed r<, and g</ is just the entire
random walk, we will define our extended random walk by giving its local simulation in Algorithm 2, and
we set w < walk(s,#,0).” Note that walk(s, £,0) also gives the extended tree T by specifying level and
next.

Algorithm 2: Algorithm for extended walk

1 Function walk(s’,4, 9)  (where s’ € [n],0 <i < {)
if ¢ = 0 then return (s)

Co + 0, star + false

J 0,80« s, w<+ ()

repeat

w < wowalk(s;,i — 1, uo + |wl)

Tj41 < W)y

N QA Bt B WD

agz. . ., false if a,. C: N\ —star
8 y, star < { AR 2 & G

*¢, true otherwise (where ¢ := min{t € N | x, € C;})
9 [jt1 < o + W]
10 if g;(y) =1 then
1 Cjt1 < CjU{y}, sj41 < rily)
12 level(gij41) i, next(pj1) < 735(y)
13 j—3+1

14 until g;(y) =0
15 return w

16 Function ExtFind(s', )
17 L return the last vertex in the sequence returned by walk(s’, i, 0)

%Indeed, if the simulation sim (next(t), i — 1) detects a pair of collision (two nodes «, 3 such that aw,, = aw), it would loop
forever.
"see Section 5.1 for a detailed explanation of Algorithm 2.
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Establishing Claim 1 for T'. One can inspect that the algorithm walk behaves the same as sim until a collision
occurs at Line 8 (that is, there is a collision in {ay,, @z, ..., 0z, }). Thatis, sim(s,£) and walk(s,¢,0)
behave the same until reaching a collision ay,; = aq,, for j # k. This implies that (9) holds.

To show Claim 1 holds for w and T', we still have to argue that g;(ExtFind(next(u),7 — 1)) is inde-
pendent from tpe event F¥ A r—; A g<;. Formally proving this requires a delicate induction, but the intu-
ition is that F* depends on at most k; values in g; and 7;, and the procedure walk carefully ensures that
gi(ExtFind(next(u),i — 1)) is never one of them. Hence, since k; < 7/4 and g; is 7-wise independent, we
have the desired independence.

Handling F,.q and the two-vertex case. We have just established Condition (12) which gives a lower
bound for Elo,1; now we briefly discuss how to obtain an upper bound on E},,q sufficient for proving the
desired lower bound on Pr{u € f;h(s)] using (14). One can first observe that (13) cannot hold for all
possible E, El, k2, as there could be a collision between these three paths. In fact, let K be the total number
of nodes in the union of the paths corresponding to k , El, k2. Then arevised estimate for Pr[F* Anext(u*) =
k! k2
uNF NFENA Bt () next (k2 )]
this revised estimate is still enough to show El,,q is upper bounded by O (23 /n?), which is good enough for
our purposes.

=a should be (2K . nz) - By a careful calculation, one can show that

However, even establishing this revised estimate is quite challenging. Recall that F FAFR A FR g

equivalent to the condition that, for every level-i node /3 on the paths from root to %, ;% "or ,qu, it holds that
gi(ayw 13) = 1. This amounts to K events and we hope to show they are all independent. However, this is not
true in general, as there can be a collision of a,,, between two different paths among these three paths. We

overcome this issue by showing that for each “bad node” ¥, there must exist a “bad” collision pair k! and
k2 on the extended walk without this issue. In such case one can establish a revised estimate; subtracting all
these revised estimates from Fgooq Would still yield a good lower bound on Pru € fa, n(8)]

Our proof for lower-bounding Pru,v € f, (s)] follows the same template above, while using a more
involved analysis to handle the dependency issues across the paths (we have to consider four paths now: two
corresponding to u and v, and the other two corresponding to the “bad” collision pair).

3 Preliminaries

Let [n] denote {1,2,...,n}. We use N to denote the set of non-negative integers. We use O(f) to denote
O(f - polylog f) in the usual way; Q, © are defined similarly.

We measure the space complexity of an algorithm by the maximum number of bits in its working memory:
the read-only input is not counted. We measure the time complexity by the number of word operations (with
word length ©(log n)) in the word RAM model.

For ELEMENT DisTINCTNESS and List D1sJOINTNESS, we always assume the input arrays of length n consist
of positive integers bounded from above by m = n® + ¢, where c is a fixed constant independent of n. (We
often abbrievate this by saying m = poly(n).) For an array a € [m]", define the second frequency moment
Fy(a) = 312, 205 1ai = a;] as the number of colliding pairs (4, j) (including the case where i = j).
Note that n < Fy(a) < n?.

We will use the following standard pseudorandomness construction.

Theorem 3.1 (Explicit k-wise independent hash family, [CW79]; see also [Vad12, Corollary 3.34]). For
n,m, k, there is a family of k-wise independent functions H C {h | h: {0,1}" — {0,1}"} such that every
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function from H can be described in k - max{n, m} random bits, and evaluating a function from H (given
its description, and given an input x € {0,1}") takes time poly(n, m, k).

We often use bold font letters (e.g., X) to denote random variables. We also use supp(X) to denote the
support of random variable X .

For a set U, we often use x €r U to denote the process of selecting an element = from U uniformly at
random.

4 Properties of the Pseudorandom Family and their Implications

We will first define our pseudorandom hash family in Section 4.1, and then give the proofs of our main
theorems in Section 4.2, assuming some key technical lemmas that will be proved in subsequent sections.

4.1 Construction of the Pseudorandom Family

We first introduce some handy notation. For two functions a, b: [m] — ([n] U {x}), we naturally view them
as “restrictions” (where x means “unrestricted”), and define their composition as

b b ,
(aob)(z) = (z)  b() ?é *
a(x) otherwise.
Observe that (¢ eb)ec=ae (bec).
Let ¢ < logn and 7 = O(log n loglogn) be two positive integer parameters to be determined later. A
sample h: [m] — ([n] U {x}) from H, , , is generated by an (-level iterative restriction process, defined as
follows.

Drawing a sample h from the pseudorandom hash function family #, ,, ,,

1. For each i € [/], independently draw two random functions g;: [m] — {0,1} and r;: [m] —
[n] from 7-wise independent hash families (Theorem 3.1). Define h;: [m] — [n] U {x} to be

hi(z) = {*A %fgzi(x) i >
ri(z) ifgi(z) =1.

2. Define htobe hye--- e hy e hj.

Intuitively, the functions g;: [m] — {0, 1} control whether the value of h(z) should be restricted at the
i-th level, while the functions r;: [m] — [n] determine the value that h(z) is restricted to, at the i-th level.
Note that h(z) = % if g1(z) = -+ = g¢(x) = 0, and h(z) = rj(z) if g1(z) = --- = gj—1(x) = 0 and
gj(x) = 1.

Since m = poly(n), the seed length for each i € [¢] is O(log? nloglogn) bits (Theorem 3.1), and
hence the total seed length for describing the hash function h is O (¢ log? nloglog n) = O(log® nloglogn).
Slightly abusing notation, we also use h €r H,y,, to denote that h is a hash function generated as above.
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Digraph G, , and reachable set f;, (s). Next we set up some notation. Recall that a € [m]" is the input
array. For a hash function h: [m] — [n], we define a mapping f, n: [n] = ([n] U {x}) by fon(x) := h(az).
This mapping naturally defines a n-vertex digraph G, j,, where each vertex = € [n] has one outgoing edge
x + h(ay) if h(az) # %, and no outgoing edge if h(a,) = *.

We use f;h(s) to denote the set of vertices reachable in G, j, from s. When a and h are clear from
context, we will simply write f*,(s) as f*(s). Since each vertex in G, has at most one outgoing edge,
note that the vertices in f*(s) form either a path or a “rho-shaped” component.

4.2 Proofs of the Main Results

Let a = (a1,...,a,) € [m|" be the read-only input array. The BCM Element Distinctness algorithm
[BCM13] uses the following version of Floyd’s cycle-finding algorithm performed on the digraph specified

by fa,h-

Lemma 4.1 ((BCM13, Theorem 2.11). Assuming oracle access to fqp: [n] — ([n] U {x}), there is a de-
terministic algorithm COLLIDE(s) which finds the pair (u,v) € [n] x [n] (if it exists) such that u,v €
an(8)su# vand ay = ay, in O(|f; ,(s)|) time and O(log n) space.’

In the BCM algorithm, h was chosen from a truly random hash family. Our goal is to show that sampling
h from our pseudorandom hash family H ,,, ,, also suffices. To do this, we need the following two properties
of our hash family Hy y, .

Lemma 4.2 (Bounding the visit probability for a single vertex). Suppose { = logn — % —10.° For
every vertex v € [n], we have

1
Pr veE f(s)] =06 .
hGRHLm,mSGR[”][ fa’h( )] < Fg(&))

log F»(a)
2

Lemma 4.3 (Lower bound for collision probability). Suppose ¢ = logn— —10. Forevery u,v € [n]

such that v # v and a,, = a,, we have

Pr (e fin(s) >0 <F21(a)> .

hERHl,m,nASGR[n}
Lemma 4.2 is proved in Section 6 and Lemma 4.3 is proved in Section 7.

Remark 4.4. In Lemma 4.2, we obtain both a lower bound and an upper bound for Pry, 5[v € fa, n(8)], and
we will see shortly that only the upper bound will be useful in the proof of Theorem 1.1; the lower bound
part of Lemma 4.2 can be seen as a warm-up for the proof of Lemma 4.3, which requires to prove a lower
bound for the more involved two-vertex case (see Section 7).

Since ¢ < logn, each hash function A from our hash family H, ,, , can be described with a seed of
O(log® nloglogn) bits and can be evaluated in poly log(n) time and O(log® nloglogn) space. Armed
with the two lemmas above, we can prove our main theorems.

8The original BCM algorithm works for f, 5 : [n] — [n]. But it works equally well when some vertices v may have no outgoing
edges (i.e., fo,n(v) = %).
“We ignore all floors and ceilings for simplicity.
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Reminder of Theorem 1.1. ELEMENT DISTINCTNESS can be decided by a Monte Carlo algorithm in 6(711'5)
time, with O(log3 nloglogn) bits of workspace and no random oracle. Moreover, when there is a colliding
pair, the algorithm reports one.

Proof. Given input a € [m]", we first assume that we know the correct parameter 1 < ¢ < log n required
in Lemma 4.2 and Lemma 4.3, and let # be the pseudorandom hash family #; , ,. We run O(nlogn)
trials of the COLLIDE(s) algorithm (Lemma 4.1) on f, 5, where each trial uses a fresh random h € H. We
return YES if no collisions are found, and return NO otherwise. It is evident that this algorithm only requires
one-way access to randomness, and the description of each h can be stored in low space.

We first analyze the running time of this algorithm. By Lemma 4.1, the running time of each trial is
O(|f; 1,(s)]). By Lemma 4.2, the expected running time of each trial is

n - poly logn

7z -polylostn) = 3= Pr. v € fa(s)) -polylog(n) < 22

e heH,seln] ’

E
heH,se(n]

where the poly log(n) factor comes from the time complexity of evaluating A(-). Hence, the expected total
running time of O(nlogn) trials is O(n2/y/Fa(a)) < O(n'5). By Markov’s inequality, with at least
1 — o(1) probability, the total running time is bounded by O (n'-5).

To analyze the success probability, note that in a “NO” instance (i.e., the elements are not distinct) there
are Fy(a) —n > 0 pairs of u, v € [n] such that v # v and a,, = a,. By linearity of expectation, Lemma 4.3
implies that the success probability of each trial is

Q <%> >Q(1/n).

Since the samples of i € H are independent across the trials, the probability of not finding any collisions is
at most (1 — Q(1/n))"'°8™ < =) The proof then follows from a simple union bound.
Recall at the beginning of the proof, we assumed ¢ was known. To remove this assumption, our actual

algorithm simply tries all possible ¢ € {1,2,...,logn} one by one (and terminates a trial if the running
time is already too long for a specific £), which only increases the overall running time by an O(logn)
multiplicative factor. O

Now we similarly prove the performance of the List Disjointness algorithm.

Reminder of Theorem 1.2. There is a Monte Carlo algorithm for List DIsIOINTNESS such that, given input
arrays a = (a1, ...,0,),b = (b, ...,by) and an upper bound p > Fy(a) + F5(b), runs in O(n./p) time
and uses O(log3 nloglogn) bits of workspace and no random oracle.

Proof. Similar to the proof of Theorem 1.1, we can assume that the correct ¢ required in Lemma 4.2 and
Lemma 4.3 is known. Let array ¢ be the concatenation of a and b, which must satisfy F5(c) < 2(Fy(a) +
F5(b)) < 2p. We run 2plogn trials of the COLLIDE(s) algorithm (Lemma 4.1) on f. j, each time using
a fresh random h € H. We return NO if we find a collision in ¢ where the two items come from a and b
respectively. We return YES if the total time spent by the algorithm exceeds 5(71\/1_7) while no such collisions
have been found.

To analyze the running time, we focus on the first F5(c) log n trials executed by the algorithm. By a
similar argument in the previous proof, with at least 1 — o(1) probability, the total running time of these
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F5(c) log n trials is at most

O (Fg(c)- ;;(@) < O(n- VF (o).

By Lemma 4.3, the success probability of each trial is £2(1/F5(c)) (note that in the previous proof we
had F»(a) — n pairs of “good” collisions (u,v), while here it is possible that we have only one “good” pair,
along with many “bad” pairs coming from the same input array). Then, the probability of finding a collision
during the first F5(c) log n trials is at least 1 — n*(1).

By a union bound, we can show that, on a “NO” input, with at least 1 — o(1) probability the algorithm

will terminate in one of the first F5(c) log n trials, without exceeding the time limit O(n./p). O

Now we similarly give a low-space algorithm for SET INTERSECTION, With near-optimal time complexity.

Reminder of Theorem 1.4. There is a randomized algorithm that, given input arrays A = (aq,...,a,), B =
(b1,...,bn) where Aand B are both YES instances of ELEMENT DISTINCTNESS, prints all elements in {ax, . . ., Gy}
{b1,...,by} in O(n'>) time, with O(log® nloglogn) bits of workspace and no random oracle. The algo-

rithm prints elements in no particular order, and the same element may be printed multiple times.

Proof. Similar to the proof of Theorem 1.1, we can assume that the correct ¢ required in Lemma 4.2 and
Lemma 4.3 is known.

As before, we define c to be the concatenation of a and b. We run nlog? n trials of the COLLIDE(s)
algorithm (Lemma 4.1) on f j,, each using a fresh random h € H. We print all the collisions found. Note
these must be elements in {a1,...,a,} N {b1,...,b,}, by our assumption on the input: since A and B are
YES instances of ELEMENT DISTINCTNESS, all colliding pairs must have one element from A and one element
from B.

By a similar argument as in the proof of Theorem 1.1, with 1 — o(1) probability the total running time is
bounded by 5(711'5). And for every element in the intersection, the probability that it is never printed is at

most
1 nlog?n (1)
1-Q(—=—— <n Y
( <F2(C)>> -

where we used F5(c) = ©(n) implied by the input assumption. The proof then follows from a simple union
bound. U

5 The Extended Walk and the Dependency Tree

In this section, we present the definitions of the extended walk and the dependency tree along with several
useful properties of them, which will play an important role in our proof in Sections 6 and 7.

5.1 The Extended Walk

Letting b €r Hym,n and s €r [n], recall that the reachable set f, (s) C [n] consists of the vertices on the
following pseudorandom walk: starting from a random vertex s, we repeatedly move from the current vertex
x to h(ag), until h(a,) = *, in which case the walk ends. In the case when f, (s) contains a cycle, this
walk has infinite length, which complicates our analysis. 7

To facilitate the analysis, we instead define an auxiliary walk w that is jointly distributed with f*, (s).
The auxiliary walk w starts from s, terminates with probability 1 (Lemma 5.3), and has several other nice
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properties that make it easier to analyze. We will also see that w is related to the reachable set f, (s) that
we care about. In particular, it includes all the vertices in f}, (s) (Lemma 5.11) as a subset, and for this
reason we call w an extended walk. ’

Let us formally define the extended walk. The extended walk w is a sequence of vertices generated by
the recursive process walk specified by Algorithm 3, which depends on the input array a and the random
variables h, s, as well as some additionally sampled random variables. We summarize them in the following
box.

The extended walk probability space Walk , ,, ,

* Setup. We sample the random variables as follows:

— Draw the starting vertex s €g [n].

— Sample {g; };c[q and {7; };c[y, Which together determine a sample h €r Hy,p,r, from the
pseudorandom hash family, as described in Section 4.1.

— Then, for each i € [¢], we extend the domain of g; and r; from [m] to [m]U{xq, *1, ... } as
follows: for every t € N, we sample g;(*;) €r {0,1},7:(x¢) €r [n], where the samples
are independent across all x; and all levels ¢ € [¢].

* Generating the walk. After fixing {g;}ic(s, {i}icjq, We define a function walk(s’, , 1)
(where s € [n] and i € {0,1,...,¢}) by the pseudocode in Algorithm 3, which returns a
sequence of vertices.“

Then, the extended walk w is defined as walk(s, ¢,0).

“The sequence returned by the function walk(s’, 4, po) actually depends on the sampled {g: }ic(e), {7 }ic[g) as well, but
we choose not to make it explicit in the notation walk(s’, 7, po) for simplicity.

We remark that in the pseudocode of Algorithm 3, all the underlined parts are used for assigning some
additional attributes that are helpful for analysis, and have no effect on the return value of the function
walk(s’, i, po). Therefore, when we only need the return value of it, we will simply write walk(s’,7) and
ignore all the underlined parts. The meanings and properties of these additionally assigned values will be
explained in detail later in this section, and they will also be summarized in Table 6.1 in Section 6.

Intuitively, in Algorithm 3, walk(s’, i) generates a walk starting from vertex s’, which travels along the
outgoing edges specified by {g;' }1<i'<i, {ri }1<i'<i,» and stops upon encountering a vertex of level higher
than i (i.e., a vertex z with g;(z) = go(x) = --- = g;(x) = 0). As depicted in Figure 2, the walk(s’, 7)
process is implemented by recursive calls to walk(s;,7 — 1) generating walks of levels up to ¢ — 1, which
are to be concatenated together using edges (xj41 — s;41) on level i. More importantly, the extended walk
walk(s’, i) uses some mechanism to avoid the infinite cycling that would occur in the actual walk f;’h(s):
if a recursive call to walk(s;,i — 1) ends at some vertex x;,1 whose value a,,,, has already appeared for
some previous j' < 7, then we will not reuse this value when generating its outgoing level-i edge (moreover,
we will also disregard the a; , | values for all future j" during walk(s’, 7).

The third parameter 11 of walk(s’, i, ug) simply keeps track of the current position relative to the start of
the entire extended walk walk(s, £, 0), and is useful for indexing the nodes on the walk. Note that we stick to
the convention of using Greek letters (e.g., «, 3, p) for indexing the walk.

To better understand Algorithm 3, we start with several simple observations.

Observation 5.1. The return value of walk(s', i) must be a sequence of vertices starting with s'.
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Algorithm 3: Algorithm for extended walk

1 Function walk(s’,i, ug)  (where s' € [n],0 < i < /)

2 if 7 = 0 then return sequence (s')
3 Cy « 0, star « false
4 7+ 0,50 s',w — () /* () means an empty sequence */
5 repeat
6 W< wo Walk(sj,z' — 1,/10 + ]w]) /* o means concatenation of two sequences */
7 Tj41 < W)y /* We use 1-based indexing, so w|, means the last vertex in w */
. . star az;,.,,false  ifag, , & Cj A —star
*¢, true otherwise (where ¢ := min{t € N | x, € C;})
9 i1 4 po + [wl, ai(p41) < Y, xi(pyv1) < @1
10 if j > 0 then right(y;) < 1141
1 if gi(y) =1 then
12 Cjy1 < C;U{y}, sj1 < ri(y)
13 level(gtj+1) i, next(pjq1) < 7i(y)
14 jg+1
15 until g;(y) =0
16 return w
F—=—=—====== 1
so = s’ SEA wj+1: Sj+1
@ ++rrrrrraaanns YO —T O ——— =30 —T>@ e >@
i 1

Hj Hji411

walk(sj,i — 1)
Figure 2: The structure of walk(s’, ). Note that 2 ;11 is the last vertex of walk(s;,7 — 1).

Proof. This immediately follows from Line 2, Line 6 and Line 16 by a simple induction on 3. ]

Observation 5.2. Forevery s' € [n],i € {0,1,...,(}, the return value of walk(s', i, jio) and the additional
values assigned by walk(s', i, juo) only depend on s', juo, {gi }1<ir<i, {ris }1<ir<i and the input array a.

Proof. The observation is trivial when ¢ = 0. When ¢ > 1, in walk(s’, ), the algorithm only examined the
values of g;(-) and r;(-). The recursive calls walk(-, ") made by walk(s’, 7) can only have lower levels i’ < i,
and hence only depends on the values of g;/(-) and r;(-). O

The following lemmas says that with probability 1, walk(s, ¢) terminates.
Lemma 5.3. With probability 1, w = walk(s, {) has finite length.

Proof. We will prove a stronger statement that for every s’ € [n] and i € {0, 1,...,¢}, walk(s’,4) has finite
length with probability 1, by an induction on 1.
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For the base case + = 0, this clearly holds due to Line 2. Now, suppose the inductive hypothesis holds
for i — 1. We fix an s’ € [n] and consider walk(s’,7), and it follows from the inductive hypothesis that all
recursive calls to walk(s;, 4 — 1) terminate with probability 1.

Next, we consider the following two cases: (1) the repeat loop in walk(s’, i) terminates within m rounds
or (2) it executes more than m rounds. In Case (1), walk(s’, 7) terminates with probability 1, so from now on
we focus on Case (2). In this case, y eventually becomes x; for some ¢ € N at Line 8 since C; C [m] when
star = false. After that, since g;(x;) €r {0, 1} are independently sampled across all ¢ € N, with probability
1 there is ¢ € N for which g;(x;) = 0. Hence, the repeat loop terminates with probability 1. Finally, we
simply apply a union bound over all starting points s' € [n], which proves our induction hypothesis fori. [J

Assigned values. Now, let us elaborate on the values a;(p),x; (), level(u), next(u), right(u) assigned in
the underlined lines in Algorithm 3. To begin with, we first explain the role of uy. Roughly speaking, g
is the number of vertices before walk(s’, ) in the final extended walk w. Formally, we have the following
lemma.

Lemma 54. Fixi € {0,1,...,¢}. Consider all function calls walk(-,4,-) during the generation of w.
Suppose they are walk(s', i, ud), walk(s?, i, u3), ..., walk(s', i, ul) sorted by increasing order of 11}, for j €
[t]. The following hold:

(1) w = walk(s', i, ;1) o walk(s?,4, ) o - - - o walk(s’, 4, b)), and 1y = S5 |walk(s", 7).

(2) Foreachp € [|w

|, there is a unique function call walk(s’ 1, ,u%) such that ,ué <p< ,u%+|wa|k(sj, i)l

Proof. We prove Item (1) by an induction on i. By definition, when ¢ = ¢, we have w = walk(s, ¢,0). This
proves the base case. Now, suppose the statement holds for 7. We prove it also holds for s — 1.
For each walk(s?, 4, i), by Line 6, we have

Walk(sj,z',,ué) = Walk(s{,i — 1,/10"1) o walk(sg,z' — 1,/%’2) 0---0 walk(s{j,z’ — 1,ué’tj), (15)

and for every ' € [t;], it holds that
» -l _
' =+ walk(sd,i — 1. (16)
q=1
From the induction hypothesis, it follows that
w = Walk(slv i, :u(l]) 0 Walk(82, i, #(2)) O---0 WH'k(St, i, #6)7

and ,u% = E{,_:ll |walk(s"', )| It also holds for i — 1 by expanding each walk (s, ,u%) using (15) and (16).
Item (2) then follows directly from the definition of ,uf) and Item (1). O

The following lemma explains the role of next(-). We additionally define next(0) to be the starting vertex
w1 = s of the extended walk w.

Lemma 5.5. For every w € supp(w), we have w11 = next(u) for all p € [0, |w| — 1.
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Proof. Consider the moment when next(y) is assigned a value (Line 13 in Algorithm 3), which happens
inside the if-body of ¢;(y) = 1. At this point, we have ;1 = pj11 = po + |w|, and we assign 74(y)
to both next(p) and sj;1. After that, since g;(y) = 1, the repeat loop must execute another round with
Jnew  J + 1. At the beginning of the new round, we concatenate w with walk(s;,.,,,? — 1), which starts
with s, = s;4+1 = next(u) by Observation 5.1. Hence, w41 must equal next (/). O

Now, let us look at the properties of a;(-) and level(-). From Algorithm 3 we can see that a;(u) is the
argument we pass to functions g;(-) and r;(-) for determining whether (and what) to assign to next(u) at the
current level.

Observation 5.6. Let (w,g) € supp(w,g). For every p € [|lw| — 1], we have g;(a;(n)) = 0 for all
i € [level(i) — 1], and gievei(u) (Atevei(u) (1)) = 1. In addition, for p = |w|, we have g;(a;(p)) = 0 for all
i € [{), and level(p) is undefined'.

Proof. Suppose during walk(s’, i, puo) when 1111 = p1, the value of level(11) is not yet assigned. If g;(a; (1)) =
0, then the if-test at Line 11 is not passed and hence Line 13 is not reached, which means level(x) can only
be assigned later at a higher level of the recursion with level(x1) > . On the other hand, if g;(a;(u)) = 1
at this point, then we assign level(y) = i at Line 13. Hence, we must have gieyel()(alevel(u) (1)) = 1
gi(ai(p)) =0forall i’ <i=level(u).

The “in addition” part follows from a similar argument. U

Hence, we introduce the following shorthand.
Definition 5.7. We denote x(11) = Xievel() (#) and a(p) = ajevel() (14)-
Next, we have several simple observations.
Observation 5.8. For every (w,r) € supp(w, ) and p € [|w| — 1], we have next(p1) = Tievel(u)(a(1t))-

Proof. When level(u) and next(u) are assigned together in Line 13, we have y = a;(p), and hence next(u) =
Tz(y) = Tz(az(u)) = Tlevel(p) (alevel(,u) (:u)) O
In the following, we write y = *, to denote that y = x; for some ¢ € N, and write y # *, otherwise.
Observation 5.9. For every w € supp(w), p € [|w] — 1], and i € [level(u)], if ai(p) # *«, then a;(1) =
Aoy, -
Proof. Note that when we assign a;(1) = y at Line 9, we have p1j41 = p, and by Line 8 we must have

Y = ag, ., if y # %« Then we simply note that x; 1 = wy,;,, = w, by Line 7 and Line 9. U

Then, we examine how the values of a;(-) are determined in the repeat loop of walk(s’, 7). Observe that,
by our definition at Line 8, we never assign the same y value to a;(-) twice: when the value a, ;41 appears
for the second time, we will set star <— true and replace this value with . In more detail, this is formalized
in the following lemma.

Lemma 5.10. In walk(s’, 4, po), a;(p;) is uniquely determined from x1, 2, . .., z; as follows:

1. Let j’ = min{j’' | 3" s.2. 1 < j" < j <7, g,y = Oa,, }.

'%In Section 5.2 we will specially define its level to be £ + 1
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2. If no such j' exists, then a;(j1j) = a,. Otherwise, a;(j1;) = %j_jr.
In particular, a;(j1;) # a;i(pjr) holds for all j # j'.

Proof. By Line 9 and Line 12, we know C; = {a;(p11),ai(12), .. .,ai(1;)}. By Line 8, we know star
switches from false to true when Ag; 4 € C;. For those j before star switches, a;(11;) = ag ;» and for those
J after the switch, a; () = ..

Hence, star switches at the first j' such that there exists 1 < j” < j" with Az, = g, If such 4" does
not exist, star is still false at 7, and we know ai(,uj) = Qg;. Otherwise, star switches at 7/, and by Line 8 we
have a; (1) = *0,ai(fjr41) = *1,...,and a;(p;) = *j_j. O

Finally, we show the connection between the extended walk w and the reachable set f; n(s).

Lemma 5.11. Let (w, h, s) € supp(w, h, s), where w = walk(s, £) is the extended walk, and h is the hash
function. The following hold:

1. The reachable set [, (s) is a subset of the vertices in w.

2. Forevery p € [|wl], if for every two distinct ., B € [p], it holds that ay,, # auwy, then wy, € f51,(s). In
particular, if there are no two distinct o, 3 € [|w|] such that a,, = a.wg, then f}  (s) contains exactly
the same vertices as w.

Proof. We first prove that, for every € [|wl], if there are no two distinct o, 8 € [p] such that @, = aw,,
then a;(1) = ay,, for every i € [level(u)].

We will use induction on . Suppose the inductive hypothesis holds for 1,2,..., 1 — 1. Now we show
that a; (1) 7# *. for every i € [level(x)], which immediately implies that a;(x) = ., by Observation 5.9
and finishes the inductive step.

Suppose for contradiction that we assigned a;(11) = %, at Line 9 for some ¢ € [level(x)]. Then, by the
definition of ¥ at Line 8, the only two cases are (1) a,, . € Cj, or (2) star = true (which implies xy € C}). In
either case, there is an earlier n < y such that either (1) a, = a.,, (Which follows from the way we update C';
at Line 12) or (2) a;(n) = *, and level(n)) = i (because a;(j¢;+1) = v is added to Cj1; at Line 12 only when
level(yzj11) = 7). Case (1) contradicts our assumption that a,, # aw, for every two distinct o, 8 € [u].
Case (2) contradicts the inductive hypothesis that a;(n) = Quw, 7 *«. Therefore we have a;(p) = A, F Hx-

Hence for every p € [|w|], for all i € [level(u)], gi(ai(p)) and r;(a; (1)) have the same values as the
pseudorandom functions g;(a., ) and 7;(a.,, ) that were used to define h(ay,) for h € Hg . Then, by
Observation 5.6 and our definition of h, it is evident that next(u) = h(aw, ), and hence w11 = h(aw, ) by
Lemma 5.5.

The actual reachable set f; , (s) has vertices {w}, w5, ...} where wj = s and w,; = h(ayy,) for every
w > 1. Note that w; = w} = s by Observation 5.1. We have proved that for every p such that no two distinct
a, B € [u] satisfy ay, = au,, we have w11 = h(aw,) and w), = h(ayy, ). Then, let 119 be the smallest
p € [Jw|] such that there exists o < p with @,y = ayy,- If such 19 does not exist, then a simple induction
shows w;, = wy, holds for all 7). Otherwise, we can similarly show (w1, wa, . .., wy,) = (W}, wy, ..., w
This proves Item (2).

On the other hand, from w;, ; = h(awho) = h(aw;,) = Wy, it follows that {w;, 1, w19, .} C

o)

! . Hence, {w],w), ...} is be a subset of {wy, wa, ... }, which proves Item (1). O

/ !
{wl,w2,...,wuo
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Figure 3: The dependency tree 7. The index of 7 is (0,0, 2, 1), since the path 0 — 2 — 4 — 7 has two
level-3 nodes (node 4 and node 7), and one level-4 node (node 2).

5.2 Dependency Tree and Node Indexing

Using the information of level(-) determined by the recursive process w = walk(s, £), we can define a natural
tree structure that we call the dependency tree. The tree consists of |w| + 1 nodes, labeled by integers from
0 to |w|. We will also use Greek letters (e.g., «, 3, u) to refer to the nodes on the dependency tree. The
p-th vertex w,, in the extended walk corresponds to node p on the tree. Node 0 is the root of the tree, and
we define level(0) = ¢ + 1 and next(0) = s. Moreover, for the last node |w]|, its level is not assigned by
walk(s, £), so we define level(|w|) = ¢ + 1 as well.

In the rest of the paper, we will reserve the term “node” for nodes (referred to using Greek letters) on the
dependency tree, and use the term “vertex” to refer to the vertices in the walks on the digraph G, p, i.e., a
“vertex” is always in the set [n].

To define the dependency tree, we specify the parent of each node p as follows.

Definition 5.12. In the dependency tree, the parent node of node y is defined as
par(p) := max{y’ | level(1') > level(p)},
W <p

i.e.,the last node before 1 that has level at least level(1). Note that such i/ always exists as we have level(0) =
0+ 1.

From this definition, we immediately see that the pre-order traversal of the tree is the node sequence
0,1,2,...,|wl| (see example in Fig. 3). Since we let tree node 1 correspond to the y-th vertex w,, in w, we
get a natural correspondence between the extended walk w and the pre-order traversal of the dependency
tree. In Fig. 4, we illustrate how the dependency tree is consistent with the recursive structure of walk(s’, 7).

Definition 5.13. We use p(u) to denote the path from the root to the node p on the dependency tree.

We also observe that the levels of nodes on p(yu) are non-increasing. Having the tree structure, we
introduce a way to index the nodes, which will play a crucial role in our proofs in Sections 6 and 7.

Definition 5.14 (Indexing tree nodes using E). We index a node p in the dependency tree by a sequence
k = (ki, ks, ... k¢) € N where k; specifies the number of level-i nodes on the path p(z). We use z* or

M[E] to denote the unique node in the dependency tree indexed by k. Note that the node 1* may not exist in
the tree.'!

""0One example of node indexing is shown in Figure 3.
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walk(s’, 1, fo)

Figure 4: The dependency tree and walk(s’, 7, 110). Starting from s’ = sg, the function walk(s’, 4, ug) first
calls walk(sg, 7 — 1, o) which generates the subtrees of 1 of level < ¢ — 1. Then, walk(sg,? — 1, ug) stops
at the first vertex x of level > i, where 1 corresponds to node pi. Then, in walk(s’, %, po) we find that the
level of 11 equals 4, and hence let s; = next(u1) and explicitly handle the edge 1 — next(u). Then we
similarly continue with the recursive call walk(s1,7 — 1, 1), and so on. Finally, walk(s’, %, i9) terminates
when it meets a node fi; so that g;(y) = 0 at Line 11 in Algorithm 3, implying that level (1) > i. The vertex
x¢ will be the last vertex in the walk returned by walk(s’, 4, 110).

In our analysis in Sections 6 and 7, we will use the strategy of fixing a particular sequence k € N, and

letting ,u’; W RS a(pk), next(,u’g ), level(1/¥) be random variables (provided that y* exists in the tree).
We naturally define the ordering of indices as follows.

Definition 5.15. For two sequences El, k2 e N, we say that ko< k2 (or kL is to the left of lgz), if there is
i € [] such that, k! < k? and k} = k? forallt € {i + 1,...,¢}. This can be seen as the lexicographical
order on the reversed sequences.

The definition above is justified by the following observation: for two nodes uEl , ,u";2 indexed by El, k2,
E E2 el 12
w¥ < p” if and only if k% < k*.
Finally, we introduce some notation for indexing ancestors in the tree.

Definition 5.16. Given k € N’, i € [(], and j € [k;], the j-th level-i ancestor of ,u'; corresponds to index
ki = (0,...,0,7,kiy1,...,ke), and we use ,ui-fj to denote this ancestor. We also define /‘?0 = (, namely

the root node, and we recursively define Nfo = ,uf IR which is the last ancestor of ©* with level greater
than <. ~
We clarify that, according to our definition, the existence of node ,uf ; in the dependency tree does not

necessarily require the existence of zi¥.

5.3 Existence Condition of a Root-to-node Path

As mentioned in Section 2.5 and Section 2.6, our main proof will involve analyzing root-to-node paths on
the dependency tree. In this section we will prove several useful lemmas for such analysis.
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We first prove a few lemmas on the values of right(-) assigned at Line 10 in walk(s, £).

Lemma 5.17. For every node 1 € [|w| — 1], we have right(1) = mings,{a | level(a) > level(pn)}, ie.,
right(u) is the next node with level at least as high as p.

Proof. First, by inspecting the structure of the dependency tree resulted from Algorithm 3, we observe that
every node p € [|w| — 1] must get assigned a value for right(u) (provided that the walk terminates, which
happens with probability 1 by Lemma 5.3).

When right(11) gets assigned at Line 10 (where y1; = 1), we have level(p) = 4, and right(p) = p1541. By
the definition of 1141 at Line 9, right (1) corresponds the last vertex returned by the recursive call walk(s;, i —
1), and all nodes p/ € [u + 1,right(x) — 1] must have level(x') < i — 1 which were assigned during
walk(sj, i —1).

At this point, if g;(y) = 1, then we will assign level(right(s)) = level(y;41) = 7. Otherwise, g;(y) = 0,
and we will return to the parent level of recursion, where again right(x) corresponds to the last vertex of
the returned walk, and will eventually get assigned a higher level level(right(x)) = ¢’ during walk(s”, ") for
some i’ > 7. In any case, right(u) is the first node after 4 that has level at least level(1). O

Moreover, by the definition of walk(s, ¢), we know right(x) = p + |walk(next(u), level(p) — 1)].
For technical reason, we need to extend the definition of right as follows.

Definition 5.18. For w € supp(w), € [Jw| — 1], and ¢ € {0, 1, ..., ¢}, we define
right; (1) = min{« | level(a) > i},
a>

namely, the next node with level at least 7.
We also need the following definition to denote the last vertex returned by walk(s’, 7).

Definition 5.19. Let last(s’, 7) be the last vertex in the sequence returned by walk(s’ ,1).
Now we are ready to prove the following lemma, which determines when u . exists.
Lemma 5.20. For (w, g,r) € supp(w, g,r) and k € N, the following hold:
(a) Suppose ,qu_l exists. Then, ,u?:j exists if and only lfgi(ai(righti(pﬁj_l))) =1

(b) xi(right; (¥ ;_,)) = last(next(uf,_,),i — 1)

Proof. We first consider the easier case of j > 1.

Case 1: j > 1. Consider the function call walk(s’, z', fto) such that g < ,u?] 1 < o+ |wa|k(s’, i, po)l- It
ex1sts and is unique by Lemma 5.4. Then ;1 = u” L and pj = right(pj—1) = rlght(,u” 1)- The node
,u” exists if and only if p; is of level 4, which is equivalent to gl( ai(py)) = gi(a (rlght(,u” 1)) = 1lby

Observation 5.6. Since in this case p; ;1 is of level ¢, right; (u” 1) is the same as rlght(,u” 1)- Thus (a)
holds when 5 > 1,

Moreover, in this case, by Line 9, x;(1;) = x; where 2; = last(s;_1,7 — 1) (by Line 6, 7). From
Line 12, 13, we know s;_1 = next(yj_1) = next(,uﬁj_l). Together, we get x,-(right(,uﬁj_l)) = x;(pj) =
Iast(next(uﬁj_l),z’ — 1). This proves (b) when j > 1.

Now we consider the corner case of j = 1, which is slightly more technical and makes the right, notation
in the lemma statement necessary.
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Case 2: 7 = 1. In this case, /‘Eo is of level higher than 7. Specifically, by our recursive definition of
N?,o = ufﬂ kiy,» We ultimately have Nﬁo = ub  where i' = min{¢’ € [i + 1,£] | ky > 0} and j' = Ky,

provided that ¢’ exists; if such 7’ does not exist, then we set i’ = £ + 1, and in this case ,ufo = 0, namely the

root of the dependency tree.

Consider the function call walk(next( ME )i =1, ME i) 12 which recursively calls walk(next( ME i) =

2, ,uf, j,), and so on, until we reach the recursive call Walk(next(uf, j,), i, uf, j,), in which we have the follow-
ing:

-

(i) so = next(uf,’j,) = next(uf).
(i) p1 = ,ufcjl + lwalk(next(uf,J,),i —1)|.

Note that walk(next(s;; ), 4, pi; ) first calls walk(next(pz; /), — 1, pgs 1), which returils a sequence
with last vertex corresponding to node p; defined in (ii). Hence, i is the first node after ,uf, J of level at
least i. Namely, p1; = righti(,uf; i) = righti(,uﬁo). Then, note ,uEl exists if and only if level(u1) = i, or

equivalently, g;(a;(111)) = 1 by Observation 5.6. Together with p1 = righti(,uffo), this proves (a) when
j=1

By (i), we know x;(p1) = last(sg,i — 1) = Iast(next(,uﬁo), i —1). Together with p; = righti(,uﬁo), this
proves (b) when j = 1. ]

—

Moreover, we remark that the values of xi(,uﬁl),xi(,u%), . ,xi(,uﬁj_l),xi(righti(,uﬁj_l)) are enough

to uniquely determine ai(righti(u?’j_l)).

Observation 5.21. Fix (w,g,r) € supp(w, g,r) and k € N Suppose MEI, e 7:“53’—1 exist. From T1 =

Xi(#ﬁl)afz = Xi(#ﬁz)a cy Tl = Xi(:uﬁj—l)v‘fj = Xi(righti(:uﬁj—l))’ the value Ofai(righti(ﬂﬁj—l)) can
be uniquely determined as follows:

1. Let 7 = min{j" | 35" s.t. 1 < j" < j/ < 5, az,, = az,}.
2. If no such j' exists, then ai(righti(uﬁj_l)) = ag,. Otherwise, ai(righti(uﬁj_l)) = *j_j.

Proof. In the function call Walk(next(uﬁo)7 i, MEO), we have pj_1 = ME ;j—1» and hence z; in this function
call equals Z ;. Then this observation follows directly from Lemma 5.10. O

6 Warm Up Analysis for One Target Vertex

In this section we prove Lemma 4.2.

In Section 6.1, we introduce the important conventions and notation used in this section. In Section 6.2,
we prove Lemma 4.2, assuming the technical lemmas Lemma 6.1, Lemma 6.2, and Lemma 6.3. These
technical lemmas will be proved in Section 6.5, Section 6.3, and Section 6.4 respectively.

"In the corner case i’ = £ + 1, this is walk(s, £, 0).
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6.1 Notation

Throughout this section, we fix £,m,n € N and a € [m|™ such that ¢ < log n, and we will always work with
(the probability space of) the extended walk Walky ,,, ,, . We use w, s, g, 7, h,a,level, next to denote the
corresponding random variables in the extended walk. We also use T' to denote the dependency tree build
on the extended walk. Note that w, a, level, next, h, T are all determined by (s, g, ).

For every ¢ € {0,1,...,¢}, we use g<; to denote the collection (g, ...,g;). Similarly, we use r<;
to denote the collection (71, ...,r;). For notational convenience, throughout this section, for (g<¢,7<¢) €
supp((g<t, r<¢)), we will always use g<; A r<; to denote the event [g<; = g<; A <t = r<¢].

We now set 7 = 20 log nloglogn. We say k € N is short, when k; < /4 for all i € [¢]. Otherwise,
we say k is long. We use KS"'t to denote the set of all short k € N, that is, fCcshert = £0,1,...,7/4}¢. For
k € N, we let B;; be the collection of all two-dimensional sequences b= {bijYierg, ek w1th bivj € [n] for
every i € [¢] and j € [k;].

Let £ong be the event that the dependency tree has a node whose index is not a short sequence, i.e.,

Eiong = Jk € Nfs.t. mglx k; > 7/4 and ,u'; exists | .
1=

The following lemma, which will be proved in Section 6.5, states that the probability of £jong is small.
Lemma 6.1. In probability space (w,T), it holds that

Pr(Eiong] < /274

Now we formally define the events f b over the probability space of Walky , 1, 4, which will be used

throughout the section. Let k€ Nfbea sequence. For 1 < 1 </,0 < J < ky and be BE’ we define ]:f’f]’
as the event that the following two hold:

ﬂ

* Forevery I < i < /{andevery 1 < j < k;, node ,u - exists and next(,u ) bi ;.
* Forevery 1 < j < J, node ,u’}qj exists and next(,u%) = by ;.

We also use ]:f as shorthand for ]: k Specifically, we define ]:z 1 to be always true. For simplicity, we

sometimes use p(k‘) to denote p(u ) i.e., the path from the root to the node ©* on the dependency tree.
In Table 6.1 we provide a summary of all the notations defined and used in this section, as well as the
notations for Walkg , , , defined in Section 5.1.
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Notation

Meaning

w, T

random variables; the extended walk and the dependency tree

Greek letters (o, 5,7) tree nodes

p(a)
par(a)
(gia ri)
r<i,9<i

r<t N\ g<t

p(F)
walk(s’,7)

last(s’,7)

the path on 7" from root to «

the parent of node o on T’

components of hash function in Hy ,, ,,

the sequence (r1,...,r;) and (g1,...,9;)

the event [r<; = r<¢ A g<t = g<i]

number of components (sub-restrictions, levels) in H ,, ,,; number of levels; ¢ < log n
independence parameter in Hy ,, ,,; 7 = 20log nloglogn

Weat1, I-€., Next vertex after node o

the parameter we passed to g;, r; trying to determine the next vertex after node
the smallest i such that g;(a;(«)) = 1; next(c) is determined by 7ieyei(a)

the tree node determined by k

the j-th level ¢ ancestor of ME ; equals the parent of ,uE 1 if j = 0 (roughtly speaking)
{0,1,...,7/4}*

set of two-dimensional sequence b with values in [n] and shape k

the first node after « of level > 1

the first node after « of level > level(«)

the event that ,u’; exists for any long k

the event that for all (¢, j') before or equal to (i, j), ,uéj, exists and next(u§7j,) = gi’vj’
*¢ forany t € N

the path p(,u'; ) from root to ME

the level < i extended walk from s’

the last vertex of walk(s’, 7)

Table 1: Summary of Notation

6.2 Proof of Lemma 4.2

Reminder of Lemma 4.2. Suppose ¢ = logn —

W — 10. For every vertex v € [n], we have

Pr [vefin(s) =0 <#> .

heRHl,m,nvseR[n] FQ(CL)

Our proof strategy is to utilize Lemma 5.11. We first count the number of times that vertex v occurs in
walk w, and then subtract the “bad occurrences” of v, i.e., the occurrences of v in those w where there exist

a# B e [lw]]; aw,

:aw

5
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By Lemma 5.5, we always have w1 = next(s). Thus we have!3
#{p | wy, =0} :#{EE]NZ ‘ next(#E) Zv}.

Note that when we write next( uk), we implicitly require that the node 1% exists. We will follow this conven-
tion in the rest of the paper.

Since g; and r; are only 7-wise independent, our technique can only handle those k € fcshort, Fortunately,
the contribution of those k € Kot will already be sufficient to provide a good lower bound. Namely, we

only count

# {E c ICshort

next(u¥) = v} .
The occurrence w,, = v is a bad occurence only when there exist'* o # 3 € [|w], aw, = Guw,. Hence

if we let &’ be the index of a — 1 and &” be the index of B — 1, then w,, = v is a bad occurrence only when

Il o y4 _
Ik ?é kmeN ’anext(E’) - anext(E”)'
Note here &’ and £” may not belong in X"°'t. But by Lemma 6.1, this cannot happen too often. Therefore
we can still get our desired bound.
Formally, we will first prove the following two lemmas.

Lemma 6.2 (Counting the number of occurrence of v). For every vertex v € [n], it holds that

21 < E [# {EG fcshort next(,ul;) = UH < 2—6

n  nd3 " wrl n

Lemma 6.3 (Upper bounding the bad occurrence of v). For every vertex v € [n], let C,, = #{i | a; = a,}
be the number of occurrences of a,, in the input a. It holds that

g qgtc, 1
8 hh(a) g2 C, 1

B[4 {F e ko

next(u*) = v A K # K" € N, Cpext(uk'y = anext(u‘g”)H <48

w, n3 n?2 nd
Based on Lemma 6.2 and Lemma 6.3, we are ready to prove Lemma 4.2.
Proof of Lemma 4.2. From Lemma 5.5 and Lemma 5.11, we have
Prive fin(s)] > B [# {F € 1t | next(uf) = o AV £ B € N a0 # @iy | |
= [# {E € Kshort next(ug) = v}}
w, T
= B [#{F e [next(n) = v AT £ B € N ) = By |
2¢ ‘F. 4¢ 2
> — — 488723(@ — 16 gv - — (Lemma 6.2 and 6.3)
n n n n
1 48 16C, 2 log F>(a)
— - — - = (¢ =logn — 22222 _10)
20 /Fola) 20/Fyla) 20F(a) BT

>0 <#> ,
FQ((I)

3We also use #A to denote the size | A| of a set A.
“We use the shorthand = # y € A to mean z,y € A and = # y.
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where the last step follows from C,, = #{i | a; = a,} < \/Fa(a) < n.
For the other direction, we have

}:L’r[v € fan(s)] < P;—’" [EI/;,: € KMot .t next(,u';) = v} + Pr([Eiong]

7 short Ey _

< B [# {k e Joohort | next(uF) = UH + Pr[Eiong]

2Z

< ~ +nl/2" (Lemma 6.2 and Lemma 6.1)
1 log F»(a)

<O| —— |, (0 =logn — 2222% —10)

<v F2(a)> i

where the last step follows from the fact that ¢ < logn, 7 > 20 log n log log n, so that nf/ 27/4 < n% U

The rest of the section is devoted to the proofs of Lemma 6.2 (Section 6.3) and Lemma 6.3 (Section 6.4).

6.3 Counting All Occurrences of a Vertex

Now we count the expected number of occurrences of v, namely,

E [# {lg e Kshort next(,ug) = v} ]

We first enumerate and fix the sequence k. Then by linearity of expectation, what we want is the summation
of the probability

Pr [,u]; exists A next(ug) = v] .

over all k € Kshot, To compute this probability, we will use an induction between the levels on the depen-

dency tree.
Let us first look at the case within a single level. Intuitively, when conditioning on 7<;_1 A g<;—1 and
.}"ijb_l (which asserts next(uf’ jo1) = bf’ j—1) for some fixed b, the vertex z; (in walk(s', 7)) is simply the last

vertex of walk(sj_1,i — 1) = walk(next(,uﬁj_l),z’ — 1), which is determined by 7<;_1, g<;—1 by Observa-
tion 5.2. Hence ay; is fixed by b,7<;—1, g<i—1, and is independent of r;, g;. Due to the fact j < 7 (since
k € Kshorty and g;,7; are T-wise independent, this allow us to argue that gi(ag;) = 1 with 1/2 probability
and 7;(ay,) €r [n] is uniformly rand?m. )

Then we can prove Ievel(right(ﬂﬁ j—1)) = i holds with 1 /2 probability, and that next(uf’ ;) is uniformly

random (when level(right (¥ j—1)) = i and hence uk ; exists). This argument is formalized in the following
important lemma, which functions as the inductive step in our whole induction proof.

Lemma 6.4. Fix k € K and b € By In probability space (s, h, w), suppose (as induction hypothesis)

that the event ]:Zlibl is independent of the joint random variable (g<;,r<;). Then, for all i € [¢] and j € [k;],

and all g<;—1 € supp(g<i—1),T<i—1 € supp(r<;_1), it holds that

kb | —kb 1
Pr [‘Fi,j ‘ E7j_1 N g<i—1 N Tgi—l] = %
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Proof. Fix i € [(] and j € [k;] and let g<;—1 € supp(g<i—1) and r<;—; € supp(r<ij—1). We let E<;_1

denote the event [99’—1 A 7’9-_1} for convenience. Our goal is to show that
1
P[ ‘]:]1/\5<11 :%.

By Lemma 5.20 (a), ME;’ exists if and only if gi(ai(righti(uﬁj_l))) = 1. Then let us inspect how
ai(righti(,uf’j_l)) is determined. Let walk(s’, 4, 119) be the function call such that py < righti(,uﬁj_l) <
o + |walk(s', 4, po)| Which exists and is unique by Lemma 5.4. In this function call, ;1; = righti(uﬁj_l).

Conditioning on ]-"Z o1
mined by xi(ugl), . xl(,uw_l),xi(righti(uﬁj_l)), namely, by all x;(right; (MEJ, 1)) for j’ € [1,j].

By Lemma 5.20 (b), xi(righti(,ui;’j,_l)) = Iast(next(ugj,_l),i 1). Conditioning on f

we know that MEI? e 7,“53'—1 exist. Then by Observation 5.21, a;(11;) is deter-

] 1 forj/ é j

we have next(ui;j,_l) = b; j~_1 (for the corner case of j' = 1, we recursively define b; o = b;_1 1, ,).
Moreover, by Observation 5.2, Iast( i — 1) only depends on r<;_; and g<;_;. Therefore, conditioning

on .7-"k b _1 N\ E<i—1, each x;(right; (,u”, 1)) (1 < j" < j)is uniquely determined from E, g, G<i—1,T<i—1.
Hence, they also unlquely determine a; (rlght-(,uf’j,_l)) for1 < j <j.

Recall that ,u - exists if and only if g;(a; (1)) = 1. If ,uﬁj exists, we know ,u” = U and next(p;) =
ri(ai(i;)). So ourgoal is to show that g;(a; (i) = 1A7;(a; (1)) = b; j indeed happens with 5- probablhty

We prove this using the fact that 7;(-) and g;(-) are 7-wise independent, and our condition ]-'Z 3-_1 has only
revealed the values of 7;(-), g;(-) at no more than j < 7 many points.

By .F] p» for all 7/ € [j — 1], we have 7;(a(pjr)) = next(u;r) = b; j and g;(a(pj)) = 1. For
r; € supp(r;) and g; € supp(g;), define an predicate

P(Tiagi) = [Vj" € [j —1],9i(ai(uj)) = 1 Ari(ai(pyr)) = by -

By definition, f :b 11s true if and only 1f]-'+1 is true and for each j' < j—1, level(p1;/) = iAnext(pu;r) =
b; j+, which is equlvalent to gi(a;(pjr)) = 1 Ari(ai(pyr)) = b; jr. Thus,

f] 1/\5<z 1—-FZ+1/\5<Z 1/\P(T27gz)

)

We have shown that each a;(u;/) is uniquely determined by r<;_1,g<;—1 and E, b, 50 P(ri,g;) is a
predicate of 7;, g; only, and hence P(r;, g;) only depends on the randomness of r;, g;. To prevent confusion,
we stress that P is defined using the particular 7<;_1, g<;—1 that we have fixed at the beginning of the proof,
and does not depend on the random variables 7<;_1,g<;_1.

From our assumption that f 1 is independent of the joint random variable (r<;, g<;), we know that the

event .7-" 1 A E<;_1 is independent of r;, g;. Since P(r;, g;) is a predicate of r;, g;, we know .7-" 1 NE<izn
is still independent of 7;, g; when conditioning on P(r;, g;). Namely, since

kb
Fila A 59'_1] =Pr[r; =ri,9; = g,

(2

Pr ['ri =7ri,9; = i

and P(r;, g;) is a predicate of only r;, g;, we know that

kb
Pr [7“2' =7i,9i = gi | Fil1 N 5gi—1,P(Tijgz‘)] =Prr; =19 =g | P(ri,9)],
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Hence, we can derive

e [F0| £, p e ]
= Pr [

gi(ai(1y)) = 1.mi(ai(y)) = big | FELL A E<ia]
= Pr [gi(ai1y) = Lril@i(i)) = bi | FEL A E<ima A P(ris )|

= Prgi(ai(n;)) = 1,7i(ai(ky)) = bij | P(ri, gi)]

1

%7

where the last step follows from the fact that g;(-) and r;(-) are 7-wise independent, j < 7, and a;(1;)
is different from all other a;(1;/) by definition (see the “in particular” part of Lemma 5.10) and uniquely
determined by g, T<i—1,9<i—1. |

Iterative application of Lemma 6.4 leads to the following corollary.

Corollary 6.5. Fix k € Kshort and b € B i In probability space (s, h, w), suppose (as induction hypothesis)

that the event ]: +1 is independent of the joint random variable (g<;,T<;). Then, for all i € [{], g<i—1 €
supp(g<i—1) and r<;—1 € supp(r<;—1), it holds that

- . —k;
R | kb 27H
Pr [fi ‘ Fif1 Ng<i-1 A 7“9‘—1] =—7

%

—

Proof. We let £<;_1 to denote the event [gq 1A T<i— 1} for convenience. From the definition of the f kb

and Lemma 6.4, we have
Pr []:ik’b ‘ ‘FZ’-bl VAN 59‘—1} =Pr ‘ ]:Zkob VAN 5<Z 1]

i
=||Pr [}"E’-g ‘ ]:ff_l A 59'-1]

Z?]

—

Then we iteratively use Corollary 6.5 to obtain the probability of ]-'f b,

Lemma 6.6. Fix k € K and b € By Foralli € [£ + 1], letting g<;—1 € supp(g<i—1) and r<;_1 €
supp(r<i—1). In probability space (s, h,w), we have

2™ Z?:i kj
B nZ’j:i k; .

ib
Pr {fi T g<io1 Ar<icy

Proof. We prove this by induction. For the base case i = ¢ + 1, ]-'Z b s always true by definition, and hence
Pr | F |: i ‘ g<i—1 N\ Tgi—l] =1.
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Suppose the induction hypothesis holds for 7 + 1. Note this implies Pr [.7-"2]11’1 ‘ g<i A\ rgi] Pr [.7-"2 +1]

-

for every possible g<; and r<;, meaning that ]-';Zrbl is independent of the joint variable (g<;, 7<;). Hence, it
satisfies the premise of Corollary 6.5.

From the definition of .}"Zk’b, we have

Pr [ff’b

RB
g<i—1 A Tgi—l} Pr | 7 [ ‘ +1 " A g<i—1 N T<i— 1} Pr {}"ZH

g<i—1 N r<i— 1}

From induction hypothesis, we have

4
pp [ 758 B o R
r|Fl | 9<i-1 Ar<io1| = E Pr|\F|giAri N g<ici Ar<iaa|| = —=——
(gi,’f‘i) (gi7ri) n~ij=i+1 k]
From Corollary 6.5, it follows that
- - = _k
Kb | kb 27
Pr |:‘7:z ’ ‘ ]:H’_l Ng<i—1 N T‘Si_l] = v
Putting everything together, we have
£ £
- 9—ki 9~ =itk 2~ =ik
Pr [F17 | geioi Arsio] = T - - . O
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Finally, we are ready to count the number of occurrences of v, and prove Lemma 6.2.
Reminder of Lemma 6.2. For every vertex v € [n], it holds that

2L g [gfiein

n nd T wrl

IN

next(ug) = v}}

2
-

Proof. Foreach k € Nland b € B, we say (k,b) is good, if next(/ﬂ;) = v holds in the event ff’b. Recall
that k is short, when k; < 7/4 for all i € [¢]; and otherwise  is long.

We first break the expectation into the sum of contribution of all possible index k and b. By linearity of
expectation, we have

B[4 {F ko

w, T

next(,u }] Z Z Pr [ff YA (K, is good] .

kecshort beB,;
Then, by Lemma 6.6, for all kc ICSh"'t, beB o it holds that

2= Z?’:l k;

Pr []:E’b =
! 24:1 kj '
n-i

£ — L -
There are n2-i=1"%s many sequences b € B, and n(=5=1%)=1 of them satisfy next(u*) = v. Thus for
all short E,
2™ Z§:1 k;

n

Z Pr [ff o A (K, b) is good] =
beB;
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Then, we have

Z Z Pr []—"f’b A (K, b) is good
kekcshort be By,
9—(k1+ka+-+ke)

n
Eelcshort

T/4 ¢

= Z 27| /n
=0

~(2- 2—T/4)é /n.

Putting everything together, we have

2¢ S 7 g 2t 1
> E [#{kelcs ort | next( ):v}] - (2—2—7/ ) fn>=——
n w, n n
which completes the proof. O

6.4 Counting All Bad Occurrences of a Vertex

Now we move on to prove Lemma 6.3 which upper bounds the number of “bad” occurrences of v as follows,

8Fy(a) _4'C, 1
n3 18 n? +$'

B[4 {F e ko

w, T

next(luk) =vA EU;/ 75 ];// S ]NZ, a’next(u’;/) = anext(u’;”)}} < 12

We first apply a union bound on k' and K", and similar to the proof of Lemma 6.2, we enumerate three
sequences k' € IChot k2 € N¥ k3 € N¥, and sum up the contribution of

P; [,ukl,,ukz,,ukg exist A next(ukl) =vAa
w7

= anext(“ES)]

next( pk? )
over all El, ];2’ k3. Intuitively, one would expect this to give the desired upper bound. However there is some

subtlety due to possible collisions between the paths from root to the nodes ,uEI , ,u'?, ,u'zg, which we formally
define below. Recall that p(u) denote the path on 7" from root to node .

Definition 6.7. We say a pair of nodes («, 3) is a collision between two paths p; and po, if « € p1 \ p2, 5 €
p2 \ p1, and (a(a), level(a)) = (a(p3), level(/3)) (where a(-) is defined in Definition 5.7). The level of a
collision (v, 3) is defined as level(«) (which equals level(5)).

For a collision (a, 3), the values of next(c) and next(3) are actually the same random variable 7jeyei(a) (2 ().

When collisions appear between p(,ukl),p(,u’;z), and p(u*”), the correlations caused by these collisions
would make our analysis difficult.
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Figure 5: Moving & — 1 to the corresponding node in the subtree of 7

6.4.1 Structure of Bad Cases

To get around such difficulty, we need to exploit the combinatorial structure of the dependency trees. We let
¢ = uEl +1l,a = ugz +land 3 = MES +1. Then by Observation 5.5, next(u’zl) =vAa
is equivalent to wy = V A sy = Q-

The following lemma asserts that, fixing any (w,T") € supp ((w,T')), whenever there exist collisions

between p(a — 1) and p(8 — 1), there always exists another pair of o and 3 satisfying a.,, = ay, as well,
such that there are no such problematic collisions between paths p(a — 1) and p(8 — 1).

=a

next(,ugz) next(u’ss)

Lemma 6.8. Fix (w,T) € supp((w,T)). Suppose T contains two nodes & # (3 such that a,,, = Q-
Then for every node ¢ on T, there must exist nodes o and (3, such that & # 3, awy,, = Gy, and for any two
of the paths p(¢ — 1), p(a — 1), p(8 — 1) there is no collision (as in Definition 6.7) between them.

The intuition for Lemma 6.8 is as following: We call a pair (&, 3) a duplicate if and only if @ < 3 and
Qws = Gug- Take the duplicate (@, B) with the smallest 3. Since it is the first pair of duplicate on w (in the
sense that w1, ws, ..., wz_, contains no duplicate), we can prove there is no collision between p(a—1) and
p( — 1). So the only problem left is the possible collisions with p(¢ — 1).

Suppose there is a collision between p(& — 1) and p(¢ — 1), namely there are two nodes 7 € p(a —1)\
p(B—1)and my € p(B—1)\ p(@— 1) that (a(7y), level(m;)) = (a(m2), level(m2)). Then, intuitively, by the
way how subtrees of 71 and 7o are generated, these two subtrees should be the same. Note & — 1 is in the
subtree of ;. We can move it to the corresponding node in the subtree of mo. See Figure 5. After moving,
the original collision 71, 7m2 between path p(a& — 1) and p(¢ — 1) becomes a common ancestor 5. Thus we
can eliminate collisions with p(¢ — 1) in this way, and find desired «, 3.

Before proving Lemma 6.8, we first prove a few technical lemmas which formalize the intuition that the
subtrees of 71 and 79 should be the same. We will need a few extra notations.

Definition 6.9. We define suc(n) to be the set of nodes within the subtree of 7 that has the same level as .
Then we define p* (1) = Uy ep(,ysuc(n) which is an extension of p(y). (See Figure 6)

ol

For simplicity, we let p(E) denote p(p”), i.e.,the path from root to the node with index k. Similarly, we

—.

use p*(k) to denote p* (u*).
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7

Figure 6: The dependency tree 7" and extension p* () (marked in red)

Lemma 6.10. Fix sequence k! and w,T € supp(w,T). Let o be a node in T and k be the index of o.
Suppose there is a collision between p(c) and p* (k').
Let i be the lowest level that contains such collision. Then there must be a node 73 € p*(k') of level i

such that a(mg) = a(ufki).

Proof. Let (m1,m2) be the collision of level i. Formally, 7 = ,uE ; is the node on p(c) with smallest 7 such
that 37y € p* (k') satisfying (a(m2), level(m3)) = (a(m1),%). If there are multiple such (71, 73), we choose
the one that minimizes j.

Recall the definition of right (which can be found in Table 6.1). We prove the existence of such 73 by
the following algorithm. Note that level(m;) = level(my) = i.

Algorithm 4: Finding 73

1 o< 7y, ,8 < o

2 forte[j+1,k]do

3 | if a;(right(c)) = a;(right(3)) then

4 a < right(«), B < right(5)

5 else

6 Let 7 € p* (k') be the node such that a;(n) = a;(right(c)) and level(r)) = i.
7 a < right(a), 5 <7

87‘('3%,8

To prove the lemma, we need to prove following two facts about the algorithm.
1. Throughout Algorithm 4, level(a)) = level(3) = 1.
2. At Line 6, such node n always exists.

We first show that these two facts are sufficient to prove the lemma. Suppose these facts are true. Bj
Fact 2, the algorithm will not abort by error. When the algorithm terminates, since initially o« = m; = ,uﬁ j
and « < right(«) is executed for k; — j steps, we have a = :“Ekl Observe that the invariant a;(«) = a;(3) is
preserved through the algorithm. Then by Fact 1 and the invariant, we know (a;(B),level(B)) = (a;(a), ).
Moreover, since 3 only move to right(3) and i € p*(k'), we know 3 € p*(k'). As a result, we can let
mg < [ and it satisfies the lemma requirements.
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Proof of Fact 1. Since initially o = 7 = ,uE ;» and for each ¢ it moves to right(c), we know that at the

beginning of the each loop a@ = uﬁi_l, and at the end of the each loop o = right(,ugi_l) = ,uEi (since
t € [j+ 1, ki]). We know « is always of level 1.

For 3, each time it either move to a level ¢ node 1 or move to right(3). Since at Line 4, g;(a;(right(3))) =
gi(a;(right(«))) = 1, and by our discussion above level(right(a)) = 4, we know right(/5) must also be of
level <.

Proof of Fact 2. Now we inspect how a;(right(c)) and a;(right(3)) are determined. For a@ = ,uﬁt_l,
in the function walk, from s;—; = next(«), we first perform walk(s;—1,7 — 1). a is the last vertex of
this walk, and therefore z; = wyight(). Then a;(right(c)) is determined by a;, = au,y,,, and Ce_1. If

star = true, a;(right(a)) = % (t > 0). Otherwise, either a;(right(@)) = @u,,.,» OF it equals o because

-

Qwighe(a) € C;_1. Note Qwighe(a) € Cy—1 if and only if there is a node 1 € p(k) of level i before «, such that
3;(1) = Quygp(a)- 2i(B) is determined in the same way. In conclusion, we have following propositions:

. Ty = Wight(a) i the last vertex of walk(next(a),i — 1). (17)
o a;(right(ct)) = %o only when 35 € p(k) of level i, such that a;(n) = Qighia + 11 < O (18)
. These two also holds for 3 by replacing o with 3, and p(k) with p*(k"). (19)

Observe that we kept the invariant a;(«) = a;(/3) throughout the algorithm. Therefore, since next(a) =
ri(ai(«)) and next(8) = ri(a;(5)). We know next(a) = next(5). Thus both walk(next(«),7 — 1) and
walk(next(f3), i — 1) are the same walk. Hence, by (17), Wright(a) = Wright(s)- 1f both a;(right(a)) # % and
a;(right(83)) # *. holds, we would have a;(right()) = G, (0) = Qwyg(s) = i (right(B)).

Note if a;(right(a)) = xy for t' > 0, this would imply a;(«t) = *p_1. Since a;(«) = a;(/3), we must
have a;(right()) = a;(right(/)) then. The same holds for 3.

Thus the only possibility of entering Line 6 is when exactly one of a;(right(«)) = %o and a;(right(3)) =

xo happens. Note here o € p(k) and 3 € p*(k'), and Wright(a)) = Wright(8) IMPLES Q) = Cuyignes) -

Case 1: a;(right(a)) # *,. and a;(right(3)) = 9. By (18) and (19), this happens only when there is a
node n € p*(k') such that (a;(n), level(n)) = (Quwyigpe(sy+ 1)- On the other side, since a;(right(a)) # *.,
a;(right()) = Quygya) = Gwyign(s) = i(n). Therefore such 7 exists.

Case 2: a;(right(at)) = %o and a;(right(8)) # *.. By (18), there must be 7' € p(k) before right(a) that
(ai(n'),level(n')) = (Qwg(a)+ 1) = (ai(right(B)),4). Note (1, B) is a collision of level i. We then prove
1’ < m to reach a contradiction with the minimality of 7.

Since a;(right(a))) = =0, we have not entered Line 6 in Case 2 before since « is always moving to
right(c), and a;(right(c)) becomes *( for at most once. If we have entered Line 6 before in Case 1, there
must be a node 3 € p*(k) such that a,(right(8')) = *o. Since g;(right(8')) = g;(right(a)) = 1, right(3’)
is of level i. We let i) < right(3’). This proves the existence of 7.

Otherwise, we have not entered Line 6 before. We know that (a;(71), ..., a;(a)) = (ai(m2),...,a:(5)),
which implies 1’ < 1, since otherwise a;(right(3)) would also be xo. However, the way we pick 7 = ,uﬁ j
minimizes j. Therefore, there cannot be such 7/, a contradiction. Hence desired 1 always exists. U

Suppose a path p(o) has collision with p*(El), and let the lowest such collision be of level i. Then
Lemma 6.10 states that there exists 73 on p*(k!) such that a;(3) equals that of the last level i node on p(k),
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i.e.,ai(,uﬁi). This leads to the following corollary saying there must be a node ¢’ within the subtree of 73

such that the path from 73 to ¢’ is the same as that from M’E g too.
We first define what does it mean for two paths to be the same. Roughly speaking, two paths are the same
if they have the same shape and same a(u) at each node p.

Definition 6.11. We say two paths p(k') and p(k?) are the same below level i if

. . .71 1.2
V1<j<ikl=k.
e V1<j<il<t<kba(uhy) =a(uhy).

Corollary 6.12. Fix sequence k' and w, T € supp(w,T). Let o be a node in T and k be the index of o.
If there is a collision between p(o) and p*(/;;1 ), let w3 be defined as Lemma 6.10. Otherwise, let 73 be the
lowest common ancestor of them, i.e.,the last node on p(c) that is also on p*(k'). Let i = level(rs). There
must be a descendant o' of 73 such that the followings hold:

. 3 is the last level i node on p(c”). (20)
° p(d’) is the same as p(o) below level i 21
o (a(0’),level(d")) = (a(o), level(o)) (22)
. There is no collision between p(c') and p*(k"). (23)

—

Proof. When there is no collision between p(c) and p*(k'), we let ¢/ = o which satisfies all the require-
ments. When there is collision between p(c) and p*(k'), let k be the index of o and k® be the index of 73.

We define &’ to be
o k=i
J ki j<i

Let ¢’ be the node ,uk/ which a priori may not exist. We will later prove that ¢’ does exist.

Ifo! = ,uk/ exists, since k‘; = kg’ for all j > level(7s), it must be a descendant of 73, and 73 is the last
level ¢ node on p(c’). This proves (20).

Let v = ,ufkl By the definition of walk, w41, ..., Wygnt() is generated by walk(next(y),i — 1).
Similarly, wry 11, - - -, Wright(r) 1S generated by the return value of walk(next(r3),i — 1).

Since a;(7y) = a;(m3) (by Lemma 6.10), we know next(~y) = r;(a;(y)) = ri(a;(73)) = next(ms). This
implies that walk(next(~y),7 — 1) is the same walk as walk(next(7s3),7 — 1). Since Ej and 12:3 are the same

for all j < ¢, and their last level ¢ nodes are y and 73 respectively. ,uk/ exists if and only if ./ exists. Since
o = ¥ exists, we know o’ = ¥ also exists. Besides, below level i, these two paths (p(c) and p(c’)) are
generated by the same walk (since walk(next(y),7 — 1) is the same as walk(next(73), i — 1)), so they are the
same below level 7. This proves (21). Note if 7 > level(o), (21) implies (22). If i = level(o), (20) implies
o = v and 3 = ¢’. Therefore (22) also holds.

Finally, we prove (23). By definition of 7r3 in Lemma 6.10, there is no collision between p(c’) and p* (El ).
Since p(o”) is the same as p(c) below level i, there is also no collision between p(o”) and p* (k') below level
i. Moreover, by (20), the last level i node of p(c’) is 3 € p*(El). Thus there is also no collision between
them above or equal level 7. This concludes the proof of (23). O
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Roughly speaking, we need to apply Corollary 6.12 to p(a@—1) and p(3—1) respectively. Before applying
Corollary 6.12, there is no collision between them. We need to prove that this property is preserved after
applying Corollary 6.12. This gives the following corollary which will be used in the proof of Lemma 6.8.
We will later apply it with y =& — L and np = 3 — 1.

Corollary 6.13. Fix sequence k' and (w,T) € supp((w,T)). Suppose there are two nodes p and n
such that there is no collision between p(u) and p(n). Then there must exist two nodes ', 7' such that
(a(p), level(p)) = (a(y'), level(u')) and (a(n),level(n)) = (a(n'),level(n')), and there is no collision be-
tween p('), p(n') and p* (k").

Proof. We apply Corollary 6.12 to 0 = pu (resp. n) and get o/ = p/ (resp. 7') and 7'('5 (resp. ﬂg). Let
iy, = level(7}) and i), = level(7).

Our proof is by contradiction. Suppose there are o/ € p(u’) \ p(n') and 3’ € p(n') \ p(u') such that
(a(e),level()) = (a(#'),level(B)). If level(a’) > i,, we know o’ € p(7f) by Corollary 6.12 (20).
However, since 74 € p*(k'), we know o/ € p*(k'). This contradicts Corollary 6.12 (23) saying that there
is no collision between p(1) and p* (k'). Same contradiction follows if level(3') > in-

Therefore, we must have level(o/) < i, and level(8’) < 4,. By Corollary 6.12 (21), there is a node
a € p(u) corresponding to o such that (a; (), level(«)) = (a;(a), level(«’)). Similarly, there is also a
node 3 € p(n) corresponding to 5’ such that (a;(3), level(8)) = (a;(8’), level(5')).

If o # (3, we reach a contradiction with the assumption that there is no collision between p(u) and p(n).

If o = 3, let i be the level of the lowest common ancestor of y and 7) (i.e.,the last node on p(1) that is also
on p(n)). Since o € p(p) and 5 € p(n), we know ¢ < level(cr). On the other hand, level(c) = level(a/) < i,
and level(8) = level(8’) < 4,. Thus i, and i, are strictly higher than i. Since p(y), p(n) overlaps above
level 4, and i, is the lowest level that contains a collision (or common ancestor when there is no collision)
between p(u) and p*(lgl) (resp. 1, is the lowest level that contains a collision (or common ancestor when
there is no collision) between p(7n) and p*(El)), we know i, = i,. Moreover, if we let -y be the last level i,
node on p(p), it is also the last node on p(n) of that level (again because these two paths overlaps above level
7).

Hence since 7, 7t € p*(k') satisfies (a(r4), level(n5)) = (a(y), level(y)) = (a(xl)), level(l])) (by
Lemma 6.10). We must have ﬂg = 77;7 . Thus from o = (3 and Corollary 6.12 (21), we know o/ = /3. Then
it cannot be a collision. O

We are finally ready to prove Lemma 6.8.

Reminder of Lemma 6.8. Fix (w,T) € supp((w,T)). Suppose T contains two nodes & # [3 such that
Qs = Ouwj- Then for every node ¢ on T, there must exist nodes o and 3, such that o # 3, .y, = Qq 5 and
for any two of the paths p(¢ — 1), p(a— 1), p(8 — 1) there is no collision (as in Definition 6.7) between them.

Proof of Lemma 6.8. Let (@, B) = argming, {8 | aw, = auwy, @ < B}, i.e., itis the first duplicate in w
in the sense that § is minimized. We first prove that there is no node v € p(a@ — 1) such that a(y) = *,.
Suppose there is. Take the first such ~, then we have a(y) = %o, and there must be a node ~' before ~y such
that Uy = Qo Since v < @& < f3, this contradicts the fact that (@, ﬁ) is the first duplicate.

Suppose there is 11 € p(@ — 1) \ p(3 — 1) and 72 € p(B8 — 1) \ p(@ — 1) such that a(m;) = a(m2).
By the discussion above, we know a(m) cannot be *,. Therefore Ay, = Gu,,. Again since my < f, this
contradicts the fact that (&, ) is the first duplicate.

Thus there is no collision between p(@ — 1) and p(3 — 1). The remaining problem is that there might be

collisions between p(¢ — 1) and these two paths.
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Let k! be the index of node ¢ — 1. Then we apply Corollary 6.13 with 4 = @ — land n = 3 — 1.
We get 1/ and 1’ such that there is no collision between p(1'), p(n'), p(k'). Besides by Corollary 6.13

(22), (a(y'),level(n')) = (a(w),level(p)) and (a(n'),level(n)) = (a(n),level(n)). Therefore w41 =
Tlevelul(a(/‘,)) = Tlevel, (a(1t)) = wyt1 (e, wo = wg). Similarly, wyy 11 = w41 (e, wg = wp).

We can let simply o = ¢/ + 1 and 8 = 7' + 1. Then we have aw, = Gw, = Gw; = Gu,. Since there is
no collision between p(& — 1), p(5 — 1) and & < 3, we know (a(u), level(u)) # (a(n), level(n)). Hence,
(a(y), level(1)) # (a(r), level(r)). We get p’ # 1’ and thereby « # . O

6.4.2 Upper Bounding the Bad Occurrences

Now we are finally ready to upper bound those bad occurrences of v. In order to handle such case with three

paths, we need to extend our definition of ,uﬁ ; and .}"Zk]’-b to the union of ¢ paths.

Notation. We first define the following notion of ancestor.

Definition 6.14. Given two vectors El, k2 € N, we say that k! is an ancestor of k2, if the following holds
Jie st [Vteli+ 1,0,k =k N[0 <k <EJAVEeE[i—1],k =0 AE # k.

Note when both ,u'gl and ,up exists, ,u'gl is an ancestor of ,up on T if and only if k! is an ancestor of k2.
In Section 5, we defined k%7 = (0,...,0,7,kit1,...,k), and we also defined how to compare two
indices. We say k' < k? if and only if

Jic st [Vteli+ 1,0,k =k AE <k

Recall p(v) denotes the path on 7" from root to node v. We use P* to denote the set of all indices that are
either k or an ancestor of k. Note that if ME exists on 7', then the set of indices of all nodes in p(v) is exactly
Pk,

Let K = {El, ];27 ce /;t} be a set of ¢ paths. We define I?” to be the j-th index in level ¢ in the union
of P! , PEQ, cey P+ Namely, we take out all the distinct indices in {(k*)%/ }je[E}] U {(EQ)ivj}je[E?] U---U
{(Et)lj }j elk and sort them in increasing order (by the comparsion we defined above). I?” is the j-th one
among them. Note it is uniquely determined by K , 1, and j.

For an index k, we use par(E) be the largest k' such that ¥ is an ancestor of k. We also use parf’?j to
denote par([?m). Therefore, suppose k= I?Z-,j, by this definition K = (0,...,0,ki —1,kit1,...,ke). Note
here k; > 1 since Kj ; is of level 7.

We make the following observation about existence of ,uZKJ

Observation 6.15. Fix (w,g) € (w,g) and K. Recall M[E] has the same meaning as ,u';. The following
holds:

(a) Suppose i [parfﬂ exists, ,uf?j exists if and only if g; (a,- (righti (,u [parfiD)) =1

(b) x; (righti <,u [par{?jD) = last (next <,u [parij ,b— 1)
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(c) Suppose ”51’”"“5]'—1 and | [parfj] exist. From T1 = x; (ufi) , Ty = X (,uf?z) ey Tj_] =
X; (qu3_1> JTj =X (righti <,u [parfﬂ)), one can uniquely determine a; (righti (,u [pargj])).

Specifically, let j, = max{jo | KLMO is an ancestor offzz-J}. Then let 7' = min{j" | 35" s.t. jo <
§" < 4 <7, az,, = a@j,}. If such j' does not exist, then a; (righti (,u {par%])) = ag,. Otherwise,

a; (righti (u [parl{(jD) = %j_j.
(d) Iful{?j exists, then uf?] = right; (u [pargj]).

Proof. Suppose I?” € Pffork € K and I?” = kit =k

By definition of ,uﬁt_l, its index is (0,...,0,k; — 1,k;,,...,k}). This is exactly parK Thus (a) and
(b) follows directly from Lemma 5.20.

Note jo =j—t+ 1. IfweletZ;; = Tji1 -1 = Xi(,ugj,) for j* € [1,t —1] and Z; = T;. We can directly

apply Observation 5.21 and get (c). For (d), note if ufi exists, then ufi = ,uEt, and right; <u [parfi]) =
right; (uf’t_1> = uﬁt. O

For the ease of notation, we let ("7 = right; <,u [parfj} )

Let K; be the number of distinct level ¢ indices in the union of these ¢ paths pk! , PEQ, cee P*. We use
Bz to denote the collection of all two-dimensional sequence b = {b; ; }ic(y],je[k,) With b;; € [n] for every
1<i</(1<j<K,. .

Fix K and b € B}?' For1 <1 </,0<J < Kj,wedefine ]-"}Kf to be the following event:

» Forevery I <i < /{andevery 1l < j < K;, node ,u - exists and next(,u”) bi ;.

* Forevery 1 < j < J, node ,uf?j exists and next(,uf?j) = br;.

Same as before, we use ]: b to denote ]: K Spemﬁcally, f ’ +1 is always true.
Furthermore, we define the following event capturlng collisions between these ¢ paths in K. Let _C’jf_i

denote the event that for all 1 <t < t3 < j, a; (s, t1) # a;(uk t2) We also define QK Q QH_l and

Kb
i

let ge 1 to be always true. Note QZ- ,
i.

, and ]-'Z K b involves different levels while g{g only 1nV01ves level

g GR ; captures level ¢ collisions between these paths for the following reason: By how our extended walk
ass1gn a i (1) to each node p, for level i nodes «v, 5 on the same path, we always have a;(«) # a;(3). Therefore

if ai(,ui{{tl) # ai(,uiK’m) they must belong to different paths.
We summarize the notation in Table 6.4.2.
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Notation = Meaning

,u’; or ulk] the tree node determined by

4 number of components (sub-restrictions, levels) in Hg ,y, ,; number of levels; ¢ < logn
T independence parameter in Hy ,, »; 7 = 20log n loglogn

(riy gi) components of hash function in Hy , »,

r<i,g<i the sequence (ry,...,r;) and (g1,...,9)

r<t N g<: theevent[r<; =r<;Ag<:= g<i

K a set of indices; subset of N*

Pk the set of indices of all ancestors of k&

JCshort {0,1,...,7/4}*

B set of two-dimensional sequence b with values in [n] and shape k
I—Q j the j-th index among all level ¢ indices in Uz I?P’;

,uZKJ the node %

K; the number of distinct level ¢ indices in U e I?Pk

par(p) a node; the parent of p

par(E) an index; the parent of k

parjjl- an index; the parent of ffu

.7-"511 the event tha} for all (¢, j") before or equal to (i, 5), uf,?’j, exists and next(uﬁj,) = Z_);-/J-/
.7-"Z-K’b the event .EKKIZ

@;’g the event that for all ai(ufj,) are distinct for 1 < j/ < j

QZK’E the event gﬁg A gﬁme ARERWAN gfffl

p(k) the path p(,u’;) from root to ,u’;

< the node right; (u [parfi])

Table 2: Summary of Notation

Proof idea. 'We have the following lemmas which are extensions of Lemma 6.4 and Corollary 6.5. Similar

as Lemma 6.4, let us first look at the case within a single level. Recall by our definition of p [pa rZK;] above,

it is well-defined even when Nsz does not exist. For some fixed K , 5, conditioning on r<;_1 A g<;—1 and

]—"fii I [parl{(j] is guaranteed to exist.
The vertex w,; corresponding to node (%I = right, (,u [parij is simply last (next <,u [parfj} b — 1>)
which is determined by 7<;_1, g<;—1 by Lemma 5.2. Assume j < 7. Then by the 7-wise independence of
7;, g;, since our condition }'fifl only reveal 7;(-) and g;(-) no more than j — 1 < 7 — 1 many points. Then
we divide into two cases to upper bound the probability of §{3 A ]:ZK’E. When a; (%) # ai(,u?’ ;) for all
4" < 7 — 1, we know level(¢*7) = i holds with 1/2 probability and next(¢*7) is uniformly random. Oth-
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erwise, g;(a; (%)) = gi(ai(/‘i‘;jf)) = 1 so that level(¢*7) = i . Then we know (/l?j'v ¢%7) is a collision of
level 7 and so that 51? = 0. Therefore, in both cases, we are able to  upper bound 51? N F; K’b
In Lemma 6.4, we were able to exactly cornpute probability of F;” kb which is independent of r<;_1, g<;—1.

Therefore we can argue that conditioning on f , T<i—1,9<i—1 is still uniformly distributed. This is neces-
sary for the induction step 1n Corollary 6.5 and Lemma 6.6. However, here we can only get an upper bound

f.FK b A QK Neither .7-" b nor fK b A QK is 1ndependent of r<i—1,9<i—1.
To remedy this, we add auxiliary events .A ® so that the probablhty of event (F;" Kb /\ QK )V AK o

exactly matches the upper bound for F; Kb A QK This guarantees that (F; Kb A QK )V A b s independent
of r<;—1,9<i—1.

Below we explicitly define the sequence ¢ to emphasize that it only depends on K , 5, B, T<io1, §<i—1)-
One may compare it with Observation 6.15 (c).

—

Definition 6.16. Recall last(s’, ) is defined in Definition 5.19. Let E(ff, b,i,r<i—1,9<i—1) to be a sequence
defined as following:

For each j € K, let ¢P®" jP3" be two integers such that par([?i,j) = I?Z-pagjpar. Note here iP?", jP3" can
be determined from K ,4,J. Welet z; = last(bjpar jear,i — 1). This is well-defined since by Lemma 5.2,
last(-,7 — 1) only depends on T<i-1,g<i-1-

Then let jo = max{ Jo | K; _jo is an ancestor of K; j}- Then we know the level ¢ ancestors of K; i,j are
exactly Kmo,... Km 1. Similar to Observation 6.15 (c), we let j/ = min{j’ | 35" s.t. jo < j" < j <
7, Qayyy = amj,}. Finally, we let

az.,  j' does not exist

J

*;_j Otherwise

[E(I?,g,i,TSi—lagSi—l)} = {
J

When K , 5, i,7<i—1,g<i—1 are clear from context, we drop them and simply write c.

Observation 6.17. Fixa level i € (], and fix K = {k',k?,... k'}, j € [K;}, b € Bpz, r<;—1 and g<;_1.
Recall we defined (7 = right; (u [parl{?j] > Let ¢ be defined in Definition 6.16. Assuming ]-"fgfl holds, we

have a;(¢"7) = ¢;.

Proof Below we use the same definition of x;,iP%", jP*" as Definition 6.16.

.7'—215 bl, we know next (,u [I?ipar,jparD = bjpar jear. Then from Observation 6.15 (b), we know that

= last (next (u [K'Par -par]> i — 1) = X; (righti (,u [I?ipar,jparD) = X; (righti (u [parij). This
also holds for all 1 < j' < j for the same reason.

]_-Zlgbl’ ,u”, exists for all 1 < j' < j. Therefore right; ( [parfi,]) = ,uiﬁj,. Thus forall 1 < j' < j,

we have z; = x;(ul j,). Thus from Observation 6.15 (c) and the definition of &, we know that a;(¢*/) =
Cj. ]

Definition 6.18. P;;’b’rgi*l’ggi*l (r;, i) is a predicate of r;, g; defined as following:
Let ¢ be the sequence defined in Definition 6.16. For r; € supp(r;) and g; € supp(g;),

Kbr<i_1,9<i—1

B EIS I y gi) = V5 € [, gi(eyr) = 1 A ilejr) = bige]
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When K, b, r<i—1, g<i—1 are clear from the context, we simply write P; ;(r;, g;). We also view P; ;(7;, g;)
as an event in probability space (7, g;).

Let £<;_1 denote the event [r<;_1 A g<;—1]. We have the following observation.

Observation 6.19. Fix K , b.

Kb Kb
Fii NE<io1 = Fii Né<ima A Pyj(riy gi)
Specifically, we have
Kb _ rKp
Fi " Ne<imn = Fily NE<im1 A Pi(ri, gi)
Proof. We prove by induction. The base case is when j = 0, both sides of the equation are exactly the same.

Assume this holds for j — 1.
Let ¢ be define as Definition 6.16. By definition,

g

Kb Kb g 3
}-i,j7 NE<iz1 = }-i,j7—1 NE<i—1 N [/LZ[Z exists A next(,ul{(j) = biJ’]

= fi_gl AE<i1 Ngi(ai(¢") = 1 Ari(ai(¢™) = by ] (Observation 6.15 (a))
= ]-"ng_gl NE<i—1 Ngi(cj) = 1 Ari(ej) = b; 4] (Observation 6.17)

_ ﬁlb ANE<i—1 APy j_1(ri,gi) N[gi(cj) = 1 Ari(c;) =b; ;]  (Inductive hypothesis)
= zI—i(Jlb A 59’—1 A\ Pi,j(riygi)
O

Recall the definition of @; depends on /‘2'[{;1 , ,ufj{tQ for 1 <t; < ta < j. Therefore it is not well-defined

when ]-'fg-’b is not true since these nodes may not exist. For this technical reason, we extend it to the following
definition.

Definition 6.20. QZ.Kj’b is the event defined as following. Let ¢ be the sequence 5([2 , 5, r<i—1,gi—1) defined
in Definition 6.16. We let

Z,j7 = [Vl <t <tg Sj,ctl 75 CtQ] .

We also define QZK = QZKKi A ggl.

When ]:Z.I;’b holds, gin is the same as éfg So it also captures the collision between paths. But it has the

nice property that even when ]-'fg-’b does not hold, gﬁ is still well-defined.
Now we are ready to state the following lemma which is an extension of Lemma 6.4.

Lemma 6.21. Fix K = {El, k2., Et} C Kshort (¢ < 4)and b € Bj. In probability space (s, h,w),
for any event Afi’lf such that (flf_’lb A Qﬁl) \ .AZ-KJF’? is independent of T<;,g<;. Fix r<;—1,9<i—1 €
supp(r<i—1,9<i—1). For j <7, we have

- T 07 . 1
Pr [Pi,j(riagi) NG <<}"fi1b A gﬁl) % Afi?) NE<it NPyja(risgi) NG| < o
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Proof. Let ¢ be defined as in Definition 6.16. Since ¢ is fixed by (K'), 5, i,7<i—1,g<i—1), the value of QZ -1

is also uniquely determined. Therefore we can drop Qin_l in the condition. Namely,

Pr [Pi,j(mgi) A Q,Kj

(( i+1 /\gz+1) 2+1) NE<i1 NPij- 1(7’z=9z)/\g,g 1]

=Pr [Pi,j(n,gi) /\Q,{{; (( L /\g,+1) Z+1) NE<im1 NPy j— 1(%90]

By definition,

Pr [Pm(ri,gi) A QZIZ (( i+1 /\ g2+1> z+1> A g<z 1A sz l(ru.gz):|

=Pr {QZ(CJ) =1Ari(cj) =bij /\gK (( i1 /\g2+1) z+1> NE<im1 NPy j— 1(7"2792)]

The main difference with Lemma 6.4 is that ¢; may not be different from all other ¢;» (j* < j) now.

However we know either c; is different from all other c; or we have g K =0.
Then we have

Pr [gi(cj) =1Ari(cj) =bij /\Qi{{; (( i /\QZ“) H_1> NE<im1 NP 1(7",,9,)}

<Pr [gi(cj) =1Arie;) =bij AVG < joejr # ¢l ‘ (( it /\QZH) 2+1) NE<iz1 NP j_ 1(7‘1,92)]

=Pr [gi(cj) =1A T‘Z’(Cj) = bi,j A [V]/ < 7, Cjr 75 Cj] ‘ Pi,j—l m-,gi)}
<1
—2n

The second last step follows from our assumption that < /\ g; +1) fil is independent of £<;,

which implies its joint event with £<;_ is independent of 7;, g;. Slnce P (r4, g;) is merely a predicate of
r; and g;, we know such independence is still true conditioning on P; j_1(r;, g;).
The last step follows from the fact that j < 7 and 7-wise independence of r; and g;. O

Lemma 6.22. FixK = {El k2, . lgt} such that k7 € Ko for every j € [t] andb € B - Suppose Afi’i’ is

an event such that (]: /\ng) fif is independent of r<;, g<;. Letr<;_1,g<i—1 € supp(r<i—1,9g<i—1).

There is an event .AZ-K g such that

[

. . -K;
7 7 B ARD 27
PI' |:(]:Z A gZI() V AZ ’ ‘ <( Z+1 /\ gH_l) Z+1) /\TSZ'—I A gSi—l = W

Kb Kb
(3

Moreover, A;"" is true only when ( i1 /\ QZ +1> i1 is true.

Proof. Let E<;_1 be the event 7<;_1 A g<;—1. Since by Observation 6.19,
Kb Kb
Fi U NE<io1r = Fiy NE<imi A Pi(ri, gi)

(2

‘We know that
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A (( i+1 /\ gz+1> 2+1) NEs<i- 1]
(( i+1 /\gz-i-l) 2+1) NEs<i- 1}

((J:ZH A gl“) Az—i—l) A 5<i—1}

i
<Pr Pig’EA gi[? <<‘7:z+1 A gz—l—l) \Y% A,+1> NE<iz 1]
ki .
=11Pr [Pff/\ Gl (( it A Q,+1> z+1> AE<iz1 A be AGE
-
<%

For each 7<;_1, g<;—1 € supp(r<i_1,9g<i—1), we choose an arbitrary event

Rvgv iy i—
A s (( i+1 /\gz+1> Az—i—l) AE<i-1

to increase the probability and make

2~ ki

‘) 24 I?vgv i—1» i—
Pr |:<~F;K7b/\gf(> \/AZ T<i—1,9<i—1 << 2+1 /\QH_I) Z+1) /\5<Z 1:| = nKi

Then we take the disjoint union of them and let

ff l; Rﬂﬂ‘gifl:ggifl
‘Az U ‘Az

r<i—1,9<i—1
Therefore for all r<;_1, g<i—1 € supp(r<i—1,9<i—1),

2~ ki

Pr {(J’ZK’MQZK) v AP (( iy Ag2+1> Az—i—l) Areioi /\ggi—l] =

At the same time, AZ-K’b c (FE i DA g,+1) fi?

The last piece is the lemma extending Lemma 6.6. We need the following proposition first.

Proposition 6.23. Let X' ), Z be three events. We have
Pr[X|2] = Pr[X|V A 2] - Pr[V|Z] + Pr[X|-Y A 2] - Pr[-Y|Z)].
In particular, when X is a subset event of ), we have Pr[X|-Y A Z] = 0 and hence

Pr[X|2] = Pr[X|Y A 2] - Pr[Y|Z].
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Lemma 6.24. Fix K = {k*,k2,...,K'}(t < 4) such that kI € K" for every j € [t], and fix b € B.

Foralli € [0}, letr<i_1,9<i—1 € supp(r<i—1,g<i—1). Then there is a sequence of events {AZ-K’b}‘ such

h 1€l
that:
L
= - = 9= 2 =i Kj
Pr [(E‘Kﬁ A gzK) VAZ-K’b ‘ r<i—1 /A g<i—1] = %, Vi e [/
N - an:i K;
In particular,
L
I R M e
Pr (AP A < S
! ! n2§:1 K;

Proof. We prove this by induction. The base case is when ¢ = ¢ + 1. ]-"ZK’E and QZK are always true by
definition. Therefore Pr []:ZK’I; A QZK ‘ 82-_1] = 1. The event Af?’g is set to be an empty event.

Otherwise, suppose the induction hypothesis holds for ¢ + 1. Note this implies for all r<;,g<; €
supp(r<;, g<i), it holds that Pr [(.};}_{;f/\ inl) \Y Afi’f r<i A ggi] = Pr [(.};}_{;f/\ inl) v Afiﬂ.

This shows that (]:Zl_ilb A g{il) \% Afi’i’ is independent of r<;, g<;, meaning that it satisfies the premise
of Lemma 6.22.
Let 59’—1 be the event that T<i—1=7<i-1Ng<i—1 = g<i—1- We have

Pr [(FPAGE) v Al 6]

—Pr [(}Cf’b A gf) VAR

KEAGE ) v KT RE \ oF .\ 455
(<}—i+l A gi+1> v Az‘+1> A 5@'—1} Pr [(]:H-l A gi—l—l) VALY

52-_1] .

The last equality follows from Proposition 6.23. To check the premise of Proposition 6.23, we need to
prove that
Pr[(FE0AGR) v AR | = ((FEFAGE ) v ARD) neis] = 0
This follows from the fact that .7-"Z-K’b A QZK C Eﬁf A QZ-I_?H and .AZ-K’b C (fl-l_i{_’lb A Qﬁl) vV AZ-KJF’? .
Then from induction hypothesis, we have

Pr [(]—“fif A gﬁl) VALY ‘ Si_l} =B [Pr Kffjf A g,-’fﬂ) VAR e A ggz} ‘ 52-_1]
2= Zﬁ:wrl K;
n2§:i+1 K; ‘

From Lemma 6.22,

2~ HKi

Pr [(fiﬁ’g/\g{?) vAf’g‘ ((ﬁﬁ’ngfrl) vAfi’f) /\5@-_1} =

Putting everything together,
o—Ki 9— Z?:z‘+1 K; 2~ Z;:i K;

= O
; £ 4 :
ntSi an:iH K; an:z‘ K;

Pr[(FUAgE) v Al 6] =

Since K; only counts the number of level ¢ nodes in the union of Pk , Pk2, e ,Pkt, it maybe smaller
than k} + k? + - - - + k;. Therefore, we need a lemma to account for that.
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Lemma 6.25. We have

¢
2té S Z H2—Kz S t' . 2t(£+1)
(k1 R2,. ket =1
K:{E17E27"'7Et}

Proof. We first show the first inequality. Note that for K = {El, /52, cee /;t} we have

Hence we have

¢ [
J
SN I CUETND SR 101 CRED
(51752’;"’15)5)6(]1_\,1[))5 =1 (El’E2’...7Et)€(N€)t j=1li=1
K={k"k?,... kt}

Next we show the second inequality, and we will prove it by induction. For the base case ¢ = 1, the
expression simplifies to

¢
30| CRES
Fene =1

which proves the base case.
Then suppose the statement holds for ¢ — 1. And our goal is to upper bound

£
> I
(1 R2,. ke () =1
K:{E17E27“'7Et}

Let K = {k',...,k""1} be the union of first ¢ — 1 indices, and let K = {k*, k2, ..., k'}. We have that

l l l
YK => K/+> K —|FnK,
=1 i=1 =1

where ]Et NK' | denote the common length of path k! and the union K’

Now we fix K’ and try to calculate its contribution together with all possible k! € N such that &' is (one
of) the left-most vertices among k!, ... k=1, kt.

Suppose ]Et NK' | = j, then we know the j-length prefix of k! has at most one possibility (the left-most
depth-j node on the sub-tree formed by K, if depth-j nodes exist in K’ ). And we can bound the contribution
of this case by

2=7. ﬁrfﬂ’.
=1

By a union bound, the contribution of this K’ together all possible k' € N’ such that k! is the left-most
vertex can be bounded by

ZZ: ol=j . ﬁQ—Kg < ot+l, ﬁQ—Kg'
=0 i=1 i=1
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Summing up for all possible K, we can bound the contribution when k' is the left-most vertex by

3 ﬁ o—K! o+l

E17E2’“.’Et71 i=1
R/:{E17E27___7Et71}

By the induction hypothesis, this can be further bounded by
(t — 1)1 20D,

By symmetry, for each ¢ € [¢], the contribution when K s (one of) the left-most vertex can also be
bounded by the above quantity. The lemma then follows from a union bound over the left-most vertex. [

Finally, we can obtain the desired upper bound, and prove Lemma 6.3.

Reminder of Lemma 6.3. Ler C,, = #{i | a; = a,} be the number of occurrences of a, in the input a. It

holds that
k k 0o R 8'Fy(a) . 4'C, 1
hort kY _ 1 11 Y . 5 .,
w]?)T [# {k € K5 | next(u”) =v Ak # KT EN 7anext(u’zl) - anext(ugﬂ)H < 48 n3 +16 n2 +$'

Proof. We apply Lemma 6.8 with ¢ = ,u’; +1,a= ,u’;’ +1,and 8 = ,u’;” + 1. Note by Lemma 5.5, we

know that wy, = next(p*). Similarly, w, = next(u*") and wg = next(,u’g”)

. short Ey _ o L o B
w]?T [# {k‘ ek next(u”) =v A3JK # k" € N Qe (i) = anext(uk,,)}]
o 71 short By 72 73 / _
_w]?T [#{k ek next(u® ) =v A Ik £k’ €N Qe (1F2) = Cnext ()

no collision between p(k'), p(k?), p(k°) H

< ET [#{El € Kshort next(,ulsl) — oA £ K e KMot g
w7

next(uE2) = anext(um)’
no collision between p(El),p(E2),p(E3)}} + E[L) - Eiong]

< X Prg" T anea(n™) =vna + B[] - Eiong.
(E17E27E3)6(’C5h°n)3
E2 # E‘i

next(/ﬂgz) = anext(u’zg)

First, by Lemma 6.1, 7 > 20log n loglog n, and ¢ < logn, we have

1
E [|Icshort| . glong] < TZ . n£/27—/4 <nl. 2flog7——7—/4 < nlogn . 22lognloglogn—5lognloglogn < —

n
Next we bound

pl 2 13 T
Z Pr [gfk KT A next(,ukl) =vAa
(K1,k2,E3)e(fCshort)3s 1. k2 £ K3

=a

next(u’p) next(u’ss)

There are two cases, first case is that k' = k2 or k! = k3. By symmetry, we only consider the case when
k' = k3 here. Let K = {k', k?}.
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When k! = k3. By Lemma 6.24, for any sequence beB 2> we have

4
L . 9~ > K
Pr | A AGE| = S

nzjzl KJ

¢ ) - g _ . i
Note there are n2-i=1 many such sequence b € B, and n2i=11 2.C, of them satisfy that next(,ukl) =

v and Cext(4F?) = Pnext(uf?) = Tnext(uf') = M-
We have
P12 13 e
Z Pr [gl{k A next(,ukl) =UA Pnext(uF?) T Hnext(uF*)
(El’};Z’ES)G(Kshort)SS.L k2 # BAEL =3
P12 e

= Z Pr [gfk LR next(,ukl) = VNG Ry = G

(E17E2)€(]Cshort)2s.t. il # i2

L
97 21 Ki ¢

< > SmemhThG

(B Eemny T

K={k' K%}

8C, - 4¢

< U2 ) (Lemma 6.25)
n

When El, IZQ, k3 are distinct. Now we consider the other case when El, EQ, k3 are distinct. Let K/ =
{k', k%, K%},
Same as before, by Lemma 6.24, for any sequence b € B z,, we have

- . -t K
E'D o 2 J J

¢ . > ¢ i .
Note there are n2=i=1 X many such sequence b € B, and n2s=1 Ki=3 . F5(a) of those satisfies that

next(,u’_fj) =vanda =a

next(u’p) next(,ugg)'

Hence, we have

Rz s -
Z Pr[gf o }/\next(,uk):v/\a
(El E2 ES)E(ICshort)S
s.t. El, E2, k3 are distinct
£ /
— g K’
2 Zj:l J £ ’_
< ¥ EEDaep
S — =11
(L Rz Eemeys
K'={k' k2 k3}
48 8¢Fy(a)

next(uE2) = anext(um)]

. (Lemma 6.25)

Summing up everything proves the theorem. ]
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6.5 Proof of Lemma 6.1

Reminder of Lemma 6.1. It holds that

Pr(Eiong] < In/27/4.

Proof. For every i € [{], we define event Sfong as
Sfong = [Elk e N’s.t. k; > 7/4 and ,u]; exists| .

Then we can see Ejong = Ule gliong‘

In the following, we will show that for each i € [¢], Pr[é’fong] is small. Now we fix ¢ € [¢], suppose there
exists k € N’ such that pF exists and k; > 7/4. We are going to fix (r<i—1,9<i—1) € supp((r<i—1,9<i—1))
and conditioning on the event 7<;_; A g<;_1. Moreover here we also fix rcsupp(r;).

Now, ¥ exists and k; > 7/4 in particular implies there exists a starting point sy = w € [n] such
i,0

that the walk walk(sg,?) visits at least other 7/4 level-i nodes ,uE 1 :“52 . ,,uET e For these nodes, by
Observation 5.21, we know that a,-(,ugj) is uniquely determined by xi(ugl), x,-(,uEQ), e 7Xi(NE]’)- On the
other hand, each xi(uﬁj) = Iast(next(,uf’j_l), i—1) by Lemma 5.20 (b). Here next(,uf’j_l) = ri(ai(,uf’j_l))
(by Lemma 5.5), and last(-, 7 — 1) only depends on r<;_; and g<;—; (by Observation 5.2). Hence, by simple

induction, each ai(,uf’ j) is independent of g;. Moreover, by the definition of extended walk, they are all
distinct.
Therefore for a fixed so € [n], we have that

—

Pr[gi(a,-(,ukj)) = 1forall j € [r/4]] <277/4.

i7
By a union bound over different sy € [n], we have that
Pr(&f,.) < n/27/*.

The lemma follows from another union bound over ¢ € [/]. O

7 The Case of Two Target Vertices

This section is devoted to proving Lemma 4.3, which is restated below.

. _ log F5(a)
Reminder of Lemma 4.3. Suppose { = logn — =524

Ay = Ay, We have

— 10. For every u,v € [n] such that u # v and

Pr [u,vef;h(s)]29< ! >

hERHl,m,nﬂseR[n} F2 (a)
We recall that the second frequency moment F(a) = >, Z?:l 1[a; = a;] (including the case where

i = 7). The main difficulty in extending the previous proof to the case of two vertices is handling the
collisions between paths. Suppose we enumerate k', k% and compute Pr[next(u*') = u, next(u**) = v].
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p* (k") P (k?)

Figure 7: The initial Cy on p*(k2) “inherit” the set Cy1 from p(k').

There may be collisions between paths p(;* ) and p(p” ), which cause the same problem we encountered
in Section 6.4.2. However it is hard to exploit the structure of such two paths as we did in Section 6.4.2,
since now even estimating the total counts involves more than one path. Note that we need a lower bound
on the total counts, while our previous approach in Section 6 that exploits the combinatorial structure (i.e.,
Lemma 6.8) only gives us an upper bound. Therefore we will take different approach.

We will define a different walk w*'** (called a relaxed extended walk) for each pair of (k‘l k2) separately,

and bound the contribution of (k‘l /<;2) by analyzing this walk w”* -*". Roughly speaklng, "+ is obtained
by adapting the extended walk w so that whenever a collision happens between p(k:l) and p(k:2) we replace

the later one with true randomness. In this way, before we visit any vertex twice, the walk w*'F* behaves
kg2 £l k2

exactly as the original walk f,. Therefore, we can sum up Pr [w o =u,w 5 =w|, and subtract
; Iz I

1l 2 nl 2
Pr |[w" .} = U, w' o =y A Ja #P,a pmp=a n ;;2:| . This naturally lower-bounds the contribution
I we w,

et k2
® B

of (El, Ez) to Prlu,v € f; n). Finally we conclude the proof by summing up the contribution over all El, k2.

7.1 The Relaxed Extended Walk Walk

Zmna

Now we define the relaxed extended walk Walk n for each k:l k2 ¢ N’ such that k! < k2.

The main (and only) difference between Walk and Walky ,, , o is how the nodes on p*(l;:?) are

Zmna

handled. (Recall that the extension p*(1) of a node p is defined in Definition 6.9.) For a node p € p*(lgz)

with level(u) = 1, Walk'; mkn . Teplaces a; () with x, if it would otherwise become a collision with p(EY).

We do this by letting the initial Cj on p*(k2) “inherit” the set Cja from p(k"). See Figure 7. To implement
this, here we pass an extra parameter k to walklsl”;2 (s',i, po, IZ), where £ is the index of to- The index of
node /45 in Walklgl"p(s’, 1, lo, /;) isjust (0,...,0,4, kit1,. .., ke¢) assuming it is of level 7. Hence we can tell
whether node 45 is on p*(l?) by looking at k.

To minimize the effect of this change, instead of letting x;,1 < wj,, we invoke last(s;,7 — 1) (de-
fined in Definition 5.19) and let x;; be the vertex it returns. In this way, x4 is uniquely determined by
8j,T<i—1,9<i—1, independent of the extra parameter k. We will explain the benefit of this later, after giving

the formal definition of Walkkl’k2
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The Relaxed Extended Random Walk Probability space Walklz’tﬁiya

* Setup. We sample the random variables as follows:

— Draw the starting vertex s €g [n].

— Sample {g;};c[g and {7 };c[y), which together determine a sample h €g H ¢, from the
pseudorandom hash family.
— Then, for each i € [¢], we extend the domain of g; and 7; from [m] to [m] U {xg, *1,... }

as follows: for every x; we sample g;(x;) €r {0,1},7;(%¢) €r [n], where the samples
are independent across all *;.

* Generating the walk.  The sampled {g;}iciq,{7i}icq and s uniquely determine

7172 k1l g2 kLl g2 X .
a sequence w F = (w] " ,wy " ,...) of vertices returned by the function

Walklgl”p(s, 2,0,(0,0,...,0)) defined in Algorithm 5.

* Assigned values. Here, in additional to a; (1), next(u), right(u), level (1), we also we explicitly
assign index(1) just to emphasize the index of ;. We underline the parts where we assign these
values, and note that they have no effect on the returned value of the function. We also write

RLE2, . 7 .
walkh ok (s',i, k) and drop 1o when we only need its return value.
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Algorithm 5: Generating a relaxed extended walk

1 Function walkp’p(s’,i,@, k) (where s' € [n],0 < i< {)

2 if ¢ = 0 then return sequence (s’) which contains a single vertex.
3| WVEE i L0k =k A[BEE i+ 1,0,k < k2 A K2 > 0] then
/* This condition says that puo Qp(l;]) and is the last node of p(l?) above level i and
p*(l:?) is non-empty on level i. It is equivalent to pu1,p2,--- Ep*(p) \p*(El) */
4 C(] — Ci’kl
else
L C(] — @
star « false, j « 0,50 + ', w = ().
repeat
9 k' <+ (0,0,...,0,7, kiy1,...,kp) /* Here k' equals index(u;). */
10 w:wowalkkl’kQ(sj,i— 1,”04—’11)’,/;/) /* Here po + |w| equals pj;. */
1 xjq1 < last(sj,i —1)
" y, star ag;,,,false if ale‘ & C; N\ —star ‘
*¢, true otherwise (where t = min{t € N | x, € C'})
13 Let p1j41 = po + [wl, xi(pj41) < 1, 2i(pj41) < -
14 if j > 0 then right(y;) < 141
15 if gi(y) = 1 then
16 Cjt1 < C3U{y}, sj41 < rily)
17 level(tij41) 4, next(pjq1) < 75(y)
18 index(,ujﬂ) — (0, ,0,j+1,k‘2‘+1,...,k‘g)
19 j+— 7+ 1
20 until g;(y) =0
n | ifVtei+ 1,0,k =k])AN[Bt€[i+1,0,k <k?] then
/* This condition says that jio is the last node of p(l?) above level ¢ and is not the
last node of p(k?). It is equivalent to pii1,/a,--- € p* (k') \ p*(k?) when k} > 0. */
. El
22 CHr Cmin(j,kz-l)
23 | returnw.

Rli2, S g .
The structure of walk® ¥ (8,1, o, k) is illustrated in Figure 8. We first set up some notations.

Notation. Throughout this section, we fix £,m,n € N, a € [m]™ and El, k2 € INY, k! < k2, and we will
always work with the (relaxed) extended walk Walkif;’fi . We use wkl’kz, s, g, r,level, next, h to denote
the corresponding random variables in the extended walk. We also use T to denote the dependency tree built
on the extended walk whk' R

Note that w*" -+ , level, next, h, T are all determined by (s, g, r). Then we recall the following shorthand.

Reminder of Definition 5.7. We denote x(11) = Xjevel(u) (1t) and a(1) = ajevei(u) (14)-

Recall the definition of collision is as following.
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xr1 e .I'j l‘j+1

\\) last(s;,i — 1)

walkF F (55,0 — 1, jio, &)

Figure 8: Walk’lgl’lp(s7 i, o, /;) k is the index of 1o. For each j, it recursively call walkF' k2 (sj,i—1, pj, /;/)

21 72

1
to generate a subwalk of level < ¢ — 1. w,]jjfl is also generated by this subwalk, and it is the last vertex of

1 2
this subwalk. However, here x;, 1 may not equal wﬁjfl . This is due to the fact that it is now determined by
last(s;,% — 1) which is the last vertex of the original (not relaxed) subwalk.

Reminder of Definition 6.7. Let p(u) denote the path on T from root to node p. We say (v, 3) is a collision

between two paths py and pz if & € p1\ p2, 8 € p2 \ p1, and (a(a), level(a)) = (a(3), level(B)) (where a(-)
is defined in Definition 5.7). The level of a collision («, [3) is the same as level(«) (which equals level ([3)).

We make the following definition according to the condition at Line 3 and Line 21.

Definition 7.1. We say an index k is consistent with k2 but not k' above level i if and only if [Vt € [i +
1,0,k = k2] A3t € [i +1,€),k} < k2] A [k2 > 0]. This means k is the same as k2 above level i and
different from k' above level 7. Besides, it also requires k:zz to be nonzero.

Similarly, we say an index k is consistent with k! but not k2 above level i if and only if [Vt € [i+1, /], k¢ =
k) A[3t € [i + 1,4], k! < k2]. This means k is the same as k' above level i and different from k2 above
level 7. Note here we do not require k:zl to be nonzero.

We have the following lemma about these conditions.

Lemma 7.2. Consider a function call walkk" -+ (s',i, po, E) Suppose it generates nodes i1, 2, . . . , it
1. Ifk is consistent with k2 but not with k* above level i, then p, pis, . . . , iz € p*(K2)\p* (k). Moreover,
2 . o B2 .
Wi = ,uf’jforj € [k2] if ¥ exists.
2. If k is consistent with k' but not with k2 above level i, then iy, pa, - .., € p*(kY) \ p*(k2) when
et . [ .
k} > 0. Moreover, j; = ,uﬁj for j € [k} if u¥ exists.

Proof. By Line 18, we know index () = (0,---,0,7,kit1,. .., ke).
Suppose k is consistent with k2 but not with k' above level i. From (1) k? > 1 = [index(y1)]; since
k2 > 0, and (2) [index(u1)]); = k2 for every ¢ € [i + 1,4, it follows that index(y;) is an ancestor of k2
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according to Definition 6.14. Hence we have u; € p(u¥ ) Since by Definition 6.9, suc(,ul) (#,;2)
where suc(p;) contains the level i descendants of 1;. Consequently, fi1, 2, ..., € p (,u )

On the other hand, since there exists t' € [i + 1,/], k:g, < k}/ = ky, the same argument shows that
m € p(ut). Hence juu, pig, e & p(p F). Together, they imply i1, pia, - .., j1e € p*(K2) \ p* (kl)
Moreover, when,u ? exists, we have t > k2. Since [index(p1;)]; = j and p; € p(k?), we know that Wi = ,u”

The case when k is consistent with ! but not with k2 above level i and k:zl > ( follows from the same
argument. O

The following lemma is the main purpose of this relaxation.

Lemma 7.3. Fix two sequences k', k> such that k' < k2. For all (wElvEQ, T) e Supp(w’?”?, T) such that
i* and pi** exist, we know there is no collision between p(kY) and p(k?).

Proof. For each level i € [¢], we prove there is no collision of level 7 between these two paths. If p(El) and
p(Kk?) intersects on level i, we know there is no collision between them since one must contain the other on
level i.

If they do not intersect on level ¢, since k' < k2, there must be ¢ € [i +1,¢] such that k} < k2. The
corner case when k‘ll =0or k‘? = 0 is evident since then there cannot be level 7 collisions. Hence, without
loss of generality, we can assume that k] > 0 and k? > 0.

Since ,uﬂl exists, consider the function call waIkE1 2 (8,1, p, k:) 1n which £ is consistent with &' but not
with k2 above level . By k:l > 0 and Lemma 7.2 (2), u; = ul jfor j € [k‘l] (i.e., the function call
generates the level 7 nodes on p(k:l)). From Line 22 of Algorithm 5, we know C*% k= C’f} ={a;(a) | €
p(k) Alevel(a) = i}.

Then since p* ? exists, consider the function call Walkk1 R (s, 1, (, k;) in which k is consistent with k2 but
not with k! above level i. By Lemma 7.2 (1), we know f1; = /% g * for Jje [k:2] (i.e., the function call generates
the level ¢ nodes on p( MEZ ). In this function call, from Line 4 of Algorithm 5, we have Cy = C* ' Therefore,
by how a; () is assigned at Line 13 and how y is assigned at Line 12. We know a;(u;) & Co = C*" . Thus
ai(5) # ai(c) for all level i nodes a on p(kY). O

We have the following lemma similar to Lemma 5.5 whose proof is also the same as that of Lemma 5.5.

1 71 172
Lemma 7.4. Fix (w* ** T) € supp(w” ¥, T). We have wﬁ+’f = next(u) for every p € [|wk 2 | —1].

We also prove an analogue of Lemma 5.10.
Lemma 7.5. In walkF'*° (8,1, po), one can uniquely determine a;(p1;) from Co, x1, 2, . .., x; as follows:
1. Let 7 = min{j" | [37" s.t. 1 < j" < j' <, g, = axj,] v [axj, € Cypl}-
2. If no such j' exists, then a;(j1;) = a;. Otherwise, let tg = #{t > 0| x; € Co}. We have a;(j1;) =
*to+j—j'-
Proof. By Line 9 and Line 12, we know C; = Co U {a;(x1),a;(x2), ..., a;(x;)}. By Line 8, we know star

switches from false to true when a, i1 € C};. For those j before star switches, a;(z;) = a, ;» and for those
J after switch, a;(x;) = *..

Hence, star switches at the first j’ such that there either exists 1 < j” < j’ with g, = Qg ,,0rag, € Co.
If no such j' exists, then star is still false at j, and hence ai(,uj) = ag;. Otherwise, star switches at j/, and
by Line 8 we have a;(15/) = ¢y, ai(1hj741) = *tg+1, - - -» and a;(115) = *4g45—j'- O
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The following lemma follows from essentially the same proof of Observation 5.21 by replacing Lemma 5.10
with Lemma 7.5 in the proof.

Lemma 7.6. Fix k', k> € N’ such that K < k2, (wEl’EZ,T) € (wEl’Ez,T), and k € N'. Suppose

,uﬁ Lree- ,,uf j_1 exist. If k is consistent with k* but not k' above level i (as defined in Definition 7.1), let
Cy=0Ch k! . Otherwise, let Co = 0. B .
From Cy,71 = xl(,uz 1), T2 = xl(,ulz) caTjol = xi(,uf’j_l),:ij = xi(righti(,uﬁj_l)), one can

uniquely determine a,-(nghti(ui’j_l)) as follows:
1. Let j' = min{j’ | [3j" s.t. 1 < j" < j' < jaz, = az,|V [az, € Col}.

2. If no such j' exists, then ai(righti(,uﬁj_l)) = ag,. Otherwise, let to = #{t > 0 | x, € Cy}. We have
ai(right; (117 ;1)) = *tg 45—t~

Proof. Consider the function call walkF'#* (s, i, o, k°) in which we assign a;(right; (,uEJ 1))-

In such function call, by Line 9 of Algorithm 5, we know k, = k¥ for all ¢ € [i + 1 E] Since k' is
simply the index of 1 (by Line 9, 18), when we assign a;(right; (/% j—1)) (at Line 13), K=K, j- Together,
we know k; = k¥ for all t € [i + 1,/]. Noticing in this function call, Line 3 only depends on kY for those
t € [i + 1,4], therefore by definition of Cy, we know Cy = Cj. Hence we can apply Lemma 7.5, and this
concludes the proof. U

Lemma 7.7. Fix k', k* € N’ such that k* < k2 and (wEl’EQ, T) e (wEl’EQ,T). For every node |1 < ,u'?,

we have wZ ke xi(p) for every i € [level(u)].

k' k2

Proof. Consider the function call which assign x;(x) at Line 13. Note that w,, " 1is the last vertex of

Walklgl’];z(sj,i — 1,K), while x;() is the last vertex of walk(s;,7 — 1). Here we have j = kf, since in
Algorithm 5 we let k < j at Line 9 before calling walkF'F? (s5,—1, K ). Then, we know that the index of
pris (0,0,...0, kg, + 1, K ky) with level(p) > 1.

level Ievel(,u)—i—l’ T

Suppose for contradiction that wu ELE # x;(p). Then it must be the case that, at the beginning of
walkk k2 (85, — 1, K ) (or one of its recursive calls on lower levels), the set Cj is initialized to an non-
empty set (since otherwise the behavior of walkF'#* (85,0 —1, k') and walk(sj,i — 1) would be exactly the
same).

Let walk’;1 EQ( ;! k:’ " (z 1 — 1) be the recursive call where Cj is not initialized empty. Since it is an
recursive call made by walkF'** (sj,i—1, K ), we have Vt > i, k! = kj. We also have Vt > ' + 1,k = k2,
which follows from Cjy # () and the condition at Line 3 in Algorithm 5. Together they imply k| = k? for all
t>1.

Hence, the index of x4 can be alternatively written as (0,0, ...0, k?ev el(p) T 1 klevel ()17 . k?) where

level (1) > . This contradicts p < ,uEQ. O

The following lemma relates our relaxed extended walk w10 the actual reachable set £, (s) in the
original walk, provided that they are defined using the same {g; };c[g, {7i }ic[g and s € [n].
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Lemma 7.8. Fix k', k* € N such that k* < k* and (wgl’EZ,T, h,s) € (wE17E2,T, h, s).
Suppose ,ukl and ukz exist. Let p = ,ukl + 1,9 = ,qu + 1. If there are no two distinct o, 3 € [¢p — 1]

FLE? KL R2 X
such that a g1 z2 =a gz, thenwy ™ ,wy, ™ € FE(s).
We ’Ll)ﬁ ? ’

Proof. To simplify notation, in this proof we drop the superscript El, k2 on the variable w*'** representing
the relaxed extended walk, and simply write w instead.

The proof is similar to that of Lemma 5.11. We will first prove that, for every p < ¢ — 1, if there are no
o, B € [u], o # B such that ay,, = @y, then we must have a;(11) = ay,,, for all i € [level(u)].

To prove the statement above, we again use induction on p. Suppose the hypothesis holds for 1,2, ..., u—
1. Since p < ¥ — 1, by Lemma 7.7, we know w,, = x;(u) for i € [level(u)]. Now we will show that
a;(p1) # *« for i € [level(u)], which will immediately imply a; (1) = ay,(,) = @w,, and finish the inductive
step.

Suppose for contradiction that we assigned a;(i) = . in Algorithm 5. Then, at this point, the only two

cases are (1) ay, € Cj, or (2) x, € C}. The main difference with Lemma 5.11 is that now the initial value

)

of Cp may be a non-empty set Ci’gl. But we can still see that there must be a node < p such that (1)
Qu,) = Qu,,, OF (2) 3;(1) = . while level(n) = i. Case (1) contradicts our assumption of ay,, # @, for all
o, € [¢ —1],a # B. Case (2) contradicts the inductive hypothesis of a;(1) = @, 7 *«. Therefore we
must have a;(i1) = @y, 7 *« for all i € [level(u)].

Again, similar to Lemma 5.11, for such p, for all i € level(p), gi(a; (1)), ri(a;(p)) will have the same
values as the pseudorandom functions g;(aw, ),7i(aw,) that were used to define h(ay,) for b € Hypmp.
Then, it is evident that w1 = next(u) = h(a, ) (Where the first equality follows from Lemma 7.4).

Suppose the actual reachable set f; ;,(s) has vertices {w},w), ...} where wy = s and wj,; = h(aw,).
By our induction before, for every p < 1 — 1 such that no o, 8 € [u] satisfy a,,, = g, We must have
w41 = wy11. Hence, we know w,, = wy, for all ) € [¢]. In particular, we have wg, wy, € f; 1, (s). O

We also observe that the following lemma holds with the same proof as Lemma 5.20.

Lemma 7.9. Fix k', k% € N such that k' < k2, (wEl’EQ,g,T) € ('wkl’kQ,g,r), and k € N, the following
hold:

(a) Suppose ,qu_l exists, ,uﬁj exists if and only zj‘gi(ai(righti(uﬁj_l))) =1
(b) xi(righti(,uf’j_l)) = Iast(next(,uﬁj_l),i -1)
Recall M[E] has the same meaning as ME . Its following generalization to multiple paths also holds.

Lemma 7.10. Fix /;:’17/;’2 € N’ such that k* < k2, (wEl’Ez,g) € supp(wEl’Ez,g), and K C N such that
k', k? € K. The following holds:

(a) Suppose L [parfj} exists, ,ufi exists if and only if g; <ai (righti (,u [parfﬂ))) =1

(b) x; (righti (u [parij) = last (next (,u [parij ,1— 1)

(c) Suppose ufl,...,uffj_l and | [par{fj] exist. From 11 = x; <,uZKl) ,To = X; (,uZKQ) ey Tjol =

X; (u{?j_l) JTj =X (righti <,u [par{?jD), one can uniquely determine a; <right,~ <,u [parfg])).
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(d) Ifuf’?j exists, then uf?] = right; (u [pargj]).

Proof. (a) and (b) follows from the same proof as Observation 6.15 by replacing Lemma 5.20 with Lemma 7.9.
(d) follows from exact the same proof of Observation 6.15 (d).

For (¢), note there are two cases. From the index I?” we can tell when we assign a; (righti (,u [parfj} ) > ,
whether Cy = () or C"* K

If Cy = 0, it follows the same proof as Observation 6.15 (c) by replacing Observation 5.21 with Lemma 7.6.

If Cy = = Ok, Since k' € K and ko< k2 we know there exists 1 < jo < j; < j such that level 4
nodes on p(k‘l) are exactly ,uZ o ,quH, .. ,,uZ e (Note when there is no level : node on p(k‘l) we have
Co = C% V- = () which belongs to the previous case.) When determine a; of these nodes, we have C = (.
Thus by applying the previous case, we can determine a;(«) for all o € p(lgl) level(a) = i. Then C* Rt

contains exactly a;(c) for all such a. Thus as C*% VAN determined, we can apply Lemma 7.6 to conclude the
proof. U

Definition 7.11. Fix k', k2 € N such that k! < k2, K, K C N’ such that k', k% € K, and level i € [4].
There exists a function family {Ak17k2’K’i’j}j€Ki which maps (21,%2,...,2;) € )7 to [m] U {x }hen
satisfying the following.

1l 72 nl 72 ~ i ~ e ~ ~
Forany (' #, 7) € supp(w &, T), let@ = xi (1)) .32 = xi (%) &1 =xi (1) 135 =
X; (righti (,u [parfi])).
Ifu{?l, e ,uf?j_l and [parf?j] exist, we always have a; <righti <u [par{?jD) = AEIvEQ’Ki’j(%l, To,...,Zj).

Note the existence of such function family is guaranteed by Lemma 7.10 (c).

7.2 Proof of Lemma 4.3

Similar to the case for one vertex, we will then prove our result using the following two lemmas. But note
here that we separately consider the contribution of each pair (k', k2). Therefore in the rest of the paper, we
will use the following notations.

Notation. Recall [Cshort = {0, 1,...,7/4} and 7 = 201log nlog log n.

We will always use .7-" * to denote the corresponding event under Walk

Cmon.a And recall that we use

f ® to denote ]-"Z K , and we define .7-" 041 ’ to be always true.

For every 7 € {O 1,...,L}, we use g<; to denote the collection (gi,...,g;). Similarly, we use r<; to
denote the collection (rl, cey T).

For notation convenience, throughout this section, for (g<¢,7<¢) € supp((g<¢, 7<¢)), we will always use
g<t N\ r<¢ to denote the event [g<; = g<; A r<; = r<¢].

We will need the following two lemmas that handle the total occurrences and the bad occurrences, re-
spectively.
Lemma 7.12 (Lower bounding the number of occurrences of u, v). Fix /51, k2 € Kshort such that k' < k2.
Let K = {/;‘17];2}, ¢ = uEl +1, and v = ,u";2 + 1L

For every two distinct vertices u,v € [n), it holds that
2™ Zf:l K;
-

k1 k2 K k2
Pr 'wd)’ :u/\'ww’ :v]:
n
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Notation = Meaning

,u’; or ulk] the tree node determined by

4 number of components (sub-restrictions, levels) in Hg ,y, ,; number of levels; ¢ < logn
T independence parameter in Hy ,, »; 7 = 20log n loglogn

(gi,74) components of hash function in Hy ,, ,

r<i,g<i the sequence (ry,...,r;) and (g1,...,9)

K a set of indices; subset of N*

Pk the set of indices of all ancestors of &

JCshort {0,1,...,7/4}*

B set of two-dimensional sequence b with values in [n] and shape k

Kz j the j-th indi:x among all level 7 indices in Uj_ KPE

,uilg the node ;i<

K; the number of distinct level ¢ indices in U e RPE

parijj an index; the parent of ffu

.7-"5’5 the event that for all (¢/, j') before or equal to (4, j), “z‘[’?,j’ exists and next(uf,?j,) = gi’,j’
]:ZK 3 the event F; f?f{i

@;’g the event that for all ai(uff;,) are distinct for 1 < 5/ < j

QZK’E the event ijg A Qﬁ’imﬂ A A Qfl’é

p(k) the path p(,u’;) from root to ,u’;

Table 3: Summary of Notation

Lemma 7.13 (Upper bounding the bad occurrences of u, v). Fix El, k2 € Kshort such that k' < k2 and
two distinct vertices u,v € [n] such that a,, = a,. Let C,, = #{i € [n] | a; = a,} denote the number of

occurrences of a,, in the input array a, ¢ = ,ukl + 1, and P = qu + L

It holds that

Pr {wg’w = u/\'wz,l’kQ =0 A {3(0475)70 <a<B<YAa pp=a ELE?H

W ’LUB

Y4 £
2~ 2i=1 K5 By (a) o =Ko, /4
<y IERAG,, v ZERRG e
(K3, k) e(IN?)2 K3 eN
K={k' k2 k3 k*} K={k' k2,k3}

We also need the following simple lemma to accompany the use of Lemma 7.12.

Lemma 7.14. If2 < { < logn, we have

¢
Z HQ_Ki > 22[—1'

(El,EQ)G(ICShW‘)z i=1
k'#£k? K={k' k?}
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Proof. For K = {k',k?}, we have

Hence we have

L l

SRS | CRCERD SR | GRS Sl | £
ﬂ(ElEZ)E(ICsﬂhortﬂ)z i=1 (kl kz E(]Cshort)2z 1 Elelcshort =1
E1£k2 K={k' k?} K={k' K2}

S S 11 E

(kl k2 E(Kshort)2] 1i=1

K={k!k2}
— (2 o 2—7‘/4)24 _ 2@
> 9221 — 0277/ —27h (by (1 —2)" > 1 — nz)
> 9201
where the last step follows from the fact that £2-7/4 < Lﬁn <land2-f <l O
(log n)loe 4 4

Now we are ready to prove Lemma 4.3.

Proof of Lemma 4.3. We let ¢ = ,u'gl +1land ¢ = MEZ + 1. By Lemma 7.8, we have
* L k2 EL k2
Eg[u,v € fan(s)] > Z Pr [wd) =uAw,™" =vA [Va +p €[ — 1],aw§1,,;z # awgy,p”

’ Rl<E? ’
(EI,EQ)E(ICShort)Q

Cr (el e

El<k?
(E17E2)€(K5hort)2

24)
Plugging Lemma 7.12 and 7.13 in (24), we have
£ £

1 2_23':1 K; 1 2= 2j=1 KjFQ(a)

ehz5 D>, 2. - (25)
(EI,E2)E(ICSh°rt)2 (El,E2,E3,E4)e(]N‘)4
Fl£k2 K={k' k?} K={k'k2 k3 k*}
1 9~ Tisi Kig,
B 5 4. Z Jns |’Cshort|2 2£/2T/4 (26)
(k!,k?,k3)€(N*)3
K={k' k% K3}
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Here the first summation can be lower bounded using Lemma 7.14, while the other two summations can
be upper bounded by Lemma 6.25. So we have,

1 [ 4 16°F 8C
(26) > 5 (F Lo JOERO) g s —* —T2Zn2€2_7/4>
n n

n4
— 1 1 o 384 o 1920“ o n2€22€10g7'—7'/4
2 222F2(a) 240F2(a) 230F2(a)1-5
(£ =logn — bgFQ(a) —10and C, < \/F3(a))
1
>Q(—=—.
- <F2(a)>

In the last step, we bound n2¢22¢1°87—7/4 ysing the fact that 7 > 20log nloglogn, ¢ < logn. Hence
log 7 < 2loglogn and

_ _ 1
n2£22510g7 T/4 < ’I’L2 logn24lognloglogn 5lognloglogn < 9] < a3 | -
n =

7.3 Counting Total Occurrences

The following lemma is analogous to Lemma 6.4. We essentially mimic the proof of Lemma 6.4, and remark

- =

1 7.2
one place where we crucially use the fact that we are working with Walkz mkn ., instead of Walky , 1, 4.

Lemma 7.15. Fix k', k2 € (K*h°%)2 such that k' < k2. Let K = {k*,k?} and fix b € B.

In the joint probability space (wEl’Ez, h,T), suppose (as induction hypothesis) that the event f +1 is
independent of the joint random variable (g<;,T<;).
Then, for all i € [{] and j € [K;), letting g<;—1 € supp(g<i—1) and r<;—1 € supp(r<;_1), it holds that

1
PI‘[ ‘f] 1/\g<,1/\7’<, 1}:%.

Proof. Fix i € [(] and j € [K;] and let g<;—1 € supp(g<i—1) and r<;—; € supp(r<;—1). We let E<;_1

denote the event |g<;—1 A 7’9-_1} for convenience. Our goal is to show that

2 1
r []:fj'-’b ‘ ]:Kbl /\8<Z 1] = 2—

n
By Lemma 7.10 (a), uf?] exists if and only if g; (ai (righti (u [parl{ﬂ ) )) = 1. Then let us inspect how

a; (righti (,u {parfi})) is determined.
ByLemma7.10(c) a; (right- ( {parKD> is determined by x; (1

le

Note since .7-" , holds, by Lemma 7.10 (d), right; ( [pari ,D = :“sz/ for j' € [ —1].

Namely, a; (r|ghti (,u {parz-JD) is determined by all x; (rlght ( [parfi,])) for j' € [4].
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By Lemma 7.10 (b), x; (righti ( [par ])) = last (next (u [parf?j,D b — 1>. Conditioning on

- -

gb . . ) - 2
]-"i’j,_l is true, let ¢P*" and jP3" be such that parw, = Kjpar jear, we know next (u [pari’j,D = bjpar jpar.

Thus next (u [parf?j,D can be determined from ff, g, i,7.
Moreover, by Observation 5.2, last(-,% — 1) only depends on r<;_; and ggi_l.ls Therefore, con-

ditioning on .FKbl A E<i_1, each x; (rlght ( [parfi,D) (1 < j° < j) is uniquely determined from
I?, g, g<i—1,T<i—1,1,j'. Hence a; (righti (u [pari ,D) is also uniquely determined for 1 < j/ < j.
Formally, forevery j’ € [ ], let pjr = right; ( [park D Note that uf?] exists if and only if g;(a;(115)) =

1. If ,u” exists, we know ,u” = pj and next(pu;) = 'rl( ai(jt5)). So our goal is to show that g;(a;(5)) =
1 Ari(ai(p1j)) = b; j indeed happens with probability -
For r; € supp(r;) and g; € supp(g;), define a predicate

P(ri,gi) = [Vi' € [7 = 1], 9i(a(pyr)) = L Ari(a(uyr)) = b je] -

By the discussion above, we have

-/T';j 1/\5<z 1 _‘Fz+1 /\5<z 1/\P(T27gz)

As we have shown, for every j' € [j—1], a(u;/) is determined by r<;_1, g<;—1 and ff, 5, i,j,s0 P(r;,g;)
only depends on the randomness of (r;, g;). (Note since it is defined using r<;_1, g<;—1 which we have fixed,
it does not depend on the randomness of r<;_1,g<;—1.)

Together with our assumption, we know that the event ]:filb A E<;—1 is still independent of r;, g; when
conditioning on P(7;, g;).
Hence,

r |:]:Z§-’b ‘ ]:Kbl VAN (S‘<Z 1]
=Pr [gi(a(uy)) = L Ami(alpy) = big | FLy bl =
=Pr [gi(ai(my)) = L A7 @il)) = biy | FiL A it A P(risg))]
=Prg;(ai(1;)) = 1 Ari(ai(py)) = bij | P(ri, 95)]
1
-+

The last step follows from the fact that g;(-) and 7;(-) are 7-wise independent, j < K; < 7, and since
K = {k',k*}, by Lemma 7.3, a;(11j) # a;(uj) for every j' € [j — 1].

-,

172
Remark. In the last step, we crucially used the fact that we are working with Walk? T;lkn ., instead of
kk k2

Zmna’

Walkg, i, n,q. since for Walky ,,, , o, there may be collisions between p(El) and p(l?), but for Wal
Lemma 7.3 guarantees that there is no such collision.

=1 72 7 7l
SNote walk® **"(.,4 — 1, -, -) does not have such nice property. It not only depends on r<i—1 and g<;_1 but also on C"* *" for

" € [i — 1]. This is why we are using last(-,7 — 1) instead of walkF' < (-, —1,-,-) in the relaxed extended walk (Algorithm 5).
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Repeated applications of Lemma 7.15 lead to the following corollary. We omit the proof of Corollary 7.16
since it is identical to that of Corollary 6.5.
Corollary 7.16. Fix k',k* € N’ such that k' < k. Let K = {k',k*} and fix b € Bp.

In the joint probability space (w’;l”;z, h,T), suppose (as induction hypothesis) that the event F, Kby

i+1
independent of the joint random variable (g<;,r<;). Then, for all i € [{], letting g<;—1 € supp(g<i—1) and

r<i—1 € supp(r<;_1), it holds that

2K

Kb | Kb
Pr [‘Fz ‘ ‘Fi+1 AN g<i—1 N Tgi—l] = Yo

Iteratively applying Corollary 7.16, we can obtain the following lemma. We omit its proof since it can
be proved in the same way as Lemma 6.6.

Lemma 7.17. Fix k', k2 € N such that k* < k2 Let K = {k', k*} and fix b € B.
In the joint probability space (wkl’kz,h,T), for all i € [0 + 1], letting g<i—1 € supp(g<i—1) and
r<i—1 € supp(r<i_1), it holds that

2~ Zf:i K;

= T~ g
an:i K;

[

Kb
Pr [}; T g<i-1 AT<i—1

Finally we can prove Lemma 7.12, which give a lower bound on the number of good occurrences.

Reminder of Lemma 7.12. Fix k', k2 € K*hot, Let K = {k', K2}, ¢ = p*' + 1, and 4 = (¥ + 1.
For every two distinct vertices u,v € [n], it holds that

2™ Z§:1 K;

n2

P2 P2
7k 7k J—

kLk2 P
Pr wy —u/\ww —v]

Proof of Lemma 7.12. The proof is similar to the first half of the proof of Lemma 6.2. For beB 2> We say

that b is good, if next(,u'gl) = u and next(u’;z) = v according to b.
We first break the probability into the contributions of all possible b € B,

S o L
Pr wklg’lk —uAwhf L= v} = g Pr[]:f’b A b is good].
n

+1 pF? 4 R
bEBR:

By Lemma 7.17, for every sequence beB &> it holds that

4
> K
B, o= i1 K
Pr[}"lK’ ==
K;
nei=1""J

4 o 7
> and n2i=1%i=2 of them satisfy next(uF') = w and

next(,uEQ) = v (i.e., they are good). Thus, we have

YK iy
There are n“s=1"7 many sequences b € B

£
e, 2‘2*:1 K;
Z Pr []-'f’b/\bisgood S O

g n?
bEBR:
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7.4 Upper Bounding the Bad Occurrences

Now we generalize Lemma 6.8 to two vertices. Its proof is defered to Appendix A. We first recall the defi-
nition of collisions between two paths.

Reminder of Definition 6.7. Let p(u) denote the path on T from root to node . We say there is a collision
between two paths py and po if there are two nodes « and ( such that o € py \ p2,8 € p2 \ p1, and

(alevel(a) (@), level(a)) = (alevel(ﬁ) (B), level(3)).

We also say that there is no collision between a set of paths if there is no collision between any two of
the paths in the set.

Lemma7 18. Let u, X4 € [n] be such that v # v and a,, = a,. Fix (w Rk ,T) € supp((w RLR2 ,T)). Let
=k S =k ® + 1 and assume that we = w and wy, = v. If there is a pair of nodes (c 5) such that
D<ax< ﬁ < and a,, = Q) then the following holds:

* There are two nodes o and [3 such that o # B, aw, = Gy, {, B} # {9, v}, and there is no collision
between p(¢ — 1), p(¢ — 1), p(ar — 1), and p( —1).

Now we extend Definition 6.16 to our relaxed walk walkF'**.
Definition 7.19. Fix k', k% € N’ such that k' < k?and K C N’such that k', k* € K. Fixi € [(],b € Bp,
and (r<j—1,9<i—1) € Supp(r<Z 1,g<i—1). Let {ARR?, Iy e[k,) be the family of functions defined in

Definition 7.11. c(K b, i,7<i—1,9<i—1) is a vector of length K; defined as follows:

For each j € [K;], let P and jP" be such that par(K i) = KPar iar. Note here P, 7P3" can be
determined from K .4, and j. We let 2; = last(bjear joar, @ — 1). This is well-defined since by Lemma 5.2,
last(-,7 — 1) only depends on r<;_; and g<;_1.

Then for each j € [K;], we let

[5(]3, 5, Tgi—l,ggi—l)]j = AEl’EQ’R’i’j(ajl, T, ..., Tj).
When K , 5, i,7<i—1, and g<;— are clear from context, we drop them and simply write C.
Lemma 7.20. Fix (wEl’Ez,T) € supp(wEl’EQ,T) and level i € [(], and fix K = {k', k2, ... k'}, j € [K,],
b€ Bz, r<,~ 1 and g<;—1. We defined (" = right; (,u [parfi]). Let C be defined in Definition 7.19.
Assuming ]: | holds, we have a;(¢"7) = ¢;.

Proof. We use the same notation as Definition 6.16. For each j € [K;], we let P> and jP" be such that
par(K; ;) = Kear jear. Note here iP?", P2 can be determined from K, i, and j. We let z; = last(bpar jear, i —
1). This is well—deﬁned since by Lemma 5.2, last(-,7 — 1) only depends on r<;_; and g<;_1.

]-'Z i 1, we know next (,u |:[€ipar7jpar:|) = bjpar jear. Then from Lemma 7.10 (b), we know that z; =

last <next <,u [Kipaerar]) 1 — 1) =X; <righti (,u [Kipar7jpar:|)> = X; <righti (,u [parfg])). For the same

reason, for all 1 < j' < j, we have z;; = x; (right- (,u [parin

Since .7-"Z - 1 holds for every j' € [j — 1], we know ,uZ j» exists and therefore right; ( [parf?j,D = uf?j,.
Thus for all 1 < j' < j, we have zj; = x; (nghti (u [pari j'D) = Xi(ﬂij/)- Thus from Definition 7.11 and
the definition of ¢, we know that a;((%/) = ¢;. O
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We then define Pi{;’b’rsifl’gsifl (ri,9;) and Q ¥ in the same way as Definition 6.18 and Definition 6.20.
Except now we use ¢ defined in Definition 7.19.

Definition 7.21. Pfj brei-t1.gsi-1 (r4,g;) is a predicate of r;, g; defined as following: Let & be the sequence
defined in Definition 7.19. For r; € supp(r;) and g; € supp(g;),

Kbr<i 1,9<i—1

P ST iy, g0) = V5 € [ giley) = T ATi(eyr) = bigr] -

We also define PKMQ Lisiz Yri,gi) = Pii(b Si-bdsi- Y(ri,9:). When I?,g, r<i—1,g<i—1 are clear
from the context, we s1rnp1y write P; j(r;, g;) and Pi(r;, g;).

—

Definition 7.22. QK ¥ is the event defined as following. Let ¢ be the sequence c( ,b,7<i_1,9<i—1) defined
in Definition 7.19. We let

gin’b =[VI <t <t < jiey # -
We also define QZX = gl{? ng

The following observation holds with the same proof as Observation 6.19 except replacing Observa-
tion 6.15 with Lemma 7.10 and Observation 6.17 with Lemma 7.20 in the proof.

Observation 7.23. Fix K , b. For P defined in Definition 7.21.

Kb <,b
FEPNE<ir = FLY Ne<ioa AP j(ri, g;)
Specifically, we have
Kb _ rKp
Fi 7 Ne<imn = Fily NE<im1 A Pi(ri, gi)
Thus the following lemmas follows.

Lemma 7.24. Fix k', k% € K such that k' < k2, K = {k',k2,... k'} C Kho™ such that t < 4, and
be By In thejointprobability space (w kl’kQ, h,T), fixing r<;—1,9<i—1 € supp(r<i—1,g<i—1), for any

event .A[il such that (]:ZJrl A QZH) \Y ‘Az—i-l is independent of r<;, g<;, we have

2 1
Pr [Pi,j(riagi)/\gi{(j << H—l /\gz—l—l) H—l) /\5<z 1 /\P’lj 1(7’“92)/\QJ 1 < %
Proof. The proof is the same as that of Lemma 6.21. O

We also generalize Lemma 6.24 as follows.

Lemma 7.25. Fix k', k% € K" such that k' < k2, K = {k',k2,... k'} C Kho™ such that t < 4, and
be Bp. Leti € [0}, andr<;_1,9<i—1 € supp(r<i—1,9g<i—1). In the joint probability space (wkl’kQ, h,T),

there is a sequence of events AZ-K’b such that:

0
- = 2= Zj:i K;
Pr [(]:K gK)\/AKb r<i—1 N\ g<i— 1} :W-
n Jj=i "7
In particular,
- , 9= 2 5=1 K
Pr []: ’b/\gﬂ < ZJ
n&~Jj=1 KJ



Proof. This follows the same proof as Lemma 6.21 with the only difference is that the use of Lemma 6.21 is
replaced by Lemma 7.24, and the use of Observation 6.19 is replaced by Observation 7.23. O

Then Lemma 7.13 follows the similar proof strategy as that of single vertex case.
Recall we define Ejong

— Y4 7
Eiong = | Tk € N’ s.t. max k; > 7/4 and ,uk exists | .
1=
We observe that a similar conclusion as Lemma 6.1 also holds for walkF' ** whose proof is deferred to

Appendix B.
Lemma 7.26. Fix k', k2 € KMo such that k' < k2. In the probability space (wEI’EZ, T), it holds that

Pr(Eiong) < n€/27/4.
Now we are ready to prove Lemma 7.13, which is restated below.

Reminder of Lemma 7.13. Fix k', k% € K™ and two distinct vertices u,v € [n] such that a, = a,. Let
Cy = #{i € [n] | a; = a,} denote the number of occurrences of a,, in the input array a, ¢ = pk 4+ 1, and

%=+ 1
It holds that
k! k2 k! k2
Pr W, = U, Wy, :1)/\3(04,5),0<a<,@<’¢,aw§17g2 :awgl’EQ
£ £
2~ 2= Kipy (g 2~ 2= i
< — JONUEES ety

k3eNt

(B Ehe()? SeN’
K={k1k2k%}

K={k' k2 k3 k*}

Proof of Lemma 7.13. By Lemma 7.18, we have

k' k2 kL k2
Pr wy = U, Wy, :v/\E|0<a<ﬁ<¢,aw§1,gz Zawgly,p

[e3

71l 2 7l 2
<Pr [w’j’k = u,wﬁj’k =vAJ e, f),a< 5,awlg17g2 = awgygz/\
no collision between p(¢ — 1), p(¢p — 1), p(ar — 1), p(8 — 1)]

<Pr [w(lzl’kQ =u, ’LUfbl’kQ =vA —|5long A El(Oé, 5)7 a < ﬁa awEI,EQ = awl}'l,l_&/\
o ]
no collision between p(¢ — 1), p(¢» — 1), p(a — 1), p(B — 1)] + Pr[Eiong]
i1 72 =3 =17
< Z Pr [next(,uk ) =uAnext(u*) =v A Tt (1) = Tnext(uft) /N (B3, kY £ {kY B2 A
ES,E4€/CSh°rt
];3#];.'4
no collision between p(k'), p(k?), p(k°), p(E4)] + Pr[€iong]

First, from Lemma 7.26, we have Pr[€jong] < n?¢/27/4.
Next, we will prove an upper bound on
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Ey _ E2y _ o - 73 74 7172
Z Pr [next(u" ) = u A next(u* ) = v A Tt (1) = Tnext () N {k°, K%} #{k B3N
EB’EALGICShort
k3£k4
no collision between p(k'), p(k2), p(k>), p(l?‘)] .

There are two cases, the first case is that at least one of the four following equalities holds (1) kL = k3,
) k' = k% (3) k? = k3, or (4) k? = k*, and the second case is that k', k2, k3, k* are distinct. Now we
consider the first case, and by symmetry, we only need to consider the case of k' = k*.

When k! = /24 Since k! = k4, {k;3 kY # {k', K2} implies ¥* ¢ {k',k2}. Therefore k*, k2, k3 are
distinct. Let K = {k:l K2, kP }. Since K C [short, by Lemma 7.25, for every sequence be B, we have

There are nZJ 1K many sequences be B, and n2j-1Ki=3 - C,, of them satisfy that next(,u ) = u,

next(u 2) =wv,and a
We have

next(uk3) = Qu-

K k2
Z Pr [next(p" ) = u,next(u" ) = v A Tt (1) = Pnext(uFhy/
Efielcshort
kS {k K}

no collision between p(k'), p(k?), p(E3)]

Bl 12 13
= Z Pr [gl{’“ PR A next (i) = u A next(uF’) = v A Crext(uf®) = a“}

Efielcshort
K {k k%)
£
< Z 2— Zt:l Ky Cu
—_— . /”L3
, kPeN®
R={E" k2 K3}

When lgl, lg2, lg?’, k* are distinct. Now we consider the other case when El, EQ, Eg, k4 are distinct. Let
K = {k' k2 k3, k).
Similar to the previous case, by Lemma 6.24, for any sequence b € Bz, we have

1
- , 9= 2 =1k
PelFf o ngf] - 2
né&ji=1 K;

£ £ 7+
Note there are n2-i=1 %7 many sequences b € B, and nXi=1 Ki—4. (a) of them satisfy that next(u*') =

u, next(,u *) = vand Gt (1) = Pnext ()"

Hence, we have
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kg2 kLk2 .
Z Pr[w¢ —u/\'w¢ =vAa =a A

next(,ugg) next(u’;4)

E37E4€Kshort
[{k" k2,52 K4} =4

no collision between p(k'), p(k?), p(k?), p(E4)]

_ {E17E27E37E4} il . 2 - o B
= Z Pr {Ql Anext(p”® ) = u A next(pu® ) =v A Bt (1) = Pnext ()
];37];.'46K5h0rt
[{k1 k2,3 k4 }|=4
'
< 2~ 21K By (a)
< 2 P
k3 kteN¢
R={k' k2 k3 k*}
Summing up these two cases proves the theorem. ]
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A Proof of Lemma 7.18

In this appendix we prove Lemma 7.18. In Appendix A.1, we prove many useful facts about the relaxed

extended random walk waIkEl’EQ, which will be useful for later proofs. In Appendix A.2, we prove several
lemmas that are crucial for our proof of Lemma 7.18. Finally, we prove Lemma 7.18 in Appendix A.3.

Notation. In this appendix, since we always refer to w* Lk

, we drop the superscript and simply write w.

A1 Useful Facts about the Relaxed Extended Walk walkF' -+

Algorithm 6: Generating relaxed extended walk walkF' 2 (54, po, k): (where s’ € [n],0 < i < 0)

1 if 7 = 0 then return sequence (s’) which contains a single vertex.
2if Vt€ i+ 1,0,k =k ABt€fi+ 1,0,k <k A[k? > 0] then
/* Here the condition says that uo Qp(l;]) and is the last node of p(EQ) above level 7 and

p*(l:?) is non-empty on level i. It is equivalent to pu1, 2, - - Ep*(l?) \p*(El). */
3 Co — Ci’El
4 else
5 L CO — @
6 star < false, j < 0,50 + ', w = ().
7 repeat
8 K (0,0,...,0,7,kit1,...,k¢) /* Here k' equals index(p;) . */
9 w:wowalkﬁl’p(sj,z‘—1,,uo+]w],/5/) /* Here po+ |w| equals p;. */

10 xj1 < last(sj,i —1)

" . star az;,.,,false ifag, , & Cj A —star
*¢, true otherwise (where t = min{t € N | x, € C'})
12 | Let g1 = po + [wl, xi(p+1) < jp1, (1) < -

13 if j > 0 then right(y;) < pj41

14 if gi(y) = 1 then

15 Cjt1 < CjU{y}h sj41 < 1i(y)

16 level(gtj41) i, next(pjq1) < 7i(y)

17 index(t1) <= (0,---,0,7 + 1, ki1, ..., ke)
18 j+—J+ 1

19 until g;(y) =0
20 if [Vt € [i + 1,0, ks =k} A[3t € [i +1,4),k} < k?] then

/* Here the condition says that jo is the last node of p(El) above level ¢ and is not the

last node of p(k®). It is equivalent to pi,pus,--- € p* (k') \ p*(kK?). */
i,k
21 | C — Cmin(j,kz-l)
22 return w.
. . el 2 . .
We will need the following facts about walk® **. For convenience, we also recall the code of function
Kl 2 . .
walk® *** in Algorithm 6.

Fact A.1. Fix (w,T) € (wﬁl’gz,T) and assume that uEl , MEZ exist.
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(a) Within walkF' 2 (s',i, k), Vk* € N, if level(pj) =1, pu; € p*(K*) if and only if Vt € [i + 1,4, [ky =

— —

kf] A [k} > 0). Moreover i € p(k*) if and only if 1uj € p*(k*) and j < k.
(b) Let o, 3 < ,uE2 be two nodes. If ay(q) = ay(gy or a(a) = a(B) # *«, we have ay, = Gy,
(c) Suppose x;(c) = x;(B). ai(«) # a;(8) only when a;(ct) = x4 or a;(3) = *x.
(d) For any two nodes «, 3 both of level i, if a;(«) = a;(8), we have x;(right(a)) = x;(right(53)).
(e) There is no collision between p(k*) and p*(k?).
(f) For anode o on level i, if g;(right(c)) = 1, then right(«) is also on level i.

(g) For a node o on level i with index k, let j € [k; — 1] and 8 = /LE]-- If ai(B) = *«, then a;(a) = *y.
Consequently, if a;(«) # %, then a;() # *x.

(h) In walkkl’kQ(s’, i, k), suppose the condition at Line 2 is met. we know pi € p*(k2) if level(j1;) = 1.

(i) Foranode o & p*(k2) on level i, if aj(ct) # *, and a;(right(c)) = %, there must be a node 1 € p(a)
such that a;(1) = ay, (right(a)) and level(n) = i. Moreover, we must have t = 0.

(j) For a node 3 € p(EL, k2 on level i, if a;(8) # *. and a;(right(8)) = ., there must be a node
n € p(k*, k?) such that ay,(,) = ax,(right(s)) and level(n) = i.

(k) Foranode o & p*(k2) on level i, if a; () = %, or a;(right(V)) = % for t > 0, there must be a level i
node m on p(a) such that a;(n) = o.

(1) Foranode 3 € p(k', k2) on level i, if a;(8) = x, or a;(right(8)) = ; for t > 0, there must be a level
i node 1 on p(k*, k?) such that a;(n) = %o.

Proof.

Proof of (a). If £ > 0, since the first level 7 ancestors of ME* has index (/_5*)Zl = (0,...,0,1, ki1, kp),
we know level i nodes of p*(k*) are (0, ... ,0, j, ki, k;) with j > 1. If level(u4;) = i, by how its index is
assigned (Line 17), we know it is in p*(k*) when V¢ € [i + 14, [ke = k7). B

Specifically, if & = 0, there is no level ¢ node on p(k*). By definition of p*(k*), there is also no
leyel 1 node on it. The moreover part follows from the fact that all level ¢ ancestors of ,u’;* have indices
(k*) =(0,...,0,4,k} ;, k) for 1 < j <k}

Proof of (b). Since a, 8 < ,u’;z, by Lemma 7.7, we have x(a) = w, and x(3) = wg. Therefore a,(,) =
ax(g) implies ay,, = ay,. For any node p, if a(p) # *«, then a(p) = ax(y) holds by Line 11, 12. Thus
a(a) = a(B) # . also suffice.

Proof of (c). By line 11, 12, we know a;(av) # ay, (o) only when a;(a) = x,. The same also holds for 3.
Therefore since a,, (o) = ay,(s). the observation holds.

Proof of (d). For each node 11, of level 4 at Line 8 - 13, we know right(yt;) = pj41 and X;(ptj41) = 241 =
last(s;,7 — 1)(Line 12, 10). Here s; = 7;(a;(1;)) (Line 12, 15).

Hence for each node p of level 4, x; (right(u)) is the return value of last(r;(a;()), 7 — 1). From a;(a) =
a;(B), we get x;(right(a)) = x;(right(8)) directly.
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Proof of (e). By Line 12, 15, we know C; = {a;(11),a;(12), ..., ai(;)}. Therefore by Line 21 and (a),
we know CiF' = {ai(a)|a € p(kY) A level(a) = i}.

Let the level 7 nodes on p*(l?) be 51, B2, ..., ;. Initially, Cy = Ck' Foreacht € [7], ai(B:) is chosen
in a way so that a;(3;) € Ct—1. Then Cy = C;—1 U {a;(;)}. Since Cik! C C; holds for all t € [j], we

know a;(a) # a;(B), Vt € [j]. B .
Hence there is no collision between p(k') and p* (k?).

Proof of (f). When j1; = «, by Line 13, right(a) = p1j41. By Line 12 and Line 14, level(y;41) = ¢ if and
only if g;(a;(¢tj4+1)) = 1. Thus the statement holds.

Proof of (g). By Line 15, once star switches from false to true, y is always *,, and star is always true.
Therefore, since a;(1j) = y (Line 12), if a;(11;) = =, for j < k;, then we must have a;(fx,) = *4. This

proves that once a; () = ai(uﬁj) = %4, we must have a;(«) = ai(uﬁki) = k.

Proof of (h). If the condition at Line 2 met, and level(y;) = i, we know index(u;) = (0,...,0,5 +
1,kit1,...,ke) by Line 17 where k; = k:JQ for j € [i +1,¢] and k? > 0. Thus we can see that index(u1) is

an ancestor of k2. Therefore, by definition of p*(k2), My € p*(k2).

Proof of (i). Consider the function call that assigns a;(«). Since « ¢ p*(/?), by the contrapositive of (h), we
know that Cy = (). Suppose o = f1; and right(c) = ptj41. Thenby Line 15, C; = {a;(11), ai(p2), - - -, ai(15) }-
Since a;(a) # %, star = false, and there is no *, in C;. Hence if a;(right(c)) = %, we must have ¢ = 0.
Moreover, by Line 11, this happens only when a,, (right(o)) € C;j Which means there is 1 < j" < j such that
ai(pjr) = Ay, (right(a))- Let 7 = pjr. This concludes the proof.

Proof of (j). Also consider the function call that assigns a;(3). The difference with (i) is that now Cjy may
not be (). By Line 15, C; = Co U {a; (1), ai(p2), - - - ,ai(ij)}. Suppose 3 = pj, right(8) = pj41. Since
ai(3) # *«, star = false. By Line 11, a;(p1541) = %« only when ay, (right(3)) € Cj. If ay,(rignt(3)) € Cj \ Co.
there is 1 < 5 < j such that a;(j1j1) = ay,(right(3))- We simply let n = pjr. 1 € p(kY, k?) since 8 = i €
p(k', k?) and j' < j.

If ay, (right(3)) € Co, by Line 3, Cp = CF' which equals {a;(a) | a € p(k') A level(a) = i} by Line
21. Hence there is € p(k') C p(k', k2) that satisfies the requirement. In either case, we can find such 7.
This concludes the proof.

Proof of (k). Similar as (i). Also consider the function call that assigns a;(«). Since o ¢ p*(/?), by
contrapositive of (h), we know that Cy = (). Suppose o = p; and right(c) = pj41.

By Cy = () and Line 11, we know a;(j11) # *.. Then because a;(a)) = *, or a;(right(a)) = *; fort > 0,
there must exist 1 < j* < j + 1 such that a;(41) = %, and a;(p—1) # *s. By (i), we know a;(11;) = *o.
Since t > 0, we know j' # j + 1. Thus 1 < j' < j, and we let n = p; which is of level i. n € p(«) since
i<
Proof of (I). If there is a node a € p(k') \ p*(k2) such that a;(c) = , and level(e) = i. Then by (k) such
node 7 € p(r) C p(k*, k2) exists.

Then suppose there is no such «. Consider the function call that assigns a;(3). We will prove there is
no x, in Cp. Let S} be the set of level < nodes on p(El), and S be the set of level 7 nodes on p*(/_c?). By the
tree structure, S is either a subset of S or disjoint with So.

If Sy is a subset of S, we know Cy = () by Line 2, since there isno ¢ € [i+ 1, /] that k} < k2 (otherwise
S1 NSy = 0). If Sy and Sy are disjoint, Cy = CF' | and by Line 21, iRt = {ai(u)|p € S1}. We prove
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p* (k) P (k?)
Figure 9: The definition of ~; and the level i nodes in p(k*, k2)

by contradiction. Suppose there is ;1 € Sy such thhat a;(¢) = *,, namely ., € Cy. We let & = p. Then
a € p(kY) \ p*(k?) = S1 \ S2 = 1 and level(v) = i. This contradicts with the fact there is no such a.

In either case, x, & Co. Thus let ;s be the first node among fi1, . .., 5, jtj41 such that a; () = ..
By Cj—1 = Co U {ai(11), .- ,ai(p7—1)}, we know %, & Cjr_1. Hene by Line 11, we have a;(f1;:) = *o.
Thus we know j' < j and we simply let = ;. In such case, 7 € p*(/_c?) - ’ﬁ(l;l, Ez) and level(n) =4i. O

A.2 Some Structure Lemmas

Similar as before, we shall first extend Lemma 6.10, Corollary 6.12 and 6.13. To do so, we first need an extra
definition. See Figure 9.

Definition A.2. Assuming that ,uﬂl and uﬁz exist and k' < k2.
Define v; := max{y € p (K1) | level(y) = i A p(v) has no collision wtih p* (k2)} namely, the last
level i node on p* (k1) such that its path has no collision with p*(k2). We define p(k', k) to be

¢

piELED) = | o) | Up(R).

i=1
~yiexists

By Fact A.1(e), if k} > 0, ~; must exist, and p(kY) C p(k*, k2).
Lemma A.3. Fix k', k> € N’ such that k' < k2 and (w,T) € supp(w it ’EZ,T). Assuming that MEI and
,uk exist. Suppose o = ¥ is a node in T. Let w3 = Find(o,T). The following hold:

1. w3 € p(k*, k?).

2. Ifthere is a collision between p(c) and ’ﬁ(l;l, Ez) then letting i be the level of the lowest such collision,
it holds that (a;(m3), level(ms)) = (ai(uf’ki), i).

3. There is no collision between p(c) and p(k*, k2) below level(rs).

Proof. Let s = Find(o, T). First, if there is no collision between p(c) and p(k!, k2), then one can straight-
forwardly verify 73 satisfy all the required conditions. From now on we assume that there is a collision
between p(c) and p(k!, k?).
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Algorithm 7: Find(o, T")

1 k = index(c)

2 if there is a collision between p(c) and p(k*, k2) then

3 Let 7 be the level of the lowest such collision;

4 Let 71, mo be such a collision on level i; /* break ties by picking the lexicographically
first pair */

5 if ai(uEki) # %, then

6 ‘ return Find—Case—I(m,wQ,E, T); /* see Algorithm 8 */

7 else

8 L return Find—Case—II(m,ﬂg,/;, T); /* see Algorithm 9 */

9 else

10 Let 73 be the last node on p(c) that is also on p(k*, k2);

1 return 7s;

Let ¢, 71, w2 be as defined in Line 3 and Line 4 in Algorithm 7. Formally, 71, 7o, ¢ are defined as follow-
ing. m = ,qu is the node on p(o) \ p(k*, k2) with the smallest i such that 3y € p(k!, k2) \ p(o) satisfying
(ai(m2), level(ma)) = (ai(m1), 7). If there are multiple such pairs, we pick the lexicographically first pair.

Depending on whether a;( ,uE kl) = *,, we divide the proof into two cases.

The case when az-(,uf kl) # *,. In this case, 73 is found by Algorithm 8. We will prove the following three

Algorithm 8: Find-Case-l(71, 2, k, T)

/* Finding 73 when ai(,uﬁki) # % */
1 &< 7'('1,,8 < o,

2 while o # uf k; do

3 | if a;(right(cr)) = a;(right(3)) then

4 a < right(a), B« right(5);

5 it 3 ¢ p(k', k?) then

6 Let ) € p*(k2) be the node such that a;(n) = a;(3) and level(n) = i;

7 ,8 <1, /* If 1 does not exist, the algorithm aborts. */
8 else

9 Letn € p(k', k?) be the node such that a;(n) = a;(right()) and level(n) = i;

10 | < right(a),ﬁ <— 1M, /* If n does not exist, the algorithm aborts. */
11 73 < 5

12 return 7s;

facts about Algorithm 8:

1. Throughout Algorithm 8, level(a)) = level(3) = 1.

2. Algorithm 8 terminates.
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3. AtLine 6 and 9, the node n always exists.

We first show that these three facts are sufficient. First observe that the invariant a;(«) = a;(8) is
preserved during algorithm. Suppose these facts are true. When the algorithm terminates, we have a =

ufkl (a(B),level(B)) = (a(a),i)). Moreover by Line 6 and Line 9, we know that it always holds that

B € p(k*, k2). Hence, s satisfies the requirements of the lemma by Fact 1, the invariant a; () = a;(j), the
definition of ¢, and Fact 2.
Now we prove these three facts.

-,

Proof of Fact 1. Observe that initially & = 7, which is on p(k) and of level i. Then in each iteration, «
always moves to right(«) until « = ,uf k;- From the assumption that o = ,uE exists, we know ,ui; k; CXists.
Thus, level(«) = 7 holds throughout Algorithm 8. ’

For 3, each time it either (1) moves to a level-i node 7, or (2) moves to right(3). For Case (1) clearly
we still have level(3) = i. For Case(2), from a;(right(a)) = a;(right(83)), we have g;(a;(right(8))) =
gi(a;(right(a))) = 1, implying that right(/5) must also be of level i by Fact A.1(f). Hence, level(3) = i
always holds. This finishes the proof of Fact 1.

Proof of Fact 2. Fact 2 follows from the observation that after each iteration we have « < right(«) and «
never moves to its left. So eventually the algorithm must stop.

Proof of Fact 3. We first prove that n always exists at Line 9.

Base on Fact 1 and a;(«) = a;(/3), it follows from Fact A.1(d) that x;(right(cv)) = x;(right(/3)). There-
fore by Fact A.1(c), the only possibility of entering Line 9 is when at least one of a;(right(«)) = %, and
a;(right(3)) = , is true. Since ai(uﬁki) # ., from Fact A.1(g), we know a;(right(cr)) # *,. Thus here
a;(right(58)) = *«.

If a;(3) = *«, by a;(a) = a;(), we would have a;(right(c)) = a;(right(3)) and would not enter Line
9. Therefore a;(3) # *.. Since by Line 6, we always have /3 € 'pv(/;j, /;2) by Fact A.1(j), there must exist
n € p(k', k2) such that (a;(n),level(n)) = (ax, (right(8)), ). On the other side, since a(right(a)) # xo,
a;(right(@)) = agu, (right(a)) = %a;(right(8)) = 2i(n). Therefore such 7 exists.

Then we prove that 7) always exists at Line 6. Since each time 3 either move to right(3) orton € ’ﬁ(/_&j, /;2)
(note p*(k2) C p(k*, k2)), the only possibility of 3 & p(k', k2) is when 3 = right(y;) where ; is defined
as in Definition A.2. Note by Fact 1, 8 = right(~;) is of level 7. Then suppose there is no n € p*(/_c?) such
that a;(n) = a;(right(v;)). Instead of ~;, right(v;) should be the last level i node on p*(k') whose path
p(right(v;)) has no collision with p*(k2). This contradicts the definition of ;. Thus such node 7 must exist.

The case when a,-(,uf kb) = *,. In this case, 73 is found by Algorithm 9.
Similar to the previous case, we will prove the following three facts about Algorithm 9:

1. Throughout Algorithm 9, level(«) = level(3) = .
2. Algorithm 9 terminates.
3. At Line 8 both 7, and 7z always exist; At Line 11, 7, always exists; at Line 14, 75 always exists.

These three facts above are enough to imply that the found 73 satisfies the requirements of the lemma,
by the same argument as that of the previous case.

Proof of Fact 1. Initially & = 7; € p(o). Then in each iteration, & may move to either right(«) or a node

5

N € p(c) of level i until we reach o = »,- Note amoves to 7, either at Line 8 where (a;(74 ), level (1)) =
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Algorithm 9: Find-Case-ll(7y, 7o, I;, T)

/* Finding 73 when ai(,uﬁki) = s */
1 &< 7'('1,,8 < o,

2 while o # ,uE k; do

3 | if a;(right(c)) = a;(right(3)) then

4 | o < right(a), B < right(3);

5 else

6 if a;(right(3)) = . then

7 Let 7, € p(o) be the node that a;(n,) = %o and level(n,) = ;

8 Letng € p(k!, k2) be the node that ai(ng) = o and level(ng) = i;

9 Q < MNa, B < Ngs

10 else

/* now it must hold that a;(right(a)) = *. */

11 Let 7, € p(o) be the node that a;(n,) = a;(right(3)) and level(n,) = i;
12 a < 1q, B < right(B);

13 | if B¢ p(k', k?) then

14 Letng € p*(k?) be the node such that ai(ng) = ai(B) and level(ng) = i;

15 B+ ng;
16 73 < 3;

17 return [3;

(%0,7) or at Line 11 where a;(n,) # . and level(n,) = i. Since a,-(,uﬁki) = %4, in both cases, such

Na € p(o) = p(u¥) is always a node before or equal ,uf’ k;- Therefore, a is always on path p(,uﬁ kb) and of
level i.

For (3, same as that of Algorithm 8, in each iteration it move to either (1) a level < node 73, or (2) move
to right(3). The fact clearly holds in Case (1). For Case (2), it moves to right(3) either at Line 4 or Line 11.
For Line 4, since a;(right(«)) = a;(right(3)) holds, we know g;(a;(right(8))) = gi(ai(right(e))) = 1, and
right(3) must also be of level ¢ by Fact A.1(f). For Line 11, since a;(1,) = a;(right(5)) holds, and 7, is of
level i, we know g;(a;(right(83))) = gi(ai(na)) = 1, and right(3) must also be of level i by Fact A.1(f).

Proof of Fact 3. Here we prove Fact 3 before Fact 2. For Line 14, the analysis is the same as that of Line 6
of Algorithm 8.

For Line 8 and 11, similar as before, given Fact 1 and a;(«) = a;(), it follows from Fact A.1(d) that
x;(right(a)) = x;(right(3)). Therefore, by Fact A.1(c), the only possibility of entering Line 6 is when at
least one of a;(right(«)) = *. and a;(right(3)) = *. happens.

Note since 71 & p(k!, k%), we know o ¢ p*(k2). Similarly, u’? - p*(K2). We will need this fact in
following case analysis. ’

Suppose a;(right(a)) = %, and a;(right(3)) = *¢,. Note t; # ta, or otherwise we would not have
entered Line 6. If t; > to, from o & p*(k2), we have a;(ar) = %, _1. Then by a;(a) = a;(8) = ¢, 1,
we must have a;(right(3)) = % . This contradicts with the assumption ¢; > t5. Since same thing holds
for to > t1, we know exactly one of a;(right(«)) = . and a;(right(83)) = %, happens. Also we must have

ai(@) = ai(B) # .

81



o If a;(right()) = %, and a;(right(8)) # *x, since a;(cr) # *, and o & p*(k?2), by Fact A.1(i), there
must be a node 7 € p(o) such that (a;(n), level(n)) = (ay, (right(a))» ?)-

Since a;(right(8)) # *«, ai(right(B)) = ax,(right(3)) = x;(right(a)) = 2i(n). Here x;(right(a)) =
x;(right(3)) follows from Fact 1, a;(a)) = a;(/3), and Fact A.1(d). This proves the existence of 7, at
Line 11.

o If a;(right(a)) # *, and a;(right(8)) = %, by ai(,ugki) = k4, ,usz ¢ p*(k2) and Fact A.1(k), we
know there must exist such 7, = uf’ ; such that j < k and a;(n,) = *o. This proves the existence of
7o at Line 8.

Similarly, since a;(right(5)) = =, by Fact A.1(l), if ¢ > 0, such 73 must also exist. If ¢ = 0, since
gi(right(B)) = ¢i(na) = 1, by Fact A.1(f), we know level(right(3)) = . Then we can simply let
ng = right(/3). This proves the existence of 7z at Line 8.

Proof of Fact 2. We will consider the following two cases depending on whether Algorithm 9 enters Line 8
during the execution.

We first observe that Algorithm 9 enters Line 8 at most once. Once Algorithm 9 enters Line 8 during the
execution, after « < 1, 3 < 1, we have a;(a) = a; () = *o.

We prove that the algorithm then stops within 7" steps without entering Line 8 again, where T is the
integer such that ai(,ui; kz) = xp. This follows from a simple induction. Suppose after ¢ (¢ > 0) steps,
ai(a) = a;(B) = 4, we always have a;(right(a)) = a;(right(8)) = *¢+1. Thus in the ¢ 4 1 step, we would
enter Line 4 and have a < right(«), 8 < right(3). Noticing Line 14 preserves a;(«) and a; (), this finishes
the inductive step. The base case follows from the fact that a; () = a;(8) = %¢ before the first step.

Otherwise, Algorithm 9 never enters Line 8. When it enters Line 4 and Line 11, 8 always moves to
right(83). For Line 14, § ¢ ’ﬁ(l;l, Ez) can only happen if it equals right(+;), and 3 then moves to a node
n € p*(k?) which is after right(y;) € p*(k') \ p(k', k2). Putting these together, since 3 always moves to
right(3) or a node 7 after it, the algorithm must eventually stop.

O

The following remark will be useful for later proofs.

Remark A.4. Fix k!, k2 € N such that k' < k2 and (w,T)) € supp(w Rt 7E2,T). Assuming that ,u’zl and

uk exist. Let o, 7 be two nodes in 7', and let 7§ = Find(o, T') and 7] = Find(n, T"). Let i be the level of

the lowest common ancestor of o and 7. If level(7) > i and level(7]) > 4, then 7§ = .

Proof. Let 7§, 7S be the nodes 71, in Find(o,T). Let 7}, 7 be the nodes 71, 7o in Find(n, T). Let
ip = min(level(r7), level(r])). Since level(7) = level(7§) > i and level(r]) = level(r]) > i, we know
igp > 1. Therefore, p(c) and p(n) contains exactly the same level iy nodes. Let 1 be the last level ip node on
p(o). It is also the last level iy node on p(n).

Then by Line 4, we know level (7)) = io (resp. level(m]) = io) since it is the lowest level that contains
collision between p() (resp. p(n)) and p(k*, k2).

By Lemma A.3, we know (a(n), level(79)) = (a(u),i0) = (a(nl), level(xl])) and 7§, 7] € p(k', k?).
By Fact A.1 (e), there is no collision between p(El) and p*(l?). Together with Definition A.2, this implies
that all o # 3 € p(k*, k2) such that level(cr) = level(8) must have a;(ct) # a; ().

Hence (a(§), level(n§)) = (a(73), level(wy))) implies 7§ = 7. O
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Next we recall the definition of two paths being the same below level .

Reminder of Definition 6.11. We say two paths p(k*) and p(k?) are the same below level i if

o . . 1 _ 1.2
V1<) <ikl=k.

V1S <i 1<tk a(uy) = a;()
The follow lemma is similar to Corollary 6.12. However, since the initial value of Cy in walkF' may
be non-empty. It is more complicated.

Lemma A.5. Fix /51, k2 € N’ such that k* < k2 and (w,T) € supp(wgl’EZ,T). Assuming that uEl and
,uk2 exist. Fix a node 0 < ,qu, and let 73 = Find(o,T).
Then, there must be a descendant o’ of 73 such that the following hold:

1. (a(d’),level(c”)) = (a(0), level(o)).
2. There is no collision between p(c”) and p(k*, k2).
3. p(c’) is the same as p(o) below level level(rs).

Proof. When there is no collision between p(c) and p(k*, k2), we simply take o/ = ¢. One can verify that
o’ satisfies all the required conditions.

In the rest of the proof we assume there there is a collision between p(c) and p(k', k2). Let i be the
level of the lowest such collision. By Lemma A.3, we have that 75 € p(k!, k2) and (a;(73), level(m3)) =
(ai(,ui; k) 4)- We also let k be the index of o and k3 be the index of 3.

We decompose the proof into two claims. Claim 2 is an outer induction step between levels, and Claim 3
is an inner induction step within a single level. The lemma is proved by an outer induction that repeatedly
applies Claim 2, while Claim 2 itself is proved by an inner induction that repeatedly applies Claim 3.

The node o’. We define &’ and ¢ as follows:

]{,’3 | > | | i
k:; =< J ‘7 = level(ms) forj € {0,1,...,0}, and o =p*.
ki j <level(ms)

Note that here a priori the node ¢’ may not exist. If it exists, since Vj > level(rs), k:; = k‘;’, it must be a
descendant of 3.

In the rest of the proof we will prove that the node ¢’ always exists, and it satisfies the requirement of the
lemma.
Recall that we use index(u) to denote the index of a node p. Leti = level(3). The node o is generated by
kEl’EQ( & 2(next(ﬂg),z’—

wal next(uﬁki), i—1, index(uf’ki )) while o’ (if exists) is generated by Wk by walkF'-F

1,index(m3)). The difference with Corollary 6.12 is that now although next(,uig k) = next(ms), these two

walks could still be different since index(,ug kz) # index(m3).!® But still, we are going to prove that since

there is no collision strictly below level i between p(c) and p(k!, k2), we have that p(c”) is the same as p(c)
below level i.
We need the following claim.

16 As they could affect the initial value of Cj at Line 3 and 5 in Algorithm 6.
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Claim 2. For j € [i — 1], suppose the following holds

° ,u?jk& exists and a(,u?,w) = a(u?kg) forevery J € {j +1,...,i}. 27
Then,
o ,uflt exists and a(,uf,t) = a(,uf:t) forevery t € {0,1,...,k;}. (28)

Before proving Claim 2, we show that it implies our lemma.

The Outer Induction. Note that 73 = ,u?:/k{ (by definition of k') exists and ai(,uf: kz) = a;(m3) (by the
guarantee on 73). (27) holds for j = 7 — 1. From Claim 2, it further implies that (28) holds for j = ¢ — 1
as well. Then we can apply Claim 2 repetitively, to show that (28) holds for every j € [level(c),i — 1]. By
Definition 6.11, it follows that p(o”) is the same as p(o) below level i. O

Note (27) implies the special case of (28) when ¢ = 0. By our definition, ,ug?: o and uﬁlo equals ,ug K and
ug:kq for p = min{p € [j+1,4] | k, > 0} and ¢ = min{q € [j+1,€] | k;, > 0} respectively. As j € [i — 1],
we have p < ¢ and ¢ < 7 because node 73 € p(/? ) and uf K € p(E) are both of level ¢. Furthermore, since
kjr = k%, for j' € [i — 1], we know p = g always holds. Hence by (27), a(,uﬁo) = a(,u’;’kp) = a(,u’;kq) =
a(,uf’lo). This will be the base case of the inner induction.

Specifically, (27) implies the following:

. ,uﬁlo exists and a(,uﬁo) = a(,u?lo). Moreover, we also know that Ievel(,uﬁo) = Ievel(p]l;:o). (29)

Now we prove Claim 2.

Proof of Claim 2. Fix j € [i — 1]. Note that if k; = 0 the claim holds immediately. Thus from now on we
assume k; > 0.
Assuming (27) holds, we will establish (28) by proving the following claim. For ease of notation, for

te{0,1,... kj}, welet( = uﬁt and (] = uﬁ’t.
Claim 3. For t € [k;], suppose
o ¢y exists and a(Cy) = a(¢)) for t’ € {0,1,...,t — 1}. Specifically, level((y) = level({)).
(30)

Then
o ¢} exists and a(¢) = a((}). (3D

Clearly (28) follows from Claim 3 by a simple induction. Here the base case (i.e.,(30) with ¢ = 1) of the
induction follows from (29).

Before proving Claim 3, we first inspect how the existence of ¢/ and the values of a;((;) and a;((]) are
determined in Algorithm 5.

How a;((;) and a;((;) are determined. For a;((;) (¢ € [k;]), it is determined by function call

KL

wal next(,ujo),j, index(,uf,o)).

Initially, Cy = (). This is because by definition, i = level(rs) is the lowest level such that there is a collision
between p(c) and p(k!, k?). Therefore, i must be lower than the level of least common ancestor of p(o) and
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p*(k?). Together with j < i, we know (; & p*(k2). Hence in such function call, the initial value of Cyy has
to be the empty set. The the function call determines each x;(1;) and a;(f;) in order.
Note here we have proved

o« GEP(). (32)
For a;(¢}), it is determined by function call

KL

wal next(,uﬁlo),j, index(uﬁo)).

If index(uﬁlo) satisfies the condition at Line 2, Algorithm 6, C{), will be (C’ )jvEl. Otherwise, C() < 0.
Then the function call determined each x; (1) and a;(y}) in order, and C? ; will be C} U {a;(p; 1)}

Now we are ready to prove Claim 3.

Proof of Claim 3. We will first show that it suffices to prove a;((;) = aj(right(¢;_;)), and then prove
a;(¢t) = a;(right(¢/_;)) via a proof by contradiction.
Assuming a;((;) = aj(right(¢;_;)), we have g;(a;(right(¢;_,))) = ¢;(a;(¢)) = 1 and ¢} must exist.
From (30) we have that for t' € {0,1,...,t—1}, {J, exists and a({y) = a((},). Moreover, for t' € [t —1],
by definition, we know level(() = level({],) = j. For t’ = 0, we also know level((y) = level(¢}).

Since next(Ci—1) = Tevetic, 1) (a(Cr1)) = Tevel(cr_)(3(G1_1)) = next(Cl_, ), we have

x;(Gt) = last(next(Gi—1),j — 1) = last(next(¢{_1),j — 1) = x;(C}).
As ¢/ = right(¢;_, ), we have a;({;) = a;((;), which proves the claim.
Now it remains to prove a;((;) = a;(right(¢;_;)). Suppose that a;(¢;) # a;(right(¢{_;)) for the sake of
contradiction. By Fact A.1(c), we know that

. at least one of a;({;) = % and a;(right({{_;)) = . is true. (33)

Below we first prove under our assumption a;({;) # a;(right(¢;_,)), the following hold:

o aj(right(¢}_1)) = %, and (34)
° either a;((¢) # %« or a;({;) = *o. (35)

Proving (34) and (35). We first consider the case t = 1. Since Cy = 0), it follows that a;((;) # . Hence
a;(right({{_;)) = %« by (33). Therefore, both of (34) and (35) hold when ¢ = 1.

Now consider the case when ¢ > 1. Suppose a;({;—1) = %z, by a;(¢—1) = a;(¢;_;), we must have
a;(¢¢) = aj(right(¢;_;) = *z+1. This contradicts with our assumption that a;({;) # a;(right(¢;_;). The
same thing holds for ¢;_;. Suppose a(¢;_;) = *5. By a;({;—1) = a;((;_;), we reach the same contradiction.
So we have

o aj(G-1) # %« and a;(Gi_y) # *s (36)

In addition, by (32), (; & p*(l?). Thus by Fact A.1 (i), we know either a;((;) = %o or a;((¢) 7 *«.
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If a;(Gt) = *o, by Fact A.1 (i), there must be a node ¢y with ¢’ < t such that a;(¢y) = ay;(c,)- Since
aj(Cr) = aj(Cr) = ax;(¢) = ax,(¢))» in such case, we must have Ay, (ct)) € Cj_, and a;(right({{_1)) = *«.
Besides, by (33), if a;({;) # *«, we must have a;(right({/_;)) = *«.

Now, given (34) and (35), we consider the following two cases, and show that both of them lead to
contradictions.

Case 1: a;(right(¢;_;)) = *« and a;((;) # *. Since a;({{_;) # *« (36), by Fact A.1 (j), there must be

0 € pk', k?) with (a;(n), level (1))
collision between p(c) and p(k', k2) below level i.

(@j(¢t),7). Since j < 1, this contradicts the fact that there is no

Case 2: aj(right(¢;_;)) = *q and a;({;) = *.. By (35), we have a;((;) = %o here. Moreover, since we
assumed a;(right(({_)) # a;(¢) for contradiction, we know d > 0 in this case. By Fact A.1 (1), there must

be n € p(k!, k?) with (aj(n),level(n)) = (x0,7) = (a;(¢t), level(¢;)). This leads to the same contradiction.
U

O
Next we need the following corollary of Lemma A.S.

Corollary A.6. Fix El, k2 € N such that k* < k2 and (w,T) € supp(wﬁl’p, T). Assuming that ,uEI and

,ukz exist. Suppose there are two nodes p and n such that

° w#nand p,n < MEQ, and (37)

. there is no collision between p(1) and p(n). (38)
Then there exist two nodes ', 1’ such that

o (a(p),level(p)) = (a(1), level(1')) and (a(n), level(n)) = (a(n'), level(')), and (39)

. there is no collision between p(i'),p(n'), p(k') and p(K?). (40)

Proof. We first apply Lemma A.5 twice: (1) with node o = y to get 7§ = Find(p, T') and its descendant 1/
and (2) with node o = 7 to get 7 = Find(n,T') and its descendant 7'.
For convenience we let i, = level(r4') and i, = level(}). By Lemma A.5, we have

o () level()) = (a(u),level(s)) and (a(i), level (1)) = (a(i), level (7). @1
e  Foro’ € {u/,n'}, there is no collision p(c’) and p(k', k?). (42)
. p(p') is the same as p(p) below level 4,,; p(n') is the same as p(n) below level i,. (43)

Note that (39) follows immediately from (41). So we only need to show there is no collision between
(), p(1)), p(k') and p(k?) (i.e., (40)). Note that p(k'), p(k?) C p(k*, k2), (42) and Fact A.1(e) further
imply that we only need to show there is no collision between p(') and p(n/).

Let ¢ be the level of the lowest common ancestor of ;1 and 7. We will consider two cases below.

Case I: i, > i and i, > i. By Remark A 4, it follows that 7] = 7.

From (43), min(i,,%,) > 4 and the fact that x and 7 have lowest common ancestor at level 4, it follows
that p(y') and p(n’) also have lowest common ancestor at level i. Therefore, it suffices to check p(u’) and
p(n') have no collision below level 3.
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Applying (43) together with (38), it follows that there is no collision between p(u) and p(7').

Case II: 7, <17 or i, < i. Without loss of generality, we assume that 7,, < 7,,. Consequently, it follows that
T n g y u n q y.

i, < 4. In this case, we have that p(1) and p(n) are the same with p(u) and p(n) below level i, respectively

(from (43) and note 7,, < 4,). From (38), it follows that p(1") and p(n’) has no collision below i,,.

The part of p(y) with level above or equal to 7, is exactly p(7%) C p(k!, k2). Therefore since p(n) has
no collision with p(k!, k%) (from (42)), there is no collision between p(u') and p(1'). O

A.3 Proof of Lemma 7.18

Notation. To prove Lemma 7.18, we first recall the following notations. We use a(u) as a shorthand for
Alevel(y) () and x(p) as a shorthand for Xjeyei(,) (1), We always fix k' k? € N such that k' < k? and
(wkl’kQ,T) € supp(wkl’k2,T). We let ¢ = ,ukl +landy = ukz + 1. Recall that we denote w*' by w
to simplify the notation. We also need the definition of pairs of good duplicates.

Definition A.7. We call (@, ) a pair of good duplicates if @ < 3 < 1 and a,,, = oy A pair of good
duplicates is said to be non-dominated if there is no other good duplicate (o/, 3") # («, 8) such that o/ <

a, B < 6.
Lemma A.8. The following hold:
* Suppose («, ) is a non-dominated pair of good duplicates. For every p € [a], a(p) # *x.
* If (o, B) is the pair of good duplicates with the minimum 3, then for every j € [ — 1], a(p) # *x.

Proof. Let (o, B) be the pair of good duplicates with the minimum 3. We first show that Item (2) implies
Item (1). To see it, note that for every non-dominated pair of good duplicates (o, 3'), since 3 < ', by its
non-dominated property, we must have y < o/ < a < — 1.

So now it suffices to prove Item (2). It suffices to prove that there is no node v € [5 — 1] such that
a(y) = 0. Suppose there is such ~, then there must be a node 7" < ~y such that x(y) = Gx(v)- Since we also
know v, < 1 by Definition A.7, from Fact A.1 (b), we know a,, y = O This contradicts the assumption
that (v, 3) is the pair of good duplicates with minimum [, since v < 3. U

We also need the following corollary.

Corollary A.9. Suppose («, [3) is the pair of good duplicates with minimum o. For every u € [¢] \ {a}, it
holds that a(ov — 1) # a(p — 1).

Proof. Suppose a(av — 1) = a(p — 1). By Lemma A.8, we know a(a — 1) # *,. Since v — 1, u — 1 < ),
by (b) of Fact A.1, we have a.,_, = ay,_,. Since p < v and 1 # «, (o — 1,0 — 1) is a pair of good
duplicates. This contradicts the minimality of c. ]

The following lemma is crucial for the proof of Lemma 7.18.

Lemma A.10. Let (&, 3) be any non-dominated pair of good duplicates. There is no collision between p(&)

and p(B).
Moreover, if a,, = u; #+ A, = G, WE Can always find «, 3 such that o« # f, Gy, = Ay,

{o, B} Z {p,}, and there is no collision between p(¢ — 1), p(¢p — 1), p(a — 1), p(8 — 1).
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Proof. Suppose there is 71 € p(@ — 1) \ p(8 — 1) and 72 € p(B3 — 1) \ p(a — 1) such that a(m;) = a(m2).

=,

By Lemma A.8, we know a(7y) and a(ms) cannot be %,. Moreover, 71, m < 3 — 1 < 9 (i.e.,m, m < T
as P = ,ukz + 1), by Fact A.1 (b), Ay, = Qupy- Again since m < Q,m2 < f3, this contradicts the fact

that (@, ) is a non-dominated pair of good duplicates. Hence, there is no collision between p(@ — 1) and
p(B—1). .

Applying Corollary A.6 to @ — 1 and S — 1, we can get « — 1 and 8 — 1 such that there is no collision
between p(¢—1),p(p — 1), p(ac— 1), and p(B — 1). However, this does not guarantee that {«, 5} Z {,¢}.
We now show {«, B} Z {¢, 1} via a proof by contradiction. Assume {«, 5} € {¢,}. Then we know

= Quy = Quy = Qu,,-
Since (a(a—1),level(a—1)) = (a(@—1),level(@—1)), we know next(a—1) = Tieyei(a—1)(a(@—1)) =
Tlevel(a—1)(a(@ — 1)) = next(a@ — 1). Therefore, w, = next(a — 1) = next(a — 1) = wg. The same also
holds for 3, and we know wg = wg.

Then a,, = aw,, Uy = Oy Recall we also know a,,, = Aug = Quwy = Q- This contradicts with

v
the assumption that a,,; = aw, # aw, = aw,. Hence {a, B} Z {¢, ¢} O

Ay

[e3

Finally, we are ready to prove Lemma 7.18, which is restated below.

Reminder of Lemma 7.18. Foreveryu,v € [n]such thatu # v and a, = a,, fix (w,T) € supp(wElvEQ, T).
Let (¢ — 1,1 — 1) be the pair of nodes (,ukl,,uk2) and assume wg = u,wy, = v. Let (&, 3) be any pair such
that 0 < a < B <, a4, = Q-

If such pair (@, B ) exists, the following must hold:

* There are two nodes o and 3 such that o # B3, aw, = aw,, {, B} # { 9,1}, and there is no collision
between p((b - 1)7p(¢ - 1),])(04 - 1)7p(5 - 1)

Proof of Lemma 7.18. Since (&, [3) is a pair of good duplicates, we know there exists pairs of good duplicates.

By Lemma A.10, the only case left is when a,,_, = aq 5 = Quy = Qu,, holds for all non-dominated pairs of
good duplicates (&', ). Below we take @ to be the first & such that a,,, = a,, , and take /3 to be the second

one. This implies (&, 5) dominates all other non-dominated pairs of good duplicates (if there are other such
pairs). Thus it must be the unique non-dominated pair of good duplicates. Therefore, (@, () is not only the
pair with the minimum &, but also the pair with the minimum 2.

By Lemma A. 10, there is no collision between p(a@ — 1) and p(3 — 1). Thus we can apply Corollary A.6

toa@ — 1 and 8 — 1 and get « and 3 such that:
e there is no collision between p(¢ — 1), p(¢» — 1), p(a — 1), p(8 — 1), and (44)

o (a(a—1),level(a — 1)) = (a(@ — 1), level(@ — 1)) and (a(8 — 1), level(8 — 1)) = (a(B — 1), level(3 — 1)).
(45)

We now consider the following three cases.

Case 1: a # ¢. Since a@ < 3 < 1), we also know that & # . By Corollary A.9 and & ¢ {¢,v}, we have
a(@—1) # a(¢—1)and a(@ — 1) # a(vb — 1), meaning that a(a — 1) ¢ {a(¢ — 1),a(xp — 1)}. Since
a(a — 1) = a(@ — 1) from (45), it also follows that a(av — 1) ¢ {a(¢ — 1),a(¢» — 1)}, and consequently
a & {o,}. Thus, we have {«, B} # {0, }.

Case 2: & = ¢ and [ # . In this case, we will prove that § & {¢, ¢ }.
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Figure 10: The structure of 7, par(7), and 7o, 11

Since & # B and there is no collision between p(& — 1) and p(3 — 1) from (44), we know that (a(a —
1),level(@ — 1)) # (a(B — 1), level (3 — 1)).

Then we also know & # S since (a(@ — 1),level(a — 1)) # (a(B — 1),level(3 — 1)) = (a(B —
1),level(8 — 1)), where the last equality follows from (45). Therefore, 5 # ¢ = &. By our assumption of
such case, 8 # . Thus {«, 8} # {9,V }.

Case 3: @ = ¢ and 8 = ¢. This is the trickiest case. We will prove that we can still find two nodes ~{, and
74 to satisfy the requirements of this lemma.

Let 7 be the node arg max,{(level(7), —7)|7 € [3,¢ — 2|}. Intuitively, 7 is the node separating 3 — 1
from p() — 1). Note here 3 < 1 by the definition of a pair of good duplicates.

We first show the existence of 7 and it has higher level than ) — 1.

Claim 4. Node 7 exists and level(7) > level(y) — 1).

Proof. Since by (45) and the assumption of this case, level(3 — 1) = level(8 — 1) and 8 = 1), we know
level(3 — 1) = level(y) — 1). For the sake of contradiction, suppose that 7 does not exist or level(7) <
level(y» — 1), we would have 3 — 1 € p(x) — 1). Then by the definition of our extended walk, (a(3 —
1),level(8 — 1)) # (a(yp — 1), level () — 1)).

On the other hand, the assumption 3 = v and (45) imply that (a(3 — 1),level(3 — 1)) = (a(B —
1),level(8 — 1)) = (a(¢) — 1), level(¢) — 1)), a contradiction. This proves the claim. O

By 3 = ¢ and (45), we have level(3—1) = level(3—1) = level(1)—1). Since level(7) > level () —1) =
level(3 — 1), the parent of 7 must be before 3 — 1, namely par(7) < 5 — 1.

Letyp € [par(r) + 1,8 — 1] and y; € [7 + 1,9 — 1] be the pair of good duplicates (i.e., Ay = Q)
within such range that minimizes ;. See Figure 10.

We prove the following two claims about g and ;.

Claim 5. vp and ~y; exist.

Proof. From 3 = 1) and (45), we know a(3 — 1) = a(8 — 1) = a(¢» — 1). By Lemma A.8 and our choice
of (@, B), we know a(3 — 1) # %,. Together with 3 — 1,7 — 1 < ), we can apply Fact A.1 (b), and get

Qg | = Gy, Therefore, v and y; must exists O

Claim 6. There is no collision between p(~y — 1) and p(y; — 1).

Proof. Here the proof idea is similar to that of Lemma A.10.

Suppose there is 79 € p(y0—1)\p(y1 —1) and 71 € p(y1 — 1)\ p(70 — 1) such that (a(mp), level(mp)) =
(a(m), level(my)). Since 7r0 <4 — 1< B —1,by Lemma A.8, we know a(mg) # *,. Then together with

me, M <M <Y—1= , we can apply Fact A.1 (b) to get Uy = Gy, -

89



We then prove my € [par(r) + 1,8 — 1] and m; € [ + 1,7 — 1]. Together with Qury = Ou,, and
w1 < 71 — 1, this contradicts the minimality of ;.

Since yp—1 € [par(7), 7], we know par(7) € p(yo—1). Also we have par(7) € p(7) C p(y1—1) because
by the definition of 7 it has the maximum level among nodes in |7, — 1]. (Note level(7) > level(¢) — 1) by
Claim 5.) Thus we have my > par(7) + 1 by m9 € p(70 — 1) \ p(71 — 1). This implies level(my) < level(T)
since otherwise par(7) would have been 7. Hence by level(71) = level(m) and 71 € p(y1 — 1)\ p(70 — 1),
we know 71 > 7+ 1. |

Since there is no collision between p(y — 1) and p(7; — 1), we can apply Corollary A.6 to o — 1 and
1 — 1 to get 7{, and ~{ such that:

. there is no collision between p(y}, — 1), p(v; — 1), p(¢ — 1), p(xh — 1), and (46)

° (a(yj — 1), level(y; — 1)) = (a(’y§» - 1), Ievel(’y;- — 1)) forevery j € {0,1}. 47)

From Lemma 7.4 and (47), for j € {0, 1}, we have

w'y§- = Tlevel('yg—l) (3(7; - 1)) = Tlevel(y;—1) (a(7j - 1)) = Wy, - (43)

So from Ay = Gy and (48), we also have a,, = aww,1 .

Finally, we show that the pair (), 7} ) satisfies the requirements of the lemma.

Claim 7. | & {¢,v}.

Proof. Since y; —1 > 7 > f,and f > & Weknow 7; — 1 # a — 1. By Corollary A.9 and our
choice of (@, 3), we have a(& — 1) # a(y; — 1). From our assumption ¢ = & and (47), it follows that
a(p —1) #a(y1 — 1) = a(yy — 1). Therefore, 7| # ¢.

If v = 1, we would have (a(y1—1), level(y1—1)) = (a(74—1), level(74 —1)) = (a(yp—1), level (p—1))
from (47). On the other hand, from our assumption 5 = 1 and (45), we also know (a(¢)—1), level(¢p—1)) =
(3(B — 1), level(8 — 1)) = (a(B — 1), level(3 — 1)).

Thus a(y; — 1) = a(8 — 1). By Lemma A.8, we have a(3 — 1) # .. Together withy; — 1,5 —1 <9
and Fact A.1 (b), it follows that Ay g = O, -

Moreover, in this case, y; — 1 75 T since level(7) > level(y) — 1) while level(y; — 1) = level(y) — 1).
Thus, 1 — 1 € [T + 1,4 — 1]. Together with Ay, g = Qus_y» this contradicts the minimality of ;. Hence
74 # v and consequently ] & {¢,}. O

Therefore, we found (v(,v]) # (¢,) such that (1) there is no collision between p(y}, — 1), p(7] —

1),p(¢—1),p(x» — 1), (2) w,, = Qu,, ,and (3) {7071} # {¢,¢}. This completes the whole proof. [
0 1

B Proof of Lemma 7.26

Reminder of Lemma 7.26. In probability space (w’zlvp, T), it holds that

Pr[Eiong] < n20/27/4.
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Proof. For every i € [(], we define event £/, g as
€|iong = [Elk‘ e Nfs.t. k; > 7/4 and ,uE exists| .

Then we can see Ejong = Ule gliong‘

In the following, we will show that for each i € [¢], Pr[é’ﬁmg] is small. Now we fix ¢ € [¢], suppose there
exists k € N’ such that ,u’; exists and k; > 7/4. We are going to fix (r<;—1, g<i—1) € supp((r<i—1,9<i—1))
and conditioning on the event r<;_1 A g<;—1.

Now, . exists and k; > 7/4. Let K = (0,...,0,0,k;11,...,ke). This implies, there exists a starting
point sg € [n], such that consider the walk walk® Lk (so,i, k), it visits at least 7 /4 level-i nodes with corre-
sponding vertices {;} jc[-/4), Which can be determined by ;1 = walk(s;,7 — 1) based on r<; 1, g<; 1.
Casel: [3j € [i+1,0),k; # k‘?]\/[Vj € [i+1,4], k‘jl = krjz]\/[krf = 0]. In this case, we know Cj < (). Then
walkF' -+ (so,1, k') visits the same vertices xj as walk(sg, 7 — 1). With the same argument as Lemma 6.1, for
each i € [/], we know probability of existing such £* is bounded by 7/ 27/4,

Case 2: [Vj € [i + 1,0, k; = k2] A [3j € [i + 1, 4], k} # k2] A [k? > 0]. In this case, Cp = C*F" where
C is {a; (1)} for all level i nodes ,uf; (1 < j < k}) visited by walk(3,4) for some starting point 5. Note
here we use walk(5,4) since these nodes are not on p*(k?) and therefore falls into the previous case where

1l 2
walk® k" visits the same vertices as walk.
Suppose the vertices corresponds to the first k:ll level i nodes walk(5, ) visits are i1, fi2, . . . , fig1. Each

x(fi;) is determined by x(fi;) = last(next(fij—1),7 — 1) where next(fip) = 5. Fixing r<;_1, g<;—1, from 3,
we can uniquely determine Cik by making k:ll adaptive queries to g;, ;.
Then after determine C*F', for walk® ** (s0,1, k'), we can determine each ai(:“?, ;)» J € [7/4] similarly

by making 7 /4 adaptive queries to g;, 7, and by definition they are distinct from those in C' ikt
Note that g;, r; is independent of (g<;_1,7<;—1). Hence fixing 59 € [n] and s¢ € [n], we have that

Prlgi(ai(ul;)) = 1 forall j € [r/4]] <277/,
Hence, by a union bound, we have that
Pr(&,g] < n?/27/%.

The lemma follows from another union bound over ¢ € [¢]. O
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