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Abstract

The notion of a natural model of type theory is defined in terms of that
of a representable natural transfomation of presheaves. It is shown
that such models agree exactly with the concept of a category with
families in the sense of Dybjer, which can be regarded as an algebraic
formulation of type theory. We determine conditions for such models
to satisfy the inference rules for dependent sums 3, dependent prod-
ucts II, and intensional identity types Id, as used in homotopy type
theory. It is then shown that a category admits such a model if it has
a class of maps that behave like the abstract fibrations in axiomatic
homotopy theory: they should be stable under pullback, closed un-
der composition and relative products, and there should be weakly
orthogonal factorizations into the class. It follows that many familiar
settings for homotopy theory also admit natural models of the basic
system of homotopy type theory.

Homotopy type theory is an interpretation of constructive Martin-Lof type
theory [20] into abstract homotopy theory. It allows type theory to be used
as a formal calculus for reasoning about homotopy theory, as well as more
general mathematics such as can be formulated in category theory or set
theory under this new interpretation. Because constructive type theory has
been implemented in computational proof assistants like C0Q, homotopy
type theory also facilitates the use of such computational tools in homotopy
theory, category theory, set theory, and other fields of mathematics. This is
just one aspect of the Univalent Foundations Program, which has recently
been the object of quite intense investigation [24].
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One thing missing from homotopy type theory, however, has been a no-
tion of model that is both faithful to the precise formalism of type theory
and yet general and flexible enough to be a practical tool for semantic in-
vestigations. Past attempts have involved either highly structured categories
corresponding closely to the syntax of type theory, such as the categories
with families of Dybjer [7], which are, however, somewhat impractical to
work with semantically; or they use the more more natural and flexible set-
ting of homotopical algebra, as in [4, [6], but they must then be equipped (if
possible) with structures satisfying unnatural coherence conditions, in order
to model the type theory precisely.

Here we present a new approach which attemps to combine the advantages
of these two strategies. It is based on the observation that a category with
families is the same thing as a representable natural transformation in the
sense of Grothendieck. Ideas from Voevodsky [I8] and Lumsdaine-Warren
[19] are also used in an essential way. In the first section, the basic concept
of a natural model is defined and shown to be adequate. The second section
determines conditions for when the basic type constructors X, II, Id are also
modelled. This draws heavily on the methodology of [18]. Finally, the third
section investigates the question of when a category admits such a model,
concluding with the main result which provides a general, sufficient condition.
This is closely related to the main result of [19], which uses similar reasoning.

1 Natural models

The following concept is usually attributed to Grothendieck and is widely
used in the theory of stacks (cf. Def. 4.8.2 [21], Tag 0023]).

Definition 1. Let C be a small category. A natural transformation
f:Yy—X

of presheaves on C is called representable if all of its fibers are representable
objects, in the following sense: for every C' € C and x € X(C), there is a
DeC,ap: D—C, and a y € Y(D) such that the following square is a
pullback,

yD ——Y (1)



As here, we shall freely use the Yoneda lemma to identify elements x € X (C')
with natural maps x : yC'— X.

Our first observation is that a representable natural transformation is the
same thing as a category with families in the sense of Dybjer [7]. Indeed,
let us write the objects of C as I', A, ... and the arrows as 0 : A—1T, ...,
thinking of C as a “category of contexts”. Let p : U/ — U be a representable
map of presheaves, and write its elements as:

AclUl') & I'F A:type
acUT) & T'ka: A,

where A = p o a, as indicated in:

o)

Thus we regard U as the presheaf of types, with U(T") the set of all types
in context I', and U as the presheaf of terms, with L?(F) the set of all terms
in context I', while the component pr : U(I') — U(I') is the typing of the
terms in context I' (cf. [14] for an early statement of this point of view).

Observe that naturality of p : Y — U means that for any “substitution”
o : A—T, we have an action on types and terms:

' A:type = AF Ao :type
'Fa:A = AFaoc: Ac.

While, by functoriality, given any further 7 : A’ — A, we have
(Ao)T = A(o o) (ao)T = a(ooT),

as well as
Al = A al =a

for the identity substitution 1: ' —T.
Finally, the representability of p : Y —U is exactly the operation of con-
text extension: given any I' = A : type, by Yoneda we have the corresponding



map A : I'— U, and we let py : 'vA—— T be the resulting fiber of p as in
(). We therefore have a pullback square:

r.A-2 .y (2)

N

F—A>U,

where the map ¢4 : I'.A ——U determines a term
I'"AF ga: Apa.

In (2) and henceforth, we omit the y for the Yoneda embedding, letting the
Greek letters serve to distinguish representable presheaves.

The fact that (2)) is a pullback means that given any ¢ : A — I' and
At a: Ao, there is a map

(0,a) : A—T.A,
and this operation satisfies the equations
pac(o,a) =0
qa(o,a) = a,

as indicated in the following diagram.

'——u

Moreover, by the uniqueness of (o, a), for any 7 : A’— A, we also have:
(0,a)oT = (0 oT,ar)
(pa,qa) = 1.

Comparing the foregoing with the definition of a category with families
in [7], we have shown{]

! Since completing this paper, the author has learned that the following fact was also
observed independently by M. Fiore, see [9].



Proposition 2. Let p : U—U be a natural transformation of presheaves
on a small category C with a terminal object. Then p is representable in the
sense of Definition [ just in case (C,p) is a category with families.

The notion of a category with families is a variable-free way of present-
ing dependent type theory, including contexts and substitutions, types and
terms in context, and context extension. Accordingly, we may think of a rep-
resentable map of presheaves on a category C as a “type theory over C” —
with C serving as the category of contexts and substitutions (the requirement
that C should have a terminal object, representing the “empty context”, is
purely conventional). As we shall see below, such a map of presheaves is es-
sentially determined by a class of maps in C that is closed under all pullbacks;
these maps will be the types in context.

Definition 3. By a natural model of type theory on a small category C we
mean a representable map of presheaves,

p:a—>u.

Corollary 4. Natural models of type theory are evidently closed under com-
position, coproducts, and pullbacks along arbitrary maps U' — U.

1.1 Algebraic character

As for many concepts, the notion of representability of a natural transforma-
tion f : A— B may be regarded in either of two ways: as a property of the
map: for each C' € C and x € X(C), one can finda D € C,ap: D—C,
and a y € Y(D) such that ...; or as a structure on the map: there is an
explicitly given function that chooses the (D € C,p : D— C,y € Y(D))
for each (C' € C,z € X(C)) in such a way that .... Since the values of the
function are uniquely determined up to specific isomorphisms, and most of
the required constructions on those values respect isomorphisms, it generally
makes no difference which notion is assumed, and so the more flexible “prop-
erty” version is often more convenient. However, there are some steps below
where the structured version is required, and for that reason we shall hence-
forth assume that a representable natural transformation includes a specific
representability structure, consisting of a “canonical” pullback square of the
form () for every yC'— X (no coherence). We will not dwell on the choice
of structure, however, and will recall this assumption where it is required.



The situation is entirely analogous to that of a “category with binary
products”; and indeed, as in that case, one can understand the “property
versus structure” difference as the condition that a cetain functor should
have an adjoint versus the selection of a specific adjoint (among all isomor-
phic options). The latter approach has the advantage of making explicit an
algebraic structure that is perhaps not evident in the former. Indeed, as has
recently been emphasized (e.g. in [5]), the notion of a category with families
is essentially algebraic, consisting of the four sorts: contexts, substitutions,
types, terms; operations defined on the sorts, including in particular context
extension; and equations between terms built from the operations. The same
is, of course, true of the equivalent concept of a natural model of type theory,
in the form of a representable natural transformation f : A— B over a
category C, as we now briefly indicate.

Regarded as a many-sorted algebraic theory, a natural model consists of
four basic sorts

Co, C1, A, B

along with the following operations and equations:

category: the usual domain, codomain, identity and composition arrows for
the index category:

Cl X o Cl ° Cl id Co

S ——
dom

together with the familiar equations for a category.

presheaf: the indexing and action operations for the presheaves:

Cl XCOALA Cl XCOBLB
b b
C() CYO

together with the equations making « a (contravariant) action of C
on A:

pala(u,a)) = dom(u),
a(uow,a) = a(v,a(u,a)),

a(ly, e, a) =a,



and similarly for .

natural transformation: an operation
f:A—B
satisfying the naturality equations:

ppo f =pa, foa=p(0(C) X f)-

representable: note that a natural transformation f : A — B is repre-
sentable just if the associated functor on the categories of elements,

Jof:JoA— J.B
has a right adjoint f*: [ B— [, A (cf. [3], §8), which is an algebraic

condition.

In more detail, we requiring the following additional structure:

e an operation

(f*)() :B— A

taking the objects of [. B to those of [, A (not necessarily pre-
serving the indexing over Cj),

e an operation on the arrows in the categories of elements:
(f*)l : Cl XCO B—)Cl XCO A

respecting domains and codomains,

dom(my ((f*)1(u, b)) = (f*)o(dom(u)),
pa(ma((f7)1(u, b)) = (f")o(cod(u)),

and satisfying the functoriality equations,

(f)1((u, ) o (', 0)) = (f)r(u, b) o (f ) (v, b)),
(f)a(1,6) = (1,0).



e two further operations

n:A—Cy X, A
e: B—Cy xX¢, B

satisfying the standard equations for natural transformations of
the formn:1— f*o fande: fo f*—1.

e the familiar triangle identities for an adjunction.

The remaining details are left to the reader.

2 Modelling the type constructors

When does a natural model of type theory also model the various type con-
structors, such as (dependent) product I, sum ¥, and identity types Id? As
the notation p : U—U suggests, the notion of a natural model is similar
to Voevodsky’s notion of a universe [I§], and we shall modify the approach
taken there in order to determine conditions ensuring that the usual type-
forming operations are modeled in our setting. (Related ideas were used
already in [10, 22].)

We require the following preliminary observations regarding polynomial
functors, for more on which see [12].

Given a map f : B— A in a locally cartesian closed category &, there is
an associated polynomial endofunctor Py : £ — &, defined for every object

X e& by
P(X) = > X" (3)
a:A

where, as usual, we write B, = f~!(a) for the fiber of f at a : A, using the
internal language of £ as explained in [12]. Formally, this functor is defined
from the LCCC structure on £ as a composite:

Pix) = Y [[BX)
Ay



where:

B*:£—¢&/B is pullback along B—1,

H :£/B—&/J/A  isright adjoint to pullback along f: B— A,
f

Z EJA—E is composition along A —1.

A

The following lemma can be found, in essentially the same form, in [8] [15].

Lemma 5. There is a natural bijection between maps g : Y — >, XPe
and pairs of maps (g1 Y — A g :Y x4 B —>X) as indicated in the
following diagram.

X<g—2Y><AJB—>B (4)
| f
Y ———

g1

Proof. Given
g: Y—>Za:AXBa = ZAHfB*(X)

compose with the projection m : >, [[; B*(X) — A to get g1 = mog:
Y — A, making g a map over A,

Y ==, 11, B*(X)
~ "
A.
As an object over A, the map m; is

[T 5 () = [ £4°(X) = (A°(X))”.
f f

We can therefore take the exponential transpose of g to get another map over
A of the form:

Y x4 B2 A%(X)

S

A.



Composing ¢ with the second projection A*(X) = A x X — X gives ¢ :
Y x4 B— X as indicated in

g2

YxAmX (5)

]

A.

This assignment of (g1, g2) to g is clearly reversible and natural in Y. O

Since the isomorphism of lemma [B] is natural in Y, it is convenient to
consider the generic case, where Y = 3, X P+ and g is the identity. In that
case, we have a diagram of the form,

X

[

GJ—)B
| ;
Za:AXBau—1>A

where u; is the canonical projection 7 : >, , XP*— A, and the “generic
pulled-back object” G can be described over A as X x4 B,. The map
Uy : G— X is then evaluation over A, composed with the second projection
as in ().

Now given any g : Y — >, X P the associated maps g; : Y — A and
go : Y x4 B—— X are given by pullback and composition, as indicated in
the following diagram.

X (6)
Y x4 B G B
1 _
| ]
Y # Za:A XBa L} A

\_/’

g1

10



Now consider the case of the polynomial functor P = P, of a natural
model p : Y — U, with the form

P(x) = Y xt, (7)

where we write simply A = Uy for the fiber of p over A :U. This is justified
by considering the pullback

INg)

1-14—)
_

(8)

p

Se—

l——U,

as the case of (2) where I' = 1 is terminal, and therefore 1.A = A is just an
object of C, i.e. a “closed type”.

Applying Lemma [B] to (7) in the case f = pand X =U and Y =T
representable, we obtain a natural, bijective correspondence:

(A,B):T— Y u*
AU

U—2r1.4 U

iy

I'HA:type, T'.AF B :type

Thus just as U classifies types in context I' = A : type, we can say that
PU) = X ,.,U” classifies types in an extended context T'vA & B : type.
For the record:

Proposition 6. The presheaf P(U) = 3 ,.,,U" classifies types in context
A& B :type, in the sense that there is a natural isomorphism between maps
I'— ZA:MZ/{A and pairs I' = A : type and I'.A F B : type, as displayed in

11



the following diagram.

(10)

r.A
JJ
F—)ZA:MUA—N/I

\_/

A

U

_
p

Py
|

Proof. This is just diagram ([l specialized to the present case.

Remark 7. Throughout this section, we are using the same methodology
as in [I§](section 1.4), pioneered by Hofmann in [13](section 4), to reduce
certain general type constructions to generic cases on a universe (cf. also Fu

[10]).
2.1 Products

Proposition 8. Let P(X) =3 ,.,, X* be the polynomial functor associated
to a natural model p : U—U. Then the type-theoretic rules for (extensional)
dependent products are modelled by maps of the form

A: PU)—U (11)
I: P(U)—U (12)

making the following diagram a pullback.

PU)—2-U (13)

w| |

PU) ——U

Proof. Replacing P by its definition, we obtain a diagram of the form:

YUt —2 T (14)
ZA:ML{A Uu.

12



Using proposition [, which states that ) , ., U4 classifies pairs I' - A : type
and I'A + B : type, the operation II : ZA:ML{A — U is seen to be the
type-theoretic formation rule,

' A: type I'AF B : type
'k H B : type. (II-form)
A

Now just as P(U) = Y ,,,U" classifies pairs of the form
' A:type, T'.AF B :type,
so PU) = 3 " MZJA classifies pairs of the form
I'FA:type, T.AFD:B.

This follows from lemma [ just as did proposition [6, but replacing the
presheaf of types U by the presheaf of terms U.

Thus the operation A : ) ,. uZ/{A — U models the type-theoretic intro-
duction rule,

'-A:type T.AFD:B
TFab:[]B. (Il-intro)
A

Consider the elimination rule:

Fl—f:HB 'Fa:A
A

(IT-elim)
'k f(a): Bla
and the associated computation rule (3):
I'Arb:B 'Fa:A
(IT-comp )

T+ (Aab)(a) = bla] : Bla].

The notation Bla] and ba] is interpreted as follows: given I' - a : A, we have



and so by taking a pullback, we get a substitution (1,a) : I'—1I". A into the
context extension I'. A:

U
lp

Now I'AF B :type and I'A F b : B are of the form

SO we can set

as indicated in

bla] U
(La)

r—%r.A-2-u,

Bla]
to get the terms
'+ Blal : type
I'Fbla] : Bla).

Now suppose that (4] is a pullback. We require a term I' - f(a) : Blal,
assuming we have the premises I' = f : [[,B and I' - a : A. The first

14



premise means there are maps (A, B) and f as indicated in

(15)

ZA:MUATU‘

Since the square is a pullback, there is a map (A, f ) as indicated, and by the
classifying property of >’ A:MZ/{A, it corresponds uniquely to a term I'.A
f:B,

Now set:

f(a) = fla] = fo(1,a),
so that indeed I' - f(a) : Bla], as required.

For the computation rule (3), suppose ''A+Fb: B. ThenI' - Aab: [[, B
and diagram ([I5]) becomes

(16)

for some I'A + X;;/b . B,

F.ATL{.

15



But clearly I'A F b : B also satisfies the condition A o (A,b) = Aab, so by
the universal property of the pullback, we have

T AFAb=0b:B.

But then -
I'F (Aab)(a) = (Aab)[a] = bla] : Bla],

as required.

An additional computation rule is required for extensional Il-types, and it
is also satified, namely the so-called n-rule. This rule is written with variables
in the form Az : A.f(x) = f : [[4 B. In the variable-free style of categories
with families, this takes the form (cf. [7], 2.2):

r-f:][B

A II-com
CFAa(fpalan) = £ [ B, (Tcomp 1)
A

where, recall from (2)), that for any I' A : type the terms p4 and g4 are
defined by

We have:
(fpa)(ga) = (fpa)lgal = (fpa)(1,q4) = fra(l,qa) = f.

Therefore

Aa(fra(ga)) = Ao (A, fpalga)) = Ao (A, f) = f.

The straightforward verification of the converse implication is omitted. [

Examining the proof (along with some further reasoning), we see that a
more precise formulation of Proposition [§ is possible:

Corollary 9. The type-theoretic formation and introduction rules for depen-
dent products are modelled by maps of the form

A: PU)—U (17)
I: P(U)—U (18)

16



making the following square commute.

PU) U (19)

w |

PU)—U

The square is a weak pullback, with a distinguished section of the canonical
map P(U)— P(U) xy U, if and only if the elimination and B computation
rules hold, and a pullback if and only if in addition the n computation rule
holds.

A similar strengthening is also possible for the following treatment of the
type constructors ¥ and Id.

Remark 10. The type and term constructors II, A, and —;(—2) occurring
in the formation, introduction, and elimination rules are also required to
respect substitutions o : A ——1T'. Specifically, consider e.g. the II-formation

rule:
I'F A : type I'AF B : type

I'- H B : type. (20)
A

Applying 0 : A——T to the premises gives a new instance of the rule
AF Ao : type A.Ac F Bo : type

AF H Bo : type.
Ao

On the other hand, one can instead apply ¢ : A — I to the conclusion of
(20) to obtain

Ak (H B)o : type.
A

It is part of the definition of “modelling the product rules in a category with
families” that these two things should be the same,

AF (HB)O’ = HBO’ : type
A Ao

17



as elements of U(A). But indeed, we have
(J[B)o = (o (A,B))oo
A
=1lo((A,B)oo)
=1lo (Ao, Bo)

:HBO'
Ao

as indicated in the following diagram

A F ]._[AO' Bo

\\ ool \
(Ao,Bo)
ZA:Z/{ Z/{A T) U s

(A,B)oo = (Ao, Bo)
follows easily from proposition [6l The other two required equations,
(Aab)o = Aao(bo)
(f(a))o = (fo)(ao)

where the equation

follow similarly.

Remark 11. Our specification differs from that in [I8] only in the specifi-
cation of the objects on the left side of the square (I9) via the polynomial
functor P(X) = > 4., X A rather than by applying the II constructor in
presheaves to the generic case, as in the “logical framework” approach.

2.2 Sums

For the sum constructor 3 we shall replace the family

ZA:Z/{Z/?A —>ZA:MUA

in diagram (I4)) by a different one, corresponding to the different premises of
the Y-introduction rule,

I'EA:type I'"AF B : type 'Fa:A I'Fb: Bla
'k {(a,b) : Z B. (X-intro)
A

18



The base object Y ,.,, " remains the same, corresponding to the fact that
the Y-formation rule has the same form as the one for II, namely,

' A:type I'AF B : type
'k Z B : type. (X-form)
A

But the object over Y ,.,,U* must now classify data of the form
(Fl—A:type, F.Al—B:type,Fl—a:A,FI—b:B[a]). (21)

This is accomplished with the following object (again constructed using the
internal language in presheaves):

2. > > Bl

(A:U) (B:UA) (a:A)

We have a projection 7w associated to the first two sums,

Z(A;u) Z(B:Z/{A) Z(a:A) B(a) — Z(A,B) (S U Z(a:A) B(a)

\ |

ZA:Z/{Z/{A’

and factorizations of maps of the form (A, B) : T — >_ , ,,U* through 7,
Z(A:Z,{) Z(B UA) Z(a:A) B(a)
o

ln

T (A,B) ZA y y

are then in natural, bijective correspondence with data of the form (1)), as
can be proved similarly to proposition

Proposition 12. Given a natural model p : ﬁ—>u, the type theoretic rules
for (extensional) dependent sum are modelled by maps

pair : Z Z ZB (22)
E:ZuA—>u (23)

A:U

19



making the following diagram a pullback.

Z(A:Z,{) Z(B:Z/{A) Z(a:A) B(a) — U (24)
| J
ZA:MUA » u

Proof. The operations (22]) and (23] clearly give the ¥-introduction and for-
mation rules, respectively. We shall prove the extensional elimination rule,
which has the two parts

Itc:Y B Itc:Y B
A A
C'Eme): A I'F m(e) : Blm(c)]
with associated X-computation rules:
m1({a, b))

m((a, b))
(m(e), ma(c))

To show this, assume that (24)) is a pullback, let I" be anyNObject, and suppose
that we have (A, B) : I' — (3 ,.,,U?) and ¢ : ' — U such that Y oa =
poc: I'— U, which means exactly that I' - ¢ : >, B. There is then a

unique map
c:I'— Z Z ZB

(A:U) (B:UA) (a:A)

(3-elim)

(3-comp)

a
b
c

with m o ¢ = (A, B) and pair o ¢ = ¢. Since ¢ is known to be uniquely of the
form (2I]), we can write it as

¢ = (A, B, 7T1(C), 7T2(C))
with m1(c) : A and ms(c) : Blm(c)]. We then write
pair(A4, B,mi(c), m(c)) = (mi(c), m2(c))

accordingly. Thus indeed ¢ = (m;(c), m2(c)), as required. To prove the other
two Y-computation equations, it suffices by the uniqueness of elements clas-
sified to show that, for any a : A and b : Blal, we have

(A, B,a,b) = (A,B,m((a, b)), m({a, b>))

20



But this is now clear, since

pair(A, B, a,b) = {a, )
= (m({a, b)), m((a, b))
= pair(A, Ba 7T1(<a7 b>)7 7T2(<a7 b>))
Again, the converse is just as direct. O

As in the case of products, the operations X, 7y, w5, and pair can easily
be shown to respect substitution o : A —T.

Remark 13. The map

Z(A:u) Z(B:MA) Z(a:A) B(a) (25)

d
ZA:Z/{UA

from (24]) can also be understood in terms of polynomial functors. As in (3],
let
P(X) =) x*
Az

be the polynomial functor P, : C — C determined by the map p : U—sUu.

The map 7 above also determines a polynomial functor P, : C — C, again
via ([3]). These are related by

P,=DP,oP,.

Thus in particular the composite sz =PFP,0F,: C—C is also polynomial,
and 7 is the map representing it. Moreover, recall from [12] that pullback
diagrams of maps
B——D
_
I
A——C

in C correspond to morphisms of the polynomial functors on C that they
determine, Py = P, (cartesian natural transformations). Thus the pullback
condition (24]) says that there is a map of polynomial functors P,o P, = P,.

21



It is easy to see that there is also a map 1¢ = F,, determined by the terminal
object of C, with its unique term,

1—U
J

I )

1—U.

The further investigation of this structure is left to future work (cf. [16],

section 2, for a related development).

(26)

Remark 14. We mention only in passing the full internal subcategory U in
C determined by p: U —U, which may be called the category of types. This
presheaf of categories has Uy = U as its object of objects, and as object of
arrows U; the exponential

BA

|

Uxu

in C /(U xU), where we have written A = p*(U) and B = p}(U) for the results
of pulling p : U—U back along the two projections py, ps : U XU —U. This
internal category can be seen to be cartesian closed, in virtue of the rules
just given for 1, 3, and II. Indeed, the category of all types I' = A : type in a
given context I' is always cartesian closed, and substitution A——1" preserves
the cartesian closed structure.

2.3 Extensional identity
The formation and introduction rues for identity types are as follows.
'FA:type T'Fa:A TFEbHA
I'1da(a,b) : type

(Id-form)

Fa:A
I'Fi(a):1da(a,a)

(Id-intro)

To interpret these, we use the “diagonal” map ¢ : U—U xy U of a
natural model p : Y — U, formed by first taking the pullback of p against
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itself, and then factoring the identity morphism 1 : U — U as indicated in

the following diagram.

Proposition 15. For a natural model p : Z]—)L{, the type theoretic rules

for extensional identity types are modelled by maps
i U—U
Id: U >y U —U

making the following diagram a pullback.

Proof. Since maps (A, a,b) : I’ — U xy U correspond naturally to pairs of

terms ' - a,b : A of the same type I' = A : type, we can set

d4(a,b) = Id o (A, a, b).

Then Id : U Xy U — U validates the |d-formation rule.

Moreover, given any element a : I'—, the commutativity of (29) means

exactly that T Fioa:lds(a,a). So setting

i(a)=ioa

also gives the introduction rule. The interpretation of the formation and
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introduction rules is then displayed by the following diagram.

(A,a,b)

Q<B—Q

'—— Id

Q% %Q

Suppose [9) is a pullback. Then for any (A, a,b) : T —U xy U and
¢: I'— U such that Id(A, a,b) = p o ¢, meaning that

T'Fc:lda(a,b),

there is a unique u : I' — 2 with 6 o u = (A, a,b) and iou = ¢. But this
means that

F'Fa=0b:A and I'Fe=i(a):lds(a,a).

Thus we have the standard rules for extensional Identity types:

['Fc:lda(a,b) I'Fc:lda(a,b) ‘
: (ext-ld-elim)
FFa=b:A F'Fe=i(a):lda(a,a)
The converse is, again, equally direct. O

Summing up:

Theorem 16. A natural model of extensional Martin-Léf type theory with
product, sum, and identity types is given by a small category C equipped with
a representable map of presheaves,

p:U—U,

together with maps,
II, X\, X, pair, Id, i,

as in propositions [8, 12, and [13, such that the squares (I9), @), and (29)
are pullbacks.
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2.4 Intensional identity

Models of extensional type theory can be obtained easily from locally carte-
sian closed categories by various methods, including [I3]. We are mainly
interested here in models of the intensional theory. The formation and intro-
duction rules remain the same as in the extensional case, but the elimination
rule takes a somewhat more complex form inspired by inductive definitions.
We shall confine attention here to the modifications required for modelling
intensional identity types, but an analogous treatment is also possible for
sum and product types, which we leave for future work.

As in ([27) and(28]), we assume maps
i U—U
d: U xy U —U,

but now we merely require the resulting square to commute:

U—=——u (31)

Once again we can set
lda(a,b) =1do (A, a,b)

to validate the Id-formation rule:
'FA:type T'Fa:A T'Fb:A
['Flds(a,b) : type.

(Id-form)

Also as before, given any element a : I’ — U, wehave ' Fioa: Ida(a,a).
So setting
i(a)=ioa

again gives the introduction rule:
'Fa:A
I'Fi(a):lda(a,a).

(Id-intro)
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Now take the pullback of p along Id. We obtain an object I over U xy U ,
together with a factorization p = (4,1) of the diagonal ¢:

ﬁxuﬁTU.

This structure serves as a “generic identity type”. Indeed, consider the follow-
ing diagram, in which the parallel vertical arrows are the evident projections,
and the indicated squares are constructed as pullbacks.

1.4 U (32)

Q%S
N

qa U
Ppa lp
r I U

The interpretation of I'vA.A F Id, : type is the center horizontal composite
ldo¢y : T.AA—U,

and so the context extension I'.A.A.ld, is the indicated pullback of I along
q%4. Observe that
A.A=(T.A) xr (I'. A),
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and that the map
PA : F.AHF.A.A.'C’A (33)

factors the diagonal 64 : I'vA —T'. A. A, because it is the pullback of
p U — 1, which factors the diagonal «f —U X, U. The map p, interprets
the substitution a — (a, a,i(a)) associated to the introduction term i.

We can now state the Id-elimination rule as follows:

' A: type IA.A.ds F C : type Ak c:Cpy
IA.Adda Fje) : C

(Id-elim)

where the indicated substitution Cp, is taken along the map p4 just defined

B3).

The associated computation rule then has the form:

' A: type IA.A.ddy F C : type I'AFc:Cpy
I'.A I—J(C)PA =cC: CPA

(Id-comp)

The elimination and computation rules are interpreted in the upper left
square of the diagram (B2]), where the dotted arrow j(c) indicates a choice
of diagonal filler interpreting the corresponding term. Since the rules are
supposed to hold for all types C' and terms ¢, they are evidently equivalent
to the following condition.

For any T' : type and ' = A : type, the substitution ps has the
left-lifting property with respect to p: U —U .

Here, recall that a map f : A—— B is said to have the left lifting property
with respect to another g : C'— D, written

fhg,
if every commutative square from f to g has at least one diagonal filler,

A——C

fl ~( L’

B——D.

Remark 17. Let us consider the requirement that the rules must respect
substitution, in the sense of remark [I0, for the present case. The formation
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and introduction rules clearly satisfy this condition, since they are modeled
by composition with particular maps. Indeed, consider the diagram (30),
which gives the interpretation of formation and introduction, and take any
substitution o : A —T".

U——=——u (34)

As indicated in the diagram above, we then have the required conditions:

lda(a,b)oc = (Ido (A, a,b))o =Ido ((A,a,b)o)
=Ido (Ao, ao,bo) = lda,(ao, bo)

i(a)o = (ica)og =io(aoo)=io(ao)=i(ao).
The corresponding condition for the elimination rule has the form:
i(e)o = j(co).
More precisely, for any substitution o : A —1T', we require that
j(e)oa,y = ilcoa), (35)

as indicated in the following diagram.

A. Ao OA T'.A c___ zu
e I
N R hp
AvAo.Acld . - - o
: T
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In the cases of IT and ¥, the analogous condition followed from the uniqueness
of a certain map into a pullback. But in this case, there is no such uniqueness,
and one must instead require the existence of a family of maps j(c), in all
situations of the form

rLA—< -y (36)

PAJ/ __._.J'(C)". lp

P AAddy — U,

and selected in such a way as to be compatible with all maps of the form
o : A—T in the sense of (35).

We shall take a different approach in what follows: as in the cases of II
and ¥, we shall specify a single map j in a suitable universal case, which
then gives rise to the individual maps j(c¢) in a uniform way, which is then
automatically natural in the sense of (35).

We require a preliminary definition. Let f : A— B and g : C' — D
be maps in a cartesian closed category C, and consider the following square,
which always commutes.

cB ¢ o (37)

DB —— DA,
Df

Taking the pullback of Df and g, we obtain a canonical comparison map
c= (¢B,C7) as indicated in the following.

LR ! cA (38)
4 /
gB DB XDj CA gA
DB Y, DA,

Definition 18. A left-lifting structure s for f with respect to g, written
fhs g
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is a section of the comparison map ¢ = (¢, C’) in (B]),

OB DB xpaCA, (39)

Lemma 19. Let f: A— B and g : C — D be maps in a locally cartesian
closed category C. The following conditions are equivalent.

1. f has a left-lifting structure s with respect to g,
fhs g

2. For each object X and maps «, 5 as indicated in the diagram below
(making the outer, stretched square commute),

(40)

DB — DA
Df

there is an associated map ~y(a, B) as shown (making the evident tri-
angles commute), and the assignment is natural in X in the sense that
foranyu:Y — X,

V(a, B)ou=y(aou, fou)

3. For all objects X,
(X x f)hyg

naturally in X, in the sense that there exists a family c(a,b) of diagonal
fillers

XXA%C

Xxfl ..___g(a,b)'..... lg

X xB ; D
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that are natural in X, meaning that for every u : Y — X,
c(a,b) o (ux B) =c(ao(ux A),bo(ux B))
as in the following diagram, where we have written ¢ = c(a,b) and

d=clao(uxA),bo(ux B)).

PR S \[
- fl .......... c .......... lx x fc lg

Proof. (Sketch) To show that [l implies 2] suppose f s ¢ and take any «
and 8 making the following commute.

X
\
CB CA
« crf

DB ——— DA,
Df

Then as v(a, ) : X — CP we can take the composite map

x O pB oy cA 0B,
Conversely, in diagram ({Q) let X = D? xpa C4 and let a and 3 be the
projections from the pullback. The resulting map v : D? x pa C4 — CF is
then the required section s.
Now assume condition 2l To prove [3 take any X and suppose we have
a:X X A—Candb: X x B— D making the following commute.

XxA————C

et | s

XXB—F——D
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transposing, we obtain a commutative diagram

CB CA

@ ct
g® g4

DB ——— DA,
Df

Thus there is a map v(a, l~)) : X——CP making the evident triangles commute.
Transposing again provides the required map

c(a,b) =~v(a,b) : X x B—C.
The converse is just as direct. O

Proposition 20. Given a natural model p : ﬁ—>u, the type theoretic rules
for intensional identity types are modelled by maps

i U—U (41)
ld: U xy U —U (42)

with poi=Idod, and such that the canonical map (6,1)

has a left-lifting structure j with respect to p, when both are regarded as maps
over U,

(1) m; U (p).
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Proof. Let us write p = (4,i). By lemma [[9 a left-lifting structure j for p
with respect to p, both regarded as maps over U, is equivalent to a natural
(in X') choice of diagonal fillers j(a, b) for all squares over U of the form

X xyU —2——uu

T
Xxupl ___j(a,b)-' J/z,{*p

X xy I 'b—>u*u,

where U* : C —>((A:/Z/{ is the base change. Letting X = (A:'—U) as an
object over U, and consulting (32)), we see that:

dom(X x, U) = I'.A

dom(X xy I) = T'.A.A.ldy
dom(X Xy p) = pa:T.A—T.A.A.ldy

Thus, transposing the above diagram to forget the base U, we arrive at the
equivalent filling problem

r.A — U

I'A.A.ldy Uu.

Comparing this to the diagram (B@), we see that the assumed left-lifting
structure j indeed provides a choice of fillers j that is natural in I', as required
to correctly interpret the elimination rule. O

3 Supporting a natural model

The representability of a natural transformation p : U—u imposes con-
ditions on the maps in C that represent it (cf. corollary 24]), and the re-
quirement that p should model the type-forming operations ¥, I1, Id imposes
further conditions on those maps. Our goal is to determine conditions on
a category C that are sufficient to ensure that it carries a natural model of
type theory.

Let p : Y—U be a representable natural transformation over C. Recall-
ing our convention from Section [I.I], for each object C' € C and each element
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AelU(O), we have a selected object C'.A, a map py : C.A— C and an
element g4 € U(C.A), all fitting into a pullback square of the form:

C.A U (43)

Sl

_
T u .

Such a map p, : C.A——C arising as a canonical pullback of p will be called a

display map, and the corresponding pullback square, a display square for p4.

Remark 21. Observe that a display map has a pullback along any map,
even though C is not assumed to have all pullbacks. Indeed, for any display
map py : C.A—C and any map s : D—C, there is a uniquely determined
pullback square with pa, : D.As — D a display map, as shown on the left
in the diagram below:

As

because the outer rectangle and the righthand square are canonical pullbacks.

Conversely, let D C C; be a class of maps in C that is closed under all
pullbacks along arbitrary maps in C, in the sense that (i) the pullback of
a map in D along any map in C always exists, and (ii) given any pullback
square

A T C (44)
Ly

if f € D then g € D. Observe that D is closed under isomorphisms in the
arrow category. Call such a class D C C; a stable class of maps in C. We
define two presheaves Dy, D; and a natural transformation © : D; — Dy
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between them as follows:

dom(d)}

D, (C) = {(a,d) € C; x D | cod(a)
{ cod(d)}

Dy(C) = {(b,d) € C; x D | cod(b)
C - Dl(C) HDO(C)
o(a,d) = (doa,d).

Schematically, we have the following situation.

Dl (C) = /ldeD
C .
Wcl

Do(C) = ldeD

The action of the presheaves is by precomposition in the first factor, thus for
s:C'—C, we let

Di(s)(a,d) = (aos,d),
Do(s)(b,d) = (bos,d).

This is plainly (strictly) functorial. The component 7¢ is simply composition
with the arrow d in the second factor, which is obviously natural.

Remark 22. The natural transformation 7 : D; — Dy can be defined ex-

plicitly by
H yd : H ydom(d) — H ycod(d) .

deD deD deD

The current description of 7 : Dy — Dy is more closely related to a coher-
ence theorem for certain kinds of indexed categories (respectively fibrations),
which takes the pseudofunctor D : C°P——Cat given by a stable class of maps,
with action by pullback, and returns an equivalent presheaf of categories, i.e.
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a “strictification” of the pseudofunctor (or “splitting” of the associated fi-
bration). Several such strictifications have been studied previously: this one
is left adjoint to the inclusion of functors into pseudofunctors, and there is
also a right adjoint, and others (all three are attributed to Giraud in cf. [23],
which also gives the relation to work of Benabou). The use of this left adjoint
construction to obtain a model of intensional type theory is the main result
of [19], and the development in this section can be regarded as a reformula-
tion, to the present setting of natural models, of results obtained in [19] for
the closely related setting of categories with attributes. Also see remark 34]
below.

Proposition 23. Let D C C; be a stable class of maps in C. Then the
natural transformation © : Dy — Dy just defined is representable.

Proof. Let C € C and A € Dy(C). We require an object C'. A, a map
pa: CiA— C and an element g4 € D;1(C.A) fitting into a pullback square

of the form:
C. A2 D (45)

_
S
C—— DO .

A
Now A € Dy(C) is a cospan of the form, say,

Ay

|

C —ar Ao

with d4 € D. So we can take a pullback to define py : C.A— C and ¢/, as
indicated in:

C.A NS (46)

PAl ldA

C T AQ .

Let ga € D1(C.A) be defined by ga = (¢4, da). To see that the square (43])
commutes, observe that
To.a(das da) = (dao gy, da) = (|A] o pa,da) = Do(pa)(|Al, da) = Do(pa)(A).

The proof that (45]) is a pullback is a routine unwinding of the definitions. [
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Corollary 24. A representable natural transformation determines a stable
class of maps D C Cq, namely all those maps isomorphic to display maps,
and every stable class of maps D C Cy is determined in this way by a repre-
sentable natural transformation w : D1 — Dy.

Proof. Every display map is clearly in D, and a display map has a pullback
along any map by Remark 21l It follows directly that D is stable. Conversely,
every map d : D — C in D occurs as a display map for the associated
representable natural transformation 7 : Dy — Dy of Proposition 23], in the
form:
—> D
2] ld

C’—>C
O

Remark 25. Note that by specifying 7 : D;—Dj as 7 = [ [ ;. yd, as men-
tioned in Remark 22, we can obtain a simplification of Proposition 23] and its
corollary: the representability of 7w follows immediately from the indecom-
posibility of representable functors and the good behavior of coproducts of
presheaves. The corollary then also follows more directly. But also note that
different representable natural transformations on a category C may give rise
to the same stable class of maps D C C;. We shall not pursue this line of
inquiry further, since it is not required for what follows.

Our task now is to determine conditions on a stable class of maps D
that will ensure that the associated representable natural transformation
7 : D1— Dy models the various type-theoretic rules in the sense determined
in section [2

3.1 Sums and Products

Recall from proposition [[2] the condition on 7 : Dy — Dy required to model
the rules for sum types >: there should be maps

pair : Z Z Z a) — D,
(A:Do) (B ) (a:[4]
S0 Dyl —Dy

A:Dy
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making the following diagram a pullback,

pair
Z(A:DO) Z(B;D([)A]) Z(a:[AD B(a) N Dl (47)
Wll J/W

where [A] denotes the fiber of 7 over A, i.e. the object given by pullback:

[AL—> D,
.
X —0 Dy.

Take any X € C and (A, B) : X — > . p, D([]A], and we seek an assign-
ment of a map X(A, B) : X — Dy, in a way that is natural in X.

Using Lemma[3 the map (A, B) : X— > ,.p, D([)A} uniquely determines
maps A: X — Dy and B : [A] = X xp, D; — Dy, as already suggested by
the notation. These in turn correspond uniquely (by Yoneda) to cospans:

A =(aeC,peD)
B =(beC,qeD)

as indicated in:
By (48)

X Ay.

Here we have used the following easily proved fact, which we record for later
reuse:
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Lemma 26. When A : X — Dy corresponds to the cospan (a,p), then A
factors through a : X— Ay via the map (id 4., p) : Ao—Dy, and the following
18 then a pullback:
A1J—> D,
Pl lﬂ
AO —_— Do.
(id, p)

Thus
[A] = XXDOD1 = XXAoAl-

Returning to diagram (48]), it might now be expected that the sum
Y(A, B) would be built by first pulling ¢ back along b to give gx, and then
composing with py:

By (49)

¥ (A,B)? /

This is “morally” what we want to do, since the resulting composite is indeed
the display map X.%(A, B) — X, and so the requirement that D is closed
under composition suggests itself. There is a problem with this construction,
however: ¥ (A, B) must be a cospan (¢ € C,d € D) of the form: .
ld

X —-
But the only candidate in sight for ¢ is the identity on X, and that assignment
would not be natural in X!
Instead, we shall use a construction similar to that applied in section
to devise a “generic case” in which to perform the operation of pullback-
plus-composition, so that all other cases result simply from mapping into
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the generic one. This construction, however, requires that D not only be
closed under composition, but also that certain right adjoints to pullback
exist. To state the required condition precisely, for any object C' € C, let us
write D(C) for the full subcategory D(C') < C/C' on the D-maps into C as
objects.

Definition 27. A stable class of maps D C C; is closed if the following
conditions hold:

1. C has a terminal object 1, and every map C'—1 is in D.
2. D is closed under composition.

3. For any d : D — C in D, the pullback functor d* : D(C) — D(D)
has a right adjoint d, : D(D) — D(C), and the inclusion functor
D(C') — C/C preserves exponentials.

Proposition 28. If D C C; is a closed, stable class of maps, then the
associated representable natural transformation © : Dy — Dy models the
rules for sums ¥ and products II.

Proof. Taking up the argument from diagram (4S), consider the following
construction:

B, (50)

ax By q




We first factor the map a : X — A, through the transpose b: X —>Bg‘1 of
b: X x4, A1 — By over Ay (regarding By as a constant object over Ay by
base change along Ag—1). Here we know that B3 exists in D(Ag) because
both p and By—— 1 are in D, and we know that Bg‘l is also an exponential
in C/Ag by the definition of “closed”.

Pulling p back along a in two stages gives the two lower pullback squares.
Next, still working over Ay, the map b now factors as ev o (b x 4, 4;) by the
exponential adjunction. The pullback ¢x of ¢ along b can therefore also be
constructed in two stages, giving first the map ¢’ : G — Bg‘l X 4, A1 as the
pullback of ¢ along the evaluation ev.

The generic case of the “pullback and compose” construction (49) that
we seek now has the form:

B,

F,

e

th XA0A1—>A1

[

BM A,

The composite p' o ¢’ : G —>Ba41 is the D component of the desired cospan
(b, p'oq’) defining X:(A, B) : X—D,. Observe that the pullback of p'og’ along
b is indeed py o ¢x, and that the same is true for any given y : ¥ — B(;M,
because any such map is uniquely of the form y =¢: Y — Bg‘l for ¢ =
evo (y Xa, A1) 1Y x4, A1 — By.

This defines the natural transformation 3 : A:Dy D([]A]—>DO. Explicitly,
given (A, B) : X — > ,.p, D([)A}, where A = (a,p) and B = (b, q), we define
Y(A,B) : X — Dy by (A, B) = (b, p' o ¢'). This assignment is natural in
X, for given any s : Y — X, we have

Y(A,B)s = (bos,poq)=(bos,poq)=X(As, Bs),
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because the D-component is fixed, and exponential transposition is natural.

By
q\

G1

q/
Y x4y A —— X x4, A1 T p—'

bXAOAl

pyh pxh p’ hp
Y s X b BM LA

To define the pairing map,

pair : Z Z Z B(a) — Dy,
(A:Dy) (B:D([)A]) (a:[A])

take an element (A, B,c) : X — > 4.p) Z(B:,D([)A]) > (a4 Bla), and we
require an element pair(A, B, c) : X — D; via an assignment that is natural
in X. The map (A, B, ¢) determines data of the form:

A =(aeC,peD)

=(beC,qeD)

(a, 1),

Cc

where:

XA,



But this is just a section of the composite px o ¢x,

By
G
q
ax By q
b ev
(a’,b")
X x4, Ay _ B x4, Aj —— Ay
bXAOAl
PX p p
b A
X Bt ————— Ay

\_/

a

or, equivalently, a section of the composite p’ o ¢’ over b. But this in turn is
exactly an element ¢’ of the generic Y-type,

X ——— B ——— A

So we can set

pairX(A7 B,C) = (C/7p/ © q/> S Dl(X)

Again, this is plainly natural in X, because the action in the first component
is precomposition and second component is fixed.
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It is immediate that this assignment makes (47) a pullback: for fixed
A = (a,p) and B = (b, q), the correspondence ¢ = (da’,0') — ¢ is clearly
reversible.

For the products II, we start from the object constructed in (B0):

B,

| S

By G

|

B x4y Al —— Ay
[
Bt —— A,

But now rather than composing p’oq’, we use the right adjoint p’ to pullback
along p’ to build the map p.q : G' — Bg':

B, (51)

ql \
By G
& lq,
G’ By x4y Ay —— A,

e B

BY 4,

Note that p.¢" (exists and) is in D by our assumption that D is closed.

Now, as in the previous case, given (4, B) : X — >, 5, D([]A], we have
A=(a€eC,peD)and B = (be C,q € D), from which we can construct
P, ¢, and b: X — B;"". Then set:

(A, B) = (b, p.q): X —Dy.

The assignment is again obviously natural in X. The construction of A\ and
verification that the resulting square is a pullback are entirely analogous to
the case of pair, and are omitted.
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Finally, observe that for any y : Y—>Bg‘1, the Beck-Chevalley conditions
for the left and right adjoints to pullback y* give:

y (P oq) = (py)o (av)
Y (0.q") = (pv)«(av) -

This ensures that the context extension operation behaves correctly. O

3.2 Identity types

As was the case for sums and products, in order to model intensional identity
types Id, we require an additional condition on the stable class of maps
D C C,. It may be surprising that we also still need the class to be closed
in the sense of definition 27} this is used to again construct certain “generic”
cases.

Let D C C; be a class of maps in a category C. We shall say that a map
a: A— B in C is anodyne if it has the left lifting property with respect
to all maps in D. The class D C C; will be called factorizing if every map
f: A— B in C factors as f = d o a with a anodyne and d € D,

B/

Sl

A—f>B.

Lemma 29. If D C C; is a closed, stable, factorizing class of maps, then
the anodyne maps are preserved by pullback along all maps in D. Moreover,
any pullback of an anodyne map between two D-maps is again anodyne.

Proof. This is a familiar fact in axiomatic homotopy theory (also cf. propo-
sition 14 of [I1]). Briefly, let d : D— C in D and a : A— C anodyne, and
consider d*a : d* A—D. This is also anodyne if it lifts against any b : B—D
in D (using the fact that D-maps are preserved under base change). Apply-
ing d, to b gives a corresponding lifting problem at C' involving a and d.b,
which has a solution since a is anodyne and d,b is in D. Transposing the lift
across the adjunction d* - d, gives the solution over D.

For the second statement, suppose given f: A—Y and g: B—Y in
D and anodyne a : A— B over Y. Pull back along any h : X — Y to get
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fl:A— X and ¢ : B — X in D with o« : A’— B’ over X, which we
claim is also anodyne.

A I A
NN
y B — B
A |4
X - Y.

Since anodyne maps are preserved by pullback along D-maps, it suffices to
assume that h is anodyne (else factor it into an anodyne followed by a D-
map). The pullback f*h: A’— A of h along f is then anodyne, and so is
g*h : B'— B. Since ao f*h = g*h o d’, and anodyne maps are closed under
composition, we shall have a’ anodyne once we prove the following: Given

any maps C' BRI ) AN E, if both j and j o7 are anodyne, so is .

C ———F

PR
ko ID T
Jl e

To prove this, we take any f: FF— D in D and ¢: C'— F with foc =1,
and produce a diagonal filler d : D—F', with dot = cand fod = 1p. Since
j is anodyne and D is fibrant (all objects in C are fibrant by the definition of
“closed”), there is an e : E— D with eo j = 1p. Since j o4 is anodyne and
finDthereisak: F— F withkojoi=cand fok=e. Letd=koj.
Then doi=kojoi=c,and fod= fokoj=eoj=1p, as required. O

Proposition 30. If D C C; is a closed, stable, factorizing class of maps,
then the associated representable natural transformation w : Dy——Dy models
the rules for intensional identity types Id.

Proof. Recall from proposition 20 that we require maps

i Dl —>D1 (52>
Id : Dl XDy Dl HDQ (53)
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commuting with 7 and its diagonal 9,
D, -

s i,
T ——D
Dl XDO Dl T DQ

and a left-lifting structure j for the map (9,i) with respect to m,
(5, I) rhj ™
where both are regarded as maps over Dj.

Again, we shall write p = (4,i) : D; — I.
We begin by constructing the map

Id : Dl XDy Dl HD().
For each A € C, pick a factorization of the diagonal,
Iy

s

A—s AXx A
oA

with 74 anodyne and d4 € D, and do the same for every map A : A; — Ay
in D,
I
s

Al 5—A>A1 X Ao Al-

(Of course, the second step subsumes the first.)

For X € C, amap a : X — D xp, D; consists of a map A : X — D,
together with two maps ai,as : X — D; over Dy. Now A is a cospan
A= (a € C,pe D), and there is a pullback diagram,

@ Al_‘ ;Dl

<L

N
A



with the corresponding elements aq,ay fitting in as shown. These in turn
determine an element (ai,as) of Ay x4, A;, which we could also have con-
structed directly, as indicated in the following:

«

X4>A1 X Ag Al —>D1 XDy Dl

ol
Nk

We require an element Id(«) : X — Dy, by an assignment that is natural in
X. For this, we take the following cospan:

Iy

|

X ( ) }Al XAO Al'
ai, az

To define i : Dy — Dy, an element of D;(X) has the form (a,p) with
a:X— A and p: Ay — Ay with p € D. Compose with r4 : Ay — 14 to
get

i(a,p) = (raoca,dy),

which is again an element of D;(X):

Ay (54)

/ lm

X Iy

\) ldA
(a,a) Al XAO Al.

This specification plainly makes 7 o i(a,p) = Id 0 §(a, p), as required.
Next, the presheaf I : C°? — Set has as elements of I(X) pairs

a:X—>D1 XDODla 5IX—>D1
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fitting together as follows:

Ay

Ao

where @ = (a,p) and § = (b,ds). The maps m : [ — D; Xp, D; and
7y : I — Dy are of course the projections.

Finally, the map p = (6,i) : D1 — I takes (a,p) : X — D; with a :
X — A and p: A; — Ap to the pair:

pla,p) = (6(A,p),i(a,p)),

which is indeed in I(X) by diagram (B4]).

Now by lemma [19] a left-lifting structure j for p with respect to 7 over
Dy is equivalent to a natural (in X) choice of diagonal fillers j(«, ) for all
squares over Dy of the form

X XDy Dl —* DQ*Dl (55)
XXDOpl j(oc,ﬁ) J’Do*ﬂ

X XDy IT DQ*DQ

where Dy* : C— @/Do is the base change. Let the object X over Dy be
A: X —Dy, with X € C representable, which clearly suffices by naturality.
Using lemma [26] there is a corresponding cospan (a, p) and a double pullback
diagram:

X Xyqy0 A4 — A — Dy

_
PAl lp lw
X ——— A Dy.

~_

A
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Thus X Xp, D1 = X X4, 41 in diagram (B5)). Proceding similarly for the
other expressions there, we have:

dom(X XDO Dl) = X XAO Al
dom(X xp, I) = X X4, Ia
dom(X XDy p) = X XAgTA

as displayed in the following diagram.

X X Ag Al AlJ Dl (56)
XXayTA TA P \
X X Ao ]A IAJ IJ 2[1

X XAO Al XAO A1—>A1 XAO Alépl XDO Dlépo

| I

X X Ao A1 AlJ Dl
pA‘/ pl ‘/7‘(
X _ Ay Dy.

Transposing diagram (B3)) to forget the base Dy, we arrive at the equivalent
filling problem

X X Ag Ala—glpl

XXA()TAl \Lr

X X4, [y ———Dy
to be solved naturally in X. Now [ is a cospan of the form:

B,

Js

X % p, Iy ———— By
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with ¢ € D. And a = (¢, q) completes the square,

X xyqy Ay ——— By (57)

XXAOTAl lq

XXAOIAT}BO-

By lemma 9] X X 4, r4 is anodyne, and ¢ is in D by assumption, so there is
a diagonal filler j(c, b) for this case, but we need to make a systematic choice
that will be natural in X. In order to do this, we will again construct a
generic case from which all others arise by mapping in. For that, we require
the following.

Lemma 31. Given mapsp: Ay— Ay and q : By— Bq in a locally cartesian
closed category, there is an object G with maps e; : G X Ay — By and
eo: G X Ag— By such that ego (G X p) =qoey:

Gx A 25 B

x| s

GXAOe—())BQ

and such that, given any object X with maps f1 : X x Ay — By and fy :
X x Ag— By such that foo (X X p) =qo fi, there is a (unique) map

f: X—G
such that f; = e; o (f x A;) fori=0,1:
f1

XXA1—>G><A1—>Bl
fxAr e
Xxpl

prl lq
fxAo

X x Ag—2 G x Ag—25 B, .
fo

In other words, (G,eg,e1) is a universal object for the presheaf (in X ) of
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commutative diagrams of the form

X x A, 1B

x| s

X x Ag—— By.
fo

Proof. Using in-line notation [X,Y] = Y, take
G = [Ao, Bo] X(a,,80) [A1, Bi]
where the pullback is formed with respect to p and ¢, as in (31).

[Ao, Bo] X[a,,B0] [A1, B1] — [A41, B1] (58)

l l[ALQ]

[A07 Bo] W [Ah Bo]

The maps e; for i = 1,2 are defined by ¢; = ev; o (p; x A;):

([Ao, Bo] X(ay,50] [A1, Bi]) x A;

€
piXAil

[Az', Bi] x A; B;

ev;

We have ey o (G x p) = (evg o (pg X Ag)) o (G X p) = qo (evy o (p1 X Ay))
Verification of the construction is left to the reader. O

Returning to the proof of the proposition, we first restore the products
on the left in diagram (57]) by restoring the indexing over Ay and moving
q: B — By to C/Ay by base change along Ay — 1 (but without explicitly
writing A§(By), ete.). We now want to apply the lemma to the case of the
category C/Ay, with q : By — By as named in the lemma and 74 : A;— 14
in place of p: A} — Ay. Although C/Ay is not locally cartesian closed, the
objects By and By and the maps p : A;— Ay and [4—— Aj are all in D, and
so the required exponentials exists in D(Ay), and thus in C/A,. Moreover,
the required pullback (58]) exists because ¢ is in D.
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Applying the lemma to the filling problem in diagram (57]), we can there-
fore interpolate the universal case (G, e, e1) to obtain the following (where
we have written X for X 4,):

where f: X — G classifies (X, b, ¢).
Now G X r, is anodyne, since r, is, so we can find a diagonal filler
jler,e9) : G x Ag— By for this generic case.

C

XxA1—>GxA1T>Bl

f><A1
XXTA\L GXrAl _]:_(61756) lq

b

Then for any lifting problem of the form (X, b,¢) in (57), we can take as a
filler j(c,b) = j(e1,eq) o (f x I4) to have a choice that is natural in X. This
provides the required left-lifting structure for (4,i) with respect to . a

3.3 The main result

Combining propositions 28 and B0l we have now reached our goal:

Theorem 32. Let D be any closed, stable, factorizing class of maps in a
category C. There is a representable natural transformation m : D1—Dq over
C that models dependent type theory with extensional sums %, extensional
products 11, and intensional identity types Id.

Corollary 33. Let D be any closed, stable, factorizing class of maps in a
category C. There is a category-with-families model of dependent type theory,
with extensional sums X, extensional products 11, and intensional identity
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types |d, with the contexts and substitutions being the objects and morphisms
of C, and as types and terms in context X, a category equivalent to the
D-maps into X and their sections.

Remark 34. A result essentially the same as our corollary [33] was announced
in 2012 by Lumsdaine and Warren, and has finally appeared in [19]. Rea-
soning very similar to that used here is also used in that work, which should
therefore be regarded as prior. The main contribution of the present work is
the concept of a natural model of type theory as an alternative presentation
of the notion of a category with families, and the adaptation of the results
and methods of [19] to this setting.

Examples of categories satisfying the conditions of theorem B2] include:

1. the category of Kan simplicial sets, with the (right) weak factorization
system of the associated Quillen model structure.

2. similarly, the category of fibrant objects in any locally cartesian closed
model category that is right proper, and in which the cofibrations are
the monos; e.g. any right proper, Cisinski model category.

3. more generally, the category of “fibrant” objects in any weak factoriza-
tion system on a (pre)sheaf topos in which the left maps are preserved
by pullback along the right maps (the “Frobenius condition” of van den
Berg and Garner [6]).

4. non-LCC examples of categories with a weak factorization system for
which the right maps are exponentiable, such as groupoids and cate-
gories with iso-fibrations.

5. any mwh-tribe, in the sense of Joyal’s categorical axiomatics for homotopy
type theory [17].

6. the syntactic category of contexts C(T) of a system of type theory T
with X, IT and Id types (see [11]).

Remark 35. Regarding terminology: Let D be any closed, stable, factorizing
class of maps in a category C. We may call the maps in D typical (since they
are the types), and say that D is a typical structure on C, and that C (together
with D) is a typical category. Our main theorem then says that any typical
category supports a natural model of basic homotopy type theory.
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Assuming a class of maps D that is stable and closed, it is enough to
require anodyne-D factorizations just for the diagonal maps A— A x A, in
order to obtain them for all maps. The notion of a typical category is then
closely akin to first-order logic: a category of contexts and substitutions,
equipped with a system of “predicates” closed under ¥, II, and Id. A notion
of category suitable to model full homotopy type theory, with a (univalent)
universe and higher inductive types, will then be a typical category with
some additional structure.
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