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AN ALGEBRA WHOSE SUBALGEBRAS ARE
CHARACTERIZED BY DENSITY

ALESSANDRO VIGNATI

ABSTRACT. We refine a construction of Choi, Farah and Ozawa to build
a nonseparable amenable operator algebra A C {o(M2) whose nonsep-
arable subalgebras, including A, are not isomorphic to a C*-algebra.
This is done using a Luzin gap and a uniformly bounded group repre-
sentation.

Next, we study additional properties of A and of its separable subal-
gebras, related to the Kadison Kastler metric.

1. INTRODUCTION

We focus on the problem of whether an amenable operator algebra (i.e.,
a Banach subalgebra of B(H)) is necessarily isomorphic to a C*-algebra.
Recently this longstanding problem was solved in [2] by giving a nonsepa-
rable counterexample. The question of whether a separable counterexample
can be provided is still open, although partial results were obtained: it was
shown in [6] that a separable counterexample cannot be a subalgebra of the
compact operators. It has also been proved (see [10]) that every abelian
amenable operator algebra is similar to a C*-algebra.

We construct a nonseparable amenable operator algebra A with the prop-
erty that none of its nonseparable subalgebras is isomorphic to a C*-algebra,
and yet A is an inductive limit of separable subalgebras each of which is iso-
morphic to a C*-algebra. This is mainly motivated by the construction in
[2], where it is not necessary to use the full power of the set theoretical tool
involved, a particular family of subsets of N known as a Luzin gap.

The main technique we use consists of taking a uniformly bounded rep-
resentation 7 of an uncountable abelian group G in a corona algebra C with
quotient map @, and by considering the algebra A = Q~!(spann(G)) as our
example. The definition of uniformly bounded representation will be given
in section 2l This representation has an even more striking (although easier
to prove) property: for a subgroup H of G, the restriction of 7 to H is
unitarizable if and only if H is countable. In terms of the early version of [2]
(see [A]), the first bounded cohomology group H} (H,C) is trivial if and only
if H is countable. Similar phenomena occurring at the least uncountable
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cardinal Xy, as well as their connection to cohomology, are well-known (see
[13)).

The next part of the paper is motivated by a question of Luis Santiago.
In Theorem [2, we show that there exists a C*-algebra C such that for every
€ > 0 there is an amenable operator algebra A, that is e-close to C in the
Kadison-Kastler metric (see [7] for basic definitions) and that is not isomor-
phic to a C*-algebra. All considered algebras are separably representable.

We should notice that these techniques cannot be used to provide a sepa-
rable counterexample. In fact, whenever GG is an amenable group and 7 is a
uniformly bounded representation in a corona of a o-unital algebra with quo-
tient map @, Q~!(spann(()) is an amenable operator algebra. Although,
thanks to a model theoretical property carried by coronas of o-unital alge-
bras and known as countable degree-1 saturation (see [4]), if G is countable
the algebra Q! (spanm(G)) is automatically isomorphic to a C*-algebra (|2,
Theorem 8]) and, applying the solution to the Kadison similarity problem
for nuclear C*-algebras (see [12]), even similar to a C*-algebra.

The author would like to thank Ilijas Farah, Luis Santiago, Stuart White
and the anonymous referees for the impressive number of suggestions re-
ceived.

2. THE MAIN CONSTRUCTION
The main Theorem that we are going to prove is the following.

Theorem 1. There is a nonseparable amenable operator algebra A such that
there is mo nonseparable algebra B C A that is isomorphic to a C*-algebra.

The Kadison-Kastler distance of two subalgebras A, B C B(H) is defined
as

di (A, B) = max{sup inf ||z —y|, sup inf [z —yl}
z€A, Y€B1 zeB; YEAL

where A1 and Bj are the sets of elements of norm 1 in A and B respectively.
Looking at the properties of A as in Theorem [I] we can formulate the
following:

Theorem 2. There is a C*-algebra C such that for any ¢ > 0 there is a
nonseparable amenable algebra A. such that no nonseparable subalgebras of
Ae is isomorphic to a C*-algebra and dx (A, C) < e.

Let /o (N, M) be the unital C*-algebra of bounded sequences in Ms(C)
and let

co(N, M) = {(zn) € lo(N, M) | lirgn |zn || = 0}.

We have that cg(N, Ms) is a two-sided closed ideal in ¢y (N, M), hence it
is automatically self-adjoint. Let C(N, Ms) be the quotient and @ be the
quotient map. We will write a ~¢ b for ||a — b|| < € when a and b sit in the
same normed algebra. We should point out that this is not an equivalence
relation.
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If A is a unital C'*-algebra, a function 7: G — A is a uniformly bounded
representation if w(gh) = w(g)w(h), w(g) is invertible for all g,h € G and
|| = sup, [|7(g)]| < oo.

For z,a, 8 € C let

1 0
Ma’ﬁ’x_a<l‘ _1>+ﬁ.1.

Lemma 3. Fix s # t € [0,1] and Ki,Ky € RY. Then there is C =
C(s,t, K1, K3) > 0 such that

d(uMey g su™t,U) + d(uMy s u™tU) > C
u_IH < Ky and 8,6 € C.

whenever 2 > o, (7] = Kz, [|ull,

Proof. Suppose z,y € [0,1], with = # y. Let o,y # 0 and 3, € C. Then it
is impossible to simultaneously unitarize M, g, and M, s ,.

To see this let u be an invertible matrix that unitarizes M, g ,. We may
assume that w is positive, by the polar decomposition, hence so are v~ and
a b
b
positive invertible matrix is positive, we have a, ¢ # 0. By positivity we have
that

2

u? as well. Let u=2 = . Note that, since the determinant of a

(uMa,@mu_l)* = (u_l)* ;,B,xU* = u_lM;@mu,
hence we have that

uMaﬁ,xu_zM;ﬁ,xu =71

and in particular Ma,57mu_2M2 B = ™2, that means

a+ g 0 a b a+f8 azx B b
ar  f-« b ¢ 0 B—a ) c )’
Doing the calculation we have
ala+ B) bla+ ) a+p ax _(a b
aax +b(B —a) bax+ (B — a) 0 B-—a) \b c

and looking at the first row multiplied by the second column of the latter
we have

[SpliES]

ala+ B)ar +bla+B)(B—a)=>b

that is, multiplying both left and right side for (o + (),
acx = b(B+a) — b(B — a) = 2ba.

Since a # 0, we have ax = 2b, that means that z is unique, once the unitary
is fixed.

The thesis is obtained since o and -y are quantified over the compact space
{(z,y) € C*| Ky < |z], |y| < 2}. O
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We will write M, for Mo, and C(z,y, K;) for C(x,y, Ki,1).

To obtain the thesis of Theorem [I] we are also going to use the full power
obtained from the construction of a Luzin gap (see [9]). A proof of the
existence of such an object can be found in [2, Appendix B].

Lemma 4. There is a family {A, | @ € N1} of infinite subsets of natural
numbers such that

1. if a # B then Ay N Ag is finite.
2. for any a € Ry and m € N the set { < a| Aa N Az C m} is finite.

A family {A,} with properties [l and 2 as in Lemma [ is a Luzin gap.

Let {A,} be a Luzin gap, f: P(N) — [0,1] be the canonical bijection
onto the Cantor set and z, = f(Ay). Let sq = < xl _01 € My and
Wo € loo(N, Ms) be defined as (wqo)n = Sq if n € Ay and (wo)n = I,
otherwise. We will write w, = Q(wa). Let G = @, cp, Z/2Z. Note that
we may identify G with [X;]<%0, the set of all finite subsets of Ry, with the
operation of symmetric difference (i.e., ab = (aUb)\ (anb)). From now on we
will talk about the elements of GG as finite subsets of N1, and we will consider
{{a}}aer, as the standard basis for G. Let m: G — C(N, My) be defined
as m({a}) = Wa and 7(0) = I, am,)- We have that m can be extended to
a uniformly bounded representation setting 7(s) = [] o, 7({a}), since for
every s € [N1]<N0 we have that

| U (ACV N A5)| < NOa

a#PEs
and therefore ||7(s)| < 2.
Note that
T({oaf)m({az}) = 7({aa}) + 7({a2}) — Ioguan),
and for the same reason, for s = {a1,...,an} € G we have

N
m(s) = —(N = 1) - Iomm,) + ZW({%’})-
j=1

Let A = Q~'(5pann(G)). We will show that A satisfies the conclusion of
Theorem [Il The structure of this algebra depends only on the A,’s and on
T = {Za}aer; C [0,1] hence, fixing the Luzin gap once for all, we will refer
to this algebra as Az.

We will deal with two cases separately. The first case, that is proven
in Lemma [5, occurs when B is of the form B = Q~!(spanr(H)) for some
uncountable subgroup H C G and the second one treats subalgebras of A
that are not of that form. Note that the proof for the second case also takes
care of the first situation.
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Recall that for a group G and a Banach space X the group H, g(G, X) is
the first bounded cohomology group, defined as the linear space of cocycle
modulo inner cocycles (see [I1] for definitions and properties).

Lemma 5. Let G and ® be as before. For subgroup H C G the following
conditions are equivalent:

1. Q~'(spann(H)) is isomorphic to a C*-algebra

2. w | H 1is unitarizable

3. H is countable.
4. H}(H,C(N, My)) = 0.

Proof. [l<= Rlis |2, Lemma 2], while B implies [2| is proved in |2, Theorem
8], and the equivalence of 2] and [ is proved in [5, Section 3]. Assume that
implies Bl is false and fix H uncountable subgroup of G with u € C(N, Ms)
that unitarizes 7 [ H.

We first analyze the special case where there are uncountably many «
such that {a} € H. Denote Xy = {z, | {a} € H} and take y; # yo
two complete accumulation points of Xpg. We recall that for X C [0,1] a
complete accumulation point for X is a point = € [0, 1] such that Ve > 0 we
have

IXN(z—ex+¢€)|=|X|
Since the representation is unitarizable, for any sequence {u,} of invertibles
that represents u we have that, if {a} € H then
lim d(unsqu, ,U) =0

n€Aq

1/2 " we can assume that u is positive and, since

Replacing v with (uu™)

u is invertible we can consider K > 0 such that % < u < K. Fix a
sequence u,, of positive and invertible elements such that w, represents u
and [|uy||, ||uy || < K? for all n € N.

Let € > 0 be such that
€< min{c(y17y27K2)7 ’yl - y2’ /2}/4
Recall that u unitarizes 7, hence

lim d(upsquy, ', U) = 0.
n€Aq

Consider, for £k = 1,2,
X ={ae Xy ||lyx — za| < €/2}
and let n, such that for all n > n,, if n € A,, then
d(unsau, ,U) < €/2.

By a pigeonhole principle we can find, for k = 1,2, my € Nand Y, C X with
Y} uncountable and such that a € Y = no = my. Let N = max{my, mo}
and take a countable subset F' C Y7 and v > sup F' such that v € Y5. By
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condition 2] of Lemmal there are m > N and a € F such that m € A,NA,,
but then

d(umsylur_nl,Z/{) ~e/2 d(umsaur_nl,U) <€/2
and

d(umsyzu;f,U) ~e/2 d(umsyu;ll,Z/{) < €/2,

contradicting the definition of C(yy,y2, K?).

We now consider the general case, where there are not necessarily un-
countably many singletons in H. By the A-system Lemma (see [8, Theorem
2.1.6]), for every uncountable B C [X;]<®0, there is B; C B uncountable
and r € [N1]<®0 such that = # y € By implies Ny = 7. Such a subfamily is
usually called a A-system. Since H is closed by symmetrical difference, we
can find n > 1 and {Z, }aer, € H such that for o # 3 we have Z,NZg =0
and |Z,| = n. For any a € Ny let n,, such that

ng > max{A; NA; |i,j € Z,}.

By a cardinality argument we can say that there ism € N and an uncountable
Y C Ny such that

a,f €Y =N =n,=ng.

Suppose now that u unitarizes 7 [ H and take a sequence u,, representing
as above, where each u,, is invertible and positive. We have that

(Za) = ] =({i}).

1€04

On the other hand we have that {4;},cz, are disjoint above T hence, for

n > T, we can repeat the argument from the first case, by uncountability of
Y. O

Proof of Theorem [1. We need to prove Theorem [ for a general (i.e., not of
the form Q~'(spann(H)) for some uncountable subgroup H), nonseparable
subalgebra of A.

For the sake of obtaining a contradiction, let B C A be a nonseparable
unital subalgebra and suppose that B is isomorphic to a C*-algebra. Let
®: B — D be a Banach algebra isomorphism, where D is a C*-algebra.
Since B is unital, so is D, and, being a C*-algebra, is generated by its
unitaries. Consider ®~!(/(D)): this is a uniformly bounded subgroup of
invertible elements of B and by the main result of [I4] it is similar to a
group of unitaries, via a u € £>°(My). Therefore uBu~"' is a C*-algebra.
Note that uBu~" is not necessarily equal to D, but it is isomorphic to it via
x — ®(u'2u). Consider now the set {a € B | uau~" is unitary}. This set
is nonseparable and, since the density character of B is Ry, we can extract an
uncountable set {a;}ien, such that there is € > 0 such that for all 4,j € X;
we have Q(a;) = Q(a;).

We have that, for all i, Q(a;) € span{{m({a}aen, },1}, hence, in partic-
ular, for all ¢ there are increasing {o; ;}1<x € ®1 and {c¢;r}o<kr € C such



NONSEPARABLE AMENABLE 7

that
Qai) = cio+ Y cipm({eir}).

1<k
Let € > 0 be such that for 7,j € ®; we have Q(a;) »s. Q(aj). We can
find, for all 4+ € Ry, a minimum n = n(i,€) and d; , € Q + +/—1Q such that

Q(ai) ~e dio + Z di e ({ik})-
1<k<n

Note that we can assume that for all j we have n(i,e) = n(j,€). By count-
ability of Q we can go to an uncountable subset, re-index it and obtain that
for all K < n and all 7,57 € Ny we have d;, = d; . Note that ¢; ~c d; .
Apply the A-system lemma in order to have an uncountable B; such that
{cio, ..., qintien, forms a A-system. From this, the fact that for all ¢ € Xy
and k € N we have o; , < ag41, together with Q(a;) ~ge Q(a;), implies that

HE(‘duE’ >2eNAVi,j € Bl(ai’E #* aj,E))'
Take y1,y2 two complete accumulation points of {xaig}ieBl and C =
C(y1,y2, K1,€¢/2) according to Lemma B where K1 > |lul| 4 ||u™!|| and let

0= min{@, &} For each i € By there is N =n(i,d) and €;0,...,€ n
such that

Q(a;) ~s eio + Z eikT({air}).

1<k<N

By minimality of the choice of n(i,0) and n(i,e) we have that
n(i,8) > n(i,e) > k.
Note that we have e; ; ~s ¢; 1 ~c d; j; since § < €/2, hence, since ‘dzE‘ > 2e,

we get that ‘eﬁ‘ > ¢/2 for all i € By.
Let b; € £oo(N, M) be defined as

1
€ik ( _01 ) + Z el 1 if Ak < N(m € Aai,k)

(bi)m = Taik 0SISN, Ik
Z ek 1 otherwise.
k<N
Then
Qi) =eio+ > einm({air}) ~s Qai).
1<k<N
Consider

X, = {ai,E | ﬂjai% S (yl + 5/4,3/1 — 5/4)}, [=1,2.

Both X; and X3 are uncountable. For every i such that a,z € X; there is
M (i) such that VM > M (i) we have (a;)ap ~s (b;)pm and we can find, for
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[=1,2, M; € N and Y; C X; uncountable such that
oG T ey = M(Z) = M(]) = M.

Take F' C {i | a,7 € Y1} infinite and countable and 7 > sup F' such that
o5 € Y5. Then we have that there is j € F and an index m > max(Mj, Ms)
such that
m € Aai% N Aam
by condition 2 of Lemma 4
Recall that § was chosen to be § = min{‘yl—gyﬂ, &} and the latter con-
dition implies that

0= d(um(ai)mu;ll,U) ~s d(um(bi)mu;zlvu) ~s d(umMeiEﬁhyzu;zl)

for some (7 and equivalently for j, Mejg,ﬁz,w and some [, contradicting
the choice of ¢ in terms of C' = C(y1,y2, K1,€/2) from Lemma Bl O

We will now focus on the proof of Theorem 2

Lemma 6. Let A, be a Luzin gap, {Ta}aer;s {Vataer, C [0,1] and Az and
Ay be constructed as before as inverse images of an uniformly bounded repre-
sentation of ey, Z/2Z inside C(N, Ma). If for all o we have |xo — ya| < €
then

dK(Af, Ag) < 4e.

In particular, if x, = z for all @ € N; and a fixed z € [0, 1], the algebra Az
is isomorphic to a C*-algebra (if z = 0 it is a C*-algebra itself), since it is
always possible to unitarize xl 01 . The thesis of Theorem [2] follows

o -
as a consequence of the existence of a complete accumulation point for any
uncountable subset of [0, 1].

Proof. Let
o_( 1 0 1 (1 0
S = < ve —1 and s, = o —1

and let p!, be defined as

I  otherwise.

{sfx ifneA,

for I = 0,1. By hypothesis s ~, s for all a.

Let a € (Az)1. Up to € we can assume that a has finite support. This
means that we may assume that there are n € N, «q,...,a, and ¢ for
0 < k < n such that

Qa) ~epp cole+ Y aQ(pl,)

1<k<n

with |ex| < 1.
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We know that there is 7 such that for all m > 7 we have (@), ~e co- I +

Zlgkgn Ckpgk-
Let b be defined as (b),, = (a)., for

m < max{m, max U An; N Ag,}
1<i<j<n

and (b)m =co -1 + > 1cpen ckpy,, otherwise. Then b € Ay, and since

1

lek| <1 and sgk ~e So,

we have a ~. b. Moreover we have that ||b|| ~ 1, since the norm in £, is
the sup norm, so a ~o, ﬁ. O

As a concluding remark we should point out some consequences on the
structure of the Kadison-Kastler metric in the set of Banach subalgebras of
B(H), where H is separable. In order to extend some of the results in [1]
and as a consequence of Theorem [2] we have that neither of the sets

C,={ACB(H)|AisaC*algebra}

and
C.={ACB(H) | A is isomorphic to a C*-algebra}

are open in Kadison-Kastler metric. We should point out, thanking Stuart
White for the observation, that the fact that C, is not open follows easily
considering Ms(C),

(5 3mseen (3 1)

and B = vAv~!'. Then A and B are 2e-close in KK-metric, yet B is not a
C*-algebra, since v € B but v* ¢ B.

The existence of a separable amenable operator algebra that is not iso-
morphic to a C*-algebra is however still open. This means that it is not
known whether C. is open in the subspace topology when intersected with
the set of all separable amenable algebras. The fact that the set of separable
operator algebras is clopen in the set of all operator algebras (see [3, Prop
2.10] for the nontrivial direction), suggests that having information on what
is happening in the nonseparable case will not help to describe the situation
in the separable one.

We note also that, for a fixed {z,} C (z — €,z + €), any permutation of
Ny induces the construction of a different, non-isomorphic to a C*-algebra,
algebra, that is 8e-close, in Kadison-Kastler metric, to the same algebra
isomorphic to a C*-algebra. Hence for every ¢ > 0 there are 2™ algebras
that are amenable, nonseparable, close to each other and each of those is
close to a an algebra isomorphic to a C*-algebra. If we fix the set of points
{z} in order to have 0 as a complete accumulation point of {z,}, we can
say that each of those 2% many algebras is e-close to a C*-algebra but not
isomorphic to one itself.
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Lastly, we want to emphasize how the result contained in [14] relates to
this problem: as was noted in [2], the existence of a separable amenable
subalgebra of B(H) that is not isomorphic to a C*-algebra is equivalent to
the existence of such an object inside [[ M, that is a finite von Neumann
algebra. In particular, using the fact that any bounded group of invertible
elements inside [ [ M,, is similar to a group of unitaries, we have the following

Corollary 7. Let A C [[ M, be a Banach algebra. Then the following
conditions are equivalent:

e A is isomorphic to a C*-algebra;
o A is similar to a C*-algebra;
e There is a uniformly bounded group G C GL(A) such that A = spanG.

Hence the existence of an amenable separable operator algebra not isomor-
phic to a C*-algebra is equivalent to the existence of a separable A C [ M,
such that A cannot be generated (as a Banach space) by a uniformly bounded
group of invertible elements.
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