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Abstract

The problem of robust mean estimation in high dimensions is studied, in which a certain fraction (less than
half) of the datapoints can be arbitrarily corrupted. Motivated by compressive sensing, the robust mean estimation
problem is formulated as the minimization of the £o-‘norm’ of an outlier indicator vector, under a second moment
constraint on the datapoints. The fo-‘norm’ is then relaxed to the ¢,-norm (0 < p < 1) in the objective, and it is
shown that the global minima for each of these objectives are order-optimal and have optimal breakdown point for
the robust mean estimation problem. Furthermore, a computationally tractable iterative /,-minimization and hard
thresholding algorithm is proposed that outputs an order-optimal robust estimate of the population mean. The proposed
algorithm (with breakdown point ~ 0.3) does not require prior knowledge of the fraction of outliers, in contrast with
most existing algorithms, and for p = 1 it has near-linear time complexity. Both synthetic and real data experiments

demonstrate that the proposed algorithm outperforms state-of-the-art robust mean estimation methods.

Index Terms

Robust estimation, High-dimensional statistics, Global outlier pursuit, Linear time complexity algorithm

I. INTRODUCTION

Robust mean estimation in high dimensions has received considerable interest recently, and has found applications
in areas such as data analysis (e.g., spectral data in astronomy [1]]), outlier detection [2], [3l], [4] and distributed
machine learning [3]], [6], [7]. Classical robust mean estimation methods such as coordinate-wise median and
geometric median have error bounds that scale with the dimension of the data [8]], which results in poor performance
in the high dimensional regime. A notable exception is Tukey’s Median [9] that has an error bound that is independent
of the dimension, when the fraction of outliers is less than a threshold [10]], [11]. However, the computational

complexity of Tukey’s Median algorithm is exponential in the dimension.
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A number of recent papers have proposed polynomial-time algorithms that have dimension independent error
bounds under certain distributional assumptions (e.g., bounded covariance or concentration properties). For a recent
comprehensive survey on robust mean estimation, we refer the interested readers to [12]. One of the first such
algorithms is Iterative Filtering [13l], [[14], [15], in which one finds the top eigenvector of the sample covariance
matrix and removes (or down-weights) the points with large projection scores on that eigenvector, and then repeat
this procedure on the rest of points until the top eigenvalue is small. However, as discussed in [4], the drawback of
this approach is that it only looks at one direction/eigenvector at a time, and the outliers may not exhibit unusual
bias in only one direction or lie in a single cluster. Figure [I] illustrates an example for which Iterative Filtering
might have poor empirical performance. In this figure, the inlier datapoints in blue are randomly generated from the
standard Gaussian distribution in (high) dimension d, and therefore their /5-distances to the origin are roughly v/d
(see, e.g., Theorem 3.1 of [16]). There are two clusters of outliers in red, and their ¢/5-distances to the origin are
also roughly /d. If there is only one cluster of outliers, Iterative Filtering can effectively identify them; however, in

this example, this method may remove many inlier points and perform suboptimally.

Fig. 1: Tllustration of two clusters of outliers (red points). The inlier points (blue) are drawn from standard Gaussian

distribution in high dimension d. Both the outliers and inliers are at roughly v/d distance from the origin.

There are interesting connections between existing methods for robust mean estimation and those used in
compressive sensing. The Iterative Filtering algorithm has similarities to the greedy Matching Pursuit compressive
sensing algorithm [17]. In the latter algorithm, one finds a single column of sensing matrix A that has largest
correlation with the measurements b, removes that column and its contribution from b, and repeats this procedure
on the remaining columns of A. Dong et al. [4] proposed a new scoring criteria for finding outliers, in which one
looks at multiple directions associated with large eigenvalues of the sample covariance matrix in every iteration
of the algorithm. Interestingly, this multi-directional approach is conceptually similar to Iterative Thresholding
techniques in compressive sensing (e.g., Iterative Hard Thresholding [18] or Hard Thresholding Pursuit [19]), in
which one simultaneously finds multiple columns of matrix A that are more likely contribute to b. Although iterative
thresholding techniques are also greedy, they are more accurate than the Matching Pursuit technique in practice [20]],
[21].

A common assumption in robust mean estimation problem is that the fraction of the corrupted datapoints is
small. In this paper, we explicitly use this information through the introduction of an outlier indicator vector

whose £p-‘norm’ we minimize under a second moment constraint on the datapoints. This is partially motivated by
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compressive sensing and shares the same principle of ‘fitting the majority of the data’ that is common in robust
statistics. This new formulation not only enables us to leverage advanced compressive sensing techniques to solve
the robust mean estimation problem, but also allow us to design algorithms that do not require prior knowledge of
the fraction of outliers. There are some works in sparse recovery (see, e.g. [22], [23]]), in which ¢ /¢,, minimization
is used to remove outliers in data. In these works, a linear model y = Ax + e is considered, wherein y denotes the
measurements, the matrix A is known, and the unknown sparse vector e models the potential outlier corruption on
each datapoint. Consequently, the analyses in the works on sparse recovery methods heavily rely on the assumption
that the underlying model is linear (e.g., some works exploit the range-space/null-space properties of the matrix A).
On the other hand, in robust mean estimation, a general observation model (not necessarily linear) is considered. In
light of this, the analyses in the works on sparse recovery cannot be transferred in an obvious way to the robust
mean estimation problem.

We consider the setting in which the distribution of the datapoints before corruption has bounded covariance, as is
commonly assumed in many recent works (e.g., [14]], [4], [24], [25]). In particular, in [24], the authors propose to
minimize the spectral norm of the weighted sample covariance matrix and use the knowledge of the outlier-fraction
€ to constrain the weights. Along this line, two very recent works [26], [27] show that any approximate stationary
point of the objective in [24] gives a near-optimal solution. In contrast, our objective is designed to minimize the
sparsity of an outlier indicator vector, and we show that any sparse enough solution is nearly optimal.
Contributions:

o At a fundamental level, a contribution of this paper is the formulation of the robust mean estimation problem
as minimizing the ¢y-‘norm’ of the proposed outlier indicator vector, under a second moment constraint on the
datapoints. In addition, order-optimal estimation error guarantees and optimal breakdown point (e < 1/2) are
shown for this objective. We relax the ¢y objective to £,(0 < p < 1) as in compressive sensing, and establish
corresponding order-optimal estimation error guarantees. The guarantees are order-optimal with respect to the
number of datapoints(n), dimension of the data (d), and the fraction of corrupted datapoints(e). Henceforth we
use the term ‘order-optimal’ in this sense.

« Motivated by the proposed ¢, and £, objectives and their theoretical justifications, we propose a computationally
tractable iterative £,(0 < p < 1) minimization and hard thresholding algorithm, and establish the order
optimality of the algorithm. Empirical studies show that the proposed algorithm significantly outperforms
state-of-the-art methods in robust mean estimation.

o The proposed algorithm (with maximal breakdown point of 1 — 1/4/2) does not require the knowledge of the
fraction of outliers (in contrast to most existing algorithms). For p = 1, the algorithm has near-linear time

complexity.

II. PROPOSED OPTIMIZATION PROBLEMS

We begin by defining what we mean by a corrupted sample of datapoints.

Definition 1. (e-corrupted sample [4)]) Let P be a distribution on R® with unknown mean p, and let 91, ..., 9, be

independent and identically distributed (i.i.d.) drawn from P. These datapoints are then modified by an adversary
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who can inspect all the datapoints, remove en of them, and replace them with arbitrary vectors in R%. We then

obtain an e-corrupted sample, denoted as Y1, ..., Yn.

Throughout the rest of the paper, we adhere to the notation given above: we represent a datapoint before corruption
as ¥;, and after corruption as y;. Given a set of datapoints {x;,i = 1,...,n}, we term the following as sample

covariance matrix around z:

n

Z(mz —2)(x; —2)". (1)

i=1
There are other types of contamination one can consider, e.g., Huber’s e-contamination model [28]]. The

contamination model described in Definition [T] is the strongest in the sense that the adversary is not oblivious to the
original datapoints, and can replace any subset of en datapoints with any vectors in R?. We refer the reader to [12]
for a more detailed discussion on contamination models.

Our primary goal is to robustly estimate the true population mean, given an e-corrupted sample. We assume that
the underlying distribution has bounded second moment. A powerful and useful key insight that was exploited in
previous work on the problem is that if the outliers in an e-corrupted sample (of large size) shift the average of
datapoints before corruption by () in a direction v, then the variance of the projected sample along v increases
by Q(&£2%/€). Thus, intuitively, it suffices to find a large subset of the e-corrupted sample, whose sample covariance
matrix is close to the covariance matrix of the underlying distribution. In order for such a subset to exist and for
the mean of this large subset to be close to the true mean, we need some form of concentration of the datapoints
(before corruption) around the mean of their distribution. A constrained second moment condition is sufficient to
guarantee this, and such an assumption is also used in previous works. In the following, we provide a brief high-level
explanation (details can be found in the Appendix). Suppose we are given a sufficiently large sample of datapoints
of size n, generated from a distribution with mean g and spectral norm of the covariance matrix bounded by o2.
Then, with high probability, there exists a large subset of the sample with spectral norm of the sample covariance
matrix around g bounded by O(c?). Hence, after corruption, with high probability there still exists a sufficiently
large subset, say G*, of the resulting e-corrupted sample, of size (1 — €¢')n (where € — € as n — 00), such that the
spectral norm of the sample covariance matrix around g is bounded by O(o?). Utilizing this, the concentration of
the sample before corruption around i, and a fundamental result [27, Lemma C.2] about closeness of population
mean and conditional mean, it can be shown that the distance between p and the sample average of G* is O(cr\/? ).

Based on this motivation, we propose an {y;-minimization problem to find the largest subset, whose sample
covariance matrix exhibits bounded spectral norm. We first introduce an outlier indicator vector h: for the i-th
datapoint, h; indicates that whether it is an outlier (h; = 1) or not (h; = 0). Given an e-corrupted sample of size n,
we propose the following optimization problem, for which the solution in & should yield a robust estimate of the

mean:

I}Lﬁn lhllo s.t. hy € {0,1}, Vi, (2)

)\max (Z(l - hz)(yz - sc)(yl - x)T> S C%OQTL’

i=1
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where ¢; is a constant that controls the inflation of the constraint with respect to the bound (c2) on the spectral
norm of the covariance matrix of the underlying distribution.

We further relax the problem to the following:

min ||h|g st 0<h; <1,Vi, (3)
h,x

Amax (i:(l —hi)(yi —x)(y; — w)T> < c2o’n.
i=1
Note that any globally optimal solution of (2)) is also globally optimal solution of (3). To see this, let h be a global
optimum of (@). Let h’ be the vector obtained after setting the non-zero values of h to 1. Note that h' has the same
fo-norm as h, and is also a feasible point of (). Since the constraint set of (3) is larger than (2)), the optimum
value of (Z) must be greater than or equal to the optimum value of (2). This implies that h’ is a global optimum
of ([@). Hence, the claim holds. We show in Theorem [I] that any sparse enough feasible pair including the global
optimum of achieves order-optimality in terms of the error in estimating the mean.

However, minimizing the above ¢, objective is not computationally tractable. Motivated by compressive sensing,

we further propose to relax the £y-‘norm’ to the £,-norm (0 < p < 1), which leads to the following optimization

problem:

r’rllin |kl s.t.0<h; <1,Vi, 4)

Amax <Z(1 —h)(y; —x)(y; — a:)T> < C%O’z’ﬂ,.

i=1
We show in Theorem [2] that even in this case any ‘good’ feasible pair including the global optimum is order-optimal
in terms of the error in estimating the mean.
In the approaches taken in prior works (see, e.g., [27]), the robust mean estimation problem is the following

feasibility problem:

n

Find h s.t. h; € [0,1], th < en, /\max(Z(l —hi)(yi —x)(y; —2) ) < Co’n. %)
i=1 i=1

Most works (see, e.g., [4], [24]) consider the following problem (or its variant), which is obtained by changing the

feasibility problem into the following optimization problem:

n

min )\max(Z(l —hi)(yi —2)(ys —x) ") st hy €0,1], Z h; <en (6)

i=1 i=1

where z is either fixed or is the weighted average of y;’s with weights as 1 — h;. Landscape results related to
the optimization problem (6) were obtained in [24] and [27]. Our formulation (@), for the special case of p = 1,
corresponds to minimizing the feasibility condition related to the sum of "weights" in (3). We provide landscape
results for the optimization problem given in (Theorems [T] and [2). An advantage of our formulation, which we
will exploit in Algorithm [I] is that it does not require knowledge of the fraction of outliers e.

We now provide theoretical guarantees for the estimator which is given by the solution of the optimization problem

(3). We show that given an e-corrupted sample of sufficiently large size, then with high probability, the ¢2-norm of
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dlogd
E+Tg

12(6+d10gd)> We formalize this in the following theorem. It is well known that

the estimator’s error is O <U

an information-theoretic lower bound on the ¢2-norm of any estimator’s error ||& — |2 is 2 <0 1f2€) (see [27]).

Thus, the estimator is order-optimal in terms of the error as o — 0 and n — oc.

Theorem 1. Let P be a distribution on R with unknown mean p and unknown covariance matrix Y < o021, Let
6 €(0,1/4) and c1 > 1 be fixed. Let ¢} = cimin{cflogc} +1—ci, 1}, n > cf%dlog(d/é) and o = <41°8(4/9)

S 7
ndé?ch

Let € € (0,1/2 — @) and € = € + «. Given an e-fraction corrupted set of n datapoints from P, let
S = {(h,m) Rllo < (1 — )y = SRR (7)

Then the following holds with probability at least 1 — 40:
1) Any feasible pair (h,&) for the optimization problem @) such that (h, &) € S satisfies

o~ wl, < 27+ | 9%
2o \V1-¢ 1 _ Il

n

2

2 /
A7 4ovas(1+2,/—2—]. ®
l1—-al-—ce¢ elog(g)

2) A global optimum (h°P*, x°P) of @) lies in S with ||h°P*||o < €'n.

The proof is deferred to the Appendix. A high-level sketch of the proof of Theorems [I] is as follows. We use
the idea in [27, Lemma 2.2] stated in Lemma [2] Informally, if two probability distributions on a set of datapoints
are close in total variation distance, then the weighted means of the distributions are close. Consider the uniform
distribution on the set {y; : iLl = 0} (say P)). Note that the estimator & in Theorem |1|is the mean of P;. We show
that the total variation distance between P; and the uniform distribution (say P’) on the set of inlier datapoints

(that are within a distance of o4/ % =04/ QIC?L from ), is small. Therefore one can show that the distance
g(d/9)

h
max{e’,i“ WHO }

—e/— H’:'»HO
1—e -

between & and the mean of P is O | o . Using Lemma [2| we show that the distance between

the mean of P’ and p is O(c+/¢'). Using triangle inequality, it follows that the distance between @ and g is

, ; lRlo
ma.x{e, -

__lRllg
1—e -

Ofo

Remark 1. Theorem |I| shows that, as long as we find a feasible point h. that is sparse enough, i.e., |h|lo < (e+a)n,

Z{uﬁi:o} Yi
[{i:h;=0}]
to reach the global optimum of the objective (3).

the average of the estimated inliers is close to the true mean in the optimal sense. It is not necessary

We now provide a similar order-optimal error guarantee for the solution of the optimization problem in (@).

Theorem 2. Let P be a distribution on R® with unknown mean p and unknown covariance matrix ¥ = o021 Let

§ € (0,1/4), c1 > 1 and p € (0,1] be fixed. Let ¢, = cimin{cilogc? +1—¢c},1}, n > C,fgzdlog(d/CS) and

= cdlog(d/d) 1ot e e (0,1/2 — @) and € = € + a. Given an e-fraction corrupted set of n datapoints from P, let

2 7
nd2ch

S = {(h,m):||h|g< 1 - €)n; sz} )
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Then the following holds with probability at least 1 — 49:

1) Any feasible pair (h,z) of @) such that (h,&) € S' satisfies

& — pll, < o’ || _cio
o N BT

n

+a\/$<1+2,/elogl(g)>.

2) A global optimum (h°P*, 2°P*) of (@) lies in S’ with ||h°P*||p < 'n.

(10)

The proof is deferred to the Appendix. The high-level idea is similar to that of the proof of Theorem |1} We
consider the distribution on the a-corrupted samples with (normalized) probability weights 1 — h; (say P,). Note
that the estimator & in Theorem [2| is the mean of P,. We show that the total variation distance between P, and the
uniform distribution (say P’) on the set of inlier datapoints (that are within a distance of 0'\/% =04/ %&/5) from

h P
max{e,yw}
n
1

2

), is small. Therefore one can show that the distance between & and the mean of P’ is O | o

—€!
n

Using Lemma [2, we show that the distance between the mean of P’ and g is O(o\/€’). Using triangle inequality, it

IR115
max{e’,Tp

follows that the distance between & and p is O | o TP
l—e/——F

Remark 2. The breakdown point of the estimators in Theorems |l| and |2| is nearly the maximal possible 1/2 (as
a — 0 and n — o), that is the estimator can tolerate any corruption level € < 1/2, assuming that the number of

samples n satisfies the lower bound.

Remark 3. From Lemma |§] in the Appendix, we know that given any feasible pair of {@) with ||szP < (¢n)'/?,

n

L X (1-hi)y;
we have that | h, =——— | is also a feasible pair, and therefore it lies in the set S defined in Q). Theorem |2
> (1—hi)
i=1
> (1—hi)ys
further shows that this weighted average of the datapoints ‘=———— is close to the true mean. Again, we note
> (1=hi)

i=1
that it is not necessary to reach the global optimum of the objective {@); we only need to find a feasible point h

of whose {y-norm is small enough.

ITII. ALGORITHM
A. L, minimization and thresholding

Motivated by the £,, objective and its theoretical guarantee, we propose an iterative £, minimization algorithm.

The algorithm, which is detailed in Algorithm [I} alternates between updating the outlier indicator vector h via
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Algorithm 1 Robust Mean Estimation via £, Minimization and Thresholding

Inputs:

1) An e-corrupted set of datapoints {y;}" ; € R¢ generated by a distribution whose covariance matrix satisfies
> < o2].

2) Upper bound on corruption level: é

3) Upper bound on spectral norm of ¥: o2,

4) Threshold: 0 < 7 <1 such that f(7) > €, where f(7) is defined in (I3), if such a 7 exists.
5) Set ¢; > 1.

6) Set 0 <p<1indp,.

Initialize:

1) (%) as the coordinate-wise median of {y;}7 ;.

2) & = 3v/d + 2¢;.

3) Iteration number ¢ = 0.

Do:

Step 1: Given ("), update h:

h® € H(z® ), where H is defined in (TT).

Step 2: Given h("), update x:
(D) — z:: (=1 {h <rhys
(1— h<’>)1{h“>< }

S @ 4 ),

where v and 8 are defined in and
t=1t+1.

(0)
While: £ < T =1+ 2% and f) < cf "

Output: x(7)

minimizing its £,-norm and updating the estimated mean x. To describe Algorithm [I] let # be the set defined by
H(x, c2) ::argm}ithHp (11)

st. 0<h; <1,V

Amax (Z(l —hi)(yi —x)(y; — w)T> < (f +3)o’n.

i=1
When updating the estimated mean x in Step 2 of Algorithm [I} we add an option to threshold the h; by 7, so

one can use the weighted average of the estimated ‘reliable’ datapoints (i.e., those for which h; =~ 0) to estimate x.

This is motivated by the analysis of the original ¢y objective in Theorem |1} where the average of the estimated
Z{i:}}j:o} Yi
[{i:hi=0}|
The breakdown point of Algorithm [1| depends on the threshold 7 and is given by f(7) (see (I3)). The maximal

‘reliable’ datapoints is close to the true mean as long as the outlier indicator vector h is sparse enough.

breakdown point corresponds to no thresholding, i.e., f(1) = 1 — 1//2. Algorithm 1| requires an upper bound ¢ on

the true fraction of outliers. This upper bound can be set arbitrarily close to (but less than) the breakdown point.
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With this intuitive updating rule in Step 2, Algorithm [I] has following order-optimal guarantee.

Theorem 3. Let P be a distribution on R¢ with unknown mean 1 and unknown covariance matrix % = o2l
Let 6 € (0,1/5), ¢ > 1 and p € (0,1] be fixed. Let T € (0,1}, ¢; = fmin{cilogci+1—¢c}, 1}, n >
max{QO,Wd} log(d/d), o = %;im. Let € > 0 be such that 0 < € = ¢+ a < é < f(7). Given an

e-fraction corrupted set of n datapoints from P, with probability at least 1 — 56, all the iterates of Algorithm |I| (for
t > 1) satisfy

O _ plly <o @) (e + L2 oY s sy v [
o = plls <o [2(€) (2001~ + 12D =6 ) + 06 | + v [
/ (12)
c
+o—\/£<1+2 elog(ld/5)>
where 0(20) is given in Algorithm |I| and
3r+712 -1+ 23+ 572
f(r) = 21+ 1) (13)
€/T
= 14
V(e) \/(16/7)(166/7) (14)
ﬂ(e):cl((l—e/r)_1/2+(1—e)_1/2> 1—2/1-5/7— (15)

©)
The output of Algorithm I at the end of T = 1 + \ﬁ?@ = 0(|11f(’)gglé|> (when c(O) > - (&) @) or T =1 (when

(20) < 1ﬁ E;( ) ) iterations is order-optimal:
() / B(&) ’ € ‘)
£ /LHQSU{'}/(E)(l—I—1_7(6))+ﬁ(6)]+010 T )+mﬁ<1+2 elog(d/6)> o

= O(oVe).
The proof is deferred to the Appendix, but we briefly discuss the design of the algorithm and the high-level
approach. Let * be the average of the set of inlier datapoints that are within a distance of o\/% from p. We use
induction to show that ||z®) — z*|| < c;t)o. We show in the Appendix that the coordinate-wise median satisfies

[2© — pfly <

o with high probability. Firstly, observe that in Step 1 of Algorithm the constraint on the
spectral norm of the weighted covariance matrix around x(* is (c% + (e (t)) ) o?n instead of c3o?n as in (@). This
ensures that with high probability that the optimization problem in Step 1 has a feasible point, and that the optimum
solution satisfies ||h(")||, < (¢'n)'/P. Secondly, we exploit the boundedness of ||h(")||, and the fact that the spectral
norm of the weighted covariance matrix around () is bounded (similar to the idea used in Theorem 2), along with
some concentration bounds to show that in each iteration the iterate (**1) in Step 2 moves closer to x than ().

Specifically, we show that [|z(+1) — ply < v[|2® — plls + Bo < (vel) + B)o = Y

o, where v < 1. From the
proof we can see that it is not necessary to reach the global optimum in Step 1, we only need to find a feasible

point whose £,-norm is small enough.
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Remark 4. The results of Theorems and [3| can be easily extended to establish the estimators’ closeness to the
n

average of the datapoints before corruption, 1 = % > U, using the fact that i is close to w, which is shown in the
i=1

Appendix (see (32))). We obtain the following extension to the above theorems with the same probability guarantees:

. - N d
& — a2 < ||3’3*H||2+U\/%~ )

Moreover, it can be also shown that the estimators are close to the average of inliers, that are at most a distance of

d _ ndc
o\ o5 = U\/ielog(dl/a) from p.
Remark 5. The initialization cgo) = 3V/d + 2¢1 can be replaced by a smaller value as long as it is possible to

guarantee ||x®) — p|y < céo)a with high probability.

An important aspect of the proposed algorithm is that it does not require the true fraction of outliers € and is still

order-optimal. To the best of our knowledge no other algorithm for our corruption model has this property.

B. Solving Step 1 of Algorithm

When we set p = 1 in the objective ||k, in Step 1 of Algorithm 1| the resulting problem is convex, and can be
reformulated as the following packing SDP [29] with w; £1—h,;, and e; being the i-th standard basis vector in

R™. The details can be found in the Appendix.

max 1w s.t. w; > 0, Vi (18)
w
n ee] I
Zwi 1G4 j nxn
i=1 (yz - a:)(yZ - w)T Cno'z-[dxd

When 0 < p < 1, the equivalent objective function [|h||5 = >~ hY is concave, not convex. So it may be difficult
to find its global minimum. Nevertheless, we can iteratively construct and minimize a tight upper bound on this
objective function via iterative re-weighted /o [30]], [31] or ¢; techniques [32] from compressive sensingﬂ And it is
well-known in compressive sensing that such iterative re-weighted approaches often performs better than ¢, [32],

[30].

C. Complexity analysis

Theorem [3] guarantees that the total number of iterations of Algorithm [I] required to achieve optimality is upper

bounded by O(ll(i’gg‘ g‘ ). In each iteration, the computational complexity of Step 2 is O(nd). It follows easily from
the proof of Theorem [3] that it suffices to solve the SDP in step 1 of Algorithm 1 (with p = 1) to a constant
precision. As a result, the error is affected by a constant and thus remains order-optimal and the time complexity
is O(nd) parallelizable work using positive SDP solvers [33] (the notation O(m) hides the poly-log factors:

O(m) = O(m.polylog(m))). A comparison of our theoretical results with those in state-of-the-art works is given in

Table [

'We observe that iterative re-weighted £2 achieves better empirical performance.
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If we use £, with 0 < p < 1 in Step 1, we iteratively construct and minimize a tight upper bound on the 7,
objective via iterative re-weighted ¢ [30], [31] or iterative re-weighted ¢; techniques [32ﬂ Minimizing the resulting
weighted /1 objective can be also solved very efficiently to a constant precision by formulating it as a Packing SDP
(see Appendix) with computational complexity of O(nd) [33]]. If we use iterative re-weighted {2, minimizing the
resulting weighted /5 objective is a SDP constrained least squares problem, whose computational complexity is in

general polynomial in both d and n. We will explore more efficient solutions for this objective in future work.

Algorithm Time complexity | Error guarantee | Breakdown point | Requires €
- ) 1
Tukey median [11] NP-hard O(o+/€) FES) No
IF [14] O(nd?) O(ov/€) NA Yes
GF 271 O(n2d) o(o1%:) 1 Yes
CDG (24 O(%g) O(0/3) 1 Yes
QUE [4] O(nd) O(ov/€) NA Yes
Proposed optimization problems (¢,,p € [0, 1]) NA O(a1 /ﬁ) % No
Proposed algorithm (p = 1) O(nd) O(o+/¢) 1-— % ~ 0.3 No

TABLE I: Theoretical comparison

IV. EMPIRICAL STUDIES

In this section, we present empirical results on the performance of Algorithm [I] and compare with the following
state-of-the-art high dimension robust mean estimation methods: Iterative Filtering (IF) [14]], Generalized Filtering
(GF) [27, Algorithm 2], the method proposed in [8] (denoted as LRV), the method for bounded covariance distributions
in [24] (denoted as CDG), and Quantum Entropy Scoring (QUE) [4]], which scores the outliers based on multiple
directions. We briefly discuss the implementation details of these algorithms. We implemented the QUE method by
utilizing the code provided in [4]. In [24], the authors provide a way to implement the CDG method approximately;
we provide results for an exact implementation of the CDG method. Since the number of datapoints considered in
the following simulations is less than the minimum requirement, a reasonable approach to compare the performance
of the algorithms is to tune the hyper-parameters of all algorithms to get the best possible error. For example, the
hyper-parameter c4 that appears in CDG method [24], is set to be 1.05, which produced the smallest empirical error.
The value of o provided to the algorithms is not the theoretical value, but the empirical one (precisely, the spectral
norm of the sample covariance matrix of G* (see Section [[I)). For evaluation purposes, we report the recovery
error, which we define it as the /5 distance of the estimated mean to the oracle solution, i.e., the average of the

uncorrupted datapoints after corruption.

A. Synthetic data

We consider two experimental settings. For the first setting we follow [4]. The dimension of the data is d, and the

number of datapoints is n. The inlier datapoints are generated i.i.d. according to the standard Gaussian distribution

2We run fewer than 10 re-weighted iterations in our implementation.
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with zero mean. Randomly (uniformly) chosen ¢ fraction of the datapoints are replaced by outliers. For the outliers,

half of them are set to be (/d/2,1/d/2,0,...,0)T, and the other half are set as (\/d/2, —+/d/2,0,...,0)7, so that

T

their ¢, distances to the population mean (0, ...,0) " are all /d, similar to that of the inlier points. These are two

clusters of outliers, and their ¢ distances to the true mean « are similar to that of the inlier points. In Algorithm
we set the threshold 7 = 0.6, ¢; = 1.1, and we initialize cgo) as the ¢ error of the coordinate-wise Median relative
to the true mean. We implemented the IF method for sub-Gaussian parameters [14, Theorem 3.1]. We vary the
total fraction e of the outliers and report the average recovery error of each method over 10 trials in Table [l with

d = 100,n = 1000. The proposed ¢; and ¢y 5 methods show significant improvements over the competing methods,

and the ¢y 5 method performs the best.

TABLE II: Recovery error of each method under different fraction e of the outlier points (d = 100, n = 1000)

€ IF GF QUE | LRV | CDG 12 lo.5
10% | 0.124 | 0.098 | 0.429 | 0.367 | 0.064 | 0.013 | 0.006
20% | 0.131 | 0.115 | 0.492 | 0.659 | 0.084 | 0.013 | 0.007

We also tested the performance of each method for different numbers of datapoints. The dimension of the data is
fixed to be 100. The fraction of the corrupted points is fixed to be 20%. We vary the number of datapoints from
100 to 1000, and report the average recovery error for each method over 50 trials in Table [ITl We can see that the
performance of all methods get better when the number of datapoints is increased. Again, our proposed methods

consistently perform better than the other methods.

TABLE III: Recovery error of each method w.r.t. different number of samples (d = 100, e = 0.2)

n IF GF QUE | LRV | CDG 4y lo.5
100 | 0.493 | 0.293 | 1.547 | 1.423 | 0.316 | 0.060 | 0.033
200 | 0.313 | 0.239 | 1.038 | 1.084 | 0.198 | 0.036 | 0.021
500 | 0.186 | 0.170 | 0.680 | 0.794 | 0.148 | 0.021 | 0.012
1000 | 0.131 | 0.115 | 0.492 | 0.659 | 0.084 | 0.013 | 0.007

The second experimental setting is as follows. The dimension of the data is d, and the number of datapoints
is n. The inlier datapoints are generated i.i.d. such that each coordinate follows the Pareto distribution with scale
parameter as 1 and shape parameter as 2.5. This implies that each coordinate has bounded second moment but no
higher moments. All outliers are set to be the same vector v which is chosen as follows. Let g be the average of the
¢5 norms of the datapoints. The vector v is set as (2 + Jg/ﬁ, 2+ Jg/ﬁ, e 24 M)T Randomly (uniformly)
chosen e fraction of the datapoints are replaced by outliers. The LRV method is applicable only to cases where
distributions have bounded fourth moment, and hence is not applicable to this setting. The CDG method was not
implemented due to the high computational complexity of its implementation. We implemented the IF method
for bounded second moment parameters [14, Theorem 3.2]. We implemented Algorithm [I| with p = 1, 7 = 1(no

thresholding during the iterations), ¢; = 1 and céo) = 3vd + 2c¢1. However, we threshold the last iterate AT with
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threshold 0.6. We vary the total fraction e of the outliers and report the average recovery error of each method over
100 trials in Table with d = 1000, n = 100000. The proposed ¢; method show significant improvement over the
competing methods. We also tested the performance of each method for two different numbers of datapoints. The
dimension of the data is fixed to be 1000. The fraction of the corrupted points is fixed to be 20%. We consider the
number of datapoints to be 10000 and 100000, and report the average recovery error for each method over 100

trials in Table [V} Again, the proposed method consistently perform better than the other methods.

TABLE IV: Recovery error of each method under different fraction € of the outlier points (d = 1000, n = 100000)

€ IF GF QUE 0
10% | 0.0164 | 0.0550 | 0.1096 | 0.0161
20% | 0.0845 | 0.0726 | 0.2489 | 0.0190

TABLE V: Recovery error of each method w.r.t. different number of samples (d = 1000, e = 0.2)

n IF GF QUE 2
10000 | 0.3027 | 0.0780 | 0.3991 | 0.0257
100000 | 0.0845 | 0.0726 | 0.2489 | 0.0190

B. Corrupted image dataset

Here we use a dataset of real face images to test the effectiveness of the robust mean estimation methods. The
average face of particular regions or certain groups of people is useful for many social and psychological studies [34].
Here we use 100 frontal human face images from the Brazilian face databaseE] as inliers. For the outliers, we choose
15 face images of cats and dogs from the CIFAR10 [35] database. In order to be able to run the CDG method [24],
we scale the size of images to 18 x 15 pixels, so the dimension of each datapoint is 270. The oracle solution is the
average of the 100 human faces. Table [VI| reports the recovery error, which is the {5 distance of the estimated mean
to the oracle solution, for each method. The proposed methods achieve smaller recovery error than the state-of-the-art
methods. The sample inlier and outlier images as well as the estimated mean for each method can be found in the

Appendix.

TABLE VI: Recovery error of the mean face by each method

Sample average | IF | LRV | CDG | ¢1 | {05
141 63 83 81 38 46

3https://fei.edu.br/ cet/facedatabase.html
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V. CONCLUSION

We formulated the robust mean estimation problems as the minimization of the fp-‘norm’ of the introduced
outlier indicator vector, under a second moment constraint on the datapoints. We further relaxed the ¢, objective to
an ¢, (0 < p < 1) objective, and theoretically justified the new objective. The proposed ¢y and ¢, optimization
problems do not need to know e, and still achieve information-theoretically order-optimal error bounds with optimal
breakdown points. Then we proposed a computationally tractable iterative ¢,(0 < p < 1) minimization and hard
thresholding algorithm, which significantly outperforms state-of-the-art robust mean estimation methods, and is
order-optimal. In the empirical studies, we observed strong numerical evidence that using the ¢, (0 < p < 1) norm
in the optimization leads to sparse solutions; theoretically justifying this phenomenon is also of interest. It is worth
noting that almost all previous polynomial-time methods (with dimension-independent error bound) need to know
¢, while our Algorithm 1 does not require to know e. It has a maximal breakdown point of 1 — 1/ V2, and has

near-linear time complexity for p = 1.
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VI. APPENDIX
A. Technical preliminaries

We introduce the following parameters that control the minimum number of datapoints needed, error and confidence

edlog(d/d)

__ edlog(d/d)
52c] = —s+—. Let

and o narel

level. Let § > 0, ¢; > 1 and ¢} = [¢} min{c}logc? +1—c?,1}]. Let n >

S = {§1,...,Yn} be a set of n datapoints drawn from a distribution P with mean g and covariance matrix 3 < o1.

We now define G as the set of datapoints which are less than o/ % =0 el:gé(f}/ 5 distance away from pu:

d
I= {Z g —pll2 < U\/ad} (19)

G={y;:iel}. (20)
It follows from Lemma i that for the event
& ={|I| > n—an}, 21
P(&)>1-4. (22)
Let & be the event:

52 = {)\max (Z('gl - N)(’gz - N)T> S C%(Tzn} . (23)

icl
It follows from Lemma [3] that

P(&)>1-4. (24)

Thus, we have that
P(&1Né&) >1—20. (25)

For analysis purposes, we consider the far away uncorrupted datapoints S\ G as outliers also.
Let {y1,...,yn} be an e-corrupted version of the set S. Let h* be such that hf = 1 for the outliers (both far

away uncorrupted datapoints and corrupted datapoints), and k] = 0 for the rest of uncorrupted datapoints, i.e.,

L, if yi#9y, or 9, €S\G
hi = (26)

0, otherwise

Let the set of inliers be given by G*:
I"={i:h; =0} 27)
G ={y,:iel"'y={g;:1€I"} (28)

Note that I* C I and G* C G. Since (g; — p)(g; — p) " is positive semi-definite (PSD), we must have

Amax (Z(l —hi)(yi — m)(y: — M)T> < Amax (Z(y - )Y - u)T> :

=1 iel
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This implies that
{Amax <Z(1 - h:)(yL - p’)(yz - ;UJ)T> S C%UQTL} 2 82- (29)

Then, we have:

P {A (Za — B (yi — p) (i — ;N) <dclo n} >P(&)>1-4. (30)

i=1
Our intended solution is to have h; = 0 for the inlier points and h; = 1 for the outlier points.

Let & and &* be the averages of datapoints in G and G* respectively. Applying Lemma C.2 from [27], we have

2 52
cio €

. 1
l-al-e¢ 6D

& — 2|2 <

We now introduce some more events (c.f. [14, Lemma A.18]):

53{ LS (@) sG\/g} 32

=1 2
1< | d
54 = { E FZI(ZZ — E[Zl]) ‘2 S g né}, (33)

where z; = (g; — u)]l{”yl w2 > 0\/7} From Lemma we get that
P(&)>1-46, and P(E;) >1— 4. (34)
Let £ be the event given by
E=&ENENENE,. (35)

Let A, ¢ be the set of probability vectors given by:

1 n
An,ﬁz{wERn:OSwiS15’2“’1‘:1}- (36)
i=1

Let TV(.,.) denote the total variation distance between probability measures.

TABLE VII: Description of variables

’ Variable ‘ Description
" Mean (expected value) of population distribution
o Average of all datapoints before corruption
G Set of datapoints withi d _ O of p bef i
et of datapoints within o/ o5 = 04 [ S5 75y of p before corruption
G* Maximal subset of G' which is uncorrupted by adversary
z Average of vectors in G, the set of datapoints within a\/ \/ m of
x* Average of vectors in G*, the set of inliers within G
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B. Technical Lemmas

Lemma 1 (Lemma 2.2 [27]). For a finite set of datapoints {y;}1'_q, let T, = >, w;y; and Yo = > wi(y; —
i€[n] i€[n]
T )(Yi — Tay) | be the weighted average and weighted covariance with respect to a probability weight vector w.

Let wy and w2 be two probability weight vectors such that TV (w1, ws) < (. Then,

Hajfwl - ww2||2 < (\/Amax(Ewl) + \//\Inax(zwg)) ?CC (37)

Lemma 2 (Lemma 2.3 [27]). Let wy € A, ¢, and wy € Ay, ,. Then

TV (wy,ws) < max{er, €}

= T minfer ez} o

Lemma 3. Let P be a distribution on R¢ with mean p and covariance matrix ¥ < o21. Let ¢ < 1/3. Given an
e-fraction corrupted set of n datapoints from P, the coordinate-wise median of the corrupted set, &, satisfies with

probability at least 1 — dexp(—n/90) that

& — pll2 < 3oVd. (39)

Proof. We first show that with high probability the error in each dimension is bounded by 3o. Fix a coordinate,
and let y;, y;, 1 and & be the component of y;, y;, 1 and & respectively in that coordinate. By Markov’s inequality,

we have
P(|g; — pi|l > 30) < 1/9. (40)

Let b; = 1{|y; — ps| > 30}. By Chernoff’s inequality, we obtain

P (; b; > n/6> < exp (—9((3_?_)0715)> = exp(—n/90). 41)

Thus with high probability more than five-sixth of the datapoints satisfy |§; — ;| < 3o, which implies that even

if € < 1/3 fraction of datapoints are corrupted, we would have
|& — pu] < 3o. (42)

Applying union bound, we get that with probability at least 1 — d exp(—n/90), the error in each dimension is
bounded by 3¢ and hence ||& — p||2 < 30v/d holds.
O

Lemma 4. Let 0 < 6 < 1. Let &1, E3 and &, be the events as described in (Z1), (32) and (B3). Then,
P(&1) >1—6, P(&3) > 1 -4, and P(Ey) > 1 -9,

Proof. By Markov’s inequality we have
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E[lGell

P(IG°l > an) < (43)
an
|2 1 {1 e > oy/5 )]
= i=1 (44)
an
P (191~ ula > o/ )
= ) 45)
«Q
Applying Markov’s inequality again, we have
d ad E [[|lg1 — pl3]
P S ~ | < 46
<||y1 pll2 >0 a5> < oy (46)
S R
_ 0Tl — )G~ 1)) )
o?d
ado?d
48
< (48)
Thus, we get
PG| >an) <¢ (50)
PG| > (1 —a)n) > 1. 1)
This proves the result for £. Applying Markov’s inequality again, we obtain
n 2
Lo y El}zZl(:lL:—u) ]
- i= 2
P< E;(yi—ﬂ) <o m)é % (52)
no d
= 57 > (i — m)?] (53)
k=1
néd do?
—_— 54
o2d n S
=J. (55)
This proves the result for £3. By similar reasoning, the result for £, follows. O

Lemma 5. Let 0 <6 < 1, ¢; > 1, ¢} = [ min{c}logci+1—¢c},1}], n > %&1/6) and o = “LEO0) [ et

nd2c)
Es be the event described in 23). Then
P(&)>1-4.

Proof. We adopt the approach in [14, Lemma A.18 (iv)]. Lemma A.19 from [14] states that the following: Let
{X;}™, be d x d positive semi-definite random matrices such that Apax(X;) < L almost surely for all i. Let

S= > X; and M = A\pax(E[S]). Then, for any 6 > 0,

i1=1

EAmax(9)] < (e” = 1)M/0 + Llog(d) /0, (56)
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and for any 7 > 0,

o M/L
P(Amax(S) > (1 +n)M) < d((l—l—n)H") . (57)

We apply this result by assigning X; = (g; — ) (9, u)TIL{ lg: — wlla < o4/ 075} Note that Apax(X;) < L = %
for all i € [n], and M < nApax(E[X1]) < no?. We consider two mutually exclusive cases:

1) Suppose that M < e~'§c?o?n. Applying (B6) with § = 1, we obtain
Emax (S)] < (¢ — )M + Llogd. (58)

Applying Markov’s inequality, we obtain

E )\max S
P(Amax($) > cio’n) < [C%UQ;H (59)
(e —1)dcion  o>dlogd
<
o ec2o?n adcZa?n, (60)
=J. )

The inequality in (60) follows from the assumption that M < e~'dcio?n and the inequality in (61) follows from

edlog(d/é)

/ 2
w32 and ¢} < 7.

the fact that o =

2) Suppose that M > e~1§c2o?n. Applying (57) with n = ¢ — 1, we obtain

P(Amax(S) > c2o®n) < P(Amax(S) > 2 M) (63)
6{:%02” aé
pA-1\ ¢ o

\GE )

< 6. (65)

The inequality in (63) follows from the fact that M < no?, the inequality in (63) follows from the fact that

e® < (1+ )+ for any a > 0, and the fact that @ = “428(4/%) 4ng ¢f = (2 min{Zlogc} +1—2,1}]. O
1
Lemma 6. Given a set of points y; € R%, i =1,...,n, then for any w € R"™ we have
n
Z WiYi n
T, 2 l*leH € arg min Amax (Z wilyi — =)(y; —x) " (66)
1 i=1
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Proof. We have

mwin Amax <l_zl w;i(y; —x)(y; — :c)T> =min max . Zwi(yi —x, V>2 (67)

> max min w;{y; — x, V) (68)
viv|2=1 = =
n
2
= max Wi (Y; — Ty, V (69)
vi|v]2=1 ; < >
:)\max (Z wz(yz - ww)(yz - ww)—r> . (70)
i=1
3 wiYi
. .. . . . _i=1
The equality (69) follows from the fact that the minimum in the RHS of (68) is attained at x,, = o
Consequently, (66) holds.
O

Lemma 7. Let n > %{W and o = %2(5/5). Suppose || — T*||2 < ca0, where T* is the average of datapoints
1 1

in G*, defined in (28). Then on event & defined in 23), h* satisfies

Amax (Z(l —hi)(yi — ) (yi — "B>T> < (cf +c3)o*n. 71
i=1

Proof. Let I and I'* be the sets defined in (I9) and (7). We have
Amax <Z(1 —hi)(yi —@)(yi — ﬂf)T> (72)

i=1

:)\max <Z (yZ - w)(yl - x)T> (73)

icl*

=Amax <Z (yi—z" +a" —x)(y; — T+ 3" — :c)T) (74)

iel*

<Amax <Z<w —&*)(yi — m*)T> + Amax (Z (@ —2")(x - w*)T> (75)
iel* icI*
+ 2 imax <Z (y; — ") (@ — w>T> (76)
iel*

=Amax <Z(yl -z (yi - m*)T> + |||z —2*|* +0 (7N

icI*
§c§02n + c%aQn. (78)
The last inequality follows from the definition of & in (23) and Lemma [§] O
Lemma 8. Let n > %ﬁ?m and o = %2(31/&. Let y1,...,Yn be ii.d. datapoints drawn from a distribution

with mean p and covariance matrix ¥ X o*1. Let G be the set defined in (20). Let & be the average of datapoints
in G. Then the following holds on the event £ N E3 N &y, where the events are defined in 1), (32) and (G3):

_ c
||x—u||zsa¢£(1+2 e1og(d/5)>' (79)
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Proof. Note that

iSi]

n

(- p) (80)

2

1~ 1, N [ d
= HZ(yi_H)_nZ(yi_N)l{Hyi_llf2>J o«S}H (81
=1 2

i=1

1 n _ 1 n
sl Z(yi -p)| + o Z Zi (82)
i=1 2 i=1 2
IR 1 &
< 52(%—#) + EZ(zi—E[zl]) + 1 E[z]ll5 (83)
i=1 2 i=1 2

where z; = (g; — M)]l{HQz = pll2 > U\/g}'

The last term is upper bounded as follows,

y i d
1Bl = | B | (@ = p)1 {|y1 —pl2 > a\/;H H .
2
B H'lI)n”iD:(lU (yl o “) ”yl - /1:”2 o % ( )
B vaﬂg):(l v (g —p)lqllyr —pl2 >0 — 56)

(a) d
T (47, _ 2 T _
< hax E[vT (g1 — ) P<||y1 |2 > U\/;> (87)
} [d
=, | Amax () P<|ly1 —pll2 >0 M) (88)

(b)

<Vo2ad (89)
=0V aé. (90)

The inequality (a) follows from Cauchy-Schwarz inequality, and (b) follows from Markov’s inequality.

From (83), (22), (34), and (90), we get that on the event & N E5 N Ey,
c/
t—plz <ovad| 142\ ———|. 1
||:B H’HQ—U « < + €10g(d/(5)> (9)
O

Lemma 9. Let 0 < 7 < 1. Suppose h € R" such that Vi, 0 < h; <1, and ||h||1 < en for some € € [0,1). Then

2”:(1 )W < 7} > (1 . ;)n 92)

i=1
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n
Proof. We first show that ) 1{h; > 7} < <*. Observe that
i=1

en>> hi=3Y hil{h; <th+> hil{h; > 7} (93)
=1 =1 =1
>y 1{hi > 7} (94)
Hence, we have
Soih >y < (95)
i=1 T
Consequently, we obtain
n n n
S —h)i{h;<7r=> (1- hi)1{h; > 7} (96)
=1 =1 =1

>Z1— : 1—7)Zl{hi>7} (97)

(1= en - L=T)en (98)
T
€
- (1 _ ;)n. (99)
O

C. Proof of Theorem [I|

Proof. Let (iL, &) be a feasible pair for (3) lying in S. Note that we get a corresponding feasible pair lying in S by
only setting non-zero h; to be 1. With slight abuse of notation, let (fz,, &) be this feasible pair.

Let € £ a+ e Let w = nli’{b“ and 3 = ||h||o/n. Note that @ € A,, 3. Consider h* as defined in (26). Let
- 0

Z* be the average of datapoints in the set G* defined in (28) and let w* = #ﬁ“u Observe that on event &,
w* € A,, . From Lemma [2] we obtain
A max(f3, €)
TV N T 100
(w0, w") < 1 — min(3, €) (100)
As a consequence of Lemma @ on event £ N &, we have
o’n clo?
)\max E'w* max i T < 4 < it L 101
(Bwr) <A <|I*Z — 1) (Y — p) > T S 1-¢ (101)
1 " - o’n o2
Amas(Zw) < Amax <AZ(1 — hi)(y: — ) (y: — @T> <1 =1 (102)
n—|hllo = n—|hlo 1-5

Consider the case 3 < ¢ < 1/2. This implies TV (W, w*

co? o2 €
N

2610’\/67
(1—€)(1—2¢)

on event &1 N &, we get

& — &%l

IN

(104)
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Consider the case ¢ < 8 < 1 — ¢’. This implies TV (w, w*) < B < 1. From Lemma on event & N &y, we

1—€’

L, 22 22 8
& — 7|2 < ¢11€+VC15 %1—a—5' (105)

Consequently, on the event £ defined in (33), using Lemma [8] (3T) and applying triangle inequality, we obtain

get

that with probability at least 1 — 49

& — plls < ||& — Z*[|2 + 4o’ € L ovas(142] G
Hliz = 2 l—a'l—c¢ elog(d/d) |

It follows from (29) that on the event &, &, (h*,&*) is feasible. We also have that & = {|I| > (1 — a)n} C

{n—|h*lo > (1 —€)n} = {||h*|lo < ¢n}. Note that for any globally optimal solution of (3), by setting all its

non-zero h; to be 1, we can always get corresponding feasible and globally optimal (h°P*, 2°Pt) with hP" € {0,1}

and zoPt — Z{i:h?“f:o} Yi
[{eho™ =0}

remains unchanged. Since (h°Pt, £°P') is globally optimal, and (h*, u) is feasible, we have ||h°Pt||o < |h*||o < €'n.

Hence, (h°P*, 2°Pt) € S’ with [Pty < €'n.

(i.e., £°P' is the average of the y;’s corresponding to hfpt = 0), and the objective value

O
D. Proof of Theorem 2]
Proof. Let (h,&) € S' be a feasible pair for @) with some 0 < p < 1. We have
Il < (1= €m)'/?. (106)
Since 0 < iAzZ < 1 for all 7, we have
n 1/p n 1/p
[ hi] < [Z ﬁf} < ((1=€em)tr. (107)
i=1 i=1
This implies the following
Al < Rl < (1—é)n (108)
11— Rl >n—|h]E > én. (109)

Let w = \|11_i?\| and 8 = ||fLH§/n Note that w € A,, 3. Consider h* as defined in (26). Let Z* be the average
- 1

of datapoints in the set G* defined in (28) and let w* = . Observe that on event &1, w* € A, . As a

1-h*
n—[h*lo

consequence of Lemma @ on event &1 N &, we have

R c2o’n c2o?
Amax(Bw*) < Amax 1—-nh} i i — T <2 < 4 110
(Bw-) < <|I*|;( Dy — ) (yi — ) >_ TR (110)
1 . A ca’n o2
Amax(Zw) < Amax | ———— 1—hi)y; — &) (y; — @) | < — =1 (111)
From Lemma [2] we obtain
. max(f, €)
™V N 112
(W, w") < 1 — min(3, €) (112)
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¢

Consider the case 3 < ¢ < 1/2. This implies TV (w

5 < 1. From Lemma on event & N &, we get

cio? o2 €
\/16 \/ \/le’ﬁ (113)

2010’\/?
(1—e)(1—2¢)

IN

[E P

(114)

Consider the case ¢ < 8 < 1 — ¢’. This implies TV (b, w*) < 1i' < 1. From Lemma on event &1 N &y, we

2
& — &2 < \/ \/cla \/155. (115)

Consequently, on the event £ defined in (33), using Lemma [8] (3T) and applying triangle inequality, we obtain
that with probability at least 1 — 49
¢
Q+2(W®)

Ao?
s < |l — g* 1
12— pellz < ll& =&z +4/ T 1
S (1-hSP)y,

Let (h°P*, 2°P') be an optimal solution to @). From Lemma |6 we have that | h°P* 17t is also an
3 (-n)

optimal solution. Note that on the event £, we have that (h*, ) is a feasible pair for @ Hence,

get

1R < [R* ] < (') '/P. (116)
This implies
> (L= h™)y;
hoPt 1:;— es'. (117)
> (1= R
=1
O

E. Proof of Theorem

Proof. We prove the result by the method of induction.

Let (9 be the coordinate-wise median of the corrupted sample. It is easy to check that under the conditions
stated in Theorem [3] it follows that c3 < ¢; and € < (1 — a)(1 — €). Note that if n > 90log (%), then by Lemma
Lemma [8] (3T) and triangle inequality, we have that the following holds with probability at least 1 — 4:

50 2l = 2 ~ b -3+ 2~ & g
<& — pll2+llp — 2|2 + |12 — 27| (119)
Ao € (0)
<30Vd+ocs+0 a1l < 0(3\/a—|— 2c1) = ocy . (120)
— — €
Let £ be the event
2@ — &*[|5 < ol (121)
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All the following statements hold on the event EUE’, where £ is defined in (33). Also note that P(EUE’) > 1—54,
2e d
when n > max {90, e }log(g).

Suppose ||z — Z* ||, < cgt)a and |R(*=V P < €n. Let (") be an optimal solution to

min ||, (122)

S.t. Amax (Za — hi)(y; — 2D (y; — sc(t))T> < (c‘f‘ + <cg>>2) o*n (123)
i=1

0<h; <1, Vie|[n]. (124)

From Lemma [7, we have that h* is a feasible point for the above optimization problem. Hence,
1], < 18", < (€'n)'/. (125)

Since 0 < hgt) < 1 for all 7, we have

n 1/p
=1

» 1/p
(n) ] < (') (126)

=1
This implies
RO < én. (127)

Let w be such that
(1= )1 {h? < 7}

. 128
S (1 AR < 7} =
=1

w; =

n
By Lemma |9, we have that w € A .. Now we follow the proof of Theorem Let z(t+1) = >~ w;y;. Observe
- =

K2
that w* € A, . As a consequence of Lemma |§|, we have

1 & .
)\max(zw*) S )\max <|I*| Z(l - hz)<yl - N)(yz - l"’)T) S ‘I*‘ S 1—
=1

(129)

1 n
Amax(Zw) = Amax | = (1= AR < r}ys — 2D (y: - 2D)T | (130)
(1= h{M1{p" < 7}y
=1
1 n
< A | = S =AY < Hyi — 20)(y; —2®)T (131)
> (1= <7}
=1
1 - ® ® (T
< - — h - R
< Amax ((1 —¢/T)n ;(1 hi )y — ) (yi — ) (132)
_(@+ed)e s
- 1—¢€/7 (133)
From Lemma [2] we obtain
/ / /
TV (w, w*) < max(e'/T,€')  €/T (134)

= 1—min(e//r,¢) 1—¢
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From Lemma [T} we get

_ TV (w,w*)
(t+1) % - TV(w,w*)

B )| < (VAmax(Zw) + vV Amax (Sw+)) Vo w) (135)

(C% + (Cét))2> o o2 ¢/t
S 1_%/ + ]._6/ 1_6/_6//’7' (136)
< (c1 4+ cét))a L _as €/T 137

o \/176’/7‘ V1—¢ 1—¢—¢€/r

= o(v(€')ey) + B(€)) (138)
<oy + () (139)
= eyt (140)

We established that [|z(t+1) — 2%, < océtH) and |[A("||2 < ¢'n. Hence, by the principle of mathematical
induction, the result follows. It is easy to check that v(¢) < 1 holds if and only if é < f(7). Furthermore, ¢ < f(7)

implies ¢ < 7. Thus, we have that
o — 2" < o (v(e)e ™ + B(e)) (141)

_ N[0 ey-1 L=
7 e (e + 1200
Consequently, using Lemma [8] (31) and applying triangle inequality, we obtain that with probability at least

1-56

ﬁ(é)) + ﬂ(e’)} : (142)

129 =l < o 1) (7@ + 2950 ) + ()| + oy [ o
i ? 1—(é) PVa-a-o T
0
It is easy to see that for T'=1+ %, we have
(T) _ < N1 _BE ! S =0 "). 143
o7 il <o |3 (14 1295 ) 4 86| o [ e —0VE). e
O
F. Solving {1 objective via Packing SDP

min|[h([; (144)

s.t. 0 < h; <1,V

>\max (Z(l - hl)(yz - m)('!h - m)T> S CTLO’Q.

=1
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Define the vector w with w; £ 1 — h;. Since 0 < h; < 1, we have 0 < w; < 1. Further, ||h|; = S hi =

> (1—w;) =n—Y" w; =n—1Tw. Therefore, solving (144) is equivalent to solving the following:

max 1w (145)

w

st 0 <w; <1,Vi,

>\max (Z wz(yz - w)(yz — Cl?)T) < Cﬂ0'2.
=1

Then, we rewrite the constraints 0 < w; < 1,Vi as 0 < w;, and ) wieieiT = I, xn, Where e; is the i-th standard

basis vector in R™. This establishes the equivalence between (143) and (T8).

G. Minimizing £, via iterative re-weighted (>

Consider ¢, (0 < p < 1) in Step 1 of Algorithm [I| We have the following equivalent objective:
m}ithHg (146)

s.t. 0< h; <1,Vi,

Amax (Z(l —hi)(y; —x)(y; — a:)T> < co’n.

i=1
Note that ||h[|5 = Y7 h? = 3" | (h?)%. Consider that we employ the iterative re-weighted ¢> technique [30],
[31]. Then at (k + 1)-th inner iteration, we construct a tight upper bound on [|h|[} at R0 as

n P
2

3 [(h§k>2) g g(hgkf") B (hf _ h§’“>2)} . (147)

i=1
We minimize this upper bound:

2

m}inzn: (h§k>2) h2 (148)
=1

s.t. 0 < h; <1,Yi,

)\max (Z(l - hl)(yl - w)(yl - m)T) S cnaz,

i=1

4

0 < h; <1, we have 0 < w; < 1. Further, Y- u?h? = Y7 u?(1—w;)? = Y (u; —usw;)?. So, solving (T48)

p
Define u; = (hl(k)) , the objective in (T48) becomes Y " u?h?. Define the vector w with w; £ 1 — h;. Since

is equivalent to solving the following:

n

min Z(ul - uiwi)Q (149)
i=1

s.t. 0 <w; <1,Vi,

)\max(z wz(yz - w)(yz — (E)T) < cno2.
=1
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Further, define the vector z with z; £ u;w;. Then solving (T49) is equivalent to solving the following:
min||u — 2|3 (150)
z

s.t. 0 < z; <wy, Vi,
n
Amax (Z zil(yi — o) (yi — w)T/uz]> < cno®.
i=1
Then, we rewrite the constraints 0 < z; < u;,Vi as 0 < z;, and 21;1 zieje] = diag(u), where e; is the i-th
standard basis vector in R”. Finally, we can turn (I30) into the following least squares problem with semidefinite

cone constraints:

min||u — z||3 (151)
z
s.t. z; > 0,Vi,
n T .
i€ d
Zzi €;€; < iag(u)
i=1 (yi —x)(yi — w)T/Uz eno?l s g

H. Solving weighted {1 objective via Packing SDP

Consider £, (0 < p < 1) in Step 1 of Algorithm [1] (see objective (146)). If we employ iterative re-weighted ¢,

approach [32], [30]], we need to solve the following problem:
i ihi 152
min ; U (152)
s.t. 0 < h; <1,Vi,
>\max (Z(l - hz)(yz - m)(yz - :E)T> S cnUQu
i=1
where u; is the weight on corresponding h;. Define the vector w with w; £ 11— h,;. Since 0 < h; < 1, we have
0 < w; < 1. Further, Y i wih; = Y i wi(l—w;) = D0 uy — Yoy wsw;. So, solving (I52)) is equivalent to
solving the following:

max u'w (153)

w

s.t. 0 <w; <1,Vi,

Amax (Z wz(yz - w)(yz - .’I:)T> < eno?.
i=1

Then, we rewrite the constraints 0 < w; < 1,Vi as 0 < w;, and > wieie;'— = I, xn, Where e; is the i-th standard

basis vector in R™. Finally, we can turn (I53) into the following Packing SDP:
T
max u ' w (154)
w

s.t. w; >0, Ve,

n T

€;€; Lnxn
E w; - =
=1

(yi —x)(yi — x) cno?Igwg
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1. Corrupted image dataset

We use real face images to test the effectiveness of the robust mean estimation methods. The average face of
particular regions or certain groups of people is useful for many social and psychological studies [34]. Here we use
100 frontal human face images from Brazilian face databaseEl as inliers. For the outliers, we choose 15 face images
of cat and dog from CIFARI10 [35]]. In order to run the CDG method [24], we scale the size of images to 18 x 15
pixels, so the dimension of each datapoint is 270. Fig. 2] and Fig. [3 show the sample inlier and outlier images. Fig. 4]
shows the oracle solution (the average of the 100 inlier human faces) and the estimated mean by each method, as
well as their ¢, distances to the oracle solution. The proposed ¢; and ¢, methods achieve smaller recovery error
than the state-of-the-art methods. The estimated mean faces by the proposed methods also look visually similar to

the oracle solution, which illustrates the efficacy of the proposed ¢; and ¢, methods.

2433

Fig. 2: Sample inlier human face images.

N Il
=S

Fig. 3: Sample outlier cat and dog face images from CIFAR10.

Oracle Average: 141 Iter Filter: 63 LRV: 83 CDG: 81 fy: 38 Fr 46

Fig. 4: Reconstructed mean face and its recovery error by each method.

“https://fei.edu.br/ cet/facedatabase.html
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