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Abstract—In this letter, we present an end-to-end performance that becomes even worse when the number of relay antennas
analysis of dual-hop project-and-forward relaying in a redistic  jncreases, as the corresponding relayed noises accunailate
scenario, where the source-relay and the relay-destinatiolinks  g5ch of the destination receive antennas; the end-to-eft} SN
are experiencing MIMO-pinhole and Rayleigh channel condiions,
respectively. We derive the probability density function d both the and .therefore .the performance, .are Consequent_ly degraded.
relay post-processing and the end-to-end signal-to-noisatios, and 10 sidestep this drawback, a variant of AF relaying, termed
the obtained expressions are used to derive the outage probiity  “project-and-forward” (PF), has been introduced lin [4]dan
of the analyzed system as well as its end-to-end ergodic cajy  consists on optimizing the number of active antennas at the
in terms of generalized functions. Applying then the reside g5y py forwarding the degrees-of-freedom (DoF) of the re-
theory to Mellin-Barnes integrals, we infer the system asymtotic . . . L .
behavior for different channel parameters. As the bivariaie Meijer- Celve.d S|g|:1al—y|eld by an orthogonal projection—instedd o
G function is involved in the analysis, we propose a new and & the signal itself. Only as few relay antennas as the rank ef th
MATLAB implementation enabling an automated definition of the  source-relay MIMO channel are used, i.e., a single antemna i
complex integration contour. Extensive Monte-Carlo simuations  the unit-rank case.
are invoked to corroborate the analytical results. While the mixed full-rank/pinhole MIMO channel has

Index Terms—Capacity, Meijer G-function, Mellin-Barnes, been widely studied in the literature, especially for AF-
MIMO, outage probability, .perform.ance analysis, pinhole hannel, pgsed setups (cf][5]][6] and references therein), the MAMO
project-and-forward, relaying, residue theory. pinhole/Rayleigh channel has been rarely addressed and, to

the best of our knowledge, never for the PF scheme that, in
|. INTRODUCTION addition, turns out to be very opportune in such environsient
NE detrimental situation to MIMO communication ben- In this letter, we present a novel end-to-end performance
efits is the pinhole effect that usually arises when thenalysis of dual-hop PF systems over the mixed MIMO-
transmit-receive range is much larger than the radii of llocpinhole/Rayleigh relay channel. We derive exact expressio
scatterers in both sides. In that case, the fading energyaprofor the probability density functions (PDFs) of both the tfirs
gates through a very thin air pipe, callegiahole (or keyhole), hop and the end-to-end SNRs, which are then used to infer
reducing the MIMO channel to a rank-one matfix [1]. the outage probability as well as the ergodic capacity whose

In downlink dual-hop multi-antenna relaying systems, thirmula is provided in terms of the bivariate Meijer G-fuioct
pinhole scenario may practically surface in either hopsidée [7]. The asymptotic behavior is then derived using the resid
in rich-scattering dense urban fixed deployments, a cdyefutheory. While the Meijer G-function[[8, Eq. (9.301)] is a
planned relay location ensures a full-rank source-relanokl; built-in routine in prevalent computing softwares, thediate
while the relay-destination link may endure the pinholeefff Meijer G-function is available only in MATHEMATICA with
for user equipments (UEs) experiencing poor scatteringasit no general contour definitionl[9]. We therefore develop a fas
tions. Conversely, in suburban and rural areas with gresd-fiMATLAB code with automated integration contour for this
deployment, the donor eNodeB and the relay are separated lgeaeralized function as a secondary contribution of thiskwo
large distance in a line of sight (LOS) environmentsuchthat  In the sequel, the superscriptdenotes the Hermitian trans-
source-relay channel has only one degree of freedoml[l], [Bbse,||-||; andRes [¢, p] represent the Frobenius norm and the
On the other hand, the fact that the relay is close to the ttargesidue of functiony at polep. T (-), ¥ (-), and K, (-) stand
destination—e.g., a village presenting rich scattering simort for the Gamma function, the digamma function, and tfe-
ranges to the end UEs—Ileads to a full-rank Rayleigh relagrder modified Bessel function of the second kind, respelgtiv
destination link. This scenario is also applicable to mgviglay G (- | -) is the Meijer G-function, andx. 50 (- |+ | - | +)
nodes (MRNS) in high speed vehiclés [3], where the largd rutia the bivariate Meijer G-function.
eNodeB LOS coverage and the rare handover events induce
large eNodeB-relay distances, and therefore the pinhédetef
while the rich-scattering indoor structure of the vehidi&e( o
trains for instance) and the small relay-UEs ranges yield”a Channel Description
Rayleigh propagation. We consider a half-duplex dual-hop multi-antenna cooper-

An inherent limitation in amplify-and-forward (AF) relayy ative transmission where am-antennas source is connected
systems is the so-called noise amplification and propagatim a single antenna destination through rgnantennas relay

Il. SYSTEM MODEL
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(ns, ny>1). The communication between each couple of nodes, To evaluate the PDF ofy,, we consider the equality

ie{s,1} andi’e{r, d}, takes place over an independent wirelessh, = H,, = g,g!' that stems from the aforementioned

link i —1i’ experiencing an average propagation logs. The QR decomposition. Given thag is unitary, we infer that

corresponding small scale fading effects are represented b ||h; ||z = ||g:|¢ [18s]|r, and due to the statistical independence
« A MIMO-pinhole channel matrixEL,, that is modelled betweeng, andg,, the PDF of||h, |7 can be shown to be

as an outer product of two independent and uncorrelated At o4
Rayleigh fading vectorg, € C™*! andg, € C™*1, i.e., f\\hrll}%h) - /O Efl\gsl\% " f\\gx-\\%(%)d%- @)
H,, = g, gl € Cx7=, (1) By recalling that bothgs andg, are Rayleigh fading vectors,

. . we have2|\gi||% ~ X3,.,i€ {s,r}. After some algebraic
e An mdepend_e_nt standa/rd complex Gaussian veh;gr manipulations and by making use B (7) ahd [8, Eq. (3.471.9)]
whose coefﬂments{hff } are consequently Rayleighye obtain the PDF ofy,, under the form

distributed. .
Both relay and destination received signals are corrupted , () = 2 (’Y >s2 rflK , (2 7) ®)
by additive white Gaussian noise (AWGN) vectows. ~ e L (1)1 (1) Vr \ Ver TV AL

N (04, x1,0%L,,) andwg ~ N (0,,x1,0°L,,), respectively.
The corresponding average SNRs per hopge= a2 /o>
andﬁrd = a?d/o-Q'

Ther—d link is experiencing Rayleigh flat fading. Henegy
is exponentially distributed with the probability denditymction

written asf.,, (v) = (1/7,q) exp (—=7/%ra)-

B. Project-and-Forward Relaying B. Outage Probability

Let x € C"*! denote a unitary precoded symbol vector
transmitted by the source node. TBe- r communication
model can be accordingly expressed as,

In noise-limited transmissions, quality of service (QoS) i
ensured by keeping the instantaneous end-to-end SNR above a
thresholdy,. The probability of outage in our relaying setup

yr = o Hax 4+ w, € C™ 71 (2) is expressed as
The key idea of P!: rela_ying is to extract and forward Pout = Pr [yerd < 7an] :Pr{ YsrYrd <%h]7 ©)
the DoFs of the received signal vectgr via a QR-based Ysr + Yra + 1

orthogonal projectiori [10]. Given th&iy, is a pinhole channel,
a single degree of freedom will be conveyed by the relay to
used in the estimation of the transmit vectoat the destination.
Let Hy, = QR denote the QR decomposition H,,, where Pt () = 1 /‘+°° 7 { n Ve + ’7th:|
Q € C™*™ is a unitary matrix withq € C™*! standing for = *** '™ T | ViR v
its first column vector, an® € C™*"= is an upper triangular
matrix whose(n, — 1) bottom rows consist entirely of zeros
ie.,

which is actually the cumulative distribution function (Epof
R vsra- Marginalization overy, yields

froe () vy, (10)

Wherel?“%_d (+) is the complementary CDF (CCDF) ofq4, given

'by exp (—v/%:a)- By plugging [8) into the above integral and

R — [ h, } . (3) Making the change = 1+ /7 as well as a Taylor expansion
O0(n,—1)xn. of an exponential term, we infer that

The DoFy;, is first obtained as

2

th

a+1 —=
—pogde)  _&
P =1-2(3) i <2 6

Yr = qHYr = aghyx + qHWr eC, 4)
and is then normalized with a scaling factar, =  with the termZ given by

—1/2

2 . .

(o@r Hh.r||F + 02) before being forwar(-jed-to the destina- . io (=1 [y +1)* io .

tion using only one relay antenna. Thed link is therefore a T L Va o

SISO Rayleigh channel whose fading coefficiéng is rid of =0 4o =

the antenna index, resulting in a simpler case ></ K, (2 @u) du, (12)
1

str

Yd = rqrheqyr +wq € C. (5) where o = (ng + nr)/2 ~1, v = n, —ng, and ary =

I'(k+1)/T (k) with the particular casego = 1. Then, by

o combining [(I1) and{32) and using [8, Eq. (6.592.4)], an &xac

A. Instantaneous SNRs Characterization expression ofP,,; is obtained after some simplifications as
By invoking communication model§l(4) and (5), end-to-enshown in [IB) on top of the next page.

SNR of the PF system in the mixed MIMO-pinhole/Rayleigh

channel can be expressed similarly to a dual-hop AF transm& Ergodic Capacity

IIl. PERFORMANCEANALYSIS

sion [11], i.e., . o )
Nerd = Ysrrd ’ (6) Unlike the approximation in[[12], the end-to-end ergodic
Yor +Yrd + 1 capacity of the dual-hop PF system under consideration can
where the conditional terms,, = 7., ||h|/; and vq = be written as

— 2 . +o00
7. |hea|” represent the relay post-processing SNR and the S
destination receive SNR, respectively. srd = 5 0 logy(1+7) frua (1) d, (14)



— Jth o 0o
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T2 @) T (o)l (ne) &= K 2= \m | &= 700 FRFT
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where f,_, is the PDF ofv,q that is computed by firstly

expanding the powefry, + l)k in (I3) into a finite sum using z = +00 r 20

the Binomial theorem. The resulting function is then difer o1&

tiated with respect toy,, via [13, Eq. (5)]. By rewriting the Phaz | Pmin

elementary functions involved in the obtained PDF as Meijer L
c—iW

G-functions [T4, Eq. (11)], i.eqPe ™ = 70.Go't (_l R

1.1 Teal P Figure 1. Complex contour of the Mellin-Barnes integral ofjlanent z.
and In (1+7) =G5 (v Lo ) the ergodic capacity is ex- W is set to alarge value.
)

pressed in terms of integrals of the product of three Meijer % mptotic Erqodic Capacit
functions whose expressions are given in terms of the Bitari Asymp g apactty

Meijer G-function according td [15, Eq. (12)] as shown[A)15 B_ased _on[CI]S), the asymptotic k_Jehavior of the ergodic capac-
ity is derived for different scenarios of the balance par@me

B = Z4 and the SNRy,, as summarized in Table I. Let
IV. ASYMPTOTIC BEHAVIOR andt denote the integration variables in the bivariate Meijer-G
function. In the cas® — +oo, we evaluate the residue of the
To highlight the effect of channel parameters on both thgst and second bivariate Meijer-G terms [@(15) at the haghe
outage probability and the ergodic capacity, we study thgiples on the left of the contour, i.¢.= —(k + 1 +n+ 2+ s)
asymptotic behaviors. Invoking [L6, Theorem 1.7 and Th@oregng ¢+ — —(k+1+n+ 1+ s), respectively. Keeping only
1.11], expansions of the Mellin-Barnes integrals involirethe  o-th orders onl /3 results in the expression (18). Expression
Meijer-G and bivariate Meijer-G functions can be derived by0) is inferred by computing the residue of the integranthef
evaluating the residue of the corresponding integrand$i@t iejjer-G term in (18) at = 0 as shown in[{Z9). The remaining

pole closest to the contour; the minimum pole on the right  cases are obtained using the same approach.
for small Meijer-G arguments and the maximum pole on the Table |

left pi,, for large ones, as depicted in Fig. 1. Moreover, the ERGODIC CAPACITY ASYMPTOTIC EXPRESSIONS
Inside-Outside theorem [[17] states that the obtained result IS Scenario |

Asymptotic C'g,q |

further multiplied by —1 in the case of a clockwise-oriented T
contour (i.e., for small arguments). 8 = +oo A T TETE BN R
<Gt (7] M0 e
B, Fer — o0 st [0 Fer) + 9 (ns) + 910 (nr)] (20)
A. Asymptotic Outage Probability B —0o0ry, — 0 0

We study the asymptotic behavior of the outage probability
for a low SNR thresholdy;,. By keeping low order terms in
@3), ie,k+1 <1, and given thath + v/2 = n, — 1 > 1
anda —v/2=ns—1>1, we have+v/2 +a —k—1 > 0.
Therefore, we evaluate the residue-at (that is the smallest
pole) as shown i (16). Replacing the exponential functidh w
its first order expansion near zergp(—22) ~ 1 — 2| yields

. . . 71" ’Yl"
the following asymptotic expression: ‘ ‘

V. NUMERICAL RESULTS

In this section, we present a few numerical results to ilatst
the theoretical analysis. For different antenna and SNRpset
Fig. 2 and 3 show the exact and asymptotic results of both
the end-to-end outage probability and the ergodic capacity
respectively. Throughout our numerical experiments, weantb
out that regardless of the average SNRs and antennas setting
accurate analytical curves can be obtained by truncatieg th
1 ) infinite sums atK’ = 50 and L = 5 terms. The exact match

— jﬁ +0(Vtn) - with Monte-Carlo simulation results confirms the precisan
(TLS - 1) (TLr - 1) Vsr Vrd

Pout (Vth) - (1 +
(17)



100 B 7 J

10°

Exact, Eq. (13)
® Sim.,ng=n =2
v Sim.,ngs=4,n =2
————— Asymptotic, Eq. (17)

5 0 -5 -10 -15 -20 -25 -30
Yen (dB)

Figure 2. End-to-end outage probability versys for 7, = 0 dB.

Exact, Eq. (15)
v Sim,ng=n,=2

w

ol
°
|
o

- —Asymptotic" . (18)
————— Asymptotic, Eq. (20)
o4 AF, Sim, ng =4,n, =2

W

N
[

Ergodic Capacity (bit/s/Hz)
=
o N

[

05f— - — = 5 1
o8 5 =
-30 -20 -10 0 10 20 30 40 50

Figure 3.  End-to-end ergodic capacity versfisfor different SNR 7,
and antennas configurations.

the theoretical analysis. As the PF scheme is a variant of

AF, also operating at the signal-level, per antenna CSbtask
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APPENDIX

BIVARIATE MEIJERG-FUNCTION'S MATLAB CODE

function out = Bivariate_Mijer_Qanl, apl,
cp2, dn2, dg2, enB, ep3,

bnl, bqgl, cnR2, ...
fn3, g3, x, y)

Y% xxxx I ntegrand definition *xxxx
F = @s,t)(GamuaProd(ant, s+t).* GanmmaProd(1l-cn®,s)
.* GammaProd(dn2,-s) .* GammaProd(1l-enB,t) ...
.+ GammaProd(fn3,-t).* (x.7s) .* (y."t)) ...
./ (GammeProd( 1-apl, - (s+t)).* GammaProd(bqgl, s+t)
.* GammaProd(cp2,-s) .* GammaProd(1-dg2,s)
.* GammaProd(ep3,-t) .* GammaProd(1-fqg3,t));
Y +xxx Contour definition »x+xx
Sups = min(dn2); Infs = -max(1l-cnR); %cs
cs = (Sups + Infs)/2;%s between Sups and Infs
Supt = min(fn3); Inft = nax([-anl-cs enB-1]);%t>-anl-s, s=cs
ct = Supt - ((Supt - Inft)/10);%t between Supt and Inft
W= 10; %W
Ygxxxx Bivariate Meijer G xx*xx
out = (-1/(2*pi)~2)*quad2d(F,cs-j*Wcs+j*Wect-j*Wcect+*W. ..
" AbsTol ', 107-5," Rel Tol ', 107- 5, MaxFunEval s’ , 2000, . ..
"Singular’,true); % ncrease MaxFunEvals for higher W
% x*+x GanmaProd subfunction #xxxx
function output = GammaProd(p, z)
[pp zz] = neshgrid(p,z);
if (isenpty(p)) output = ones(size(z));
el se output = reshape(prod(gama(pp+zz), 2),size(z));
end
end
% The ganmma function here is the conplex gamm, available in
% www. mat hwor ks. coni mat | abcentral / fi |l eexchange/ 3572- ganma
end
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