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On Weakly Contracting Dynamics for Convex Optimization
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Abstract

We analyze the convergence behavior of globally weakly and locally strongly contracting
dynamics. Such dynamics naturally arise in the context of convex optimization problems with
a unique minimizer. We show that convergence to the equilibrium is linear-exponential, in
the sense that the distance between each solution and the equilibrium is upper bounded by a
function that first decreases linearly and then exponentially. As we show, the linear-exponential
dependency arises naturally in certain dynamics with saturations. Additionally, we provide a
sufficient condition for local input-to-state stability. Finally, we illustrate our results on, and
propose a conjecture for, continuous-time dynamical systems solving linear programs.

I. INTRODUCTION

Problem description and motivation: A paradigm that is becoming popular to analyze possibly time-
varying optimization problems (OP) is to synthesize continuous-time dynamical systems that converge
to an equilibrium that is also the optimal solution of the problem. A suitable tool to assess convergence
is contraction theory [14], [3]. For OPs with strongly convex costs, the corresponding gradient dynamics,
primal-dual dynamics (in the presence of constraints), or proximal gradient dynamics (for non-smooth
costs) are strongly contracting, implying that trajectories exponentially converge to the equilibrium,
which is also the optimal solution. In contrast, for OPs with only convex costs, the corresponding
gradient, primal-dual, or proximal gradient dynamics are weakly contracting (or nonexpansive), and
convergence depends on the existence of the minimizer.

In this context, we focus on convex OPs with a unique minimizer via continuous-time dynamical
systems. These OPs lead to a class of continuous-time dynamical systems that are globally-weakly
contracting in the state space and only locally-strongly contracting (GW-LS-C). We characterize the
convergence behavior of such dynamics, showing that this is linear-exponential, and local input-to-
state stability (ISS). Finally, as an application, we consider linear programming (LP) to illustrate the
effectiveness of our results.

Literature review: Studying optimization algorithms as continuous-time dynamical systems has been
an active research area since [1], with, e.g., [17] being one of the first works to design neural networks
for LPs. [5] proposed a neural network based on non-differentiable penalty functions for solving
LPs. Recent advancements in, e.g., online and dynamic feedback optimization [2] have renewed the
interest in continuous-time dynamics for optimization. Additionally, OPs have been related to dynamical
systems via proximal gradients, and the corresponding continuous-time proximal gradient dynamics are
studied in, e.g., [10], [11]. Proximal gradients dynamics and contraction theory have been exploited
in [8], [4] for tackling problems with strongly convex and only convex costs, respectively. In a broader
context, there has been a growing interest in using strongly contracting dynamics to tackle OPs [15],
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[8]. This is mainly due to the fact that such dynamics enjoy highly ordered transient and asymptotic
behaviors. Specifically, (i) initial conditions are exponentially forgotten and the distance between any
two trajectories decays exponentially quickly [14], (ii) unique globally exponential stable equilibrium
for time-invariant dynamics [14] (iii) entrainment to periodic inputs [16] (iv) highly robust behavior,
such as ISS [18]. The asymptotic behavior of weakly contracting dynamics is instead characterized in,
e.g., [7] for monotone systems and in [12] for primal-dynamics with a locally stable equilibrium.

Contributions: We analyze convergence of the class of GW-LS-C dynamics, showing that this is
linear-exponential, in the sense that the distance between each solution of the system and the equilibrium
is upper bounded by a linear-exponential function, introduced in this letter. Through a novel technical
result, we characterize the evolution of certain dynamics with saturation in terms of the linear-exponential
function. This lemma is exploited for our convergence analysis, which is carried out considering two
cases that require distinct mathematical approaches. First, we consider systems that are GW-LS-C with
respect to (w.r.t.) the same norm. Then, we consider the case where the dynamics is GW-LS-C w.r.t.
two different norms. Specifically, we give a convergence bound that, as discussed below, is sharper than
the one in [4]. Additionally, we characterize local ISS for input-dependent dynamics that are GW-LS-C
w.r.t. the same norm. Finally, we show the effectiveness of our results by considering a continuous-time
dynamics tackling LPs and propose a general conjecture. The code to replicate our numerical example
is given at https://shorturl.at/vGNY 1.

While the treatment in this paper is inspired by the results in [4, Section 5] we extend the results of [4]
in several ways. First, the linear-exponential function that bounds the convergence behavior of GW-LS-C
dynamics is introduced in this paper. We also show in a novel lemma the relationship of this function
with a scalar saturated ODE. Second, when the dynamics is GW-LS-C w.r.t. two different norms, the
bound we give here is continuous and always sharper than the one given in [4], see Remark 1.7 for
the details. Third, when the dynamics is GW-LS-C w.r.t. the same norm, the technical lemma used to
establish linear-exponential convergence is novel and requires a different mathematical treatment than
that of [4]. Finally, in this paper we characterize local ISS. This property was not considered in [4].

II. MATHEMATICAL PRELIMINARIES

We denote by 0,, € R” the all-zeros vector of size n. Vector inequalities of the form x < (>)y are
entrywise. We let [, be the n x n identity matrix. Given A, B € R™" symmetric, we write A < B
(resp. A < B) if B — A is positive semidefinite (resp. definite). We denote by Ay (A) the maximum
eigenvalue of A. We say that A is Hurwitz if a(A) := max{Re()\) | A eigenvalue of A} < 0, where
Re(X) denotes the real part of A.

a) Norms, Logarithmic Norms and Weak Pairings

We let ||-|| denote both a norm on R™ and its corresponding induced matrix norm on R™*". Given x € R"
and r > 0, we let B,(z,7) := {z € R" | ||z — ||, < r} be the ball of radius r centered at x computed

with respect to the norm p. Given two norms || - ||, and || - || on R™ there exist positive equivalence
coefficients kf, and k§ satisfying ||lz|lo < kl|lzllg, [|z]s < k§l|z]la. V2 € R". The equivalence ratio
between || - ||o and || - || 18 kap = k:gkg with &2 and k§ minimal equivalence coefficients.

Given A € R™*" the logarithmic norm (log-norm) induced by || - || is

e

For an ¢, norm, p € [1, co|, and for an invertible () € R"*", the ()-weighted ¢, norm is ||z ||, o = ||Qx||,-
The corresponding log-norm is /1, (A4) = p,(QAQ™Y).

We let [-, -] denote a weak pairing on R" compatible with the norm || - ||. We recall some of the main

standing assumption on weak paring useful for our analysis.
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Definition 1: A weak pairing [-, -], compatible with the norm || - ||, satisfies:
(i) sub-additivity of first argument: [x + z,y] < [z,y] + [z,y], for all z,y,z € R™;
(i) curve norm derivative formula: ||y(t)||DF||y(t)]| = [y(t),y(t)], for every differentiable curve
y: Ja,b[— R™ and for almost every ¢ €|a, b|;
(iii) Cauchy-Schwartz inequality: |[z,y]| < ||93||ﬂ|y||, for all z,y € R™;
z,2

(iv) Lumer’s equality: M(A) = sup , for every A € R™",
zER”,z;ﬁOn [[Z’Z]]

We refer to [3] for a recent review of those tools.

b) Mathematical Operators

Given two normed spaces (X, | - ||x), (W, || -|ly), amap T: X — Y is Lipschitz with constant L > 0
if | T(z1) — T(xa)|ly < L||z1 — x2]| x, for all z1, 29 € X. The upper-right Dini derivative of a function
f:R = Ris DV f = limsup,_q+ (f(¢t + k) — f(t))/h. The ceiling function, [ 1: R — Z, is defined
by [z] = min{y € Z | x < y}. Given d > 0, the saturation function, sat;: R — [—d, d], is defined by
satqg(z) = x if |z| < d, saty(z) = d if x > d, and saty(z) = —d if x < —d. Given a set C, the function
te: R™ — [0, +0o0] is the zero-infinity indicator function on C and is defined by t¢(z) = 0 if 2 € C and
te(z) = 400 otherwise. The indicator function on C, 1c: R — {0,1}, is defined by 1¢(z) =1 if 2 € C
and 1¢(x) = 0 otherwise. The function ReLU: R — R, is defined by ReLU(z) = max{0, z}.

We recall the following [6], [9]:

Theorem II.1 (Mean value theorem for locally Lipschitz function): Let C C R™ be open and convex,
f:C — R™ locally Lipschitz. Then, for almost every z,y € C it holds:

o -0 = ( [ Df(y+ sl s ) o= ).

where the integral of a matrix is to be understood component wise.
Whenever it is clear from the context, we omit to specify the dependence of functions on time ¢.

A. Proximal Operator

Given g: R® — R := [—00, +oc], the epigraph of g is the set epi(g) = {(z,y) € R™™ | g(x) < y}.
The map g is (i) convex if its epigraph is a convex set, (ii) proper if its value is never —oo and is finite
somewhere, and (iii) closed if it is proper and its epigraph is a closed set.

The proximal operator of g with parameter ~y > 0, prox. ,: R" — R", is defined by

1 2

= ‘ N — 1
prox,, (z) = argming(2) + ol = 2|l2, (1)

the associated Moreau envelope, M. ,: R" — R, and its gradient are given by:

1
M’Yg(‘x) = g(prOng(x)) + %Hx - pI’OX,Yg(Z')“g, (2)
1

VM, (x) = ;(m — prox,,(z)). 3)
The gradient of the Moreau envelope always exists and is Lipschitz on (R™, || - ||2) with constant 1/~.

Finally, we recall that given a convex set C, the proximal operator of the zero-infinity indicator
function on C is the Euclidean projection onto C, that is prox.,.(v) = Pc(z) := argérclin |z — z||2 € C.
4



B. Contraction Theory for Dynamical Systems

Consider a dynamical system
i(t) = f(t.2(t)), )
where f: R>g x C — R", is a smooth nonlinear function with C C R" forward invariant set for the
dynamics. We let t — ¢ (xo) be the flow map of (4) at time ¢ starting from initial condition z(0) := z.
Then, we give the following:
Definition 2 (Contracting systems): Given a norm || - || with associated log-norm x, a smooth function
f:Rsp x C — R™, with C C R" f-invariant, open and convex, and a constant ¢ > 0 (¢ = 0) referred
as contraction rate, f is c-strongly (weakly) infinitesimally contracting on C if

u(Df(t,x)) < —c, forall z € C and ¢ € Ry, (5)

where Df(t,z) := 0f(t,z)/0x.
If f is contracting, then for any two trajectories x(-) and y(-) of (4) it holds that

16 (20) — dr(yo) |l < e™||zo — wol|,  forall £ >0,

i.e., the distance between the two trajectories converges exponentially with rate ¢ if f is c-strongly
infinitesimally contracting, and never increases if f is weakly infinitesimally contracting.

In [9, Theorem 16] condition (5) is generalized for locally Lipschitz function, for which, by Rademacher’s
theorem, the Jacobian exists almost everywhere (a.e.) in C. Specifically, if f is locally Lipschitz, then
f is infinitesimally contracting on C if condition (5) holds for almost every = € C and ¢ € R>,.

III. LINEAR-EXPONENTIAL DECAY OF GLOBALLY-WEAKLY AND LOCALLY-STRONGLY
CONTRACTING SYSTEMS

In this section, we conduct a comprehensive analysis of the convergence of GW-LS-C systems. First, we
define the linear-exponential function, which plays a pivotal role in bounding the convergence behavior
of such dynamics.

Definition 3 (Linear-exponential function): Given a linear decay rate cy;, > 0, an intercept ¢ > 0, an
exponential decay rate ce, > 0, and a linear-exponential crossing time t. < q/cin, the linear-exponential
function lin-exp(-): R>o — R is defined by

lin-exp(t) = g~ Clin? i<t (6)
(g — ciinte)e e if ¢ > ¢

We write lin-exp(t ; ¢, Ciin, Cexp, tc) When we want to highlight the parameters in (6). See Figure 1 for
an illustration of (3) for some parameters.
Before giving the main convergence results of this section, we prove the following:
Lemma II1.1 (Property of the linear-exponential function): Let cy, and d be positive scalars. Consider
the dynamics
E(t) = —cexpsata(z(t)), xo=gq>d. (7)

Then, x(t) = lin-exp(t ; @, Ciin, Cexps tc)» With cjin = dcexp and ¢ := g — c;&) > (0, is a solution of (7).
Proof: First, we note that being the right end side of (7) locally Lipschitz continuous, the ODE (7)
admits a unique continuous solution at least within a certain neighborhood of the initial condition.

Using the definition of saturation function, for all £ € R> we can write the ODE (7) as
dCexp if x(t) < —d,
(t) = § —cepr(t) if 2(t) € [—d. d], )
—dCexp if (t) > d,



Figure 1: Plot of the linear-
exponential function (6) with linear

lin-exp(t)

decay rate c;, = 0.8, intercepts
g = {2.5, 3.5, 4.5}, exponential
decay rate cop = 1, and linear-

exponential crossing time t. = 2.

which, in each interval [to,¢1] C R where the solution is continuous and does not change regime, has
general solution
dcexpt + (1) if z(t) < —d,
z(t) = x(to)e =) if 2(t) € [—d, d], )
—deexpt + x(ty)  if x(t) > d.

At time ¢t = 0, we have xy = ¢ > d. For continuity of the solution, there exists t* such that z(¢) > d
for all ¢ € [0,¢*]. Thus from (9) and being z(ty = 0) = ¢, it is x(t) = —dcexpt + ¢, for all t € [0, 1]
Moreover being z(t) a decreasing function, the time value ¢* is finite and there exists a time, say it ¢
such that x(t) = d. Let ¢y, := dcexp, We have

2(f) =d &= —deepl +q=d = t=qq;, — copp =t

exp °

In summary, we have shown that the solution of (8) is equal to x(t) = q — cj,t for all ¢ € [0,¢]
and is equal to d at time t.. Therefore from (9) and being z(t.) = ¢ — cjnt., for all time ¢ > ¢, we
have z(t) = (q — c]intc) e~cew(t=te) Specifically, x(t) > 0 for all ¢+ > t., thus it can never be the case
x(t) < —d. This concludes the proof. u

Next, we study the convergence behavior of GW-LS-C systems of the form of (4), where the function
f:Rsg x C — R"™ is locally Lipschitz and with C C R" being f-invariant, open and convex. In what
follows, we make the following:

Assumption 1: There exist || - ||, || - [[L on R™ such that

(A1) f is weakly infinitesimally contracting on R™ w.r.t. || - [|g;
(A2) f is cexp-strongly infinitesimally contracting on a forward-invariant set S w.r.t. || - [|;
(A3) z* € S is an equilibrium point, i.e., f(t,z*) =0, for all t > 0.

Remark I11.2: Assumptions (A2), (A3) can be equivalently replaced by assuming the existence of a
locally exponentially stable equilibrium. [ ]

First, we consider GW-LS-C systems with respect to the same norm. Then, dynamics that are GW-
LS-C with respect to different norms. In both scenarios, we show that the convergence is (globally)
linear-exponential. That is, given a trajectory x(t) of the dynamics, the distance ||x(t) — 2*||g is upper
bounded by a linear-exponential function (6).



A. Convergence of Globally-Weakly and Locally-Strongly Contracting Dynamics with Respect to the
Same Norm

We start by giving a bound on the upper right Dini derivative of the distance of any solution of (4)
with respect to the equilibrium z*.

Lemma II1.3 (Saturated error dynamics): Consider system (4) and let Assumptions (A1) — (A3) hold
with |[-|lg = ||l := || ||- Let r be the largest radius such that B(z*,7) C S. Then, for every trajectory
x(t) starting from zo ¢ S, for almost every ¢t > 0, we have

D ||z(t) — || < —cexp saty([l(t) — 2])). (10)

Proof: Consider an arbitrary trajectory x(t) starting from oy ¢ S and a second trajectory equal to
the equilibrium z*. Let y be the log-norm associated to || - ||. For for almost every ¢ > 0 it holds ([6],

[9]): 1
DY||x(t) — 2*|| < /0 ,u(Df(t,x* +aa(t) — x*)))da Na(t) — 2*|| = RHS.

where « € [0,1], and 2* + a(z(t) — 2*) is the segment from z* to x(t).
For each ¢ > 0, if ||z(t) — 2*|| < r, then Assumption (A2) implies

1
RHS < / (=Cep)da - [|2(t) — 27[| = —cexpll2(t) — 27| = —Coxp st ([J(t) — 27,
0
where in the last equality we have used the definition of saturation function. If ||z (t) — z*|| > r, define
a* =r/|x(t) — x*|| and note that, for almost every ¢ > 0, Assumptions (A2) and (A1) imply
a<a® = pu(Df(t,2" +a(z(t) —1%))) < —Cexp,
a>a = puDf(t,z"+a(zt) —2Y))) <O0.

Therefore, for almost every ¢ > 0, it holds

* 1

RHS < (/Oa p(Df(t,2* + a(x(t) — 2%)))da + /*u(Df(t, o+ alz(t) — x*)))da) ) — 27|
< (—CexpOé* + O)HZL‘(t) - IL"*“ = —Cexpl" = —Cexp Satr(”*r(t) - JZ*H), (1D

where in the last equality we used the definition of saturation function. Figure 2 provides an illustration
of this result about the average of the log norm. This concludes the proof. [ ]

& )
B(x*,r)

average (U(Df) < — coyllx — x*|

x* E—

e—_ X
r
k H(Df) < = Cexp j u(Df) <0 l\z/lﬁﬁrﬁ 2|:’ Illl|1|str‘a|1t10n of the inequality (11)
Al =1 -],

We can now give our convergence result for GW-LS-C systems with respect to the same norm.

Theorem II1.4 (Linear-exponential convergence of GW-LS-C systems w.r.t. the same norm): Consider
system (4) and let Assumptions (A1) — (A3) hold with || - ||lc = || - [[L := || - || Also, let r be the largest
radius such that B (x*, r) C S. For each trajectory x(t) starting from g, it holds that



(1) if ¢ € S, then, for almost every ¢t > 0,
2 (t) — a*|| < e w|lzg — 2|;

(ii) if zo ¢ S, then, for almost every ¢ > 0,

|z (t) — z*|| < lin-exp(t ; ¢, Ciins Cexp, Le), (12)
with
o exponential decay rate ceyp > 0;
o linear decay rate cjjp = Cexp 7';
« intercept ¢ = ||xg — x||;
« linear-exponential crossing time ¢, = (¢ — 1) /cjin-

Proof: Ttem (i) follows from Assumption (A2). Item (ii) follows by using the Comparison Lemma [13,
pp. 102-103] to upper bound the solution to the differential inequality (10). Additionally, the upper
bound obeys precisely the initial value (7) in Lemma III.1, for parameter values d = 7, Cjin = CexpTs
q = ||xo — 2*||, and t. = (¢ — r)/ciin. This concludes the proof. [ |

B. Convergence of Globally-Weakly and Locally-Strongly Contracting Dynamics with Respect to Dif-
ferent Norms

We begin by introducing the p-contraction time, where 0 < p < 1.
Definition 4 (p-contraction time): Let system (4) be strongly infinitesimally contracting with respect
to a norm || - ||,. Consider the contraction factor 0 < p < 1, anorm || - ||, and a vector x € R™.
o The p-contraction time is the time required for each trajectory starting in B, (x, r), for some r > 0,
to be inside B, (z, pr);
« The p-contraction time with respect to || - ||5 is the time required for each trajectory starting in
Bg (x,r), for some r > 0, to be inside Bg (x, pr).

Remark I11.5: 1t is implicit in Definition 4 that the p-contraction time for a specific trajectory depends
on the initial condition and the center of the ball. [ |

We can now give our convergence result for GW-LS-C systems with respect to the different norms.
Theorem II1.6 (Linear-exponential convergence of GW-LS-C systems): Let || - ||L and || - ||c be two
norms on R" with equivalence ratio ki . Consider system (4) satisfying Assumptions (A1) — (A3). Let
r be the largest radius such that Bg (x*, 7’) C S. For each trajectory x(t) starting from x, it holds that
(1) if ¢ € S, then, for almost every ¢t > 0,

|z(t) — 2¥||g < kLge ||z — 2*|g; (13)

(ii) if xg ¢ S, then for any contractor factor 0 < p < 1 and, for almost every ¢ > 0,

H‘r(t) - I*HG S lin_exp(t y 4, Clin, Cexp7tC>7 (14)
with
o exponential decay rate ceyp > 0;
o linear decay rate ¢, = Cexpr’(1 — p)/ In(krgp™');

. ln(kL G
° t t — _ r* 1 _ s :
intercept ¢ = ||xo — 2*||g + r( p)—ln(k:L,Gp—l)
« linear-exponential crossing time ¢, = [%W In(kLcp™")/Cexp + (kL G) / Cexp-



Proof: Consider a trajectory x(t) starting from initial condition xg. If zg € S, then item (i) follows
from assumption (A2) and the equivalence of norms.
Indeed, Assumption (A2) implies that for every xq € S and for almost every ¢ > 0, it holds

16 (20) — 27[|1. < e7**
Applying the equivalence of norms to the above inequality, we get
| b (ﬂvo) —2*||¢ < kge” |z — 2*||a. (15)
If z ¢ S, define the point yo := 2™ 4 r=tr m{” € OBg(z*,r)". The norm ||yo — 2*||g = r, therefore
Yo 1s a point on the boundary of Bg (x 7") Moreover, the points x*, o, and zy lie on the same line
segment, thus

|I0 — ZE*”L.

[0 — 2™l = [|z0 — wollc + - (16)
By Lemma 1.2(i1) and because each trajectory originating in Bg (x*, r) remains in S, the p-contraction
with respect to || - || for the ce,-strongly contracting vector field f is
In(kpgp!
LG H(L—Gp) (17)
P Cexp

Then, for almost every ¢ € [0, 5], we have

16¢(20) — 2*[lc < l|de(w0) — de(wo)llc + ll¢e(vo) — 2*||c (18)
< |lzo — yollc + krge™ ™ ||lyo — 2*[|a (19)

16
O 2o — 2*ll6 — |2 — yollg + kLge™'r

L,G
t=tp

o — 2*|lg — (1 — kyge ")

|20 — 2™l — (1 = p), (20)
where in (18) we added and subtracted ¢;(yo) and applied the triangle inequality, while inequality (19)
follows from Assumption (A1) and inequality (15). Now, (20) implies that ”(btl/;,G (z0) — 2*|l < |Jwo —
|| — (1 = p). If ||xg — 2*||c — r(1 — p) < r, then by Assumption (A2), for almost every in ¢ > &9,
we have

N

(a7

L,G
¢ (w0) — ¥l < ko et )(||x0 —z*|lg — (1 = p)).

If ||zg — 2*|lc — (1 — p) > r, we iterate the process. Specifically, let z, := qbtr;,c(xo), and define
y, = " + rﬁ € 0Bg(z*,r). Consider the solution to §y = f(¢,y) with initial condition
y(t5°) =y, and note that ¢;(z,) = @44 g6 (20). For almost every ¢ € [t59, 2t5C], we compute

16,40 (20) = 26 < Non(x,p) — du(yp)lla + l19e(y,) — 27 lla @D

—c(t—tg G)Hyo o x*HG (22)
|z, — 2*[l6 — |z = y,ll6 + krge =5y
L,G

< [|¢pa(zo) = 2"[lg —r(1 - ke t=t))

2 L,G
< ||ZL“0 - x*HG — r(l — p) — 7“(1 _ kL7Ge—c(t—tp ))
t=2t,°

2o — 2*|| — 2r(1 — p),

< ||z, — ypllc + krce
(16)

"Note that dBg (z*,r) means the boundary of Bg(z*,7).



where in (21) we added and subtracted ¢;(yo) and applied the triangle inequality, while (19) follows
from Assumption (A1) and (15). We now reason as done in [0,C]. If |[zg — 2*|l¢ — 2r(1 — p) < 7,
then Assumption (A2) implies

L,G
H¢t+t5,0($o) —2¥g < k’L7G(||$0 —z¥||g —2r(1l — p))e’c(t’%" ), vt > thG.

If ||zo—2*||g—2r(1—p) > r, we proceed analogously until ||z — z*||c —Tr(1 — p) < r. This inequality

llzo—a*|lg—r

1s verified after at most 7" := ( —
(I1=p)r

W steps. Iterating the previous process, at step 7', for almost
every t € [(T' — 1)t5%, Tt;%], we get

L,G
161 1o (x0) = 2|6 < llwo = 2*[l6 — (T = 1)r(1 = p) = r(1 = kpge™ = T=0%0),
t=kt5S
< o — a*llg — Tr(1 - p) <7,
where the last inequality follows from the definition of 7'. Local strong contractivity then implies

qut+Tt1,;,G<l‘0) — 2*||6 < krg(|lzo — 2*|la — Tr(1 — p))e_c(t_TtbG), for almost every ¢ > Tt

The above reasoning together with Assumption (A1) implies that for almost every ¢ € [itb’cﬂ (i+ 1)7555],
i€{0,...,T — 1}, we have

. * . * . —c(t—i L,G
6o (o) — 2* 6 < mln{on — 2o —ir(1 = p), 2o — 2|6 — ir(1 — p) — 1 (1 — kyge™ >)}.
(23)

By partitioning the time interval [0, +-00[ as [0, t,9[U - - -U[(T—1)t*%, Tt>S[U[Tt>%, 400 and summing
up the above inequalities we obtain the bound:
-1
60(20) = "1l < D7 1 gocuceyney () - min {lao = g = ir(1 = p), llzo — #*ll — ir(1 = p)
i=0

., L,G . "
—r(l- ko ge~ =it ))} + 1{t2Ttlf;,G}(t) : mln{on — 2| = Tr(1 - p),
L,G
b (llzo = a*llo = Tr(1 = p) e | o= gy (0). 24)

Finally, item (ii) follows by noticing that gg(¢) < lin-exp(t; ¢, Ciin, Cexp, tc), t > 0, for the values
te = TIn(kLgp™")/Cexp + In(kLG)/Cexps Clin = 7 Cexp(1 — p)/ In(kLgp™), and ¢ = |lzg — 2*||c + r(1 —
In kLG
[ v

In(kLgp™")
Remark I11.7: Theorem II1.6 sharpens the convergence bound in [4, Theorem 4 and Corollary 2]. This
improvement stems from a more accurate intercept and linear-exponential crossing time. Differently
from [4], the bound in Theorem III.6 remains continuous at all times, and no jump can occur at t..
Regarding the proof techniques compared to [4], please note that the pivotal point in the proof leading
to the sharper bound is inequality (23). An illustration between the bound in (14) and the one in [4] is
given in Figure 3. u
Remark II1.8: A consequence of Theorem III1.6 is that, jointly, Assumptions (Al), (A2), and (A3)
preclude the existence of any other invariant sets besides S, and the convergence towards the equilibrium
is global. [ ]
Remark II1.9: Linear-exponential convergence is weaker than global exponential convergence, but
stronger than global asymptotic convergence (as, e.g., we provide an explicit estimate of the time
required to reach a neighborhood of the equilibrium). [ ]

. This concludes the proof. [ ]
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Remark 111.10: The bound in Theorem III.6 generalizes the result for equal norms in Theorem I11.4.
In fact, the factor (1 — p)/In(kLgp™!) is always less than 1 for kg > 1. Moreover, when ki g = 1 it
results lin%(l —p)/In(kLgp™') = 1, thereby exactly recovering the equal-norm result. [ |

p—

IV. LOCAL STABILITY IN THE PRESENCE OF EXTERNAL INPUTS

We now characterize local ISS for GW-LS-C systems w.r.t. the same norm. Specifically, we consider
the system

i(t) = f(t, z(t),u(t)). (25)

where, f: R>g x C x U — R", the map = — f(¢,x,u) is locally Lipschitz, for all ¢, u, with C C R
[—invariant, open and convex, and 4 C R™. Given u € R™, we define the set of bounded inputs
U:={u:Rsg = U | |Ju(t)]ly < u,Vt>0}. We make the following:

Assumption 2: there exist norms || - ||, || - |l on C and U, respectively, such that

(A1) for all ¢, u, the map = — f(¢,z,u) is weakly infinitesimally contracting on R"” w.r.t. || - ||;

(A2’) for all t, x, the map u +— f(t,z,u) is Lipschitz with constant L, > 0;

(A3’) there exist a forward-invariant set S and ce, > 0 such that, for all ¢, for each u € U, the
map = — f(t,x,u(t)) is cexp-strongly infinitesimally contracting on S w.r.t. || - ||;

(A4’) at u(t) = 0,,, for all ¢, there exists an equilibrium point 2* € S.

We begin by giving two technical lemmas, needed to prove the main result of this section.

Lemma IV.1 (Error dynamics for input-dependent systems): Consider system (25) satisfying Assump-
tion (A2”). Then any two solutions z(¢) and y(¢) with input u,, u,: Ry — R™, satisfy for almost every
t >0,

D*|la(t) - y(t)]| < / u(DFy + ale = y),w) dola(t) =y + Lulwat) = u, (). 26)

Proof: Let x(t) and y(t) be two trajectories of (25) with input signals u,, u,, respectively. Let [-, ]

be a weak pairing compatible with || - ||. We compute
lz(t) = y(OIDT[lx(t) — y(B)l = [f (¢, 2, ua) = f(Ey,uy), 2 — 3] 27)
<@ e, uy) = (8, uy), e =yl + (162 ue) = &z w)|lle =yl (28)
é Hf(ta z, uy) - f(ta y7uy)>x - y]] + LuHu:L“ - uyHUH:U - y”> (29)
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where in (27) we used the curve norm derivative formula (ii), in (28) we added and subtracted f (¢, z, u,)
and used the sub-additivity (i) and the Cauchy-Schwartz inequality (iii), and in (29) we used Assump-
tion (A2%).
Next, by dividing both side for ||z (t) — y()| we get
[f (@t x,uy) — fEy,uy), @ —y]
Iz =y
_ Ut uy) — Gy, uy), 5 —y] e —
[l —yl|?
By applying the mean-value Theorem II.1 to (30), a.e., we get

[[fol Df(y+ s(z —y),uy)ds(z —y),x — yﬂ lz — o
2 —yll 2 —yll
- /1 [Df(y+ s —y), u)ds(x —y), = — y]
~Jo Iz = yll?
where in (31) we have used the weak pairing sub-additivity (i). Next, recall that Lumer’s equality (iv)

[Az, ]
z,2

A=Df(y I s(x —y),u,) and z = x — y) we get inequality (26). This concludes the proof. [ |

DT |lx(t) —y(®)]| < + Lulua = uylu

yll + Lufluz = uyler- (30)

DT |lz(t) —y(®)] <

+Lu||u9[:_uy||1/l (3D

dsllz =yl + Lullue — uyllur,  (32)

implies, < u(A) for every A € R™" and z # 0,. By applying this equality to (32) (with

The next result gives a linear-exponential bound for the solution of dynamics with saturations and
additive inputs.

Lemma 1V.2 (Solution of dynamics with saturations and additive inputs): Let c., and d be positive
scalars, and u: Ry — R" satisfying ||u(t)||cc = tUmax < dcexp, for all t. Consider the dynamics

&(t) = —cexpsatq(z(t)) +u(t), xo=gq>d. (33)
Then, a solution of (33) satisfies
.Zlf(t) < hIl—GXp(t 3 4, Clin, Cexp; tc) + 1[tc,+oo[(t><1 - e*Cg»q;(lf*i};))M’
Cexp
with cjiy 1= dCexp — Umax > 0 and ¢, := qc;d > 0.

Proof: Using the definition of saturation function, for all ¢ € R>(, we can upper bound the ODE (33)

as
—dCexp + Umax if y(t) > d,
(t) < y(t) == ¢ —Cexp(t) + umax  if y(t) € [—d, d], (34)
dCexp + Umax if y(t) < —d,

which, in each interval [to, t;] C R where the solution is continuous and does not change regime, has
general solution

(—dcexp + tUmax)t + y(to) if y(t) > d,
U\ eopli—to) | Ymax .
y(t) = (y(to) - )e P +— ify(t) € [-d,d], (35)
exp Cexp
(deexp + tmax)t + y(to) if y(t) < —d.

At time t = 0, we have xy = ¢ > d. For continuity of the solution, there exists ¢* such that y(¢) > d
for all ¢ € [0,¢*]. Thus from (35) and being z(tp = 0) = ¢, it is

y<t) = <_dcexp + umax>t + q,
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for all ¢ € [0,¢*]. Moreover being umax < dcexp, the function y(t) is decreasing, the time value ¢* is
finite and there exists a time, say it ¢ such that y() = d. Let ¢jiy 1= dCexp — Umax» We have

q—d
Clin
In summary, we have shown that y(t) = g — ¢t for all ¢t € [0,¢.] and is equal to d at time ¢..
Therefore from (35) and being y(t.) = ¢ — ¢jnte, for all time ¢ > ¢, we have

y(t) = (¢ - Clintc)eic“p(titc) +(1- efc”"(t*t“))%.
exp
Specifically, y(¢) > 0 for all ¢ > ¢, thus it can never be y(t) < —d. This concludes the proof. u

We are now ready to state the following:

Theorem 1V.3 (Local ISS for input-dependent GW-LS-C systems): Consider system (25) satisfying
Assumptions (A1’) — (A4’). Let r be the largest radius such that B (x*lr) C S, & < 7TCexp, and
Umax := SUDP,¢[o 4 |[Uz(T) | < @. For each trajectory z(t) with input u, € U starting from zy ¢ S, for
almost every t > 0, we have:

(@) D¥[|(t) =2 < —cexp sty ([|(t) =2 [)+ L[t () s

(11) ||.73<t>—.73*’| < lin—exp(t 5 45 Cliny Cexp, tc) + 1[tc,+oo[(t) CLu (1 - e_cexpt)umaxa

with o

o exponential decay rate ceyp > 0;

« intercept ¢ = ||zo — z*||;

o linear decay rate cijn = 7Cexp — Umax;

« linear-exponential crossing time t. = (¢ — 1) /cjin-

Proof: Consider an arbitrary trajectory xz(t) starting from z, ¢ S with input u, and a second

trajectory equal to the equilibrium z* with input v = 0,,,. To prove statement (i), let x be the log-norm
associated to || - ||. By applying inequality (26) to those trajectories, for almost every ¢ > 0, we have

y(t) =d <= —cpt+q=d < t= = t..

D*|la(t) — 2] < / u(Dft + ala(t) = 2),0))dalle(t) = " + Lullusl.— (36)

The proof follows by using similar reasoning as the one in the proof of Lemma III.3. Item (ii) follows
by using the Comparison Lemma [13, pp. 102-103] and Lemma IV.2 to upper bound the solution to
the differential inequality (i). [ ]

V. TACKLING LINEAR PROGRAMS

We now show the efficacy of the previous results by applying them to a dynamical system solving the
LP problem. Given ¢ € R", A € R™*" and b € R™, we consider the linear program:

min ch,
zeR™ (37)
s.t. Ax <b,
and its equivalent unconstrained formulation
min ¢’z + i1, (Ax), (38)
reR™

where Z, = {y € R™ | y — b < 0,,}. We assume that (38) admits a unique equilibrium. Note that (38)
is a particular composite minimization problem:

min f(x) + g(Azx), (39)

reR”™

12



with f(z) = ¢"z and g(Az) = 17,(Az). To solve (38), we leverage the proximal augmented Lagrangian

approach proposed in [10] and consider the proximal augmented Lagrangian, L.: R" x R™ — R,
defined by

7 g
Ly(w, A) = f(z) + Myg(Az +7A) = SlIAl2, (40)
where A € R™ is the Lagrange multiplier, v > 0 is a parameter, and )/, is Moreau envelope of g.

Remark V.1: For f continuously differentiable, convex, and with a Lipschitz continuous gradient, and
g convex, closed and proper, solving the composite minimization problem (39) corresponds to finding
saddle points of (40), simultaneously updating the primal and dual variables [10, Theorem 2]. [ ]

Next, consider the continuous-time augmented primal-dual dynamics [10] (that can be interpreted as
a continuous-time neural network) associated to the proximal augmented Lagrangian of problem (38)

N 1
&= —=ViL\(,\) = —¢c — ATVM,,, (Az +v)) = —¢c — —A" ReLU(Az + v\ — b), )
gl

A= VL (2, ) = =Y\ + 7V M, (Az + yA) = =7\ + ReLU(Az + yA — b).

We let Fip: R*t™ — R denote the vector field for (41).
Remark V.2: Equation (41) follows directly after noticing that for almost every y € R™ it results

VM, (y) = %(y ~P.(y) = %(y — min{y, b}) = %ReLU (y—0).

|

The next result characterizes the convergence of (41).

Theorem V.3 (Convergence of the linear program): Consider the dynamics (41) and let (z*, \*) €
R™ ™ be an equilibrium point. If D Fjp (x*, A*) is Hurwitz, then any solution of (41) linear-exponentially
converges towards (z*, \*).

Proof: To prove the statement we show that (41) satisfies the assumptions of Theorem II1.6. First,
we prove that the system is globally-weakly contracting. To this purpose, let z := (z,\) € R*™™,
y := Ax + v\ — b and define G(y) := D ReLU (y), for almost every y € R™. The Jacobian of (41) is

—ATG(y)A  —ATG(y) }
GyA  —Un—GW))]"
Being 0 < G(y) < I,°, a.e. y € R™, we have

—~1ATGA  —ATG
sup pia(DFip(2)) < max g ([ ! GA (G - [m)}> ’

T 0=G=Inm

DFisls) - |

By definition of 1, we have that

(e @) (T )

= max{)\max(—v_lATGA), Amax (7(G — ]m))} <0.

The last equality follows from the fact that Ay (=7 TATGA) = Ax (7(G — 1)) < 0. In particular,
the equality Apax(—7(G — 1)) < 0 follows directly from 0 < G < I,,,; while Apax (—7TATGA) <0,
follows noticing that ATGA = 03. This implies that (41) is weakly contracting on R"*™ w.rt. || - |

?For every 7 > 0, 0 < V2M,4(y) < %In, ae. y € R™ [8, Lemma 18].
SATGA >0 <= 2"TATGAz >0 Ve eR" < y Gy >0, Vy e R™ «— G = 0.
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Thus (41) is weakly contracting on R with respect to || - ||o. Next, we prove that the system is locally-
strongly contracting. To do so, we first note that for any equilibrium point z* := (z*, \*) of (41), both
D ReLU(y*) and DFyp(z*) are differentiable in a neighborhood of y* and z*, respectively. In fact, for
each i, the KKT conditions ensures that either (Az*); —b; = 0 or A} = 0. In turn, this implies that
yr = (Az*); + vA\F — b; # 0, for all i. Now, being by assumption DFjp(z*) Hurwitz, there exists @
invertible such that s g (DFLP(Z*)) < 0 [3, Corollary 2.33]. Let K be the set of differentiable points
in a neighborhood of z*. Then, by the continuity property of the log-norm, there exists B3 g (z*, p),
with p := sup{p > 0 | Byg(2*,p) C K}, where DFjp(z) exists and ji0o(DFip(2)) < —cexp for all
2 € By(z*,p), for some cey, > 0. Therefore (41) is strongly infinitesimally contracting w.r.t. || - |20
in By g (z*, p). This concludes the proof. [ |

A key hypothesis of Theorem V.3 is that DFj p(2* \*) is Hurwitz. This hypothesis can only be verified
by prior knowledge of the LP solution. This limitation motivates the following conjecture, which would
relate stability of DFjp(z* \*) to matrix A and the KKT conditions.

Conjecture V.4: Let (z*, \*) be the equilibrium of (41). The LP (37) has a unique solution, z*, if and
only if DFjp (a:*, A*) is Hurwitz.
a) Numerical Experiments
Consider the following LP
min T+ 2o+ Zs3,
z€R3 (42)
S.t. —1§ZL‘1§1,—1§CL’2§1,—1§[E3§1
for which the unique optimal solution is z* = (—1, -1, —1).
Next, consider the corresponding continuous-time augmented primal-dual dynamics (41)

1
fi=—1—~ (ReLU (21 + v\ — 1) — ReLU (=21 + YAy — 1)),

v
1

b=l (ReLU (22 + Ao — 1) — ReLU (=23 + A5 — 1)),
1

By =—1— - (ReLU (23 + A5 — 1) — ReLU (=23 + YAg — 1)),
v

A\ = —yA1 + ReLlU (z1 +9A; — 1) (43)
Ao = =y + ReLU (25 + 7)o — 1),
A3 = —yAg + ReLU (23 + vAs — 1),
A = —YAs + ReLU (—z1 +yA — 1),
s = =7 + ReLU (—z9 + yA5 — 1),
¢ = —7A¢ + ReLU (—x3+ X6 — 1).

We set v = 0.5 and simulate the dynamics (41) over the time interval ¢ € [0, 40] with a forward Euler
discretization with step-size At = 0.001, starting from 150 initial conditions generated as follows: we
first randomly generate an initial condition and then define the remaining 149 initial conditions by
adding, to the first initial condition, random noise generated from a normal distribution with mean
0 and standard deviation 2. The simulation results are that each resulting trajectory converges to the
point z* = (—1,—1,-1,0,0,0,1,1,1). Next, we numerically found that DFp(2*) is Hurwitz (in
alignment with our conjecture). Figure 4 illustrates the mean and standard deviation of the lognorm of
the ¢, distance of the 150 simulated trajectories of (41) w.r.t. z*. In agreement with Theorem V.3 the
convergence is linearly-exponentially bounded.
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Figure 4: Mean (red curve) and standard deviation (shadow curve) of the lognorm of the Euclidean
distance of 150 simulated trajectories of (41) with respect to the equilibrium point z*. In agreement
with Theorem V.3 the convergence is linearly-exponentially bounded.

VI. CONCLUSION

We analyzed the convergence characteristics of GW-LS-C dynamics, which naturally arise from convex
optimization problems with a unique minimizer. For such dynamics, we showed linear-exponential
convergence to the equilibrium. Specifically, we demonstrated that linear-exponential dependency arises
naturally in certain dynamics with saturations and used this result for our convergence analysis. Depend-
ing on the norms where the system is GW-LS-C, we considered two different scenarios that required
two distinct mathematical approaches, yielding convergence bounds that are sharper than those in [4].
Finally, after giving a sufficient condition for local ISS, we illustrated our results on the continuous-time
augmented primal-dual dynamics solving LPs. Our results motivated a conjecture relating the optimal
solution of LPs to the local stability properties of the equilibrium of the resulting dynamics. Our future
work will include proving this conjecture, extending our ISS analysis to the case of different norms
and further developing our results to analyze firing-rate neural networks. Additionally, a possible future
research direction could be applying our result for time-critical optimization problems.
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APPENDIX [
CONTRACTION TIMES WITH RESPECT TO DISTINCT NORMS

First we recall the following [4, Lemma V.1]
Lemma 1.1 (Inclusion between balls computed with respect to different norms): Given two norms
|- |l and || - || on R™, for all z € R™ and r > 0, it holds

B(x,r/k‘g;ﬁ) - B(:z:,r;oz) C B(:):,rk’g;ﬂ). (44)

The following Lemma is inspired by [4, Theorem V.2]. For completeness, we here provide a self-
contained proof.
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Lemma 1.2 (Contraction times with respect to distinct norms): Given || - ||, and || - || norms on R"

with equivalence ratio &, 3, consider system (4) satisfying Assumptions (A2), (A3) with || - ||l = || - [|a-
Then, for each 0 < p < 1,

(i) the p-contraction time is ¢, = In(p™1)/c;

(ii) the p-contraction time w1th respect to the norm | - ||5 is t37 = In(kqs p~")/c.

Proof: Consider a trajectory z(t) of system (4) such that onHa < r. To prove (i) we need to find the
first time ¢, such that ||z (t,) —2*||, < pr. Clearly the worst-case time is achieved when ||zo—x*||, = 7.
But c-strongly infinitesimal contractivity with respect to || - ||, implies ||z(t) — 2*||o < e™||xo — 2*||a
and so t, is determined by the equality e~ “»r = pr, from which item (i) follows.

Regarding item (ii), we need to find the first time 5 such that [|z(t,) — 2*||s < pr. We note that

44), 2nd § lit
xo € Bg(:E*,T) @, 2T Incquality xo € Ba(:c*,/sgr),

x(t,) € Ba(a*, pr) x(t,) € Bo(a*, pr/kg).

Thus, the contraction time from Bg(z*,r) to Bg(az*, pr) is upper bounded by the contraction time

(44), 1% inequality
<

from B, (2*,kir) to By (2*, pr/kj). Therefore, the contraction factor with respect to the || - ||o norm
is (pr/kg)/(kir) = p/ka,s. Item (i) then follows from item (i). [
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