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We are concerned with the optimal control problem of the well known nonlocal thermistor problem, i.e., in
studying the heat transfer in the resistor device whose electrical conductivity is strongly dependent on the
temperature. Existence of an optimal control is proved. The optimality system consisting of the state system
coupled with adjoint equations is derived, together with a characterization of the optimal control. Uniqueness
of solution to the optimality system, and therefore the uniqueness of the optimal control, is established. The
last part is devoted to numerical simulations.
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1 Introduction

Let © be a bounded domain in RY with a sufficiently smooth boundary 99, and let Q7 =
Q x (0,7). In this work we are interested to study an optimal control problem to the following
nonlocal parabolic boundary value problem:

ou B Af(u) . _
E—AU—Wy anT—QX(OvT)v

— = —Pu, on Sp =00 x (0,T),
u(O) = ug, in €,

where A is the Laplacian with respect to the spacial variables, f is supposed to be a smooth
function prescribed below, and T a fixed positive real. Here v denotes the outward unit normal
and % = 1.V is the normal derivative on 0f). Such problems arise in many applications, for
instance, in studying the heat transfer in a resistor device whose electrical conductivity f is
strongly dependent on the temperature u. The equation (II) describes the diffusion of the tem-
perature with the presence of a nonlocal term. Constant A is a dimensionless parameter, which
can be identified with the square of the applied potential difference at the ends of the conductor.
Function S is the positive thermal transfer coefficient, which can depend only in spatial variables
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x or time ¢, but for the sake of generality we take 5 depending in both z and ¢t. The given value
ug is the initial condition for temperature. Boundary conditions are derived from Newton cooling
law, sometimes called Robin conditions or third type boundary conditions. In the particular case
when 8 = 0, we obtain an homogeneous Neumann condition or an adiabatic condition. Other
boundary conditions appear naturally, but for the sake of simplicity we consider in this paper
mixed conditions only. Recall that under restrictive conditions, (Il) is obtained by reducing the
elliptic-parabolic system of partial differential equations modelling the so-called thermistor:

ug = V.(k(u)Vu) 4+ o(u)|Ve|?,

(2)
V(o(u)Ve) =0,

where u represents the temperature generated by the electric current flowing through a conduc-
tor, ¢ the electric potential, and o(u) and k(u) the electric and thermal conductivities, respec-
tively. For more description, we refer to (Lacey 1999, [Tzanetid 2002). A throughout discussion
about the history of thermistors, and more detailed accounts of their advantages and applica-
tions to industry, can be found in (Maclen 1979, iShi et all 1993, [Kwok 11995, ICimatti 2011).
Since the paper of [Rodrigues (1992), which apparently was the first who proved the existence
of weak solutions to the system (2I), several results were obtained. In (Antontsev and Chipot
1994) existence and regularity of weak solutions to the thermistor problem were established. We
remember that existence and uniqueness of solution to (Il) under hypotheses (H1)-(H3) below
(cf. Sec. 2)) has been established in (El Hachimi and Sidi Ammi [2005). For more on existence
and uniqueness we refer to (Sidi Ammi 2010, [Zhou and Liu 2010, [Cimatti 2011/).

Optimal control of problems governed by partial differential equations is a fertile field of re-
search and a source of many challenging mathematical issues and interesting applications (Lions
1971, |Arantes and Munioz Rivera 2010, [Troltzsch [2010). Among essential points in the theory
we mention: (i) existence, regularity, and uniqueness of the optimal control problem; (ii) nec-
essary optimality conditions, which consist of the equation under consideration and an adjoint
system. Existence and regularity theory of elliptic and parabolic equations was developed since
(Ladyzenskaya et alll1971). Optimal control theory for the system (2)) received recently an im-
portant increase of interest. Results for (II) are, however, scarcer and underdeveloped. To the
best of the author’s knowledge, known results on the optimal control of a thermistor problem
reduce to the ones of (Lee and Shilkinl 2005), where the term source is taken to be the con-
trol. In (Cimatti 2007) the problem of finding the optimal difference of applied potential to the
thermistor problem (2]), in the sense of minimizing a suitable cost functional involving the tem-
perature, is studied. Main result of (Cimatti 2007) gives the optimal system in the simplest case
of a constant electric conductivity. In addition, a theorem of existence of the optimal solution
is given in the general case of conductivities depending on the temperature. Paper (Sidi Ammi
2007) investigates a parabolic-elliptic system similar to (2]), assuming a particular structure of
the controls. In (Hrynkiv et all 2008), authors considered the optimal control of a two dimen-
sional steady state thermistor problem. An optimal control problem of a two dimensional time
dependent thermistor system is considered in (Hrynkivi2009). In (Sidi Ammi and Torres 2007)
a similar problem to () is studied, consisting of nonlinear partial differential equations resulting
from the traditional modelling of oil engineering within the framework of the mechanics of a
continuous medium. The main technique of (Sidi Ammi and Torres 2007) is the adjoint state
and disturbance method to derive the necessary optimality conditions. Recently, the authors in
(Homberg et all2009/10) investigated the state-constrained optimal control of the thermistor
problem with the restriction to two-dimensional domains, while in (Cimatti 2011) some appli-
cations to the thermistor problem, and to certain problems of filtration of fluids in a porous
medium in the presence of the so-called Soret—Dufour effect, are given. However, we are not
aware of any work or study about the optimal control of ().

It is known that large temperature gradients may cause a thermistor to crack. Numerical
experiments in (Fowler et al.[1992, |Zhou and Westbrook 1997, INikolopoulos and Zouraris 2008)
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show that low values of the heat transfer coefficient 8 results in small temperature variations. On
the other hand, low values of the heat transfer coefficient leads to high operating temperatures
of a thermistor, which is undesirable from the point of view of applications. This motivates
the choice of the heat transfer coefficient as the control, and to consider the optimal control
problem of minimizing the heat transfer coefficient while keeping the operating temperature of
the thermistor not too high.

2 Outline of the paper and Hypotheses

We consider an optimal control problem with the partial differential equations (I):

(i) The control £ belongs to the set of admissible controls
Uy ={BeL>®Qx(0,T)),0<m<p<M}.

(ii) The goal is to minimize a cost functional J(3) defined in terms of u(/3) and 3 as
J(B) = / udxdt + B2dsdt .
T ST

More precisely, we intend to find 8 € Uy, such that

J(B) = min J(B). 3)

BeUnm

In Section B existence and regularity of the optimal control are established through a mini-
mizing sequence argument. The energy estimates, in an appropriate space, and then the class of
weak solutions obtained, allow us to study, in Section [, the optimal control problem and to de-
rive the optimality system. The obtained necessary optimality conditions consist of the original
state parabolic equation (II) coupled with the adjoint equations together with a characterization
of the optimal control. In general terms, the approach used here is close to the method used in
(Hrynkiv 2009) for investigation of the time dependent thermistor problem. Since our objective
functional depends on w, it is differentiated with respect to the control. We calculate the Gateaux
derivative of J with respect to 8 in the direction [ at the minimizer control 3. We also need
to differentiate u with respect to the control 8. The difference quotient (u(8 + €l) — u(p)) /e is
proved to converge weakly in H'(£2) to . As a result, the function 1) verifies a linear PDE which
gives the adjoint system, and an explicit form of the optimal control is determined. Section [l is
devoted to the uniqueness of the solution to the optimality system, and therefore the uniqueness
of the optimal control. Finally, in Section [6] we solve the optimality system numerically for a
constant case of the optimization parameter.

In the sequel we shall assume the following assumptions:

(H1) f: R — R is a positive Lipshitzian continuous function.
(H2) There exist positive constants ¢ and « such that ¢ < f(&) < c[¢|**! + ¢ for all ¢ € R.
(H3) up € L>*(Q).

We say that u is a weak solution to (I if

ou A
—vdr +/ VuVudx +/ uvds = —/ w)vdzr , 4
/Q ot 0 69/8 (Jq f(u) dx)? Qf( ) )
for all v € H'(Q). We use the standard notation for Sobolev spaces. We denote || - || o) = || - [|,
for each p € [1,00]. Along the text constants ¢ are generic, and may change at each occurrence.
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3 Existence of an optimal control

The proof of existence of an optimal control (Theorem [B.I]) is done using proper estimates

(Lemma [B.2]).

Theorem 3.1: Assume that the assumptions (H1)-(HS3) hold. Then, there exists at least an
optimal solution 5 € L>®(Qr) of @)). Function u = u(pB) verifies (1), in the sense of distributions,
with the following reqularity: u € C(0,T, L*(Q)), % € L%(0,T,H Y(Q)), u € L*(0,T, H(2)).

Proof Let (8,,), be a minimizing sequence of J(3) in Uy;. In other words, we have

lim J(B,) = inf J(B).
Jm (Bn) oy (B)

In order to continue the proof we proceed with the derivation of a priori estimates:

Lemma 3.2: Let u, = u(f,) be the corresponding solutions to the weak formulation of ().
Then ||un||%2(OTH1(Q)) + |Jun |3 < ¢, where ¢ is a constant independent of n.

Proof Multiplying the corresponding equations of (Il) by u,, and using the fact that u,, € L>(2),
we obtain

10
EEHUHH%—F/ !Vunlzdx—i—/ ﬂnu%dsgc/ | f (up)uy |d
Q a0 Q

< c/ (Jun|*Tt + ) up|dz
Q

< dunlr
< cf|un2

< cllunll ()

Using the fact that 0 < m < 3,,, we have

19 2 / 2 / 2
——||un|l5 + Vu,|“dx +m Upds < cl|tun || giq)- 5
sl + [ 1V [ s < o 6
Now denote
|v]|2 :/ \VUFdﬂ:—Fm/ v2ds. (6)
Q 09
It is well known that ||v||. defines a norm on H'(Q) which is equivalent to the || - || g1 () norm

(Zeidler [1988). Then, there exists a constant p > 0 such that
pllunli @) < llunllZ < ellunlFn ) (7)
It follows from (B])—(7) that

19
20t

| ©

7
3 + lunl1Z < ellunll (@) < GllunlF o)+

N =
[S))

3+ allun B ) < 55

We obtain |ju,(t)||3 + M|un\|%2(0’T7H1(Q)) < c integrating over (0,7). a
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We now continue the proof of Theorem 3.1l By Lemma we have, for all n, that

un € L®(0,7, L*(Q)) (| L*(0, T, H' ().

Therefore, from (), agt" is bounded in L?(0,7, H~'(Q)). Using compacity arguments of Lions
(Lions 1969) and Aubin’s lemma, we have that (u,,) is compact in L?(Qr). Hence we can extract
from (uy) a subsequence, not relabeled, and there exists 5 € Ups such that

U, — u weakly in L%(0,T, H'(Q)),

= N vy weakly in L°(0, T, H *(Q2)),

u, — u strongly in L?(Qr), (8)
Uy — U a.e. in L2(QT),
Bn — 3 weakly in L?(99),
Bn — B weakly star in L>°(9).

Our task consists now to prove that u = u(f) is a weak solution of (IJ) with control 8. From the
weak formulation of u,, we have

8un

—uvdx +/ Vu, Vodx + Brunvds = —/ (up)vdz.

We first show that for any test function v € H'(Q2) and n — oo we have
Brunvds — Buvds.

o0 o0N

Indeed,

(ﬁnunv ﬁnuv)ds

/ Brupvds — [ Buvds| < / (Bnuv — Buv)ds
o0

< M/ n — ul|vlds + ‘/ B)uvds

< M|un — ull 200y llv ]l 22 90 | + ‘/(m(ﬂn — B)uvds

< Ml — sy 0] 2200 | + ‘ [ 60 s

where we used here the trace inequality [|ull;290) < c||lullg:(q), which gives that v € H'(Q)
implies u € L2(9€). Tt is obvious from limits (§) that the right hand side of the above inequality
@) goes to 0 when n — co. On the other hand, we have u, — u a.e. in Q x (0,7). Since f is
continuous, f(u,) — f(u)a.e. in L?(Q). It follows that

/Qf(un)dx—>/gf(u)da;



6 M. R. Sidi Ammi and D. F. M. Torres

and

/f(un)vdx — / f(u)vdz, Yv € HY(Q).
Q Q

We conclude that u = u(f) is a weak solution of (Il). Using the fact that J(3) is weak lower
semicontinuous with respect to the L? norm, it follows that the infimum is achieved at 3. O

4 Characterization of the optimal control

To study the optimal control we derive an optimality system consisting of equation (II) coupled
with an adjoint system. Then, in order to obtain necessary conditions for the optimality system,
we differentiate the cost functional and the temperature v with respect to the control 5. Here,
besides (H1)—-(H3), we further suppose that

(H4) f is of class C*.

Theorem 4.1: Assume hypotheses (H1)-(H4). Then [ — u(f3) is differentiable in the sense
that as € — 0

u(B+ 6l€> —45) ,  weakly in HY(©),

for any B,1 € Uy such that (8 + €l) € Uy for small e. Moreover, 1 verifies

O N [ AP
5 = g T O e »
%+ﬂw+lu:0 on 0.

The proof of Theorem [Tl passes by several steps.

4.1 A priori estimates and convergence

Denote u = u(f) and u. = u(f:), where 5. = [ + el. Before the derivation of the optimality
system, we need to establish an H' norm estimate of Het

Lemma 4.2: We have

2 2

Ue — U Ue — U
3 3 <e.

L2(0,T,H*(Q2))

2 €

Proof Subtracting equation () from the corresponding equation of u., we have

5 <uf u) -8 (u_u> = AW + 250 ((fgﬂiadmv - (fgf(i) d:c>2> |

(11)
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10 |lue —ul? u. —u|? U — U U — U

€ € € €

20| < 2+/QV( e ) dfﬁ‘/g)gzv( : )( : )”ds

10 ue—u2 Ue — U 2 / 0 (us—u Ue — U

=325 - 2+/QV< N A = )%
10 ue—u2 Ue — U 2 Ue — U 2 Ue — U
=__ -|-/ V( ) d;p+/ B ds+/ lu, ds
20t 3 2 Q 90 3 o0 €

fQ Adx <f(ue)€—f(U),ue€—u>

+<A (sU)<fQ AL (fgf(i)de)’use_ u>

Since 0 < m < 3, we get

10 ue—u2 U — U 2 Us — U Ue — U

- +/ \Y% da:—/ \Y% vds

20t ey Ja € 90 € €
10 |u.—u 2 Ue — U 2 Ue — U 2 Ue — U

< -—= +/ \Y dr +m d8+/ lu, ds
28t g 2 Q g a0 g o0 g

A flue) — f(u) ue—u
fQ u) dz)? € "€
+<>\ (U)< 1 1 2>7u5—u>.
e \Ugfu)de)?  (Jo f(u)dx) e
Using the fact that f is Lipschitzian, it follows from the L*° boundedness of u and u. that
? Us — U 2 Ue — U
+ dr +m ds + lu, ds
2 Q 0 € 0 €
— )\ 2 )2 — dr)? B
Sc/ (H) da:+ AU £ (fo(ue) 533 <f(u),u€ u>
Q € fQ ue dﬂj (fQ f(u) d;p) 5
2

2+§ </Q(f(u) —f(ua))dOU) (/Q(f(u)Jrf(ua))dw)
2 1/Q<ua€—u>dx§c 2

10 2

20t

— U ua_

e

3

Ue — U Ue — U
<ec € €

€ 1

2
Ue — U Ue — U Ue — U Ue — U

+c +c

2 € 2

€

1
Since L?(Q2) C LY(2), then

2 2
+/ v(%—u)
2 Q €

10

2 0t

Ue — U

€

2
dr +m <u€ u) ds—l—/ lue <u€ u) ds
9] € a0 €

2

2
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Using the trace inequality [[uel|r2(90) < clluell g (), we have

2 2
+/ v<”€ ”) dz +m <” ”) ds
2 Q € o0 €
Us — U 2
g/ 1] e[ (2
o0

< clluell 2 o0

10 2

20t

Ue — U

€

)‘ds—i—c”us_u
€

2

2
Ue — U Ue — U

+c
L2(09)

9 9

2

2

Ue — U Ue — U

+c
H'(Q)

< CH“&HHI(Q)

9 9

)
Thus,

2 2 2

Ue — U Ug — Ue — U Ue — U

+c

< CH“&HHI(Q) @)
H'(Q

10
20t € . € €

2 2

On the other hand, by the equivalence of || - ||« and || - ||z:, we have for a positive constant ¢ that

2 2
Ue — U Ue — U

<

15} H (Q) 13

*

It follows from Young’s inequality that

2 2 2

10 |us —u Ue — Ue — U U — U
29t : : < clluell g (e : +e|=
20t e H'(Q) ¢ Mm@ e s
Ue — U ue — u|?
<c +c
€ llHE(Q) 2 2
2 2
e e
S 20 e lm S|P
Therefore,
0 ||ue —u 2 U — U 2
— +c <ec.
ot e € Nl

We get the intended result of Lemma integrating this inequality with respect to time. O

Using the energy estimates of Lemma we have, up to a subsequence of ¢ — 0, that there
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exists 1 such that

Ue —

Y, % weakly in L®(0,T, L2(92)),

Ues —

% 5 4 weakly in L2(0,T, H'(Q)),

0 Us — U 8’1/} 2 1
8t< E >—>at weakly in L°(0,7, H ")),

(12)
Us — U : oo 2
8 — 1 weakly in L*>(0,T, L*(09)),
B. — B weakly in L*(99) as e — 0,
Be — [ weakly in L>(2) as ¢ — 0.
4.2  Proof of Theorem [{.1]
We are now ready to derive system (I0). We have
/2 <u5 _ u> vdx +/ \Y <u€ — u) Vudzx —l—/ B <u€ — u) vds + lusvds
o0t € ) € o0 € o0 (13)
=I+1I
with
e D [Hg)
(Jq flue)dx)™ Ja €
and

A 1 1
Il = — u)vde.
< <(fﬂ S (ue d"E) (fﬂf(“) d$)2> /Qf( )

We can write 11 as follows:

fQ u) dx)? — ( f(ug) dx)?
= (Jo [ u)dx)?([q f(ue) dx)? /f
(

NPy ECLCES (I PR R o
_AA - d><fQ /f dz .

One can show, using weak convergence (I2]), that

IS

I — _(2;;2]]%?( Ud:n/f )pdx as e — 0.

In the same manner we have

f da: /f YYpvdr as € — 0.
Q
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Again, from the weak convergence (I2]), we conclude that, as ¢ — 0, (I3) converges to

/8—¢vdx—|—/v¢vy+/ ﬁzﬁvds—l—/ luvds
o Ot Q Pl9)

B -2 fQ vd:z:

Un /(@) o UL +L& re o AU

for every v € H(Q). In other words,

%—sz)dm +/ ViyVodz + /3wa + lu)vds

2 fQ w)vdz . i
TRy e+ g [ e, 19

We can rewrite (I4) as follows:

0 0
/Qa—lfvdx—l—/ﬂ—ﬁ¢vdw+/m(a—lf + B + lu)vds

=22 fQ w)vdz

o ) /f )pdx + fQ /f )Ypvdx.

We conclude that ¢ satisfies the system

o =22 fQ wda: A (u)y .
Fn — N\ = (T £ (u) + —(fQ Flu) dz)? in Q,
g¢+5¢+ZU—O on 0N.

This completes the proof of Theorem [Z.1]

4.3 Derivation of the adjoint system

In order to derive the optimality system and to characterize the optimal control, we introduce
an adjoint function ¢, defined in Q7 and enough smooth, and the adjoint operator associated
with . Multiplying the first equation of (I0) by ¢ and integrating in space and time, we have

wn gpdmdt—l—/ — A - pdxdt
Qr

—2) fQ ¢dm fQT M (w)ppdrdt
= dxd
o S Jg, TP ]

Integrating by parts (I5]) with respect to time, and imposing the boundary and initial conditions

in . (15)

Oy

W +Bp=00n 00 x (0,7), »(T)=0, ¢0)=0,
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we obtain

/QT/)(T)(,D(T)dl‘—/Q¢(0)C,D(0)d$+/T Bt ¢dmdt—|— —Ap.apdxdt

_ —2)\ fQ cpda:dt / s + fQT I (w)ppdadt

fQ (fQ f(u)dx)?
Thus, the function ¢ satisfies the adjoint system given by
Do -2\ fQ gpdx , )\f’( )
—— —Ap = S (u) + -+ 1in Qr,
ot (Jo f( (Jo f(w) dz)?
dp (16)

W + B =0o0n 00 x (0,7),

where the 1 appears from differentiation of the integrand of J(8) with respect to the state w.

Theorem 4.3 (Existence of solution to the adjoint system):  Given an optimal control B € Uy
and the corresponding state u, there exists a solution ¢ to the adjoint system ([IG)).

Proof Follows by the arguments in (Sidi Ammi and Torres 2007). O

4.4 Derivation of the optimality system

Gathering equation (IJ) and the adjoint system (I@l), we obtain the following optimality system:

_ Af(u)
— Au = fQ w) dz)?”
Op 2/\fQ gpdx /\f’( )
_E_A(p_ Tt I(w) + T, fu) do)? 5 +1in Qr,
?+ﬁu—00naQX(OT) (17)
Oy

W + B =0o0n 00 x (0,7),

Remark 1: The existence of solution to the optimality system (I7) follows from the existence

of solution to the state system (II) and the adjoint system (I€]), gathered with the existence of
optimal control.

We characterize the optimal control with the help of the arguments of (Hrynkivi 2009).
Lemma 4.4: The optimal control B is explicitly given by

B(x,t) = min (max (—%,m) ,M) . (18)

Proof Because the minimum of the cost functional J is achieved at 3, using (10)), the convergence
results (I2]), and the second equation of the system (7)), we have, for a variation | € Uy with
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B+ el € Uy and e > 0 sufficiently small, that

e—0 €

—iml U e —u T eD? — 62) ds
_l_ﬂ)e{/T((/@"f‘l) (5))ddt+/mx(w((5+l) ﬁ)ddt}

< i [ MDD =B 2/ Bl ds dt
e=0J0, € 0% (0,T)
< [ pdedt + 2/ Bldsdt = / (b, @) (1, 0)dwdt + 2/ Bldsdt
Qr 80 (0,T) Qr 89 (0,T)

< / (281 + luy) dsdt
89 (0,T)

< / 1(28 4+ uyp) dsdt.
80x(0,T)

Using the arguments and techniques in (Hrynkiv|2009) involving choices of the variation function
[, we have three cases to distinguish. (i) Take the variation ¢ to have support on the set {z € 0% :
m < B(x,t) < M}. The variation ¢(z,t) can be of any sign, therefore we obtain 25 + up = 0,
whence 3 = —%£. (ii) On the set {(z,t) € Sp = 0Q x (0,T) : B(x,t) = M}, the variation must
satisfy £(x,t) < 0 and therefore we get 26 + up < 0, implying M = f(z,t) < —=F. (iii) On
the set {(z,t) € 9Q x (0,T) : B(x,t) = m}, the variation must satisfy ¢(z,t) > 0. This implies
20 + up > 0 and hence m = f(x) > —=£. Combining cases (i), (ii), and (iii) gives

-5 ifm< -5 <M,
m

if —=2 <m.

This can be written compactly as (Ig]). a

4.5 Particular case: a constant heat transfer coefficient

Let us consider now the case when the heat transfer coefficient 8 is a constant, i.e., when f is
independent of x and ¢, and

J = /Qudx+ﬁ2. (19)

We need to adjust the parameter 5 € Uy in such way that the new form of the functional (I9)) is
minimized. Then, all the theory of existence of optimal control and derivation of the optimality
system, that one needs to put into the proofs of the previous sections carries over to this case
and are simpler. As for the characterization of optimal control, we have:

Lemma 4.5: The optimal parameter characterization related to ([I9) is

. 1
B = min <max <m, —3 /89 ucpds) ,M) . (20)

Proof For the characterization of the optimal control we take into account the new expression
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of the cost functional (I9):

0 < tim LB D= I(B)

e—0 €

— lim {/Q u(B + el)dx + (B + €l)? — /Qu(ﬂ)dx - ﬂz}

e—0 €
_ hm{/ u(B+el) —uB), . (6+el)2—52}
a e—0 Q € €
= / Ydx + 281
Q

:/(2(¢,¢)(1,0)dx+261.

Multiplying the optimality system (I7)) with the test function 1, integrating by parts, and using
(I0l), we find that

0 < lim J(B+el) — J(B) = l/ upds + 201.
oN

e—0 €

Therefore,

l(/{mu(pds—i-25> >0

Repeating all the steps as those yielding to (I8]), we obtain that the optimal parameter (3 is
characterized by (20). O

5 TUniqueness of the optimal control

The uniqueness of the optimal control is mainly based on the L* boundedness of v and ¢. These
are quite realistic assumptions since physical quantities are always bounded. It has been shown
n (Sidi Ammi2010) that u € L*(2). It remains to establish that ¢ is also essentially bounded.

Lemma 5.1: Under hypotheses (H1)-(H/) one has ¢ € L>=(Q).

Proof Multiplying the second equation of (7)), governed by ¢, by —¢**! for some enough big
integer k > 2, we have by the L estimate of u and Young’s inequality that

1 9 [E+2 k+1 kt1 k2 k+1
k+2a” k+2+/ V(pv |(70| )d$<C||QD||L1 H(pHLkJrl +CH(10HL7€+2 + ||(’D||Lk+1(ﬂ)

k+2 k+2 k+1

< C||(’D||L—’l_+1(ﬂ) + C||QD||L—11_+2(Q) + C||(’D||L—’l_+2(ﬂ)
k+2 k+1

< C||(’D||L—’i_+2(ﬂ) + C||(10||L—11_+2(Q)

Then,
oI + G+ 1) [ 1ol 2 ITpRds < el + clillth o,
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Taking into account that the second term of the left hand side is positive, we have

1 k2 k+2 k+1
E19 ) at||90||k+2 > C||90||Lk+2 + C||90||Lk+2

Setting yr. = [|¢llpr+2(q), it follows that

19}
k+10Yk < k42

© 875 ey, T+ cy,'f;Jrl
In other words,
Oy
< cyi +c.
ot Yk
By the Gronwall Lemma we have yi = [|¢||z++2(q) < ¢, where ¢ are constants independent of k.
Letting k — oo, we have |¢|z~q) < c O

Theorem 5.2: If the hypotheses (H1)-(H/) hold, then the solution of the optimality system
(7)) is unique and, therefore, the optimal control 3 is unique.

Proof Let ui, ¢1 and ug, w2 be two solutions to the optimality system (I7]) and (i, B2 be two
optimal controls. Denote w = u; — ug and ¢ = @2 — 1. Upon subtracting and estimating the
difference between the equations governed by u; and us, we have

0 M) M)
T A T ) de Uy fug) da® 42

(21)

where

_ Af(u1) )\f(u2) " —
stonrsn) = (Tl Ty gan) /o2 )

By using hypotheses (H1)—(H4) and the L estimate of u;, i = 1,2, we have g(u1,us) € L*(Q).
Multiplying (2I]) by w yields

10wl

+/ \Vw\2da:+/ ﬂg]w]2d3+/ (Bg—ﬂl)ulwdschwH%.
2 ot 0 09 o9

Since m < 2, we have

sarluls+ [ (VuPdosm [ jods < clulg+ [ 18~ Aillulfulas.
oN

It follows from $; = min (max(—*£,m), M), i = 1,2, that

B2 — B1] < = ’U2<P2 —wr] < = (’U%P’ + [wer]).
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Then we get
28tHwH2+/ |Vw]| d:l:—l—m/ lw|?ds
9 1
< dwllz +3 [ uzpz — ] fua] jw]ds
o0
9 1
Scwlz+35 [ (luegl + [wer]) fur| [wlds
o0
2 1 1 2
< cllwllz + Slullsolluzllocliellzz ooy lwlizz @) + 5 lutllsclerlloo[wlz: og)
and, using Young’s inequality,
saplulg+ [ [Fulds+ (m= lullorle - ) Tl < clulf + clolon. @2

On the other hand, using the adjoint system, we have

— % — A = ha(uy,uz, @1, 02)(p2 — 1) (23)
and
BB A = o1, 2) (02— 1) 29
where
hi(u1, ug, 1, p2) = ( 2)\f£9 uqil szldxf,(w) + m% + 1) /(2 — 1)
and
ha(u1,ug, @1, p2) = < 2)\f£9 utzf;dxf (u2) + f;\f# + 1> /(w2 — 1)

Note that hy(u1,u2, p1,p2), ha(ui, us, ¢1,p2) € L2°(2). Subtracting ([23]) from (24)), we get

(2 — 1)

5 + A(p2 — @1) = (h1(u1,uz, p1,92) — ha(u, uz, @1, 02)) (P2 — 1) .

Multiplying the above equation by ¢ = @9 — 1, using hypotheses, and the L™ estimates of
Uy, u2, Y1, P2, h17 h27 we get

0
sapllea =l ={ [ 9tea = eniao= [ Sga—on)ien = en)is} < el - o1l
Then

sarleld = [ Vel [ (B - Bun) (oa = 2)ds < el
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and it follows that
sorlol— [ (VePdat [ puloPas+ [ (B2 Bilereds < clolh
We have §; = max (min(m, — 2, M) Therefore,
B2 = B1] < Jugpr —uin| < 5 (\90210\ + [urepl).

Using the fact that m < 5o, we have

soplleld+m [ jefds

1
S/ !thlzderCHSO”%Jri/ luaipa — urpn| [1plds
Q o0
1
< [ 1VoPdo+ellolf +5 [ (el +lurel) lorlds
Q o0

1 1
< /Q Viel*dz + cllells + Sllealloollon oo lwll 2oy Il 220 + llen oo lualloclll Z2a0)-

Using again Young’s inequality, we get

10
o lell3 + qm— —IIsmHoonlloo —crllelZ o0 IVsDI dzx + c||oll3 + cllwl|F: o0y (25)
20t (

and, from Poincaré’s inequality and the fact that the operator trace from H'(£2) to the boundary
space L%(99) is linear and compact, we have from (22)) and (25]) that

0 1
g7 (wlB -+ 1618) + (1 = Sl el = ) TolEion

1
2
1
+m = gllerllsollualloe = e lelzaan) < IVsDI dz-telwl3+ellol3+ellwllZ: oo +ellelZzo0)-

Then,

Q3|Q3

1
(ol + 1918) + (= g hunlelinlloe = ) 101 00y

DO | =

1
+ {m — 5o ol flos = c} lell72 o0 < cllwl3 + cliel3

and for m sufficiently large one has

0
5 (ll2 + llel2) < elllwllz + ll¢ll2). (26)

Gronwall’s inequality leads to ||w||3 + |l¢[|3 < 0. Then u; = uz and @2 = 1, which gives the
uniqueness of solutions to the optimality system and therefore the uniqueness of the optimal
control, since we have the existence of an optimal control and corresponding state and adjoint,
which satisfy the optimality system. This completes the proof of Theorem O
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Remark 2: The uniqueness of the optimal control can be obtained from

B2 — B1| < 5 |u2902 —upr] < = (|u290| + [wer]),

since ¢ = w = 0.

6 Numerical Example

We now give a numerical example for a particular problem. We use a finite element approach
based on the Galerkin method to obtain approximate steady state solutions of the optimality
system in the one-dimensional case. The formulation of the finite element method is based on a
variational formulation of the continuous optimality system. The optimality system is discretized
by finite differences. We then obtain the following one-dimensional nonlocal thermistor problem:

o Af()

o Unf ()

subject to the boundary and initial conditions

O<z<l, t>0,

ou

Fy —fBu  on 00 x (0,7,

u(z,0) =0, 0<xz<1.

We divide the interval Q = [0,1] into N equal finite elements 0 = z¢p < z1 < ... < zy = 1.
Let (zj,z;41) be a partition of Q and z;1; —2; = h = % the step length. By S we denote a
basis of the usual pyramid functions:

Fr+(1—j)  on [z 1,z
vj = —%x—i—(l +J)  on [z, zj1],
0 otherwise.

First, we write the problem in weak or variational form. We multiply the parabolic equation by
vj (for j fixed), integrate over (0, 1), and apply Green’s formula on the left-hand side, to obtain

A d
/@vj d:E—I—/ VuVv;dr — @vj ds = fQ U] *
Q at Q o0 8V fQ

Using the boundary condition we get

A d
/%vj d:lt—l—/Vquj dx + puvjds = fQ UJ - (27)
Q Q o0

(o f(w)dz)?

We now turn our attention to the solution of system (27) by discretization with respect to the
time variable. We introduce a time step 7 and time levels ¢, = n7, where n is a nonnegative
integer, and denote by u" the approximation of u(t,) to be determined. We use the backward
Euler—Galerkin method, which is defined by replacing the time derivative in ([27]) by a backward
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. n+l__,mn . . . . .
difference *——"~. So the approximations ™! admit a unique representation,

N
1 _ n+1
- E a,; U,

i=—1
where 04;”1 are unknown real coefficients to be determined. Thus,
S R A v;dx
/ —vjdr +/ Vu”+1ij dx + Bu"ij ds = fQ—n]
Q T Q 00 fQ u da:
The scheme may be stated in terms of the functions v;: find the coefficients a"+1 in unt! =

Zﬁi_l a?“vl such that

Z "H/vm] dx + 1 Z n+1/V’UZV’U] dr +1 Bu"“fuj ds

i=—1 i=—1

A fo fu™)vjde
Ui d e e
Z_z_:l /fuv] x+ (o flan dm) (28)

n+1

In matrix notation, this may be expressed as (A + 7B) a"t! = ¢" = g(n7), where

A = (a;j) with element a;; = / v do,
Q

B = (blj) with bij = / V’UZ'V’Uj dZE,
Q

and o™ is the vector of unknowns (a”“)f\i_l. Since the matrix A and B are Gram matrices,

in partlcular they are positive definite and invertible. Thus, the above system of ordinary differ-
ential equations has obviously a unique solution. We solve the system (28] for each time level.
Estimating each term of (28]) separately, we have:

E a"H/vivj dx

i=—1
E ”+1/ vv; dx
i=—1

1 I

n+

= O‘j—l /
X

J—1

) x; ) T

_ n+ . . n+

_aj 1/ Vj—1Y; dl’—i—Oéj /
Ti_1 T,

J Jj— J

41 [T 41 [P
V105 dx + o / vy dx 4 oy / VjVj41 dx
T

Tj—1 J

J 9 Tjt1 9 41 Tjt1
n . .
CH dr + / U3 dr | + a; / VVj41 d.
1 X xT

J
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Using the expression of v;_1,v; and v;j41, we obtain
h 2h h
1 1 1
Z n+ / vivjde = Ea 14+ Ea;.“r Ea;?j:l. (29)
i=—1
Similarly, we have

ZQ"H/VUZVUJ dx
i=—1

8’UZ' 8’0 i

N
= Z OZ;H_I 8_8— dflf
i—1 Q or Oox

i Ou. ov; Tit1 [ Ou.; 2 ZTi+1 Qv Ovs (30)
_ n+l j—19Y;5 n+1 ovj n+1 Yrs ghi41
=Ty /le 9 O dr + « /x 1 < o ) dx + of /xj o O dux,

o™t ot pzia otz

— j—=1 J J+1

o h2 Tj_1 d:E + h2 /le dm B h2 /:L‘j d:E

_ 1 n+1 2 n+1 1 n+1

=R T T
On the other hand

N
2h h
/qu] Zzlal/ﬂvv]x 604]1+304]+6a]+1 (31)
and
n 1 n n
[y = S (B (W) + B 0 0)
990=1{0,1}
1 n+1 n+1
= 5 (Bav;(1) + Bag v, (0) (32)
250/”'1 if j =0,
=<0 ifj=1...N -2
0 ifj=N-1
Furthermore,
2Xf(ag) if j =0,

A v;dz Flag +Fam)?
(fg—nd]): ifj=1,...N—2 (33)
Jo f(um) dz 0 if j=N—1.
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Using the boundary conditions, we have

o™t = o™ 4 (hB + 1) ap ™,

a ) =al + (hf+1)ag,

1
+1 _ +1
anN - 5h+1a7v-1’
1
N = G p1oN-t

From the initial condition we get af = a?v = 0. Setting

Z b—%_FZ_T
R 3 R’

a =

and using together ([28)—(B3]), we then get the following system of N —1 linear algebraic equations:
for j =0,

Tﬁ n+1 n+1 h n h n 2)\’7’f(0£6l)
a(l+ hp —|—b—|——>a++2aa =—0B+h8)aj +=af + ,
(< )b+ 5 ) b A A TR IC)E
forj=1,...,N — 2,
aozjfll + bozjJrl + aozjj_’ll = 5Y%-1 + 39 + 5+

forj=N—1,

aay + <b Ty 5h> W = okt g <1 Tan ; Bh)) -1
Similarly,
+1 ZN +1
n _ n .
(10 - = ,U,Z UZa

where ,u?“ are unknown real coefficients to be determined. The discretization of the boundary
conditions with respect to ¢ looks as follows:

p" = it (RS + Dyt
pty = py + (hB + Dug,

1
n+l _ n+1
A O A b
1

n o __ n
lu’N - 1+ﬁhMN—1

If we set
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Figure 1. The evolution of temperature u Figure 2. The control 8

then the remaining discrete equations, approximating the optimality system, are as follows:
for j =0,

2 "(aff
(C(l—i-h,@)-i-d-i-?— AT fag) 2) gt 2ep
(f(af) + f(ap))
h n h o, AT (b + 1) f(a
:_6(5_1_}15)#0_5#1_{_7_11_1_ (M;) H1 )fn( %)’
(flaR) + flap)
forj=1,...N — 2,
c,ujfll +duj+1 +cujj_rll =T1h — GHi1— M T gHn

forj=N—1,

n+1 ¢ n+l __ o ﬁ n o % 1 n
ChnN_o t <d+ 1 —i—ﬁh) Pn—y =Th GHN-2~ 3 1+ A1+ Bh) HN—1-

Finally, we have the discretization of £ as follows:

un—l—l(pn—l—l
B = min <maaj <m, —#> ,M) . (34)

The numerical experiments are in agreement with the results of (Sidi Ammi and Torred 2008):

we obtain stable steady-state (see Figure [Il). With an initial guess for the value of the control,
the consecutive values of 8 converge to the lower bound when time is small and to the upper
bound when ¢ is big (see Figure [2]).
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