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Optimal Estimator Design and Properties Analysis for
Interconnected Systems with Asymmetric Information
Structure

Yan Wang, Junlin Xiong, Zaiyue Yang, Rong Su

Abstract—This paper studies the optimal state estimation
problem for interconnected systems. Each subsystem can obtain
its own measurement in real time, while, the measurements
transmitted between the subsystems suffer from random delay.
The optimal estimator is analytically designed for minimizing the
conditional error covariance. The boundedness of the expected
error covariance (EEC) is analyzed. In particular, a new condition
that is easy to verify is established for the boundedness of
EEC. Further, the properties of EEC with respect to the delay
probability are studied. We found that there exists a critical
probability such that the EEC is bounded if the delay probability
is below the critical probability. Also, a lower and upper bound of
the critical probability is derived. Finally, the proposed results are
applied to a power system, and the effectiveness of the designed
methods is illustrated by simulations.

Index Terms—Interconnected systems, expected error covari-
ance, subsystems, random delay, optimal state estimation.

I. INTRODUCTION

State estimation plays an important role in numerous ap-
plications such as target tracking [1], control [2], and signal
processing [3]. With the development of the wireless network
and sensor technologies, the networked state estimation have
received considerable attention during past decade. The esti-
mation performance is significantly affected by the network
environment.

The network attack is one of the factors having significant
impact on the performance of the networked state estimation.
The remote state estimation (RSE) under denial-of-service
(DoS) attacks was studied by a stochastic game framework
in [4]. The nonstationary filtering framework was designed
for uncertain fuzzy Markov switching affine systems with
deception attacks in [5]. The authors of [6] investigated the
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distributed dimensionality reduction fusion estimation problem
for cyber-physical systems under DoS attacks. The results of
[6] are only for a single system with multi-sensors.

The packet drops and network delays are other two major
factors affecting the networked state estimation performance.
The researchers tried to understand or counteract the effects
of the packet drops/delays on the estimation performance. The
Kalman filtering with (partial) random packet drops was inves-
tigated in [7], [8]. The distributed Kalman filtering with multi-
sensors in the presence of packet drops was studied in [9].
The results of [7]-[9] are for Bernoulli packet drops model.
The Kalman filtering with Markovian packet drops/delays was
studied in [10]-[12]. The authors of [13] focused on the
protocol-based filtering of fuzzy Markov affine systems with
uncertain packet dropouts. In general, the estimation problems
with Markovian packet drops/delays are more complex than
the ones with Bernoulli packet drops/delay. However, it is
difficult to analytically discuss the estimator properties for
the Markovian packet drops/delays cases. The literature [14]
studied the state estimation over sensor networks with mixed
uncertainties of random delay, packet dropouts and missing
measurements. The state estimation problem with multiple
packet losses and with the unknown varying delayed mea-
surements were reported in [15] and [16], respectively. Only a
single system with one sensor or multi-sensors is considered
in [7]-[11], [14]-[16], and the extensions to interconnected
systems (ISs) are rarely reported in the literature. Numerous
physical systems are modeled as ISs that have attracted lots of
research attentions in the last decade [17]-[20]. The distributed
optimal estimation problem of IS with local information is
studied in [21]. However, the optimal estimator is not explicitly
designed, and the obtained condition of the error covariance
being bounded is not easy to verify [21].

In this paper, we focus on the optimal state estimator design
for ISs with random delays. A condition in term of semidefi-
nite programming is established to ensure the boundedness of
the EEC. For the IS, the measurements transmitted between
the subsystems suffer from random delays. To reduce the
on-line computation and save the storage space, the delayed
measurements will be discarded by each subsystems. Under
the above-mentioned setup, an optimal state estimator is
explicitly designed. Auxiliary equations are defined to analyze
the boundedness of the expected error covariance (EEC). In
addition, the relationship between the boundedness of EEC
and the delay probability is studied. The existence of a critical
probability is shown, where the EEC is bounded if the delay
probability is less than the critical probability. Also, a lower



Subsystem 1

I 1

JYe2 / Yta

[

Subsystem 2

Fig. 1. The information transmission between the subsystems: v;; = 1
means that the corresponding information transmission does not suffer delay,
otherwise, 7z ; = 0.

and upper bound of the critical probability is successfully
derived. Finally, the effectiveness of the proposed theories is
illustrated on a power system.

Notations: Let v,.,;, denote the sequence Yo, Yot1,° " ;Vb-
The probability measure is denoted by Pr(-). The 2-norm of
matrix A is denoted by || A||. The spectral radius of matrix A
is denoted by p(A). The symbol 4(-) represents the minimum
eigenvalue of a matrix. The symbols ® and o are the operators
of Kronecker product and Hadamard product, respectively. Let
0,,xm denote n x m zero matrix, and 0,,y,, is abbreviated as
0,,. Let 1,,«,, be a n xm matrix whose all elements are 1, and
1,,«n is abbreviated as 1,,. The n X n unit matrix is denoted
by I,,. For a function f(-), define f(-) = f(f"*(-)), where
1O =10

II. PROBLEM STATEMENT

Consider an IS composed of two subsystems. The system
dynamic is given by

1 4111 12,2 1
{xtH—A x; + A xi + wy,

2 _ 4211 22,2 2
Ty = AT + ATz 4wy,

(1a)
(1b)

where for subsystem i (i € {1,2}), 2} € R™ and w} € R™
are the state and process noise, respectively. The initial state
zo = [(x})" (22)T]" is a random vector satisfying E(z) = 0
and E(z{z0) = S = 0. The noise w; = [(w})" (w?)"]" is an
i.i.d. random process with E(w;) = 0 and E(w;w]) = W = 0.
Each subsystem employs sensors to measure its own sub-
system state. The measurement equations are given by

yi = Clxt + i, i e {1,2}, (2)

where v} € R™i, (i € {1,2}) is the measurement noise, and
vy = [(vH)T (v2)T]" is an ii.d. random process satisfying
E(v;) = 0 and E(v0]) = V = 0; C? is the measurement
matrix with a proper dimension, for ¢ € {1,2}. It is assumed
that wy, is independent of v, for any 1,72 > 0.

As Fig. 1 shows, subsystem ¢ will transmit the measurement
y! to subsystem j through network for i # j. The commu-
nication network between different subsystems suffers from
random one step delay (one step delay or no delay). Define the
random binary variables 7, 1 and 7; 2 to describe the random
delay. In particular, 7;; = 0 means that the measurement y;
transmitted from subsystem j to subsystem ¢ suffers from one
step delay, and ~; ; = 1 indicates that there is no delay, where

i,7 € {1,2}. The subsystem ¢ will broadcast the value of v ;
to the subsystem j once subsystem 7 knows the information
transmission outcomes. Because the realization of v, ; takes a
value of either 0 or 1, it is easy to broadcast the value of 7, ;.
Consider that the delay indicator v, (¢ € {1,2}) is a i.i.d.
Bernoulli process with

{ Pr(yvi1=1)=1- X1, Pr(y1=0)=X;, (32
Pr(yt2=1)=1— A2, Pr(p2=0)= Ao, (3b)

where 0 < Ay, A2 < 1. Due to the random delays, the real
time measurements available to subsystem 1 and subsystem
2 are {yt,ve1y?}, and {yZ,"V¢2y; }, respectively, which are
referred to as asymmetric information sets. Using the available
real time measurements, the estimator 1 and estimator 2 are
designed as the Kalman-like filtering form:

ooy = AN Ry + AR, (4a)
‘iﬁht = 33%|t71 + K or + v K297, (4b)
Ty = APE g+ AR, (5a)
B = 31 + 12K o + K267, (5b)

1 _ 1 141 2 _ .2 22 A1
where ¢, = y, — C Typ—1> b7 = yi — C°&_qs Tog =
O x 1 a?glo = 0p,x1; K;’, 0,5 € {1,2}, are the gain matrices
with proper dimensions. Define &, = [(%;, O7 (@} )T and
Tye1 = [(@),_1)" (&f,_,)T]". The estimator of the IS is
written as
{ Tyjp—1 = AZi_110-1, Zojo =0, (6a)
Byp = Tejp—1 + Le(ye — CZyp—v), (6b)

where A = [AY]; ;cq1 0y, C = diag{C', C?}, and L; =
R

K7 KP
mation error and prediction error are defined as ey; = xt—Zy;,
and e;¢_1 = my — Ty4—1, respectively. The conditional error
covariances are defined:

Pt|t = E(€t|t€I|t|’Yta Pt|t—1)7 (72)
Py = E(et|t—lel—|t_1|Pt—1\t—1)a (7b)

where 7 = [y:,1 7Yt,2]. Combining (1a)-(1b) and (6a)-(6b),
one has

]. Denote x; = [(z})" (22)T]T. The esti-

{ erjt—1 = Aey_1jp—1 +wi—1, (8a)
e = epp—1 — Le(Ceyp_1 + vy), (8b)
and
Py = APt—l\t—lAT + W, Py = 2o, (92)
Py, = (I — LiO)Pyy—1 (I — LiC)" + L,VL{, (9b)

where P, ¢, ;¢ are random matrices induced by the random
variables ~q.;. For the IS (1), we make the following definition
and assumption:

Definition 1: A system with parameters (A, C') is detectable
with € if there exists a K such that p(A — (K 0 Q)C) < 1.

Assumption 1: In this paper, we assume that (A, C) is
detectable with 1(y,, {5,)x (m;+ms)». and is undetectable with
dlag{lnl Xmi 177,2 Xmso f -



Under Assumption 1, P,;_; is bounded if \; = Ao = 0 Algorithm 1 Sub-estimator realization

and is unbounded if A; = Ay = 1, where P;;_; is viewed as
a nonrandom matrix if Ay, Ao € {0,1}.

III. OPTIMAL ESTIMATOR DESIGN

In this section, the optimal gains of the estimator are
analytically derived, and the estimator realization algorithm
is presented.

Theorem 1: Consider the system (1), the estimator (6) and
the conditional error covariance dynamics (9). Given Py;_1,
Vt,1> Vt,2, the optimal L; minimizing P, is given by

L= 7t,1’7t,2L£11] + (1 - “Yt,l)’Yt,ZLr[toﬂ

oy (1= 72) L 4 (1 = 1) (1 = 32) LY, (10)

LM =Py, ,CT(V +CPy,CT) 7,

0 0n1 me
ot = [ovaspor v ooy ] |
L t Yt
w _ [[-J2}
= || avspaiot v vpy
L LYn2Xmy
B T
£ — NYUzUR OnTlxm2
| Opaxm,  NTUPU
Nl = [Iml Om1Xm2]7 N2 = [Omzxml Im2]7
NS _ Onlxn2:| N4 — [ Inl :|
L InQ 0n2Xn1

Jl = N3T (UEUEU:LUE - Uf’UtG),
-1
= (1-UlGRUivg) gt = (1 - URURUUR)
T 5 :
J¥ = NY(UPUSUMUR — URUD),
Utl — N2VN1T + N20Pt|t_]_CTN1T,
T T

Uf = Pjp1C"N', UY = Py, CTN?,

-1
US = (le\ﬂT + NlcPﬂt_lCTNlT) ,
Ut4 — N1VN2T + NlOPt|t—lcTN2T7

-1
Uf = (N*VN? + N*CPyy 1 CTNT)

Proof: See appendix. ]

The optimal state estimator of IS (1) with random delay
is realized by Algorithm 1. Before presenting Algorithm 1,
denote N' = (N4)T, N2 = (NY)T, N3 = (N?)T, N* =
(N3,

Remark 1: Compared to [7], [8], [10], [11], the derivation of
the optimal estimator gain L, in this paper is more challenging,
because if v;17v,2 # 1, the corresponding gains of the
estimator must satisfy a certain sparse structure constraint.
While, the optimal estimator gain in [7], [8], [10], [11] is
directly obtained from standard Kalman filtering formulas.
Actually, for any cases of the data reception, the optimal
estimator gain in [7], [8], [10], [11] is either a zero matrix or
the standard Kalman filtering gain with different measurement
matrices.

1. Obtain ¢! and transmit 3} to subsystem j, where i,j €
{L,2} and i # 5.

2. Check whether y{ is obtained in real time; broadcast the
value of v ; to subsystem j, and determine the value of
Vt,5-

3. Compute Lpt'””}
and Pyy_q.

4. Compute itl‘t_l and :i"f‘t_l by (4a), (5a) using j%—llt—l

2
and Ty qpy_q-

based on Theorem 1 using v 1, V4,2,

for subsystem 1:
5. Compute iilt = iilt_lJerL,[g%'m’Z}NQ(ytl*Cl“%tl\t—ﬂ-
if 7,1 =1 then

6. Update &}, = &}, + N'LY“ “*IN3(y2 — €232, ).
end if

for subsystem 2:
5. Compute iflt = iflt_l+N4L£%'1%2}N3(yt2*C%?\t—l)'
if 7;2 = 1 then

6. Update a?fl = §7t2| ‘
end if

+ NALY AN () - Ol ).

7. Transmit fcil , to subsystem j.
8. Compute Py ); based on (9a)—(9b).
9. Lett =%+ 1 and return to first step.

IV. BOUNDEDNESS ANALYSIS OF EXPECTED ERROR
COVARIANCE

In this section, we analyse the boundedness of the EEC
through auxiliary matrix functions. For simplicity, hereinafter,
we denote Py = Py,_;. It follows from (9) that

(11a)

Pt+1 == AL,tPtA-I[—/’t + ALtV(ALt)T + Wt,
(11b)

P = AS AT + W,
where Ap; = A — AL.C. In the following, we focus on
studying the properties of E(P;). According to the definition of

P, E(P;) depends on the distributions of the random variables
Vt,1> Ve,2- Define the following auxiliary matrix functions

a(X,Y)=(A—- AXC)Y(A—- AXC)T, (12)
b(X,Y)=a(X,Y)+ AXVXTAT + W, (13)
c(X)=(A-AXC)(A - AXC), (14)
d(X)=(A—-AXC)® (A - AXC). (15)

Recall Theorem 1. Note that L7, v € {[00],[01], [10], [11]}
depends on P;, and thus we denote L; by L7[P;], where we
take P, as a variable. Consider the probability distribution of
e = (.1 Ye.2), ie. (3), we define
(S, 8283 8% V) = A Aab(SY,Y) + A1 (1 — A2)b(S?,Y)
+ (1= A)A2b(S%,Y) + (1= M) (1= A)b(S1,Y),  (16)
Iaune (V) = FLOOY], LY, LRy, LB Y] Y).
a7



Some useful properties of the the matrix equation (17) are
proposed below (Proposition 1 and Lemmas 1-2) and will be
used to establish the boundedness condition of EEC.

Proposition 1: Consider (11) and (17). The following equa-
tions hold:

E(Pey1|Pr) = gan. (Pr), E(Piy1) = E(ga,x, (P2)), (18)
E(Pi11) = E(ga 0, (Pr)) = gan, (E(F)). (19)
Proof: See appendix. ]
Lemma 1: Define the matrix sequence Yy, Y7, Yo, -+ gen-

erated by Y11 = g, (Y2), Yo = Py. One has E(P;) < Y;.

Proof: This result directly follows from (19). [ |
Lemma 2: Consider the sequence Yy, Yi, Ys,--- de-
fined in Lemma 1. The following result holds: t_lgrnooYt is
bounded if and only if there exists X', ---, X7 such that
p(h(Xl,.-- 7X7)) < 1, where
R(XY - XT) = MAd(N* XN + N3X2N?)
+ A1 (1 = A)d(X3N! + N3X4N?)
+ (1= A)Ad(N* XN + XON?)
+ (1= M) (1= Ag)d(XT). (20)
Proof: See appendix. ]

In the following, we derive a sufficient condition of
p(h(X',---,X7)) < 1 with the form of semidefinite pro-
gramming (SDP).

Theorem 2: Consider (11) with (3). Given Ay, As. If there
exists 71,79, s, rq satisfying rq A1 g + ’/‘2/\1(1 — )\2) + ’/‘3(1 —
)\1))\2 + 7’4(1 — )\1)(1 — )\2) < 1, where

71 = arg min {r >0: pi(r, X, X) > 0} 21a)
rX,X
ry = arg min {r >0 po(r, X, X) = o}, (21b)
rX,X
ry=arg min {r>0: po(r, X, %)= 0}, @lo)
r,X,X
r4:argm'§1{r20: p(r, X) 50}, (214d)
NG| A—AXC
X) = 22
p(?", ) |:(A _ AXC)T \/FI I ( a)
pi(r, X, X) = p(r, N*XN' + N>XN?),  (22b)
pg(r,X,X'):p(r,XNl—i—NsXNQ), (22¢)
ps(r, X, X) = p(r, N*XN' + XN?), (22d)
then lim E(P;) is bounded.
t—+oo
Proof: See appendix. ]

Remark 2: Note that p(r, X) > 0, py(r, X,f() = 0,
p2(r, X, X) = 0, and ps(r, X, X) = 0 are LMIs. Problems
(21a)—(21d) are SDP problems which can be effectively solved
by MATLAB toolbox. Thus, the condition established in
Theorem 2 can be effectively verified.

Corollary 1: Consider r1, ro, r3 and 74 defined in Theorem
2. It holds that r4 < min(re,r3), 71 > max(re,r3). In
addition, if 1 = r4 and there exists r; < 1, for any

i € {1,2,3,4}, then
Ao € [0 1].
Proof: See appendix. [ ]
Corollary 2: Consider rq, 2, r3 and r4 defined in Theorem
2. Assume that the system parameters (A C') satisfy Assump-
tion 1. If there exists a X satisfying ¢(X) < I, then r4 < 711,
where ¢(+) is defined in (14).
Proof: See appendix. [ ]
Note that E(P;) depends on A1, Ao. It is known that if
the delay occurs with a bigger probability, then the estimation
performance gets worse. This means that E(P;) is monotone
increasing with respect to Aj, Ae. Additionally, if A;, A are
big enough, E(P;) may became unbounded when the time goes
to infinity. The above discussions are concluded as follows.
Lemma 3: Consider (11). For a fixed Aq, if tll>r£o E(P)
is unbounded for Ay = 1, but bounded for Ay = 0, then
there exists a critical probability A2 . such that hm E(Pt) is
bounded for Ay < Ay ., and unbounded for Ag > /\2 - Also,
for a fixed A9, we have the similar results to \;.
Proof: See appendix. [ ]
Since the accurate critical probability of delay is not easy to
obtain, the lower and upper bounds of the critical probability
may be useful. A computation method is provided in the
following theorem to compute the lower and upper bounds of
the critical probability. For ease of notations, we first define

g(X', X?) = «(N*X'N' + N X?N?).

t_l}inoo E(P;) is bounded for any A,

Theorem 3: Consider (11). For a fixed \;, the critical
probability A, . satisfies that if Ao < Mg, tlim E(P,) is
—00
bounded, otherwise, flim E(P;) is unbounded. A lower and
[— 00

upper bound of Ay . is obtained, i.e. Az,c < Age < 5\2@
where

5 1, ifry=ry<1; ’
%¢7 ) min {0%\17 1},, otherwise; 23)
1—roX1—r4(1—X1) . .
(Tl—TQ)ili(T:—'f‘zl)(i—)\l)7 if 11 # 743
AQ,C = 1, ifri =ry <1 24)
O7 if T =Ta > 1.

where o = § (Xmln (Xt X 2)) Similar upper and lower

bounds for A{ can be obtained when we fix Aa.

Proof: See appendix. [ ]
Theorem 3 provides a method to compute the upper and lower
bounds of the critical probability of delay.

Remark 3 (Extension to large-scale 1Ss): Consider a large-
scale IS composed of n subsystems. We can use a random
graph G(V, &, p) to describe the communication between the
subsystems, where V is the nodes set; £ is the possible edges
set; p = [p1,...,p|g|]- At time ¢, the i-th possible edge in
& occurs in the graph with probability 0 < p; < 1. The
edge (i,7) occurring in the graph implies that the subsystem
1 can receive the information of subsystem j in real time. The
continuity of E(P;) (w.r.t. p) indicates that there should exist
a critical plane denoted by p., such that the boundedness of
E(P;) depends on which side of the plane p. the point p is



on. However, it is not easy to determine the upper and lower
bounds of p..

V. APPLICATIONS TO POWER SYSTEMS

In this section, a power system is used as an example to
demonstrate the effectiveness of the proposed state estimation
methods.

[ Network ]

PCC pCC pCC pcc

La Le2 Le
DREL DRE2 L3¢ pres ¢ pRes

®
Input Input Input Input

Area 1l Area 2

Fig. 2. The model of distributed energy resources (DERs) connecting to the
power network [22]. DER 1 and DER 2 are in area 1; DER 3 and DER 4 are
in area 2.

We study the state estimation problem for the distributed
energy resources (DERs) connected to the power network that
is shown in Fig. 2. In this example, the power network is
chosen to be the IEEE 4-bus distribution network (see Fig. 3
of [22]). As Fig. 2 depicts, four DERs are integrated into the
main power network at the point common coupling (PCC).
The voltages of the PCC are v, = [v; vo vz v4]", where
v; is the voltage of the ith PCC, and i € {1,2,3,4}. Each
DER is a voltage source at each bus. The input voltage of
the voltage sources is denoted by v, = [vp1 VUp2 Vps vp4]T.
To maintain the proper operation of DERs, it is required to
keep the PCC voltages v, at reference values v,..s. The PCC
voltage deviation z; = vs — Ures is chosen to be the system
state. The DER control effort deviation u; = v, — Vpres i
the control input, where v,,.s is the reference of the control
effort. Following the modeling process provided in [22], [23],
the dynamic of z; is of the following form:

.’i;t = A.’Et + But + N, (25)

where n; is a zero-mean Gaussian white noise whose covari-
ance is ). The system (25) is discretized as:

Ty = Agry + Bauy + wy, (26)

where Ay = I+ AT,, By = T, B, and w; is the i.i.d. Gaussian
process with zero-mean and covariance W = T;(). Assume
the initial state xg is a zero mean Gaussian variable with
identity covariance. Here, we assume W = 14, and set the
sampling time T = 0.05s. In this example, p(A4) > 1, which
means that the system (26) under open-loop pattern (there is
no control input) is unstable. Here, the controller is of the state
feedback form: u, = F'xy, where F' is the gain matrix with
proper dimension. The closed-loop system is given by

i1 = Acxy + wy, 27)

where A, = Ay + ByF. As Fig. 2 shows, DERs 1-2 are in
area 1 and DERs 34 are in area 2. Based on different areas,

the system (27) can be written as an IS composed of two
subsystems:

zhy = Azl + Az +wp, 0,5 € {1,2}, i#j, (28)
where x! is the component of the system state correspond-
ing to area 4; and A. = [AY]; jcq1,2)5 i = [Iy Og)wy,
x? = [02 Ia]ay, wp = [Iz 02wy, wi = [02 Iz]w;. To monitor
the working status of the power system (28), in each area,
the sensors are employed to measure the system state. The
measurement equations of area 1 and area 2 are

yi = C'zj + v}, i € {1,2}, (29)

where v; = [v} v?]T is measurement noise that is the zero-
mean Gaussian independent processes with E(v,v]) = I3,
and C! = [I3 0], C? = [0 0 1 1]. In area i, the estimator
i is installed to estimate the state 2. The measurement y; is
transmitted to estimators 1-2 through network, so does y?2. It
is assumed that the data y} transmitted to estimator j suffers
from random delay (one step delay or no delay), where i # j
and 4,5 € {1,2}. Assume that the delay indicator -y, ; is a
Bernoulli stochastic process with Pr(v;; = 0) = \;, where
i€ {1,2}.

Case 1 (the stable closed-loop system): The controller
gain is chosen such that p(A.) < 1, which means that the
system (28) with the chosen F' is stable. Then, our proposed
method is applied for the state estimation of the system (28).
The estimation performance is evaluated by the trace of the
expected error covariance E(P;). The trace of E(P;) with
respect to different delay probabilities (A1, A2) is approxi-
mately computed by averaging 1000 Monte-Carlo simulations,
see Fig. 3. From Fig. 3, we can see that (i) the estimation
performance gets worse under larger delay probabilities; (ii)
the expected error covariance E(P;) is bounded even though
A1 = A2 = 1 (Note that A\; = A3 = 1 means that the delay
always happens); (iii) under different delay probabilities, the
expected error covariance E(P;) is within the same order of
magnitude as the error covariance of standard Kalman filtering.
The simulations illustrate that our estimators can well monitor
the working state of the power system (28), even though the
data transmitted between different areas suffer from random
delays.

[ Y = |
=2 =09
A=A =08

5.676 A =X =07

itk =X =06

5.674 A= =05

oA =X =04

X =X =03

A=A =01
— standard Kalman filter

50 100 150 200

5 I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200
t

Fig. 3. The value of tr[E(F;)] under different A1, Ao.

Case 2 (the unstable closed-loop system): It is known that
to estimate the states of unstable systems is more challenging
than to estimate the states of stable systems. Hence, to further
illustrate the effectiveness of our estimators, we also consider



the unstable system case. The controller gain is chosen such
that p(A.) > 1. Hence, the system (28) with the chosen
controller gain is unstable. In this case, the values of tr[E(P,)]
with different (A1, A2) are presented in Figs. 4-5.

0 20 20 60 80 100 120 140 160 180 200

Fig. 4.

50 100 150 200

I I I I
0 20 40 60 80 100 120 140 160 180 200

Fig. 5. A2 = 1, the value of tr[E(P;)] under different Aq

Figs. 4-5 show that the expected error covariance E(F;)
(with any delay probabilities) is within the same order of
magnitude as the error covariance of standard Kalman filtering.
This implies that even when the power systems (28) become
unstable, the working states are also well monitored by our
estimator under random delay. In addition, comparing Fig. 4
and Fig. 5, we find that for the power system with the
parameters given in this case, the estimation performance is
more sensitive to Ao than to A;.

VI. CONCLUSION

This paper studied the optimal estimator design problem
for IS with random delay. Due to the random delay occurring
among the subsystems, the information available to different
subsystem may be different. This type of IS is called IS with
asymmetric information structure. An optimal estimator has
been analytically designed. The estimator realization algorithm
for each subsystem was developed. In addition, some useful
properties of the estimation performance were obtained. Fi-
nally, the proposed estimator was applied to a power system.
The simulations showed that the designed estimator is effective
and is of good performance.

In this work, we assume the delay indicator obeying
Bernoulli process. In the further work, we may extend this
work to the Markov chain delay indicator case.
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VII. APPENDIX

A. The proof of Theorem 1

The matrices L,[fn], UR, US, J2, J} are defined by the
“inverse” operator. Firstly, we show that these matrices are
well-defined. It follows from V + CPy_1CT = V = 0
that (V + CPy;_1C")™" is well-defined. Thus, LI'' is
well-defined. Since both N! and N? are row full rank,
N'WNY 4 N'CPy, 1C"N'T = N'WN'T = 0, N2VN2T 4
N2CPy;_,C"N?" = N2VN?' = 0. Thus, U3 and Uf are
well-defined. Based on the Schur complement decomposition,
it follows from

U3)71 U4

V4 Py = | Ui t 0
Ltk { vioows T

that U} URUL < (UF)~1, and UUPUL < (UE)~1. As aresult,

[ — UMUBUMIS = 0, I — USUSULUS = 0. This shows that
J? and J}! are well-defined.

Now, we start to prove that the optimal L; is of the form

Kll K12
(10). For ease of notation, define Rt1 = {Km} s R2 {Ktm} .

(Case 1) If v, = 1, v;.5 = 1, then the optimal L; = L!'"
is the gain of the standard Kalman filtering [24].

(Case 2) If 7,1 =0, 74,2 = 1, then L, has the form L; =

RIN' + N3K22N2 Inserting L, = R} N + N*K22N? into
(9b), we have
Py = (I - (RIN' + NSKEQNQ)C)Pﬂtfl

x (I — (R{N' + N3 KZN?) )T
+ (RIN' + N3 KZNYHV(RIN' + N3KZ2N?)T.
Taking R} as a variable, tr(P;,) has the form tr(Py,) =

T . . .
tr (R%(Uf’)_lR% + 7¢.r ), where ry g is a linear function

of R}. Using the formula tr(AXBXT") = vec' (X)(B"T ®
A)vec(X), one has tr(Pt|t) = vec"(RH((UP)™' @
1 )vec(Rt) + 7, r, Where 7  is a linear function of vec(R}).

Thus, %@f; = (U})"! ® I = 0. Similarly, taking K??
as a variable, we have %&?‘2‘% = (UH 1w N3TN3 =
(US)™1® 1 = 0. Thus, tr(Pt“) is convex with respect to both
R} and K?2. The optimal R} and K?? are given by solving
Ou(Pye) () anq 2P0 0 That i
oRT = gz~ = 0. That is
otr(P, . .
O8P) _ py(wpyt + NOKEOL + 07 =0
t
otr(P,
a;@é“) KP(US) ™ + N*TRIUL + N*TUP = 0,
t
which gives
R = —(N*JLJRU + UHUE, K2 = J}J?.

As a result, if ;1 = 0, 72 = 1, then the optimal L; =
RI*N' + N3K?2*N? = L[V,

(Case 3) If 41 = 1, 142 = 0, then L; is of the form
Ly = N*K}'N! + R?N?. Following from the the derivation
similar to the one of Case 2, we have the optimal Kt11 and

R? are given by

I = B0 R = (N UDUS.
Thus, if 1 = 1, 742 = 0, then the optimal L; =
N*E}VN' + R¥*N? = L"),

(Case 4) If 441 = 0, 712 = O, then L; = N*K'N' +
N3K22N?. Similarly, we obtain that the optimal K/!' and
K?? are of the form

~NT(NSKEU + UPUE = -NTURUY,
~NT(NUEPUS + UD)US = -NPTUPU.

Hence, if 71,1 = 0, 7,2 = 0, the optimal L; = N*K!1*N1 +
N3K22*N?2 = [[° The proof is completed.

11+ __
K" =
22%
K =

B. The proof of Proposition 1

The equations (18) are obvious. We focus on proving (19).
For any Y1 Y2 =0, let Y = aY! + (1 — @)Y2. One has
[A¥PY (Y)
FELEYY, L], 2ROy, Ly, Y)
= FOy], LYy, 2Oy, LY Y] eyt 4 (1
= o f (L y], L [y), LMy, LYY, v
+ (1= a) f(LOY], LY ], Ly ], LY]Y], Y2)
af(st,s%,83 84 v

a)Y?)

> min
51 Al00] ,SQEA[OU ,S3€A[10] 7S4€A[11]

min (1-a)
S1ec Al00] ,SQGA[O” ,5361\[10] 7S4€A[11]

x f(S',8°,8% 84 v?)
= af(L[oo] [Yl],L[Ol] [Yl]’L[lo] [Yl],L[”] [Yl
+ (1= @) f(LPY?), 1Oy, LR 2),
= Qgx; A, (Y ) (]_ — a)gA1)\2 (Y2),
|:X11

YY)
[11] [Y2], Y2)

X* e

+
where A00 — { X22] ;X1 e Rmaxm,

s Xll 0
Rm2x 2}, A = { [Xm x22

RTLQXml,X22 c Rngxmz}’ A[IO] — { [

:| . Xll c RnlxleZI c
11 12

XO ?22] XU e

Rn1Xm1X12 c R™ XmQ’X22 c }’ A[ll] _

This shows that gx,»,(Y) is concave. Using Jensen’s In-
equality, one has E(ga,x,(Y)) = gan, (E(Y)). This com-
pletes the proof.

Rn2><m2 Rnxm'

C. The proof of Lemma 2
(Sufficiency:) Construct a sequence }70, )71, }72, -+ by
Vigr = f(N*X'N' + N3X2N?, X3N' + N3X*N?,
NAXAN' + XON?2, X"Y,), Yo =Py (30)
Using the vectorization and Kronecker products, we can

obtain that vec(V;41) = h(X', -+, X7)vec(V;) + Q, where
@ is a bounded vector that does not depends on Y;. If



(h(X1 X7)) < 1 lim_vec(F;) is bounded, ic

. hm Y; is bounded. It follows from
— 400

[PV (Y) = leinX7 f(N4X1N1 + N3X2N2, XSNI
+ NOXINZ NN 4 XON, X7, Y ) 31)

that Y; < 17,5 Hence,

(Necessity:) From (31), the necessity is obvious. The proof
is completed.

lim Y; is bounded.
t—+o00

D. The proof of Theorem 2

Using Schur complement for (21a) and (22b), we have
there exists X!, X2 such that (A — A(N*XIN' +

.
N3X2N2))c) (A ~ A(NAX'N' 4 N3X2N2))c) <1,
which means that [[A— A(N*X'N'+ N3X?N?))C|| < \/r1.
It follows from the formula ||A ® B [|A]| x || B
that ||d(N* XN + N3X2N2?)|| < ry. Similarly, there ex-
ists X3,..., X7 satisfying ||[d(X3N! + N3X*N?)|| < ro,
[[d(N*XANT + XON2)|| < 73, [|d(XT)|| < r4. As a result,
there exists X',..., X7 such that p(h(Xl, X)) <

AA|[d(NIXINT + N3X2N2)|| + A (1 — Ao)[|d(X3NT +
N3XAN?)|| + (1 — A)A2||d(N*XANT + XON2)|| + (1 —
)\1)(1 — A2)||d(X7)H S 7’1A1/\2 —|— 7"2)\1(1 — Ag) + T3(1 —
A)Az2 + ra(1 — A)(1 — A2) < 1. It follows from Lemma

2 that th+m Y; is bounded. From Lemma 1, we know
— 400

lim E(P) < hm Y;. Thus, lim E(P;) is bounded. The

t—+4o00 — 400

proof is completed

E. The proof of Corollary 1

Consider (21c). The optimal X, X to the following opti-
mization problem
min
r,X,X
is denoted by X"S,):(Oig. Then, we have ps(rs, X3, X°3) =
p(rs, N*X°3N' + X°¥N?) = 0. This implies that r = r3,
X = N*X°N! + X93N? is a solution to p(r, X) = 0. It
follows from the definition of r4 (see (21d)) that r4 < r3.
Similarly, we can prove r4y < 79,79 < 11,73 < 1r1. If 11 =1y,
it follows from T4 S r3, T4 S T2, T2 S r1, T3 S T1 that
ry = ro = rg = r4. According to Theorem 2, if r| = ry =
rg =14 < 1, . ligrn E(P;) is bounded for any A;, A2. The
—+00
proof is completed.

{TEO: pg(r,X,f()tO} (32)

F. The proof of Corollary 2
From Corollary 1, we know that 1) r, < 71, and 2) if
rn = rqy < 1, then tligrn E(P;) is bounded for any Aq,
—+00

A2 € [0 1]. Now, we start to prove r; # r4 by contradiction.

According to the definition of r4, one has ry < 1 if there

exists X such that ¢(X) < I. Thus, . ligrn E(P;) is bounded
—+o0

for any Ay, A2 if ¢(X) < I and r; = r4 holds. However, under
Assumption 1, , liIJP E(P;) is unbounded for A\ = Ay = 1,
— 400

because (A, C) is undetectable with diag{1,, xmy; lnsxms }-
This is a contradiction. As a result, 71 # 74 if there exists X
such that ¢(X) < I. The proof is completed.

G. The proof of Lemma 3

To prove Lemma 3, we need Proposition 1. It is known
that Lemma 3 holds if E(P;) is monotone increasing with
respect to A1, Ag. From Proposition 1, one has E(P;41) =
E(gx, 2, (P:)). Hence, we only need to prove that g, x,(Y) is
monotone increasing with respect to Ay, Ay for any Y > 0. In
particular, we should show that

e If 0 < A; < 1is fixed and 0 < A < AP < 1, then
I (V) 2 g, e (V)
e If 0 < Ay < 1is fixed and 0 < A < A < 1, then

9w, () 2 gy, (V).
From the definition of gy, ,(Y"), one has
I (V) =g, (V)
A OST = ABh@y], vy + A (AP
+ (1= )N = APp(L Y], y)
+ (1= )5 = AMp(Lt Y] y)
= (1= ) = A [y y) -

=AMy y)

b(LIY], Y)}
+ M OE A [ Y], v) - (L], ).

According to the definitions of b(X,Y), and L7[Y],
0% € {[00], [01], [10],[11]} (see after equation
(15)), one has b(LY]Y) = min b(X,Y),
X €AIl00]
LOUY]Y) = min b(X,Y), bLM[Y]Y) =
X cAlo1]
Ly = i
Join b(X,Y), b(LEHY]Y) Join (X,Y),
where AlP0] AU ADOT - AT are  defined in the

proof of Proposition 1. It follows from Al D> AMO]
AU S A0 thae B(ZOV[Y)Y) < b(LUO[y ]Y),
bLOUY]Y) =< bZ[Y]Y). As a result,
— gA N < 0. Similarly, we can obtain that
, = 0. This completes the proof.

VNS
g 1])\ g)\

H. The proof of Theorem 3

Based on Lemma 3, we need to show two points: (Point 1:)
tlim E(P;) is bounded if Ay < A, .; (Point 2:) tlim E(P,) is
—00 _ v —00
unbounded if Ay > Ao .

Point 1: For the case 11 = r4 > 1, AZ,C = 0 is obtained
directly from 0 < Ay < 1. For the case 1y = r4 < 1, according
to Corollary 1, tlim E(P;) is bounded when Ay = 1. Thus,

_ —00

Age = Ay = 1if ry = ry < 1. For the case 11 # 1y,
according to (24), Ay < AQVC becomes

1— 7’2)\1 - 7’4(1 - )\1)
(r1 = 7o) A1 4 (r3 = 72) (1 = A1)’
Since r4 < min(re,rs3), 1 > max(ra,rs), and r; # 74, One
has 1 # ro or r3 # 74 holds. Thus, (r; —ro) A\ +(rs—7r4)(1—
A1) > 0. Applying (33) to Theorem 2 gives that 75lim E(P;)

— 00

is bounded.

Az <

(33)



Point 2: Define s, ,(Y) = A\ Aab(LI[Y],Y). The proof
is divided into two steps. (Step 1:) to prove that E[P;] »=
55,2, (Fo), where the definition of the composite function
ft() is defined in “Notations” paragraph. (Step 2:) to prove
that tlirrolo 55, (Po) is unbounded for Ay > A2 c.

(Step 1:) Denote z,(Y) = bL'Y]Y), v €
{[00], [01], [10], [11]}, and define
2 T Y TR S ) () = Zyp-1 (Z'Yt72 ( . Z’Yo())) (34

It follows from the mathematical expectation formula, (11)

and (13) that

ElP] =
70,---,7t—1€{11,01,10,00}
X 2y 1,9t —2,e 70 (PO)'

Because v, = [y:,1 71.2] is an i.i.d. process and satisfies (3),
one has

Pr(yo,-- ,ve—1) = Pr(y0) Pr(v1) - - - Pr(vi—1),
1},

PI'(’)/O, e 77(‘.—1)

(35)

(36)
where for any i € {0,...,t —
Pr(yi = [11]) = (1 = A1) (1 = A2), Pr(v; = [01]) = (1 = A1) Ao,
Pr(v; = [10]) = A1(1 — A2), Pr(y; = [00]) = A Ao

It is known that 5% y, (Po) = (A A2)" 2y (Fo). From (35) and

[00]
(36), we can obtain E[P,] hf\l/\z (Py) + T, where T = 0,
because Zyi—1Yt—2--Y0 (PO)

> 0 holds for any ~g,...,7-1 €
{[11], [01], [10], [00]}. Thus, we have sf\l/\2(P0) < E[P].

(Step 2:) If Ay > Ao, then A Aod ( min, g(X", X?)) > 1.
Denote
1Y) = Mda(LI[Y],Y),
I(XY, X2)Y) = MAa(N* XN + N3X2N2)Y).
From sy,»,(Y) = (V) = Xr1117i)r(12 [(X',X2,Y), and the fact
that both sy, ,(Y) and anl’i)r(l2 [(X', X2,Y) are monotonically

t (P = 1Py,

increasing with respect to Y, one has s} ,,

where I(Py) Jnin, (X1, X2, Ry).

It is known that tr (I(Pp))
tr ( min_ A\ A2q(X*, X?)Fy), where ¢(X', X?) is defined
X1,X2
before Theorem 3. Because )\1)\2&(){1?}(12 q(Xl,XQ)) > 1,
one can obtain tr (I*(Py)) — co when ¢ — oo. Recall that
85,2, (Po) = *(Pp). Thus, Jim 55 ,x, (Po) is unbounded for

A2 > g .. The proof is completed.
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