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ABSTRACT. We consider the question of approximating the inverse W = V—1
of the Galerkin stiffness matrix 'V obtained by discretizing the simple-layer
operator V' with piecewise constant functions. The block partitioning of W
is assumed to satisfy any one of several standard admissibility criteria that
are employed in connection with clustering algorithms to approximate the
discrete BEM operator V. We show that W can be approximated by block-
wise low-rank matrices such that the error decays exponentially in the block
rank employed. Similar exponential approximability results are shown for the
Cholesky factorization of V.

1. INTRODUCTION

The system matrices arising in the boundary element method (BEM) such as
the matrix V for the classical simple-layer operator V are fully populated. The
classical BEM is therefore often deemed inefficient with respect to memory require-
ments and, in turn, fast iterative solvers. These reservations can be met with
various compression techniques that have been developed in the past to store the
BEM matrices and realize the matrix-vector multiplication with log-linear (or even
linear) complexity. We mention here multipole expansions, [Rok85, [GRI7], panel
clustering, [NHSS8|, [HN89] [HS93] [Sau92], wavelet compression techniques, [Rat98]
[Sch98|, [TW03], the mosaic-skeleton method, [Tyr00], the
adaptive cross approximation (ACA) method, [Beb00], and the hybrid cross ap-
proximation (HCA), [BG05]. Many of these data-sparse methods can be under-
stood as specific instances of H-matrices, which were introduced and analyzed in
[Hac99, [GHO3|, [Gra01l, Hac09] as blockwise low rank matrices. H-matrices come
with the additional feature that they permit an (approximate) arithmetic with
log-linear complexity. In particular, this arithmetic includes the (approximate) in-
version of matrices. Thus, the H-matrix arithmetic can provide an approximation
to the inverse, the LU factorization, or the Cholesky decomposition. However, the
accuracy of this approximate inverse or factorization depends on various parame-
ters including the rank of the blocks and is, for the matrices arising from BEM,
mathematically not fully understood. In the present paper we show that for a block
structure typically employed in the context of H-matrices, the inverse W = V~! of
the discretization of the simple-layer operator V' can be approximated from the set
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of blockwise rank-r matrices at an exponential rate in the block rank. While this
result does not fully analyze the accuracy of the H-matrix inversion algorithms, it
shows that inversion algorithms within the H-matrix framework could work. It thus
gives some mathematical underpinning to the success of the H-matrix calculus when
employed to compute (approximate) inverses of BEM-matrices, which is observed
numerically, for example, by Bebendorf [Beb05] and Grasedyck [Gra0ll [Gra03].

Quickly after the introduction of the H-matrix arithmetic, also H-factorizations
mimicking the classical LU- and Cholesky decompositions were proposed, [Lin04]
Beb05]. Again, numerical evidence indicates their great usefulness for example,
for black box preconditioning in iterative solvers, [Beb05, [Gra05, [(GHKO0S, [LBGOG,
GKLBO0g].

The class of H-matrices is not the only one for which inversion and factorizations
of system matrices arising in the discretization of differential and integral operators
have been devised. Closely related to the concept of H-matrices and its arithmetic
are “hierarchically semiseparable matrices”, [Xial3l XCGL09, [LGWX12] and the
idea of “recursive skeletonization”, [HG12, [GGMRO09, [HY13al; for discretizations
of PDEs, we mention [HY13al [GM13] [SY12, Mar09], and particular applications
to boundary integral equations are [MR05], [CMZ13|, [HY13b]. These factorization
algorithms aim to exploit that some off-diagonal blocks of certain Schur comple-
ments are low rank. Following [Beb07, IGKLB09, [CDGS10], we rigorously establish
that the off-diagonal blocks of certain Schur complements can be approximated by
low-rank matrices. We exploit this fact to show that the Cholesky decomposition
of V can be approximated at an exponential rate in the block rank in the H-matrix
format.

Hitherto, the mathematical analysis of approximability of the inverse of system
matrices in the H-matrix format has focused on the setting of the finite element
method (FEM). The first result in this direction is due to [BHO3|. Generalizations
to elliptic systems [Sch06] and approximations in the framework of H2-matrices
[Borl0al [Boriob] are also analyzed. Our recent works [FMP12, [FMP13| differ from
the above mentioned references for H-matrices for FEM-matrices in several ways.
Among the differences, we highlight that, as in present paper, [FMP12, [FMP13]
work in a fully discrete setting in contrast to the earlier technique of approximating
on the continuous level and then projecting into discrete spaces. This technique
avoids the projection error associated with the transition from the continuous level
to the discrete one, and leads to exponential convergence in the block rank.

In the present paper, we focus on the lowest-order discretization of the simple-
layer operator associated with the Laplace operator. However, our arguments are
based on rather general properties of elliptic operators so that similar assertions can
be shown for higher order discretizations and the hypersingular integral equation,
which can be found in the forthcoming work [FMPI4]. Moreover, we expect that
our approach can cover the case of elliptic systems amenable to a treatment with
the BEM such as the Lamé system.

The paper is structured as follows. In Section 2] we present the main results for
H-matrices. Mathematically, the core of the paper is Section[3] where we investigate
the question of how well solutions of the discrete system can be approximated locally
from low dimensional spaces. These results are transferred to the matrix level in
Sections @ and [ to show the approximability result for V~! and for Cholesky
decompositions, respectively. Section [0 is concerned with various extensions of
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our approximation result: We show a similar compression result for the Poincaré-
Steklov operator and we show that V~! can be approximated at an exponential
rate in the format of H2-matrices, [HKS00, Bor10a, Bor10b).

2. MAIN RESuLT

Let © C RY, d € {2,3}, be a bounded Lipschitz domain such that I' := 9Q
is polygonal (for d = 2) or polyhedral (for d = 3). We consider the simple-layer
operator V € L(H~'/2(T"), H'/?(T')) associated with the Laplacian given by

Vo(z) = /FG(x —y)p(y)dsy, =z €T,
where G(z) = — 5 log|z| for d = 2 and G(z) = ﬁ‘%‘ for d = 3 is the fundamental
solution of the Laplacian. The simple-layer operator is an elliptic isomorphism for
d = 3 and for d = 2 provided diam(€?) < 1, which can be assumed by scaling.
We refer the reader to the monographs [McL00, HWOS|, [SS11l [Ste08] for a detailed
discussion of the pertinent properties of boundary integral operators such as the
simple-layer operator studied here.

We assume that T is triangulated by a quasiuniform mesh T, = {T4,...,Tn} of
mesh width h := maxr,e7;, diam(7}). The elements T} € T}, are open line segments
(d = 2) or triangles (d = 3). Additionally, we assume that the mesh 7}, is regular
in the sense of Ciarlet and v-shape regular in the sense that for d = 2 the quotient
of the diameters of neighboring elements is bounded by v and for d = 3 we have
diam(T}) < v|T;|"/? for all T; € T;,. In the following, the notation < abbreviates <
up to a constant C' > 0 which depends only on 2, the dimension d, and the y-shape
regularity of the quasiuniform triangulation 7,. Moreover, we use ~ to indicate
that both estimates < and 2 hold.

We consider the lowest-order Galerkin discretization of V' by piecewise constant
functions in S%°(7;) := {u € L*(T') : ulr, is constantVT; € T }. Throughout, we
will work with the basis By := {Xj cj=1,.. .,N} of the space S%9(Ty,), where
X; is the characteristic function associated with 7 € 7;,. With the isomorphism
O :RY — SOO(T), x — Zjvzl X;jXj, We note

(2.1) W2 |xlly S 1Ry S A7 %], VxeRY

With the basis By, the Galerkin discretization of V' leads to a symmetric and
positive definite matrix V. € R¥*Y | where

(2.2) Vi = (Vxr, xj) = / G(z —y)dsydsy, Xj, Xk € Bh,
1, J T,

and (-, -) denotes the L?(I')-scalar product.

In the following, we study the approximability of the inverse BEM matrix W =
V! by some blockwise low-rank matrix Wy. First, we need to define the under-
lying block structure, which is based on the concept of “admissibility”, introduced
in the following definition.

Definition 2.1 (bounding boxes and n-admissibility). A cluster 7 is a subset of
the index set Z = {1,...,N}. For a cluster 7 C Z, we say that Bg, C R? is a
bounding box if:

(i) Br, is a hyper cube with side length R,



4 MARKUS FAUSTMANN, JENS MARKUS MELENK, AND DIRK PRAETORIUS

(ii) T; C Bg, for alli € 7,

For n > 0, a pair of clusters (7,0) with 7,0 C Z is n-admissible if there exist
bounding boxes Br., Bg, satisfying ({)—(d) such that

(2.3) min{diam(Bpg, ), diam(Bgr, )} < n dist(Bg,, Br,)-

Remark 2.2. Since the operator V is symmetric, we are able to use the admissibility
condition (2.3]) instead of the stronger admissibility condition

(2.4) max{diam(Bg, ),diam(Bgr,)} < n dist(Bg,, Br, ),

which is often encountered in clustering algorithms. This follows from the fact
that Proposition 3] only needs an admissibility criterion of the form diam(Bg,) <
ndist(Br,,Bgr,). Due to the symmetry of V, deriving a block approximation for
the block 7 X ¢ is equivalent to deriving an approximation for the block o x 7.
Therefore, we can interchange roles of the boxes Br_ and Bpr_, and as a consequence
the weaker admissibility condition (2Z3)) is sufficient.

Definition 2.3 (blockwise rank-r matrices). Let P be a partition of Z x Z and
n > 0. A matrix Wy, € R¥*V is said to be a blockwise rank-r matriz, if for every
n-admissible cluster pair (r,0) € P, the block Wy, is a rank-r matrix, i.e., it
has the form Wy |,y = X,, YL with X,, € R and Y, € RI?*". Here and
below, |o| denotes the cardinality of a finite set o.

2.1. Approximation of V~!. The following Theorem 4] shows that admissi-
ble matrix blocks of V~! can be approximated by rank-r matrices and the error
converges exponentially in the block rank.

Theorem 2.4. Fix the admissibility parameter n > 0 and q € (0,1). Let the cluster
pair (1,0) be n-admissible. Then, for every k € N, there are matrices X, € RITIX7,
Y., € R of rank v < Cgim (2 + 1) g~ k4 such that

(2.5) [V rso = Xra Y2, ||, < Capx N @D/ (@D gk,

The constants Capx, Caim > 0 depend only on ), d, and the y-shape regularity of
the quasiuniform triangulation Tp,.

The approximation estimates for the individual blocks can be combined to assess
the approximability of V=1 by blockwise rank-r matrices. Particularly satisfactory
estimates are obtained if the blockwise rank-r matrices have additional structure.
To that end, we introduce the following definitions.

Definition 2.5 (cluster tree). A cluster tree with leaf size njeas € N is a binary tree
Tz with root Z such that for each cluster 7 € Tz the following dichotomy holds:
either 7 is a leaf of the tree and |7| < njeat, or there exist so called sons 7/, 7 € Tz,
which are disjoint subsets of 7 with 7 = 7/ U7". The level function level : Tt — Ny
is inductively defined by level(Z) = 0 and level(7’) := level(r) + 1 for 7/ a son of 7.
The depth of a cluster tree is depth(Tz) := max, e, level(r).

Definition 2.6 (far field, near field, and sparsity constant). A partition P of ZxZ
is said to be based on the cluster tree Tz, if P C Tz x Tz. For such a partition P
and fixed admissibility parameter nn > 0, we define the far field and the near field
as

(2.6) Py :={(7,0) € P : (7,0) is n-admissible}, Pyear := P\ Prar-
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The sparsity constant Csp,, introduced in [HK00al, [HKOOb, [Gra01], of such a parti-
tion is defined by
(2.7)

Csp 1= max{max|{o€'ﬂ‘z : TXO'EPfarH,m%Xl{TETI : TXO'EPfar}l}.
oeclz

T7€Tz

The following Theorem 7 shows that the matrix V~! can be approximated by
blockwise rank-r matrices at an exponential rate in the block rank r:

Theorem 2.7. Fiz the admissibility parameter n > 0. Let a partition P of T X T
be based on a cluster tree Tz. Then, there is a blockwise rank-r matric Wy such
that

(2.8) [V = Wyy||, < CapxCop N2/ depth(Tz)e "

The constant Cypx depends only on 1, d, and the y-shape regularity of the quasiu-
niform triangulation Tp, while the constant b > 0 additionally depends on n.

1/(d+1)

Remark 2.8. For quasiuniform meshes with O(N) elements, typical clustering strate-
gies such as the “geometric clustering” described in [Hac09] lead to fairly balanced
cluster trees Tz of depth O(log N) and a sparsity constant Cg, that is bounded
uniformly in N. We refer to [HK00a, [HKO00b, [Gra01l, Hac09] for the fact that the
memory requirement to store Wy, is (’)((r + Neat) N log N )

Remark 2.9. Using h ~ N~1/(4=1) and IIV}1II2 < ||V, S h4=D/2 = N=1/2 where
the last estimate can be found, e.g, in [Ste08] Lemma 12.6], we get a bound for the
relative error

HVﬁ1 - Wx ||2

V=1

Remark 2.10. The approximation result of Theorem [2.7] is formulated in the spec-

tral norm. In fact, inspection of the proof of Theorem 2.4 shows that we prove

an approximation result in the weighted L?-operator norm ||| /72, 1 ;.. Other
v

_ppl/ ()
e br .

(2.9) < Clapx Csp N @H9)/(24=2) qepth (Ty)

norms such as the Frobenius-norm are possible, and the estimates change only by
some powers of h. For the Frobenius norm, we can for instance employ the estimate
Al < [Allp < VN [[A], for A € RY*H.

2.2. H-Cholesky decomposition of V. LU- and Cholesky decompositions are
well-established tools of numerical linear algebra. Properties of these factorizations
depend on the choice of the ordering of the unknowns. For the H-Cholesky decom-
position of Theorem 2.11] below we assume that the unknowns are organized in a
binary cluster tree Tz. This induces an ordering of the unknowns by requiring that
the unknowns of one of the sons are numbered first and those of the other son later;
the precise numbering for the leaves is immaterial for our purposes. This induced
ordering of the unknowns allows us to speak of block lower triangular matrices, if
the block partition P is based on the cluster tree Tz. With this notation, we have
the following factorization result:

Theorem 2.11. Let V = CCT be the Cholesky decomposition. Let a partition P
of T x T be based on a cluster tree Tz. Then, there exist a block lower triangular,
blockwise rank-r matrix Cy such that

., |IC-C 3
(i) % < Cenot N 2-2depth(Tz)e
2

_ppl/ (A1)
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[v - cxew|
(i)
VT

_ppl/(d+1)
e br

2 S 2CCholNﬁ depth(’]l‘z)
+ CZho]N%depth(’ﬂ‘z)2672br1/(d+1) 7

where Cenol = CopCiscy/K2(V), with the sparsity constant Cs, of (2.7), the spectral
condition number k2(V) = ||V||, ||V71H2, and a constant Cs, depending only on
Q,d, the y-shape regularity of the quasiuniform triangulation Tp, and 1.

3. LOCAL APPROXIMATION FROM LOW DIMENSIONAL SPACES

For a given function f € L?(T'), we consider the boundary integral equation
Vo=f onT.

Here, we may consider the simple-layer operator V € L(H~1(T'), L*(T')) as a map-
ping from H~Y(T) to L*(T), see, e.g., [SS11]. The discrete variational problem is
to find ¢, € S®°(Ty) such that

(3.1) (Vontn) = (f,on)  Von € S*(Th).

With V from 22) and b € RV defined by b; = (f, x;), the variational problem
) is equivalent to solving the linear system

(3.2) Vx =b.

By ellipticity of the simple-layer operator, both problems (Bl and (B2]) have a
unique solution. The solution x € RY is linked to @) via ¢, = Zjvzl XX

In the following, we repeatedly employ the L?(T')-orthogonal projection e’ .
L3(T)— S%°(T},) defined by

(3.3) (0,00 = (v,6n) Voo € SO°(Th).

The question of approximating the matrix block V71|T><<7 7 XTUYTTU can be
rephrased in terms of functions and function spaces as the question of how well
®n|Br,. can be approximated from low dimensional spaces for (arbitrary) data f €
L?(T") with supp f C Bg, NT. The present section is devoted to the proof of such
an approximation result formulated in the following Proposition 311

Proposition 3.1. Let (1,0) be a cluster pair with bounding boxes Br_, Br,. As-
sume ndist(Bg,,Bgr,) > diam(Bg_) for some n > 0, and R, < 2diam(Q?). Fiz
q € (0,1). Then, for each k € N there exists a subspace Wy, of S®°(Ty) with
dim Wy, < Cgim(2 + 1)%q~ %4+t such that for arbitrary f € L*(T') with supp f C
Bg, NT, the solution ¢p, of BI) satisfies

. — 2 —
(3.4) nin l6n — wllz2(Br. ar) < Cooxh2d* T fllz2r) < Cooxh 2" || fllL2(ry-

The constants Cgim, Chox > 0 depend only on Q, d, and the ~y-shape regularity of
the quasiuniform triangulation Tp,.

The proof of Proposition [3.I] will be given at the end of this section and relies
on several observations. First, the potential

u(z) = I~/¢h(x) = /FG(:E —y)on(y)dsy, zeR? \ T,
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generated by the solution ¢, of (3. is harmonic on  as well as on Q¢ := R%\ Q
and satisfies the jump conditions

[ou] == 5w — 7§™u =0 € H'/*(T),
(3.5) [Onu] = T u — vilmu = —¢p € H_1/2(l").

Here, 7§**, v{" denote the exterior and interior trace operator and ~$**, 4" the
exterior and interior conormal derivative, see, e.g., [SS11]. Hence, the potential u
is in a space of piecewise harmonic functions, and the jump of the normal deriva-
tive is piecewise constant on the mesh 7. These properties will characterize the
spaces Hp (D) to be introduced below. The second observation is an orthogonality
condition. For f with supp f C Bg, NT equation [BI]) implies

(3.6) (w, p) = (fyn) =0 Vb, € S%O(T,) with suppey, C T'\ Bg, .

With the admissibility condition ndist(Brg., Bg,) > min{diam(Bg, ), diam(Bg,)} >
0, this leads to the orthogonality condition

(3.7) (u,pn) =0 Vo, € S¥°(Ty) with supp ¢y, C Bg, NT,

i.e.,, on Br_NT the potential u is orthogonal to piecewise constants.

With these observations we are able to prove a Caccioppoli-type estimate
(Lemma B9]) for piecewise harmonic functions satisfying the orthogonality (B.7).
Then, a low dimensional approximation result (Lemma BI0) derived by Scott-
Zhang interpolation of the Galerkin solution ¢, can be iterated as in [BHO3,
Bor10a], which finally leads to exponential convergence (Lemma BIT]).

3.1. Properties of piecewise polynomial spaces. For an edge/face T C T’
with affine parametrization £ and p > 0, we let P,(T') be the space P,(T) := {m o
v+ e Py(R1)} of polynomials of degree p. Moreover, we define SP*!(7y,) :=
{veC() : v|lr € P,(T) VT € Ty} to be the space of all T,-piecewise polynomials
of degree p that are continuous on I'.

Throughout this section we make use of the Scott-Zhang projection

I, : HY(T) — SYY(Ty)

introduced in [SZ90]. We note that the Scott-Zhang projection in [SZ90] is only
defined for functions in H'(I'), but by averaging only over triangles (and not over

faces) it may also be well defined for functions in L?(T").
By

wp := interior (U {T"eTh : TNT' # @}) ,
we denote the element patch of T', which contains T' and all elements TV € Tj,

that share a node with T. The operator I, has well-known local approximation
properties for H*-functions

(3.8) [0 = Tnol[Frm gy < CRPE™ ol ), 0<m <L, m< <1,

The constant C' > 0 depends only on the y-shape regularity of 7;, and the dimension
d. With the triangle inequality this also implies the L?-stability estimate

(3.9) [Tnoll 2y < Cllvll L2 -

The following lemma constructs a stable operator on L?(T") that features addi-
tional orthogonality properties:
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Lemma 3.2. There exists a linear operator Jy, : L*(T') — S%1(T},) with the fol-
lowing properties for all v € HY(T)

(1) [Tl 2y < Cllvll L2,y VT € Th;

(i) IVInvllp2ry < C IVl 2@y YT € Tas

(i) (v—Thv, ) =0 Vo € S%O(Ty);

(iv) [lv = Tnvll 2y < CRVVl 2y VT € T
The constant C > 0 depends only on d and the y-shape regularity of the quasiuni-
form triangulation Ty,.

Proof. Let by € Sd’l(ﬁ) be the element bubble function for each T' € Tj, which is
the product of the d hat-functions associated with 7" and scaled such that ||br| =
1. Denote by xr the characteristic function of 7. With the Scott-Zhang projection
I, we define

— 1
v e= I+ 3 by U IXT)
TETh fT T

For T' € T}, we have

I v,
<U - jhUaXT’> = <U - Ih’U - Z bT b XT>7XT/>

TEThH T
(b, x17) (
S b

which proves (). The Cauchy-Schwarz inequality and the approximation property
B3) of I}, imply

= (v — Ipv, x77) — v — Iy, x77) =0,

b
|| THL2(T) |T|1/2 H

UTbT|

S o= Invll g2y S 2Vl L2000

Hv_jthL2(T) < ||U_Ihv||L2(T) + _Ihv||L2(T)

This proves ([vl). The first assertion () follows with the same argument due to the
L?-stability of the Scott-Zhang projection I;, ([3.9). Finally, we get

Vo[l 2y
UT bT|

v Ithm(T) S IVl e

IV (0 = Tl 2y < IV @ = In0) | oy + 1712 v = Iyl o

1
S IV = o)l oy + 7 |

and the triangle inequality finishes the proof of (). O

(wr)

The following inverse inequalities also holds for locally refined K-meshes, but we
will only require it for the quasiuniform mesh 7} at hand.

Lemma 3.3 ([DFG™01, Thm 4.1, Thm. 4.7]). There is a constant C > 0 depending
only on T, the ~y-shape regularity of the quasiuniform triangulation Ty, and the
polynomial degree p such that

(3.10) lonllraqry < CRY2 fonllpaey Von € SPA(T),
(3.11) lonllary < Ch™2 onll sy Yon € SPO(Th).
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3.2. The spaces H;(D) and H;o(D,I',) of piecewise harmonic functions.
For an index set p C Z, let I', C I be a relative open polygonal manifold, consisting
of the union of elements in 7; associated with the elements in p, i.e.,

(3.12) I, = interior | | J 7}
Jjep
Let D be a domain and set D~ := DN and Dt := DN Q°. A function v €

HY(D* U D7) is called piecewise harmonic, if

Vo Vedr =0 VYo e C®(DF).
DE
Remark 3.4. For a piecewise harmonic function v € HY(D* U D™), we can define
the jump of the normal derivative [0,v]|par on D NT as the functional

(3.13) ([On]|DAr, ) = / Vv -Vedr Ve € HY(D).
D+uD-

We note that the value ([0,v]|pnr, ) depends only on ¢|par in the sense that
([Onv]|DAr, ) = 0 for all ¢ € C§°(D) with ¢|pnr = 0. Moreover, if [0,v]|pnr is a
function in L?(DNT), it is unique. The definition (B.13)) is consistent with (B.5) in
the following sense: For the potential V¢, with ¢, € S%9(T},), we have the jump
condition [0,V én]|par = —én|pAr-

The space of piecewise harmonic functions on D with piecewise constant jump
of the normal derivative is defined by
Hp(D) :={ve H (DT UD™): v is piecewise harmonic,
Jv e 50’0(771) s.t. [8nv]|Dmp = Elpmp}.

The potential u = V¢, for the problem (&) indeed satisfies u € Hy,(D)NH (D)
for any bounded domain D. Moreover, for a bounding box Br, with 23]), the po-
tential u additionally satisfies the orthogonality condition (87). These observations
are captured by the following space Hp,o(D,T',):

Hno(D,Tp) :=Hn(D) N {v € H(D): supp[d,v]|par € Ty,
(3.14) (v, ) = 0Vp € S%(T,) with suppp € DNT,}.

For the proof of PropositionB.1] and subsequently of Theorem 2.4l and Theorem 2.7,
we will only need the case I', = I'. The general case of the screen problem I') C I"
will only be required for our analysis of the H-Cholesky decomposition in Section [

The following lemma shows that this space is a closed subspace of H(D \

T); later, this property will allow us to consider the orthogonal projection from
H'(D\T') onto H (D) and from H'(D) onto Hp0(D,T,).

Lemma 3.5. The space Hy,(D) is a closed subspace of H*(D\T), and Hp0(D,T,)
is a closed subspace of H' (D).

Proof. We first show that Hy, (D) is a closed subspace of H'(D\T). Let (v7)jen C
Hn (D) be a sequence converging to v € H'(D\T). For ¢ € C3°(D*), we have

(Vo, Vo) p2pey = Jlggo (ve?, v9‘7>L2(Di) =0.

Hence, v is piecewise harmonic on D* U D™,
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Pick ¢ € C§°(D) \ {0} with suppp NI C T € Tp. Then

[8n'Uj]|T <17 <p>L2(T) = <[8n’0j], 90>L2(T) <V1} V<P>L2(D\F) ]2)0 <VU, V<P>L2(D\F)

shows that the piecewise constant function [9,v7] converges elementwise. Hence,
the sequence ([8nvj ])J oy converges pointwise to a piecewise constant function v.
This piecewise constant limit v coincides with the jump of the normal derivative
[0nv] € H~Y/2(T) as the following calculation for arbitrary ¢ € C§°(D) shows:

(v, <P>L2(DmF) - ]1550 <[6nvj]a<P>Lz(Dmp) = (Vv, V<P>L2(D\r) = ([Onv], 90>L2(Dmr)'

Finally, Hp, 0(D,T,) is a closed subspace of H'(D), since H, (D) is a closed subspace
of HY(D \ T') and the intersection of closed spaces is again closed. O

We will derive an approximation of the Galerkin solution ¢ by approximating
the potential v = I~/¢h. In view of the relation ¢, = —[d,u] we have to control
the jump of the normal derivative by a norm of u. Lemma below provides such
an estimate, which may be seen as an inverse estimate, since [9,u] is a discrete
function. For its proof, we need the following Lemma 3.7 as well as the definition
of “concentric boxes”.

Definition 3.6. Two (open) boxes B, Br/ are said to be concentric boxes with
side lengths R and R/, if they have the same barycenter and Bgr can be obtained
by a stretching of B/ by the factor R/R’ taking their common barycenter as the
origin.

The following Lemma [3.7is quite classical, and we include its short proof for the
reader’s convenience.

Lemma 3.7. (i) For R <1 denote by Sg := {x € R? : dist(z,T) < R} the
tubular neighborhood of I' of width R. Then, there is a constant C > 0 that
depends only on I' such that

lvllL2(sp) < C [\/EHVBMUHH(F) + RHVUHH(SR)} Vv € H'(Sg).

(i) Letd, R> 0. Let Br and B(i4s)r be two concentric boxes with side lengths
R and (14 6)R. Then, there is a constant C > 0, which depends only on
the dimension d, such that for all v € Hl(B(1+5)R), we have

1
2 2 2
||v||L2(B(1+5)R\BR) S CoR <m|v”L2(B(l+5)R) + (1 + 5)R|VU|L2(B(1+5)R)) .

Proof. ad (fi]) For smooth univariate functions v the fundamental theorem of cal-
culus yields v(z 0)+ f t) dt. Hence, the Young inequality and the Cauchy-
Schwarz 1nequahty yleld v2(z) S 202(0) + 2R||v’||L2(O r)- Integration over the in-
terval (0, R) gives

[vl1Z20.7) < 2R0*(0) + 2R2[[V'[[ 720, )-

This 1D result implies the desired estimate by using (locally) boundary fitted co-
ordinates.

ad (): We start with the 1D Gagliardo-Nirenberg inequality for the interval
I= 0,1 o2y < Clolzzplivlme < Clol2sg, + Cllolizn vl A
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scaling argument then yields

1
[0l o0 0,146y R) S AT 0R 5)R”UH%2(O,(1+6)R) + vl 20,048 R) 1V 22 (0,146 R)

1
S m”””%%a(ua)m + (L4 0)R|V 720,146 r):

We may assume that B(j 15z = (0, (14 0)R)%. Then, this 1D estimate implies

0R
||U||2L2((O,5R)><(0,(1+6)R)d*1) S m”UH%Q(B(”‘”R)

+OR(A+O)RIVll7ap,, ;0
By arguing similarly for the remaining parts of B(i4s)r \ Br, we get the desired
result. (|

Lemma 3.8. Let 6 € (0,1), R > 0 be such that % < %. Let Br, Bis)r be
two concentric bozes of side lengths R and (14 0)R. Then, there exists a constant
C > 0 depending only on Q, d, and the y-shape regularity of the quasiuniform

triangulation Tr,, such that for all v € Hp(B4s)r)

(3.15) ||[aﬂv]||L2(B(1+5/2)RﬁF) < Ch7V? ||VU||L2(B(1+5)R) ‘
Proof. We prove (B.13]) in two steps, the first step being the proof of the auxiliary
estimate (B.I6) below. The second step shows ([B.I5) with the aid of [BI6]) and a
simple covering argument.

Step 1: We show the following assertion: If % < 7 for r,e > 0, then there exists
a constant C' > 0 depending only on the shape regularity constant v, the domain
Q, and d such that for all v € Hp(B(14)r)

_ 1
(3.16) ||[8"U]||L2(BTQF) S Ch 1/2 1 + g ||VU||L2(B(1+5)T) .

To see this, let £™ : HY/2(T') — HY(Q) and £ : HY/2(T') — H'(Q") be (bounded,
linear) lifting operators for Q and Q¢ (cf. [Ne¢67, Thm. 5.7]). Then, introduce the
(bounded, linear) lifting £ : H'/?(I") — H*(R?) by

Lo EMby  in Q,
YT gty in Q°

Lemma [3.2] provides an operator Jj, : L2(T') — S41(T,) € HY(T'). Furthermore,
w — Jpw is orthogonal to piecewise constant functions so that

Opv], w Onv], Thw
(3817) 0wl amory = sup Onelyw) _ o {Ont], Tww)
weL?(T) ||w||L2(F) weL?(T) ||w||L2(F)
supp wC B, supp wC B,

Note that the construction of Jj, implies supp Jpw C B(11¢/2), NI. Let n be a
smooth cut-off function with 0 <7 <1, 7 =1 on B(11./2),, and suppn C B(11¢),
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and ||V77||L°°(B<1+E>T) < é With the lifting £(J,w), we can estimate

([0nv], Tnw) p2(p,, ypar) = ([0n0], 70" nﬁjhw>L2(Br+zmr)

= / Vo - V(nLIpw)dz
B(1+5)7‘

(3.18) < Vol sy IVOLT ) 2 -

We have to estimate nLJ,w further. Noting that n = 1 on B,., we use the product
rule to estimate

1
(3.19) ||V(77£«7hw)||L2(B<1+g>r) S E_’I” ||£"7hw||L2(B(1+5)r\BT) + ||V‘Cc7hw||L2(B(1+E)T)-

The continuity of the lifting £ : H'/2(I") — H*(R?) and the inverse estimate (B.10)
of Lemma give

IVLIwwllL2(s s, S IVETRW]| L2 (Re)
1
(3.20) S NTwwl| ey S ﬁ”jhw”L?(F)a

which is the key step for the treatment of the second term in (BI9]). Let us now
turn to the first term in ([319). Using Lemma B.7 (@) and then Lemma 3.7, ()
with the observation B(1.), C S\/— A(14eyrr We get

a_TH‘thw”L?(B(HE)T\Br) S \/ﬁ\/—le||£jhw||L2(B““)’")

(I+e)r
+ VLTl s

(14e)r
N \/—HEJhU’HL? r) + ?HVEJMUHL (S Variers)”

We have LTw|r = Jpw, and (B20) leads to
1 1 _
(3.21) ;HEJhWHL%B(HE)T\BT) N —\/gﬂjhw”m(r) + Y21+ e Y| Thw| 2y

We note that er > 4h so that 1/y/er < h~/2. Inserting (320) and B21)) in BI9)
and using the L?(T)-stability of J, given by Lemma [3.2] we obtain

IV LT W) 2By S BTV + e Tnwll 2y S 072V + e w2y
Finally, inserting this bound into (BI8)) and then into [BI7) allows us to conclude
the proof of (BI6]).

Step 2: The bound (BI3) is shown with the aid of (BI6]) and a covering ar-
gument. We may assume that Br = (O,R)d. Set r = §R. Let n € N be given
by n = [R/r]. Let 2;, i = 1,...,(n + 1) =t N be the points of a regular grid
in the closed box Br with spacing R/n. For i = 1,..., N consider the boxes
B; = x;+ (—r/2,r/2)? as well as the scaled boxes B; := xl—i—(—r, ) i=1,...,N.
The essential properties of these boxes are: first, the boxes B;, i =1,..., N cover
B(115/2)r; secondly, the scaled boxes Ei, i =1,...,N are contained in B(is)r;
thirdly, and most importantly, they have a finite overlap property (with an over-

lap constant that depends solely on the spatial dimension d, since the ratio of the
spacing R/n and the side length r satisfies r/(R/n) = (1/0)/[1/d] € [1/2,1] for



H-MATRIX APPROXIMATION TO THE INVERSES OF BEM MATRICES 13

the case ¢ € (0,1) under consideration here). Observing ’T‘ = %

1)
< %, the estimate (BI06]) implies for each ¢

< % due to our

: h
assumption

10wl 2s0r) < CHY2[ V0]
The desired estimate ([I5]) follows from the covering and overlap properties. O

For a box Bgr with side length R, we introduce the norm

2 h\? 2 1 2
vl 7 = (}—% IVllze(mp) + i [Vl 725 »

which is, for fixed h, equivalent to the H'-norm.
Similarly as in [BHO3|,[B6r10a), a main part of the proof is a Caccioppoli-type in-
equality, which is, for functions in Hp, 0(B(146)r, '), stated in the following lemma.

Lemma 3.9. Let § € (0,1) and & < & and let T, C T be of the form B12). Let
Br, B(145)Rr be two concentric boxes. Then, there exists a constant C' > 0 depending
only on Q, d, and the y-shape regularity of the quasiuniform triangulation Tr, such
that for v € Hpo(Batsyr, L'p)

1+0
(3.22) ||VU||L2(BR) < CT |||U|||h,(1+5)R-

Proof. The proof of [8:22) is done in two steps.

Step 1: We show that for € > 0 with % < §, the estimate

h 1
(3.23) ||VU||%2(BR) S EHVUH%%B(HE)R) + W||U||%2(B(I+E)R)'

holds. To see this, let ) be a smooth cut-off function with suppn C B 4./4)r and
7 =1 on Bg, and ||V77||L°°(B(1+5)R) < Z5- We will need a second smooth cut-off
function 7 with supp 7 C B14¢)r and 7 = 1 on B(14./2)r and ||V77||LW(B(HE)R) <
ﬁ. Since h is the maximal element diameter, 8h < eR implies T' C B(14./2)r for
all T € Ty, with T Nsuppn # (. Integration by parts, the fact that v is piecewise

harmonic and supp([0,v]|B,, ., xnr) C T, lead to

IV = [ ) V) da

Bater

= / Vo - V() +0? |Vn|? da
B@ite)r

-/ Plowlods+ [ 0o
I'NBaye)r Bateoyr
(3.24) :/n2[8nv]vdsm+/ v? |Vn|? dz,
r Bai+or

where in the last step we used the support property suppn C B(14c/4)r to extend
the function %[0, v]v, which is defined on I'NB(14¢)r, by zero to the whole set I'. We
first focus on the surface integral in (3.24). With the L?(T")-orthogonal projection
I~° onto S%0(Ty) from ([B3), we get by definition of the space Hp,o(B1+e)r: L))
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that supp I1X° (n2[0,v]) C T, N B(i4e)r- Therefore, we can use the orthogonality
BI4) satisfied by v to get
(?[0p0], v) = (1 [Op0] = TIF (1 [9,0]), v)
= (1 [00] = 11 (1P [9,0]). 77%0)
(3.25) = (1 [0n0] = 1 (17 [00]), 770 — T (7)),

where we were able to insert the cut-off function 7 since 77 = 1 on supp(n?[0,v] —
I15° (n2[0,0])) C (B(i4e/2)r \ Br—2n) NT,. With these observations in hand, we
estimate

2
17°[0n0] = T (2 [0n0D) | 20y S D P2 IVEMP 00720
TETh
<o o3
~ Y (eR)? nUIL2((B1ye/2)r)NT,)"

The standard approximation property ||772v — ITX* M20) || L2y S h1/2||772v||H1/2(p)
and the bound BI5) of Lemma B.8 as well as the trace inequality for I give

h ~
’ <772 [Onv], v) ’ S R [[[Onv] ||L2((B<1+5/2)R)mrp)hl/2 17 2U||Hl/2(r)

h ~ h _
(3.26) S E||VU||L2(B(1+E)R)||772U||H1/2(F) S E||VU||L2(B(1+5)R)||772U||H1(Q)-
The properties of 77 imply |72v]m1(q) S IVOllz2(Btan) + (ER) T HVlL2(Boy 0 n)-
Inserting this into ([3:26) and the result into [B.24]) yields

h h
||v(nv)||%2(B(I+E)R) N &HV’UH%Q(B(l‘FE)R) + (eR)? ||vv||L2(B(1+5)R)||U||L2(B(1+E)R)

2
+ (eR)? ||U||L2(B(1+E)R)

1
4+ —

h 2 2
S §||VU||L2(B(1+E)R) (ER)2||U||L2(B(1+E)R)’

where we employed an appropriate Young inequality in the last step and h/(eR) <
1. This implies 23)).
Step 2: Starting from estimate [323)) with ¢ = g, we use ([B23)) again with

€= % and R = (14 6/2)R. Since (1+3) (1 + 2;15) =1+6and & < % implies
% < g, we arrive at
1
2 2 2
||Vv||L2(BR) N EHVUHIP(B(Hs/z)R) + W||v||L2(B(1+5/2)R)
h\> ) h 1 )
S (35) 198 0m * (5 * 75757 ) 191 Baomr

and with h/(6R) < 1 we conclude the proof. O

3.3. Low-dimensional approximation in %, o(D,T',). Since Hp o(Bgr,I',) C
H'(Bpg) is a closed subspace by Lemma B.5 the orthogonal projection IIj, g :
(HY(BRr), l,r) = (Hno(Br,Ts), Il ) is well-defined.
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Lemma 3.10. Let § € (0,1), R > 0 such that % < 1% and Br, Bays)r: Bait20)r
be concentric boxes. Let 'y C T' be of the form [B.I12) and v € Hp o(By2s)r:Lp)-
Let Kz be an (infinite) y-shape regular triangulation of R% of mesh width H and
assume & < % for the corresponding mesh width H. Let Iy : H*(RY) — S¥1(Kg)
be the Scott-Zhang projection. Then, there exists a constant Capp > 0 that depends
only on 1, d, and ~, such that

(i) (’U — Hh,RIH'U)|BR S ’tho(BR,Fp);
(i) flv—Tnrluvll, g < Capp 22 (3 + ) Wolla, 152605

d
(iii) dim W < Cupp (%) , where W := Tl pTuHn o(B1s2s)r, Tp)-

Proof. Since v € Hpo(Batasyr,I'p) implies v € Hpo(Br,T',), we have that
I, r (v|Bg) = v|B,, which proves ().

The assumption £ < 2 implies J{K € Ky : KN Bg # 0} C Buys)r. Then,
the locality and approximation properties [B.8)) of the Scott-Zhang projection Iy

yield

1

T [0 = Trvll L2y + IV = Ta0)l 2,y S IVl 208450 -

= #‘_6. Note that (1 + 0)R =

We apply Lemma with R = (14 6)R and

5
(14 20)R. Moreover, 16h < 0R = SR implies & < %. Therefore, we get

h

R
2 2 2

lo = Th,mlmolly g = Mg (0 = Tao)ll), 5 < v = Taoll, &

B\ 2 9 1 2
= (T{) ||V(U—IHU)||L2(BR)+ﬁ 1o = Lavlle s
B2 5 H? 2
< = HV’UHLQ(B(H@R) + Rz ||VU||L2(B(1+6)R)

146 (h  H\\?, .o
S <T <E + E)) lolly, (1 +28)R >

which concludes the proof of (). Finally, the statement (i) follows from the fact
that dim I (Hn 0(B(1s2s)r:Tp)) S (1 + 26)R/H). O

The property ({) of Lemma [B.10 can be used to iterate the approximation result
[ on suitable concentric boxes. This will allow us to construct a subspace of
Hno(Biyr)r: T'p) for £ € (0,1) with the capability to approximate at an exponen-
tial rate.

Lemma 3.11. Let Cypp be the constant of Lemma[3I0. Let ¢,k € (0,1), R > 0,
keNandT, CT be of the form BI2). Assume
h Kq

2 = '
(3.27) R ~ 64kmax{1, Capp}

Then, there exists a finite dimensional subspace /V[7k of Hn,o(B(i4x)r,I'p) with di-
mension

_ 14—\
dim Wk S Cdim < TR > derl
q
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such that for every v € Hpno(Bitr)r,p)

(3.28) pg%l V809] = 00| 12(5pnr,) < Pg%l VI |[000] = 003l 25 0r)

R ~ R 4
< iy 10 [0 = 14015 < Clow 0" Wl 1
The constants Cqim, Clow > 0 depend only on 2, d, and the y-shape regularity of
the quasiuniform triangulation Tp,.

Proof. Let Br and B(H(;j)R, with §; := k(1 — &) for j = 0,...,k be concentric
boxes. We have kK = dg > 61 > --- > Or = 5. In the following, we iterate

the approximation result of Lemma B0 on the boxes B(1+5 yr- Choosing H =

m, we have h < H. We apply Lemma[3.I0with R = (1+46;)R and5 =

< §. Note that §;_1 = &;+% gives (14+6,_1)R = (1+26j)Rj and our choice
9
1.

41@(1’15]-)
of H implies g—_ < Hence, for 7 = 1, Lemma [3.10] provides an approximation
J

<= \d
wy in a subspace Wi of Hp o(B4s,)r,I'p) with dimW; < Capp( 1+2;311)R1) _

Coapp ((H;)R) , satisfying

1+ 251 H
o=l ey = 1o =l g, < Com ™22 (2 ) Wl
1 1 1
H 1425,
v
Trr 5 o

kH
= 8Capp— “R (1+ 251) |||U|||h (1+mR =4 |||U|||h (1+wx)R "

< 2Capp

Since v, 4, ,x — w1 € Hno(Bats,)r:I'p), Lemma 310 can be applied to v — wy,
and provides an approximation wo of v—wy in a subspace Wa of Hp 0(B(14s,)r:'p)

with dim Wo < Cupp ( H“)R) . Arguing as for j = 1, we get

o = w1 = wolly 1ysyr < 710 = Wil isiyn < @ Bolla

Continuing this process k — 2 times, one obtains an approximation w := E L w; in

j=
the space Wk = Z 1 Wj of dimension dim Wk < Cappk ((H“ )
k= 1)g 1)k with

flv— ’[&"|h,(1+n/2)R =llv— ﬁ)\mh,(l-i-ék)R <q" |||U|||h,(1+n)R
Finally, since (3227 ensures h/R < /8, we may use Lemma B8 to estimate

. . R .
VE2t] ~ 0] 280y < CIV0 = D)2 S Ol = Bl 12y
to conclude the argument. ([l
Now we are able to prove the main result of this section, Proposition [3.1]

Proof of Proposition[31l. Due to the admissibility condition and the definition of
bounding boxes, we have dist(Bg,,Bg,) > n~'diam(Bgr,) = n~'vVdR,. The



H-MATRIX APPROXIMATION TO THE INVERSES OF BEM MATRICES 17

. 1. .
choice K = o implies

dist(B(11x)r., Br,) > dist(Br,, Br,) — kR Vd

> VAR, (n™t — k) = VdR, (1— L) > 0.
o140

The potential u = V¢, with the Galerkin solution ¢, € S%°(7;) of @&I) then
satisfies u € Hn,0(B(14x)r,,L). The inverse estimate Vh onll2@y S N1énllg-1r2(r)
of (BII) and the ellipticity of the simple-layer operator as well as the discrete
boundary integral equation [B.1]) provide

lonl3-1e ey S (Vén, dn) = (F,én) = <HLf¢><HHL

< p-1/2 HHL2

||¢h||L2(r)

N CA

Then, the boundedness of V : H~Y/2(I') — H}

loc

(R%) and RLT < 1 lead to

1
2(1+— H H < (14— .
H‘ ¢hmhRT(1+n ( + ) on A (Bar) + R onll gr-1/2(r)

s(u%) .

After these preparations, we are in a position to define the space Wy, for which we
distinguish two cases.

Case 1: The condition [B27) is satisfied with R = R,.

With the space W), provided by Lemma BIT we set Wy, := {[0nW] : W € /V[7;€}
Then, Lemma BT and R, < 2diam(2) lead to

< (Ry + 1)h~2¢" HHL2

R ~
i, llon - S st Vo]
wellh, 16n = wll2(pp, ry S e ||[Von h,(14+5) Ry

S ht ||t

L(ry’

and the dimension of W, is bounded by

14+ k71

d
dim Wy, < Cim < > kY = Caim (2 + 1) %q~ k4T,

Case 2: The condition (327) is not satisfied.

Then, we select Wy, := {w|p,, nr: w € S%°(T4)} and the minimum in B2) is
obviously zero. By the choice of x and % > m, the dimension of Wy is
bounded by

d—1 d—1
R, 64k Canos 1 L onde
dim Wy, S (7> 5( ma’;{q Qa2 }) ~ (L+n)g k)"

< (24 )tk

This concludes the proof of the first inequality in (4. The second inequality in
(B4) follows from the L?(T')-stability of the L?(T")-orthogonal projection. O
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4. PROOF OF THE APPROXIMATION RESULTS FOR V!

In this section, the approximation result given in Proposition Bl is used to
construct a low-rank approximation of a matrix block V_1|Txg and in turn an
H-matrix approximation of V~!. This is achieved with local variants of the iso-
morphism (2]), and our arguments follow the lines of [Bérl0a, Theorem 2].

Proof of Theorem[24) 1f Caim(2 + n)%q~ k™1 > min(|7|, |o|), we use the exact
matrix block X,, = V71|, and Y,, = I € RloIxlol,

If Caim(2 + 1)%q~ 4k < min(|7|, |o|), we employ the approximation result of
Proposition Bl in the following way. For the cluster 7 C Z, we define
R™ := {x ERYN iz, =0Vi ¢ 7'} and the mappings

o, :R™ = S%(T), x— ijxj, and A, :L*T) =R we— @)icr,
JET
where w; denotes the mean value on the element T; € 7;. Hence, for a piecewise
constant function the mapping A, returns the constant value on each element cor-
responding to the cluster 7. Moreover, ®,A; is the restriction of the L2-projection
onto S°0(Ty,) to T'; := interior (U, T;) C Brg,. Thus, in particular, for a piece-
wise constant function ¢ € S%°(T;,) we get ®-(A,;¢) = ¢|r,. For x € R7, [2])
implies
d/2 ~pd/2
Ch2 ||| < || @7 ()| opy < CRY? [x]|,, x €RT.

The adjoint A3 : RN — L2(T) ~ L*),b — >,z bi(u — 0;) of Az satisfies,
because of ([Z.1)) and the L?-stability of ®zAz,

. (b, Azw) h=42 | @zAzw] par
IAZD] oy = sup =2 < [b]l, sup @
weL2(T) HwHL2(r) weL?(T) ||w||L2(F)
Shm2 b,

Let b € RY. Defining f := Ab|,, we get b; = (f,x;) for i € o, and supp f C
Bpg, NT. Proposition Bl provides a finite dimensional space W}, and an element
w € Wj that is a good approximation to the Galerkin solution ¢h|BR.,- Ar. It is
important to note that the space Wy is constructed independently of the function
f; it depends only on the cluster pair (7,0). The estimate (2.1]), the approximation

result from Proposition B} and HHLQf} = [[AZbll 2 ry S h=/2|b||, imply

L2(T)
[Arén — Aerz S R/ [©r(Ardn — AT“’)HN(F) S R/ lon — wHL2(BRTﬂF)

— — 2 —
<h d/2 24 HHL f’ < (d+2)qk b, -

L2r) ~

In order to translate this approximation result to the matrix level, let
W= {Aw : we W}

Let the columns of X, be an orthogonal basis of the space WW. Then, the rank of
X, is bounded by Cgim (2+1)%q~ k91, Since X, X7 is the orthogonal projection

from R onto W, we get that z := X, XL A,y is the best approximation of A, ¢y,
in W and arrive at

(41) JArdn = zlly < [Ardn — Arwlly S BT D8 by = N2/ D |,
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Noting that A,¢p = V71|;x,bls, if we define Y, , := V71T X,,, we thus get

TXO
z=X,,YZ b|,. The bound (&) expresses
(4.2) (V" rxo = Xro Y7,) blallz S N0k b, .
The space W}, depends only on the cluster pair (7, o) and the estimate (£2)) is valid
for any b. This concludes the proof. O

The following lemma gives an estimate for the global spectral norm by the local
spectral norms.

Lemma 4.1 ([Gra0l],[Hac09, Lemma 6.5.8]). Let M € RY*N and P be a parti-
tioning of T X I. Then,

M|l < Csp <Z max{||M|;x¢|y : (7,0) € P,level(T) = f}) ,

£=0
where the sparsity constant Cs, is defined in (2.1).

Now we are able to prove our main result, Theorem 2.71

Proof of Theorem [2.7. Theorem[2Z4 provides matrices X, € RIT>" Yy _ . e Rlelxr,
so we can define the H-matrix Vg by

W — XYL if (1,0) € P,
"7\ V7, otherwise.

On each admissible block (7, 0) € P, we can use the blockwise estimate of Theorem
24 and get

|| (V_l - W’H) |T><O’ ||2 S Capr(d+2)/(d_1)qk-
On inadmissible blocks, the error is zero by definition. Therefore, Lemma [£.1]leads
to

[V =Wy, < Cqp <Z max{||(V™" = Vy)lrxol|, : (T,0) € Plevel(r) = €}>
£=0

< CapxCSPN(d+2)/(d71)qk depth(Tz).

With 7 = Caim (2 4 1)%q~ k41, defining b = —C}‘;((;QD g+ (2 4 ) =d/(4d) >

dim

_ppl/(d+1)
e~br , and hence

leads to ¢* =
[V = Wy, < CapxCep N2/ Ddepth(T7)

which concludes the proof. ([l

_ppl/(d+1)
e br ,

5. H-CHOLESKY DECOMPOSITION: PROOF OF THEOREM [2.11]

The aim of this section is the proof of Theorem 211l Our procedure follows
[Beb07, [GKLB09, [FMP13] and is based on showing that the off-diagonal block
of certain Schur complements can be approximated by low-rank matrices. The
analysis of these Schur complement matrices in Section [5.1]is therefore the main
contribution of the section.

The matrix V is symmetric and positive definite and therefore has a (classi-
cal) Cholesky-decomposition V. = CCT, where C is a lower triangular matrix.
Moreover, the existence of the Cholesky decomposition does not depend on the
numbering of the degrees of freedom, i.e., for every other numbering of the basis



20 MARKUS FAUSTMANN, JENS MARKUS MELENK, AND DIRK PRAETORIUS

functions there is a Cholesky decomposition as well (see, e.g., [HJ13] Cor. 3.5.6]).

The existence of the Cholesky decomposition implies the invertibility of the matrix

V|,x, for any n < N and index set p := {1,...,n} (see, e.g., [HJ13| Cor. 3.5.6]).
The first step is the approximation of appropriate Schur complements.

5.1. Schur complements. For a cluster pair (7,0), we define the index set p :=
{i €7 :i < min(r Uo)} and the Schur complement

(5.1) S(1,0) = V]rso = V]rsp(Vlpxp) " Vlpxo-

One way to approximate the Schur complement is to use the H-arithmetic. As
stated in [GKLB09, Theorem 15], this results in a low-rank approximation to S(7, o)
of rank CiqCsp (depth(Tz) + 1)?r, where the idempotency constant Ciq is defined in
[GHO3|, and r is the block rank used for the approximation of the inverse matrix
VL. In the following Theorem 5.2 we provide a low-rank approximation by using
a different approach, which uses the techniques developed in Section [3] and gives
a better bound in terms of the rank of the approximation, i.e., a rank of Cr is
sufficient to obtain the same accuracy. This approach relies on interpreting Schur
complements as BEM matrices from certain constrained spaces.

The key step is Theorem 5.2 below. For its proof, we need a degenerate approx-
imation of the Green’s function G(-,-). This is a classical result that underlies the
log-linear matrix-vector multiplication in BEM and can be achieved by multipole
expansions [Rok85, [GRI7], Taylor expansions [NH88| [HN89, [Sau92, [HS93] or by
interpolation (see, e.g., [SS11], Sec. 7.1.3.1]). The following lemma recalls a variant
of such a degenerate approximation that is obtained with Chebyshev interpolation:

Lemma 5.1. Let 77 > 0 and fiz ' € (0,27). Then, for every hyper cube By C R,
d € {2,3} and closed Dx C R?% with dist(By, Dx) > 5jdiam(By) the following is
true: For every r € N there exist functions g1, 924, © = 1,...,7, such that

(1+1/n)

L (By) — dist({z}, By)

—(L+7)"""" Vze Dy,

G(z,-) - Z 91,i(7)g2,i (")

for a constant C' that depends solely on the choice of ' € (0,27).

Proof. Let I} : C(By) — Qj be the tensor product interpolation operator of degree
k defined on C(By) and mapping into the space Q of polynomial of degree k in
each variable. Note that dim Qi = (k + 1)¢ =: r. The approximation G, (z,y) :=
> i1 91,i(2)g2,i(y) is then taken to be G, (z,-) := I/ G(x, ). The stated error bound
follows from estimates for Chebyshev interpolation. We note that the Green’s
function for the Laplacian is asymptotically smooth (see [Hac09, Definition 4.2.5]
with constant c,s(v) = Cv!). Tensorial interpolation in the form given in [BG04]
allows us to estimate
Y 1 diam(By) 4 1/d
I6(.) =BGy % i 5oy (L Ty ) M
1/d

. (1+ 2dist(By,{x}))_T |

diam(By)

where A < 1+ %ln(k + 1) is the Lebesgue constant of Chebyshev interpolation,
cf. [Riv74]. The observation dist({z}, By) > dist(By, Dx) > fjdiam(By) and the
choice 1’ < 277 imply the claimed estimate. (Il
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Theorem 5.2. Let (1,0) be an n-admissible cluster pair, set p := {i € T : i <
min(rUo)}, and let the Schur complement S(7,0) be defined in (BI)). Then, there
exists a rank-r matriz S, (7,0) such that

efbrl/(d+1)

IS(r,0) = S (7,0)ll, < CueN*/ 3472 Vi,

where the constants Cse,b > 0 depend only on Q, d, the y-shape reqularity of the
quasiuniform triangulation Tp, and 7.

Proof. Let Bg.,Bg, be bounding boxes for the clusters 7, o satisfying ([Z3]). We
define I', = interior (Uiep supp wi) C I'. First, we recall that the Schur com-

plement matrix S(7,0) can be understood in terms of an orthogonalization with
respect to the degrees of freedom in p. More precisely, a direct calculation (see for
the essentials, e.g., [Bre99]) shows for ¢ € RI7l, ¢ € RI?l the representation

(5.2) 7S(r, o) = (Vé,0),
with the following relation between the functions 1, 5 and the vectors ¥, ¢, respec-
tively: ¢ = |J<7:\1 ¥;X;,, where the index j, denotes the j-th basis function corre-

sponding to the cluster o, and the function ¢ € S90(T,) is defined by b=+ bp
with ¢ = Z‘f:ll ®;Xj, and supp ¢, C T, such that

(5.3) <V¢~5, 1Z> =0 Ve S0(T;,) with supp ¥ C T,

Our low-rank approximation of the Schur complement matrix S(7, o) will have
two ingredients: first, based on the the techniques of Section [B] we exploit the
orthogonality (53] to construct a low-dimensional space Wk from which for any ¢,
the corresponding function 5 can be approximated well. Second, we exploit that
the function ¢ in (B.2)) is supported by T',, and we will use Lemma [B.11

Let 6 = ﬁ and Bg,, B(14s)r, be concentric boxes. The symmetry of V' leads
to

(viw) - (34)

(5.4) = (6,vv) +{3,vv)

L2(B(1+6)r, Np) L*(T\B(146)Ro )

First, we treat the first term on the right-hand side of (5.4]). The choice of § and the
admissibility condition (Z3]), where we can assume min{diam(Bpg, ), diam(Bgr,)} =
VdR, due to the symmetry S(7,0) = S(o, )7, imply

dist(B(15)r, » Br,) > dist(Br,, Br,) — VdSR, > VdR,(n~' — &) > 0.

Therefore, we have $|B(1+26)R0 AT, = ®plB(jesr, T, and the orthogonality (B.3])
holds on the box B(1426)r, - Thus, by definition of Hp, o, we have that the potential

Vo € Hno(Batasyr, » To)- -
As a consequence, Lemma [B.11] can be applied to V¢ with R := (1 + §)R, and

K= ﬁ = 1;4‘_6. Note that (1+x)(1+6) =1+26 and 1+ x~! = 3+ 7. Hence, we

get a low dimensional space W, of dimension dim W), < Caim (3 +1)%q I+t = 1)
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and the best approximation (E = ng to 5 from the space Wk satisfies

|24 S Rot*/2¢" |73
L2(B(115yr, NTp) h,(14+28)R
§h73/267b1r1/(d+1) ‘ H ,
H-1/2(T)
where we defined b; := —C;((ﬂl)qd/(d*l)(?) + )~ %0+ > 0 to obtain
¢* = eV Therefore, we get
5.5) |(6-6,vv) < 32 bt D ’H v .
(5:5) ‘ p-o VY L2(Bi+6)rR, M) ¢ H-1/2(T) | 1/}||L2(F)

The ellipticity of V/, supp(¢ — @) = supp ¢, C T, and the orthogonality (5.3) yield
[o=o, 0, S(VG-005-0) =~ (v6.5-0)
(5.6) S IVOlirary ||# - 9 S 18lza 6 -9

Thus, with the triangle inequality, (5.6), and the stability of V : L?(T") — H(T),
we can estimate (5.5]) by

‘@é&vw

H—1/2(I‘ H— 1/2 1’*)

_ppl/(d+1)
S et (15— 1Vl ey

H=1/2(T)

L2(B(1+5)Rg ﬁFp)
1801200y IV oy )

_ /(a1
Sh et ||¢||L2(F) ||¢||L2(F) :

For the second term in (5.4]), we exploit the asymptotic smoothness of the Green’s
function G(-,-): Lemma[B.Tlcan be applied with By = Bg, and Dx = I'\B(144)r,
where the choice of § implies

(57) dlSt(By, Dx) diam(By).

2\/—(1 +1n)

Therefore, we get an approximation G, (z,y) = >.._; ¢1,i(%)g2,:(y) such that

1
D) — . <
(58 16:) = o0 ) S 7, By

here, the constant by > 0 depends only on d and 7. As a consequence of ([B.7)) and
(E3), the rank-r operator V;. given by V4 (z) := fBR Ap Gr (7, y)Y(y)ds, satisfies

e e € T\ Bays)n

5.0/ = vw)

L2(T\B(146)Ro )

/ 3(x) / (G ) — G, ) (y)dsydss
M\Ba4s) Ry Br, NT

meas(I' N Bg, ’G—CNJTH

H(b‘ L2(r) ( 7o) Lo ((M\B(1 1 5yn, )X (Br, L)) 191l 2y
—1/252—d p(3—d) /2, —bar'/? ~H

Sh™ /PR, e " o -1/ 191l 22y

_ —popl/d
Sh Y2ebe ||¢||L2(F) |W)HL2(F) )
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where the last two inequalities follow from the inverse estimate Lemma [3.3] the
stability estimate (5.6 for the mapping ¢ — 5, the assumption d < 3 as well as
R, < ndiam(Q), and the choice § = ﬁ Here, the hidden constant additionally
depends on 7. Therefore, we get

(V) (5e)

,S h73/2efbr

—(d.v)

L2(Ba+s)roNp)
1/(d+1)

L2(T\B(1+6)R, )

16 s oy 1 oy
with b := min{by,b2}. Since the mapping (¢,) — <<$, V1/1>L2(B )
(14+6)Rs P

<q~5, VT¢> defines a bounded bilinear form on L?(T), there exists a
L2I\Ba+5)Ra)

linear operator V : L*(T') — L?(T") such that
(6, vv) H(8V)

and the dimension of the range of V is bounded by 2r. Therefore, we get a matrix
S,(1,0) of rank 2r such that

= (Vov).
L2(Ba+syr, NTp L*(T\B(146)Ro ) <

IS(7,0) - 8,(7,0)| ¢ ) 8.
T,0) — S, (7,0 = sup
2 PERITI apeRIo] ||¢||2 ”1[’”2
< Chd73/267brl/(d+1)

)

where we have used (2.1). The estimate ”‘}” < h~9 from [Ste08, Lemma 12.6] and
2

h ~ N—1/(d=1) finish the proof. O

As a direct consequence of the representation (5.2)) and the results from Section[3]
we can get a blockwise rank-r approximation of the inverse of the Schur complement
S(, 7). For the existence of the inverse S(7, 7)1, we refer to the next subsection.
For a given right-hand side f € L*(T"), (52)) implies that solving S(7,7)¢ = f with
f € RI"l defined by f; = (f, xs.), is equivalent to solving a(¢, %) = (f,1) for all
Y € SOO(T;,) with suppey C T'y. Let 7 x 03 C 7 X 7 be an n-admissible subblock.
For f € L*) with supp f C Bp, NT, the support properties as well as the
admissibility condition ([23]) for the cluster pair (1, 01) imply the orthogonality

a(g,1) =0 Vi € S“°(T;) with suppv) C B, NT.
Therefore, we have V¢ € Hn,o(Br

tion to 5 on Br, NT';. Then, a rank-r factorization of the subblock S(r, ) %oy
can be constructed as in Section 4] which is summarized in the following theorem.

T';), and Lemma [BT1] provides an approxima-

71

Theorem 5.3. Let 7 CZ, p:={i € Z:4 < min(r)}, m X o1 C 7 X 7 be 1-
admissible, and let the Schur complement S(r,7) be defined in (B1)). Then, there
exist rank-r matrices X,, 5, € RIMXT Y € RITUXT sych that

(59) ||S(7', 7')71|7-1><01 _ XTldlYT < OapXN(d+2)/(d71)67b7«1/(d+1)'

7'101H2 —

The constants Cyapx depends only on ), d, and the ~y-shape regularity of the quasi-
uniform triangulation Tr, and the constant b > 0 additionally depends on n.
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5.2. Existence of H-Cholesky decomposition: conclusion of the proof of
Theorem 2.7l In this subsection, we will use the approximation of the Schur
complement from the previous section to prove the existence of an (approximate)
‘H-Cholesky decomposition. We start with a hierarchical relation of the Schur com-
plements S(7, ).

The Schur complements S(7, 7) for a block 7 € Tz can be derived from the Schur
complements of its sons 71, 75 by

S(T 7_): (S(Tl,Tl) S(Tl,TQ) )
’ S(TQ,Tl) S(TQ,TQ) + S(TQ,Tl)S(Tl,Tl)ils(Tl,7’2) ’
A proof of this relation can be found in [Beb(07, Lemma 3.1]. One should note that
the proof does not use any properties of the matrix V other than invertibility and
existence of a Cholesky decomposition. Moreover, we have by definition of S(7, 7)
that S(Z,Z) = V.

If 7 is a leaf, we get the Cholesky decomposition of S(7,7) by the classical
Cholesky decomposition, which exists since V has a Cholesky decomposition. If 7
is not a leaf, we use the hierarchical relation of the Schur complements to define a
Cholesky decomposition of the Schur complement S(r, ) by

._ C(m) 0
(5.10) Cr) = (sm,n)(cm)T)l cm)) ’

with S(7,71) = C(11)C(n1)%, S(m2,72) = C(12)C(m2)T and indeed get S(7,7) =
C(7)C(7)T. Moreover, the uniqueness of the Cholesky decomposition of V implies
that due to CCT =V = S(Z,7) = C(Z)C(Z)”, we have C = C(Z).

The existence of the inverse C(r;)~! follows from the representation (5.I0) by
induction over the levels, since on a leaf the existence is clear and the matrices C(1)
are block triangular matrices. Consequently, the inverse of S(r, 7) exists.

Moreover, as shown in [GKLB09, Lemma 22] in the context of LU-factorizations
instead of Cholesky decompositions, the restriction of the lower triangular part
S(72,71)(C(m1)T)~! of the matrix C(7) to a subblock 75 x 7] with 7/ a son of 7;
satisfies

(5.11) (S(72, T)(C(11)") ™) g xry = S(75, 7)(C (1))~

The following lemma shows that the spectral norm of the inverse C(7)~! can be
bounded by the norm of the inverse C(Z)~1.

Lemma 5.4. For 7 € Tz, let C(7) be given by (GI0). Then,
max [|G(r) ', = [[C@) -

Proof. With the block structure of (BI0l), we get the inverse

Clr) ! = Clr) 0
—C(12)7'S(72, 1) (C(m)") ' C(r) ™" C(m)™')"
So, we get by choosing x such that x; = 0 for ¢ € 7y that

[CO M= suwp  [[C(n) 7 x,
x€RI! [z, =1
> sup  [C(m) x|, = [[C(m) 7,

x€RI72!, | z]|,=1
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-1 T
The same argument for (C(T) ) leads to

le@ ™, = (e ™)

Thus, we have |C(r)7![, > max;—1||C(n)7!||, and as a consequence
maxrer, ||C(7) 7|, = €@, O

| = lew 1,

We are now in position to prove Theorem 2.1t

Proof of Theorem [2Z11] In the following, we show that every admissible subblock
7 X o of C(Z), recursively defined by (5I0), has a rank-r approximation. Since an
admissible block of the lower triangular part of C(Z) has to be a subblock of a matrix
C(7') for some 7 € Tz, we get in view of (5.11) that C(Z)|,x» = S(7,0)(C(c)T) L.
Theorem provides a rank-r approximation S,.(7,0) to S(7,0). Therefore, we
can estimate

[C@D)lrxo = 8r(7,0)(C(a)") ], = [|(S(r,0) = 81(r,0)) (C(0)") ",
< CueN¥/ A=D1 (o) T) 1, [V,
Since S,.(1,0)(C(0)T)~! is a rank-r matrix for each n-admissible cluster pair (7, o),

we immediately get an H-matrix approximation Cy of the Cholesky factor C(Z) =
C. With Lemma [Tl and Lemma 54 we get

_ ppl/ D
|C — Cxlly < CueCop N3/ 4=2) depth(Tz)e ™ [C7H, IV,
and with ||V, = ||C||§, we conclude the proof of (i).
Since V = CCT, the triangle inequality finally leads to
||V - CHC£H2 <€ - Cxul, HCTH2 + HCT o C£H2 ICll;
+(C = Cxull, HCT - C£H2
< 204 Caphia(C) depth(T7) N3/ (24=2) g =br 0 1y
V2
+ K2(C)2CS2CCS2P depth(TZ)2N3/(d—1)e—2br1/(d+1) | ||g7
IClI
and the equality ko(V) = ka(C)? finishes the proof. O

6. EXTENSIONS

6.1. The Poincaré-Steklov operator. The interior Poincaré-Steklov operator
St is defined as S := V! (31 + K) : HY/*(I') — H~Y/2(T"), where K denotes
the double-layer operator. In a similar way, the exterior Poincaré-Steklov operator
Sext is given by St = —V~1(3] — K).

The discrete Poincaré-Steklov operators are given by St = V! (%M + K) and
Sext = _v—1 (%M — K), where K is the stiffness matrices corresponding to K, and
M is the mass matrix. Here, we consider piecewise affine basis functions for the the
discretizations K, M. We illustrate the use of the H-arithmetic to derive H-matrix
approximations to the discrete Poincaré-Steklov operators, which is stated in the
following corollary of Theorem 2.7
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Corollary 6.1. Fiz n > 0. Let a partition P of Z x T be based on a cluster tree
Tz created by the geometric clustering algorithm from [Hac09l Section 5.4.2]. Let
S € {Sint 8°<t}. Then, there is a blockwise rank-r matriz Sy such that

(d+2)/(d—1) r Hdy
1 < N ~log N b .
(6.1) IS — S|, < Cps og N exp <10gN 1>

The constant Cpg > 0 depends only on Q,d, and the ~y-shape reqularity of the
quasiuniform triangulation Ty, and the constant b > 0 depends additionally on 7.

Proof. By H-arithmetic, [GHO03l Theorem 2.24], the rank of the multiplication of
H-matrices increases by a factor of CiqCsp(depth(Tz) + 1), where the appearing
idempotency constant Ciq is defined in |[GHO3] and can be bounded uniformly in
N for geometrically balanced cluster trees. ([l

Remark 6.2. In computations, due to stability reasons, usually the symmetric for-
mulation of the Poincaré-Steklov operator S™ := W + (31 + K') V™! (31 4+ K)
with the hypersingular integral operator W : H/2(T') — H~'/2(T') and the ad-
joint double-layer potential K’ is used, see, e.g., [Ste08|. Using H-arithmetics, an
approximation for this representation can be derived as well, but leads to an addi-
tional logarithmic factor in the exponential in (61I). Since we are only interested
in an existence result, the non symmetric formulation is sufficient for our purpose.

6.2. H2-approximation. In this section, we briefly describe how an approxima-
tion in the more refined framework of H2-matrices can be derived. The main
advantage of H2-matrices compared to H-matrices is that the storage complexity
as well as the complexity of the matrix-vector multiplication is O(rN), i.e., linear in
the degrees of freedom instead of the logarithmic-linear complexity of O(rN log N)
for H-matrices.

In fact, [Bor10al proves that an H2-approximation can be derived from blockwise
estimates as in Theorem 2.4l Therefore, this can be done in the same way, and this
section follows the lines of [Borl0a).

H2-matrices are based on nested cluster bases, which are defined in the following.

Definition 6.3 (Nested cluster basis). A family of matrices (U, ) er,, U, € RITI*"
is said to be a nested cluster basis, if there exists a family of transfer matrices
(Tr)rers, Tr € R™*" such that U,|,» = U T, Vr € Tz, 7" € sons(7). If the ma-
trices U, are orthogonal for all 7 € Tz, (U, ) er, is said to be a nested orthogonal
cluster basis.

Definition 6.4 (Descendants, predecessors, block row). The set of descendants of
7 € Tz is recursively defined by

e ({7 if sons(t) = 0,
sons™(7) := {7} U U csons(r) s008*(7')  otherwise.

The set of predecessors is given by
pred(r) := {rt € Tz : 7 € sons*(71)}.
Further, the block row is defined by

row*(7) :={oc € Tz : 37t €pred(r) : (r1,0) € Pgar }.
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Definition 6.5 (H2-matrix). Let the partition P of Z x Z be based on the cluster
tree Tz and 7 > 0. Let (S7) cp, and (Ug),cp, be nested cluster bases. A matrix
W2 is said to be an H2-matrix, if for each n-admissible cluster pair (7,0) € Prar,
there is a coupling matrix M,, € R™*" such that Wyz2|,xo = STMTUUZ.

We refer to [HB02] for the storage complexity of O(rN) for the family of transfer
matrices (T7)rer, and coupling matrices (Mro), ,)ep,, - Since the cluster basis
only needs to be stored for the leaf clusters, we get a storage requirement of O(rN)
for the cluster bases (S.), c, and (U;) , and therefore a total storage require-
ment of O(rN) for H2-matrices.

7T

The following theorem shows that the matrix V! can be approximated by an
H2-matrix and that the error converges exponentially in the block rank.

Theorem 6.6. Fiz the admissibility parameter n > 0. Let a partition P of T X T
be based on a cluster tree Tz. Then, there is a blockwise rank-r H2-matric Wz
such that

[V = Wy, < Clta N2/ 4D depth (T )Tz

The constant Cyo > 0 depends only on Q,d, and the ~y-shape reqularity of the
quasiuniform triangulation Tr, where the constant b > 0 additionally depends on 7.

Proof. We define the total cluster basis M, :=J{o : o € row*(7)}. By definition
of row*(7), there exists a cluster 7+ € pred(r) such that (77,0) € P, for all
o € row*(7). Let Br,_, Br_, , Br, be bounding boxes for the clusters 7, 7+, 0, and
we assume that Bg, C Bg_, for 7 € sons” (7). Then, we have

diam(Bg, ) < diam(BRT+) <n diSt(BRT+ ,Br,)
< ndist(Bg.,,Bgr,) Yo € row™ (7).

Therefore, Theorem [2.4] can be used to derive a low-rank approximation of the
matrix block V=1, s, , i.e., it provides matrices X, s, € R'T‘XT,YTMT € RIMIxr
with 7 = Cgim (2 + 1)%q~ 9kt such that

_ _ _1) —ppl/d+D)
HV Y, —XTMTYTTMTHQ < N(@+2/[@=1) gk o £(d+2)/(d=1) o= ,

where the constant b > 0 depends only on ,d, the ~-shape regularity of the

quasiuniform triangulation 75 and 1. Then, [Borl0b, Corollary 6.18] states that

there exists a nested orthogonal cluster basis (U,),er, € RITX" of rank r <
Caim (2 + n)d ¢ 9kt such that for each (7,0) € Pray we have

_ _ 2 _ 2

||V 1|7'><cr - UTUZV 1|T><U||2 S Z HV 1|T><M-,— - XTMTY$M7_||2

7Tz
< N(2d+4)/(d-1) ITz| p—2br!/(H D

With M,, := UI'V~!| ,,U,, the matrix

[ U,M,, UL for (,0) € Prar,
(6.2) Wiz = { Vv, otherwise
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is then the desired H2Z-matrix approximating V~!. The symmetry of V™!, i.e.
V-1 =V~T and |AT||, = |A|, for A € RI"*Il imply

HV_1|T><O' - WH2|T><(7H2 < HV_1|T><(T - UTUZV_1|T><UH2
+ HUTU-;T(V71|TXU - V71|T><UUUUZ)H2
S HV_1|T><O’ - UTUZV_1|T><U||2
+ HV71|0'><T - UUUZV71|aXTH2
< N(d+2)/(d71)\/|'1['—l_efbrl/(d+1).
Finally, Lemma [Tl finishes the proof. O

For a quasiuniform mesh and typical clustering strategies, there holds |Tz| ~ N
and depth(Tz) ~ log N. Therefore, the rank r of the H2-matrix needed to obtain an
accuracy ¢ in Theorem [6.6]is given by r ~ ‘lna — (% + %) log N — loglog N o ~
(C1 4+ Calog N )d+1. In comparison, for the H-matrix approximation in Theo-
rem 2.7 a smaller rank of r~ ’1n5 — % log N — loglog N‘dﬂ ~(Cy + Cslog N)dJrl

is sufficient. However, since the storage requirement for H2-matrices is given by
O(rN) in comparison to the storage requirement for H-matrices of O(rN log N),
we observe that in terms of storage, the H2-approximation leads to better results.

We refer to [Borl0a) for numerical examples concerning this comparison for FEM
matrices.

7. NUMERICAL EXAMPLES

In this section, we present some numerical examples in two and three dimensions
to illustrate our theoretical estimates derived in the previous sections. Further
numerical examples for the H-matrix approximation of inverse BEM matrices and
black-box preconditioning with an H-LU decomposition can be found in [Gra01l
Beb05) [Gra05l, Bor10b).

With the choice n = 2 for the admissibility parameter in (23]), the clustering is
done by the standard geometric clustering algorithm, i.e., by choosing axis parallel
bounding boxes of minimal volume and splitting these bounding boxes in half across
the largest face until they are admissible or contain less degrees of freedom than
Neat, Which we choose as njear = 25 for our computations. An approximation Wy
to the inverse Galerkin matrix V! is computed by using a truncated singular value
decomposition of the exact inverse. Throughout, we use the C-library HLib [BG99].

7.1. 2D-Example. We consider the L-shaped domain Q = (0,1) x (0, 3)U(0, ) x

[%, 1) and the lowest-order discretization of the simple-layer potential
Vik = (VXk: X5)
from ([22).

In Figure [l we compare the decrease of the upper bound ||[I — VWy||, of the
relative error with the increase in the block-rank for a fixed number N = 16, 384 of
degrees of freedom, where the largest block of Wy has a size of 2, 0482. Moreover,
Table [1] shows the storage requirement for the computed H-matrix approximation
and the percentage of memory needed compared to the full representation. As
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theoretically expected, we observe a linear growth in the rank r for the storage
requirements. Moreover, we remark that [[Wy|, = 1.22 - 10%.

Storage | Compressed

510° r | Wy (MB) to (%)
g ' 2 24.5 1.2
) 3 32.6 1.6
h 5 49.0 2.4

-10 "'-eXp(72.4’r‘) s,
O VW, 7] 653 32
2 3 5 7 9 9 816 40
Block rank r
FIGURE 1. Exponential TABLE 1. Storage (MB) for W

convergence in block rank

We observe exponential convergence in the block rank, where the convergence
rate is exp(—br), which is even faster than the rate of exp(—br'/3) guaranteed by
Theorem 2.7

7.2. 3D-Example. We consider the crankshaft generated by NETGEN [Sch97]
visualized in Figure

FIGURE 2. Crankshaft domain

In Figure B] we compare the decrease of ||I — VWy||, with the increase in the
block-rank for a fixed number N = 27,968 of degrees of freedom, where the largest
block of Wy has a size of 3,4962. Table @ shows the storage requirement for the
matrix Wy, and the compression rates. We mention that |[Wyl|, = 41.3.

Comparing the results with our theoretical bound from Theorem 2.7, we empir-
ically observe a rate of exp(—br!/?) instead of exp(—br'/4).
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