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ABSTRACT

This paper describes a hierarchical image registration algo-
rithm for affine motion recovery. The algorithm estimates
the affine transformation parameters necessary to register
any two digital images misaligned due to rotation, scae,
shear, and trandation. The parameters are computed it-
eratively in a coarse-to-fine hierarchical framework using a
variation of the Levenberg-Marquadt nonlinear | east squares
optimization method. This approach yields a robust solu-
tion that precisely registers images with subpixel accuracy.
A log-polar registration module is introduced to accom-
modate arbitrary rotation angles and a wide range of scale
changes. This serves to furnish a good initial estimate for
the optimization-based affine registration stage. We demon-
dtrate the hybrid algorithm on pairs of digital images sub-
jected to large affine motion.

1. INTRODUCTION

Image registration refersto the geometric alignment of a
set of images. The set may consist of two or moredigital im-
agestaken of asinglescene at different times, from different
sensors, or from different viewpoints. The goal of registra-
tion is to establish geometric correspondence between the
images so that they may be transformed, compared, and
analyzed in a common reference frame. This is of prac-
tical importance in many fields, including remote sensing,
medical imaging, and computer vision [1].

This paper describes a hierarchical image registration
system based on parameter estimation techniques. Wemodel
the mapping function as an &ffine transformation. The algo-
rithm estimates the affine parameters necessary to register
any two digital images misaligned due to rotation, scae,
shear, and trandation. The parameters are selected to mini-
mizethe sum of squared differences between thetwoimages.
They are computed iteratively in a coarse-to-fine hierarchi-
cal framework using avariation of the L evenberg-Marquadt
nonlinear least squares optimization method. Thisapproach
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yields arobust solution that precisely registers images with
subpixel accuracy.

The primary drawback of the optimization-based ap-
proach is that it may fail unless the two images are mis-
aligned by a moderate difference in scale, rotation, and
trandation. In order to address this problem, we intro-
duce a log-polar registration module to bring the images
into approximate alignment, even in the presence of arbi-
trary rotation angles and a wide range of scale changes. Its
purpose is to furnish a good initial estimate to the affine
registration module that is based on nonlinear least squares
optimization.

This hyrid approach yields superior results over either
module acting independently. We demonstrate the ago-
rithm by recovering the affine parameters for pairs of digita
images subjected to large affine motion.

2. PREVIOUSWORK

This paper addresses image registration under affine
transformations. Recent work in this area has focused on
solutions in the frequency domain. Registration problems
involving pure trandation can be recovered by applying
the Fourier transform and using phase correlation [2]. A
Fourier-based method to accommodate transl ation and rota-
tion was described in[3].

The Fourier-Méllin transform has been introduced to
register images that are misaligned due to trandation, rota-
tion, and scale [4, 5, 6, 7]. This method applies a Fourier
transformto images to recover trandation. Then alog-polar
transformation is applied to the magnitude spectrum and
the rotation and scale is recovered by using phase correla-
tion in the log-polar space. This method exploits the fact
that by operating on the magnitude spectrum of an image,
thetrand ational differences are avoided sincethe magnitude
spectrum of animage and itstrang ated counterpart areiden-
tical; only their phase spectrum are different. Furthermore,
the log-polar transformation causes rotation and scale to be
manifest astrang ation, whereby phase correl ation can beap-
plied to recover the rotation angle and scale factor between
the pair of input images. The problem here, though, is that



limited scale factors can be determined because large scale
factors would alter the frequency content beyond recogni-
tion. It should be noted that the maximum scale factor
recovered in[6] and [7] is 2.0 and 1.8, respectively.

The work presented in this paper consists of two mod-
ules: log-polar registration followed by optimization-based
affine registration. The latter module is similar in spirit to
the method described in [8]. However, since it is based on
optimizationtechniques, it may fail toregister an image pair
unless they are marginally misaligned. We have addressed
this problem by introducing a log-polar moduleto furnish a
good initial estimate, even in the presence of arbitrary rota-
tion angles and awide range of scale changes. By operating
inthe spatial domain under amultiresolutionframework, we
have been able to recover awider range of scale factorsthan
those possible under the Fourier-Mellin transform.

3. AFFINE PARAMETER ESTIMATION
In this paper, we shall address the problem of registering
images misaligned due to an &ffine transformation. The
mapping functionis given as

a1z + axy + a3 (1)
asz + asy + ap 2
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The six unknown parameters rel ating two input images,

I; and I,, will be estimated by minimizing the sum of
squared differences between I; and thetransformed I,. The

sum of squared differences (SSD) objective criterion estab-
lishes a similarity measure between two images:
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where u; = a1z; + axy; + a3 and v; = asz; + asy; + as,
respectively. Note that 7' is a geometric transformation
applied to image I, to map it from its [u,v] coordinate
system to the [z, y] coordinate system of I;. The subscript
A denotes that the transformation is affine.
Weadopt the L evenberg-M arquadt nonlinear | east squares

optimization algorithm [8, 9] to estimate the six unknown
affine parameters.

4. LOG-POLAR REGISTRATION
In this section, we introduce a log-polar registration
module that serves as a preprocess to the parameter esti-
mation module. Although the parameter estimation method
features sub-pixe accuracy, the two images to be registered

must first be fairly close in scale (within a factor of two),
rotation (within 45°), and trandation. The purpose of the
newly added moduleisto account for large geometric trans-
formations, bringingimagesinto closeaignment eveninthe
presence of large (ten-fold) scale changes, as well as arbi-
trary rotationsand trandations. In practice, we don’t expect
scale changes beyond factors of four, however arbitrary ro-
tation angles and tranglations must surely be addressed.

We now review log-polar coordinatetransformationsand
describe their use in registration. Consider the polar (r, a)
coordinate system, where r denotesradial distance fromthe
center (z., y.) ahd a denotesangle. Any (z,y) point can be
represented in polar coordinates:

V(e —z)? + (y - )2 (4)

Applying apolar coordinate transformation to an image
I mapsradid linesin Cartesian space to horizonta linesin
the polar coordinate space. We shall denote thetransformed
image I,,. If we assume that » and a lie along the horizontal
and vertical axes, respectively, then image I shown in Fig.
1(a) will be mapped to image I, in Fig. 1(b) after a polar
coordinate transformation. Note that the origin in both co-
ordinate systems is taken to be in the upper left corner. The
benefit of this new coordinate space isthat simple scale and
rotation changes may be induced by modifying the (r, a)
data. For instance, a circular shift aong the a-axis in I,
induces arotation of I. Recall, afterall, that the data stored
along the rows in ra-space represent radia datain zy. By
moving the I, rows up or down, that radial data will map to
anew (rotated) set of radial lines. Fig. 1(c) showsacircular
shift applied to Fig. 1(b). The resulting image in Cartesian
spaceisshownin Fig. 1(d). Noticethat since we shifted the
512-row image in Fig. 1(b) by 128 rows, the image in Fig.
1(a) has been rotated by 90°. Similarly, resampling in the
r-axis can effect scale changes.

Consider two images I; and I, and their polar counter-
parts I, and I»,. If I, is arotated version of Iy, then Ip,
will be a circularly shifted version of I, dong the a-axis.
By applying cross-correlation to I1, and I, the offset da
can be found that best matches the two images. Recall that
cross-correlation is commonly used for finding trand ational
offsets (phase shifts) between two images. It does not work
well in the presence of scale or rotation. However, in the
polar coordinate space, finding the translational component
da between I, and I, correspondsto finding the rotation
between I and I,. Therewouldbe, for instance, no problem
in computing the phase shift between Figs. 1(b) and 1(c).

A similar result is needed to determine the scale change
between I; and I,. Consider a four-fold magnification of
image I, yielding an enlarged image I,. All points (z, y)
in I1 now map to (4z,4y) in I,. To determine the scale
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(c) circular shiftin ;Jolar space (d) resultin Cartéﬁ anspace  (c) log-polar transformof (@)  (d) log-polar transform of (b)

Figure 1: Polar coordinate transformation.

factor, we introduce the use of logarithms. In log-space,
(2z,y) — (logz, logy), and (4z, 4y) — (log4z,logdy) —
(logz+log4, logy—+log4). It now becomes apparent thatin
log-space, theintroduction of a scale factor manifests itself
as a phase shift in the log-transformed image. Therefore,
instead of mapping an image into (r, a) coordinate space,
it becomes useful to map it into (logr, &) coordinate space
usingalog-polar transformation. Ordinary cross-correlation
in the log-polar space now determines the best d(logr) and
da phase shifts, which trandates to scale and rotation in
Cartesian space.

Fig. 2 shows an example. Figs. 2(a) and 2(b) depict
two input images. The latter figure is a scaled, rotated,
and cropped version of Fig. 2(a). The result is consistent
with sensor movement that causes a four-fold zoom and a
45° rotation. Their log-polar transformations are shown in
Figs. 2(c) and 2(d). Clearly, they differ by a phase shift.
Compare, for instance, the left half of Fig. 2(c) with the
right half of Fig. 2(d). When ordinary cross-correlation
is applied to those two images, the computed phase shift
accurately reflectsthefour-fold scale factor and 45° rotation
that constitutes the transformation between the two input
images.

We have used the log-polar transformation to recover
differences as large as ten-fold scale changes. Given this
superior performance over the state-of-the-art in frequency
domain solutions, we believe that this approach should be
exploited. There is one difficulty, though, that remains to
be solved: finding the origin of the image from which the
radia distanceismeasured. Intheexamples above, we have
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Figure 2: Log-polar coordinate transformation.

assumed that the origin of both images lie at their geometric
centers. In fact, their centers can be displaced and unless
that correspondence (trandation) is known, the information
derived from the polar transformation is of limited value.

We have implemented a new agorithm for automati-
caly finding the trandation between both input images in
the presence of scae and rotation. The new method is
based on multiresolution log-polar transformations to si-
multaneously find the best scale, rotation, and translation
parameters. The coarse-to-fine multiresolution framework
accel erates the process by permitting estimates computed in
the low resolution images to serve as initial guesses to the
higher resolution images. The approach at any given level
is outlined bel ow.

1. Crop central region I; from I;
2. Compute I3, thelog-polar transformation of I]

3. For dl positions(z, y) in I:

Cropregion I}

Compute I,

Cross-correlate I, and I, — (dz, dy)

If maximum correlation, save (z, y) and (dz, dy)
4. Scde« dz
5. Rotation « dy

6. Trandation — (z,y)



5. RESULTS

Fig. 3 shows an example of theuse of log-polar registra-
tionas apreprocessfor the sub-pixel perspectiveregistration
module. Figs. 3(a) and 3(b) show two images of a building
taken with different rotation and focal length parameters.
Their log-polar transformations are shown in Figs. 3(c) and
3(d). Cross corrdation in the log-polar domain produces
a phase shift that corresponds to a scale factor of 0.469
and arotation of —201°. The trandationis (-11,-51). Fig.
3(e) showsthe overlay results of log-polar registration after
Fig. 3(b) was scaed, rotated, and trandated to best match
Fig. 3(a). Thisresult isused as an initial estimate for the
subsequent affine parameter estimation module. The affine
transformation derived after log-polar registration is given
bel ow.

u =

1.008z -+ 0.006y — 1.669 (6)
0.003z + 1.045y -+ 0.203 @

v =
Note that log-polar registration was able to bring the two
images into sufficient alignment that the subsequent affine
transformation is nearly an identity mapping. The resulting
overlay is presented in Fig. 3(f). Notice the improved reg-
istration results as evident by the reduced double exposure
effect inthe overlaid images.
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(e) log-polar registration

Figure 3: Polar coordinate transformation.

(d) log-polar transform of (b)

6. CONCLUSIONS

This paper has presented a hierarchical image registra
tion algorithmto register any two digital images misaligned
due to rotation, scale, shear, and trandation. The ago-
rithm couples the log-polar transform with a nonlinear least
squares algorithm to estimate the affine transformation pa-
rameters. Although the Fourier-Méllin transform also uses
the log-polar transformation to recover rotation and scale,
it is limited in use to two-fold scale factors. Larger scae
changes induce too much distortion to the Fourier coeffi-
cients to be useful for affine recovery. Instead, this work
operates directly in the spatial domain and recovers the best
rotation, scale, and trandation by performing correlation on
tilesthat have been transformed into log-polar space.

The purpose of the log-polar registration module is to
bring two images into alignment using only rotation, scale,
and trandation. This serves as a fine estimate for the sub-
sequent affine registration module based on nonlinear least
squares optimization. That module, based on the work in
[8], offers subpixel precision. Coupling the two modules
in this manner facilitates the registration of images in the
presence of large-scale affine transformations. Future work
will investigate extensions of this approach for the recovery
of perspective parameters.
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