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Abstract

In this article, the energy stability of two high-order L2 schemes for time-fractional phase-
field equations is established. We propose a reformulation of the L2 operator and also some new
properties on it. We prove the energy boundedness (by initial energy) of an L2 scalar auxiliary
variable scheme for any phase-field equation and the fractional energy law of an implicit-explicit
L2 Adams-Bashforth scheme for the Allen-Cahn equation. The stability analysis is based on
a new Cholesky decomposition proposed recently by some of us.
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1 Introduction

Phase-field models have been widely-used in many areas, such as material sciences, multiphase
flows, biology, and image processing, etc. One important feature of phase-field model is that its
energy admits a dissipation law with respect to time. In particular, this property has become a
criterion for designing numerical schemes for phase-field equations in the past decade.

From the numerical point of view, the resolution of phase-field equation is interesting and chal-
lenging due to the existence of nonlinearity. Moreover, it is usually expected that the maximum
principle and the energy dissipation could be preserved for a numerical scheme of phase-field equa-
tion. So far, there have been different energy stable schemes including the convex-splitting scheme
[1 2], the stabilization scheme [3] [], and the scalar auxiliary variable (SAV) scheme [5].

In this article, we study the energy dissipation property of high order schemes for phase-field
models with Caputo time-derivative. The time-fractional phase-field equation can be written in the
general form of

Opu = Gpu, (1.1)


mailto:quancy@sustech.edu.cn
mailto:e0220126@u.nus.edu

C. QUAN AND B. WANG Energy Stability of L2 Schemes

where a € (0,1), G is a nonpositive operator depending on the phase-field model, ;1 = 6, F is the
functional derivative of some energy F, and 95 is the Caputo derivative [6] defined by

o (4 . 1 b ou(s)
O u(t) = Ti—a) /0 T ds, te(0,7), (1.2)
with I'(:) the gamma function. Taking different functional G and p, becomes different phase-
field equation, such as the Allen-Cahn (AC) model [7], the Cahn—Hilliard (CH) model [8] and the
molecular beam epitaxy (MBE) model [9]. For the sake of simplicity, we consider the periodic
boundary condition for the time-fractional phase-field equation .

Straightforward computation of the derivative of energy with respect to time gives

It is known that when « = 1, i.e., the conventional case, the phase-field models are gradient flows.
So the energy associated with these models decays with time, that is the so-called energy dissipation
law. However, it is still unknown if such energy dissipation property holds in the general case of
0<a<l
In [I0], the authors demonstrated that the classical energy of is bounded from above by
the initial energy. Later, it is observed numerically in [1I] and then proved theoretically in [12] that
the time-fractional derivative of energy is always nonpositive, i.e., the so-called fractional energy
law,
OfE(t) <0, VO<t<T. (1.4)

Moreover, discrete fractional energy law has been obtained in [I3] for first and 2 — « order schemes.
For example, for first-order L1 schemes, the discrete fractional energy law is satisfied

IE:=) by xDyE<0 Yn>1, (1.5)
k=1
where Al . -
A ul —ul”
. 1 11—« _ l—a D =
T2 a) [G+D) 770 and Dju At

See for example [I4] [I5] for the deviation and analysis of L1 coefficients b;. In addition, there
are some other interesting works on time-fractional gradient flows. For example, Li and Salgado
develop the theory of fractional gradient flows that minimize a convex l.s.c. energy in [16]; Fritz,
Khristenko, and Wohlmuth propose the equivalence between a time-fractional and a integer-order
gradient flow in [I7] where a dissipation-preserving augmented energy is introduced.

It is natural to generalize the energy stability analysis to higher-order schemes. In this work, we
consider two L2 schemes [I8]: one is a second order L2 SAV scheme for any phase field equation and
the other is a 3 — v order implicit-explicit L2 Adams-Bashforth (AB) scheme for the Allen-Cahn
equation. We prove that the energy of the L2 SAV scheme for any phase-field equation is bounded
by initial energy. Moreover, the implicit-explicit L2 AB scheme satisfied the fractional energy law,
i.e., the fractional derivative of energy is nonpositive. In fact, the analysis is based on two new
properties of the L2 operator L{:

b; = j>0. (1.6)

> (Lfu,3Dgu — Dy_yu) > 0, (1.7)
k=1
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and
n

> dn ki1 (Lfu, Dyu) > 0, (1.8)
k=1
where the definitions of L} and d; are given in Section
This article is organized as follows. In Section[2] we propose a reformulation of L2 approximation
and then prove the aforementioned properties of L2 operator. In Section [3| we study the energy
stability of an implicit-explicit 1.2 AB scheme and an L2 SAV scheme. Some numerical tests are
given in Section[d] Finally, we give a brief conclusion in the last section.

2 Analysis of L2 approximation

In this section, we prove some useful properties of the L2 operator L¢.
Let At = T/N be the time step size and ¢, = kAt, 0 < k < N. The L2 approximation [I§] of
time fractional derivative (|1.2)) is written as

1
Lfu= ———— (u' =", k=1
= s aae () ’
1 k—1 _ _
fu= r(g_)m{ e b e ) 21
=1

+ %uki2 — 2k 4 4_2auk}, k>2,

where 5 .
0 =—52=a) + 1)+ 52 -a)i T H (DT
bj=2(2—a)(j +1)17 = 2(j +1)*7* + 227, (2:2)
1 - —Q sl—a N — S L—
cj:—i(Q—a)((]—i-l)l +77) G+ 1) =2

Note that the relationship a; + b; + ¢; = 0 holds.

2.1 Reformulation of L2 operator

Why shall we reformulate the L2 coefficients in (2.1)? The reason is that b; is not monotonic w.r.t.
j, which leads to the difficulty when analyzing the positive-definiteness property of L2 operator.
We propose to reformulate (2.1 as

Lo —ﬂ{ Dyu+dyD } k=1
1U7F(3—a) mLiu 11U ¢, =4,
2.3)
Atl—@ {Sa « b (
U= ———Dru— =Dp_u+ diDj_; 1u—ckD1u}, k> 2,
FETTBE-a)l 2 2 ; Ik

where Dju is defined in ([1.6]),

a,  ae(0,1), (2.4)

> W

|
r1:2—a—d1=2+§a—(%+1)21—a>
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and
ca+2—-2a, j=1,
d=1" J (2.5)
Cj —aj—1, ]:2,,k
To be precise, we can write d; as
@ e 3 .
dy = (1+§)21 ~Sa j=1,
a . —a 1l—o . —a . —a 22— , —a
di=(1-5) [FU+ D420 = G- D) H [ DT 220+ (- )P (26)
:—<1—%>H(j,1—05)+/€(j,2—06), ]ZQa
where
k(. 8) = (G + 17 =27 + (j = 1) (27)

Now we propose the following properties of a;, ¢;, and d; that will be useful in our later energy
analysis.

Lemma 2.1 (Properties of L2 operator). For any a € (0,1), the following properties on the L2
coefficients aj, c;j, d; hold:

(1) a; <0, aj —aj+1 <0, and 3a; —4a;11 + aj+2 < 0 increase w.r.t j;

(2) ¢; >0, ¢c;j —cjq1 >0, and 3¢c; — 4cj41 + ¢cjr2 > 0 decrease w.r.t. j;

(3) dj >0, dj —djt1 >0, and 3d; — 4d;jy1 + djye > 0 decrease w.r.t. j;
(4) 4dj41 = d;.

Proof. We prove the above properties one by one. We treat the index j > 1 as a continuous variable
so that the derivatives w.r.t. j can be computed.
(1) From [I8, Eq. (2.3)] and variable transformation, a; can be written in the integral form of

(2 —a)(1 —a)At® /At 25 — 3AL
| = d 0. 2.8
@ 2A¢2 o (JAt+ At —s) < (28)
It is easy to find that
6jaj >0 and 8jjaj < 0, (29)

implying a; < 0 and a; — a;41 < 0 increases. Furthermore, we have

(2 —a)(l —a)At®
2A¢?

At
3a; —4aj41 +ajp0 = / (2s —3At)p(4,5)ds <0 (2.10)
0

with
p(j,s) = 3(jAL+ At — )™ —4((j + 1AL+ At — 8) "% + ((j + 2)At + At — 5)7°. (2.11)
It is not difficult to verify p(j,s) > 0 and 9;p(j, s) < 0, which yields that

8j (3aj — 4aj+1 + aj+2) > 0. (212)



C. QUAN AND B. WANG Energy Stability of L2 Schemes

(2) Similarly, ¢; can be written in the integral form of

(2 —a)(1 —a)At® /At 25 — At
;= d 0. 2.13
K 2A¢2 o (JAt+ At — s)@ s (2.13)
Then we have

ajCj <0 and aijj > 0, (214)

implying ¢; > 0 and ¢; — ¢;41 > 0 decreases. Furthermore, we have

2 —a)(1—a)Atr [A
3cj —4cjt1 + cjyo = ( a)Q(AtQ ) / (2s — At)p(j,8)ds <0 (2.15)
0

with p(j,s) > 0 given by (2.11)) satisfying 9;p(j,s) < 0 and 9sp(j,s) > 0. As a consequence, we
have
(9j (3Cj — 4Cj+1 + Cj+2) < 0. (216)

(3) According to the above properties of a; and ¢;, d; > 0, dj—d;41 > 0, and 3d;—4d,; 11+d;12 >
0 decrease w.r.t. 7 when j > 2. Moreover, when j = 1, straight computation gives
dl—d22(01—02)+a1+2—2a>0,
dy —doy — (d2—d3) =c —2c0+c3+2a1 —as+2—2a>0, (217)
3dy — 4dy + d3 — (3d2 —4ds + d4) > 0.

(4) In the case of j = 1, we can obtain

9 7

4dy —dy = 4(co —a1) —c1 — 2+ 200 = 2(4 4+ )37 — 5 (2+a)2t~ + 30 >0, (2.18)

In the case 2 < j <n—1,
dj:—(l—g) K(j,1—a) +K(j,2 — a), (2.19)

2
where
K(j,8) = (G +1)° =25+ (j - 1)”. (2:20)
11—«

Due to the concavity of j and the convexity of j27%, it is easy to see
K(J,1—a) <0 and k(j,2—a)>0. (2.21)
According to the Jensen’s inequality, the following inequality holds

4+ 1L, 1)+ k(1 —a)=—4G+2)"*+9G + D=6+ (i -1

> ey (- 1) (2:22)
Similarly, we also have
4(j+1,2—a)—kK(j,2—a) > - (G -1 *>j - (G- (2.23)
Combining , , and , we obtain
Adjyy —d; >0, V2<j<n-—1. (2.24)
In summary, we conclude that 4d;;, > d;, V1 <j <n —1. O
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2.2 Positive definiteness

Based on Lemma we first state and prove the following theorem on the discrete operator L

given by ([2.3)).

Lemma 2.2. For any function w € C ([0,T]; L2(S2)), the following inequality on the operator LY

holds:
" OéAtl_a ~ 2
L%u,3Dpu — Dy > — D > 0. 2.25
k:1< iU 3Dgu — Dy—qu) > 303 — o) ’;H wull” > (2.25)

Proof. According to the formula (2.1) of L{u, we can write the left-hand side of (2.25) in the
following matrix form:

n Atlfa
D> (L, 3Dku = D) = 7/ ¢ (A +B+C)yTda, (2.26)
k=1 F(?’ - O‘) Q
with
Y = [D1u, Dou, - -+, Dpul,
%(3611 + az) 1
—3az + a3 1(3dy — dy)
—3a3 + a4 3dy — dg 1(3d) — da)
A= i . . ’
—3an_1+a, 3dpo—dy_1 3dp_3—dp_o --- %(3d1 —dy)
L _3an 3dn—1 Sdn_Q e 3d2 gdl l
[ %(3d1+a2)
— 231 — o) (2.27)
B= . ,
—dy  $(3dy — da)
- _dl %d1
-
—1a 2a
C— .
—ta 3a ,
_ Jla a

Here we make a split of the associated matrix which will facilitate the proof.

On the right-hand side of (2.26), we actually split the essential matrix into three matrices A, B,
and C. It is not difficult to see that B is positive definite since %(3d1 +ag) > dy and %(3d1 —dy) > dy,
and C is also positive definite due to r1 > %a. Further, C satisfies

PCyT > —yyT. (2.28)

| R

As a consequence, to derive ([2.25)), the remaining work is to prove that A is definite positive, which
is equivalent to prove that M = A + AT is positive definite.
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To prove the positive definiteness of M, we split it into

(2.29)

M=A AT | Moo b’ |

b 5d;

where M,,_; is the leading principle minor of M of size (n — 1) X (n —1). Note that 0 < —a; < d;
holds true and M is a symmetric matrix composed of positive elements. According to Lemma
M,,_; satisfies the three conditions in [I2, Lemma 2.1]: for the lower triangular part of M,,_;,

(i) Mp_1]i—1,5 = Mp—1lijs
(i) My—1]ij—1 < [Mp_1]ijs (2.30)
(i) [Mp—1)i—1,j—1 — Mp—1lij—1 < Mp_1]i—1,; — [Mn—1]ij-

Therefore it has a Cholesky decomposition

M, =L, LY (2.31)

n—1»

where the lower triangular part of L, _; is composed of positive elements decreasing along each
column. Further, based on Lemma [2.1] we can find the following matrix

T Mnfl %bT :|
M = { 2} 9d, (2.32)
3
also satisfies the three conditions in [I2, Lemma 2.1] and can be decomposed as
— T T
M — { L"l—l z } { L zl } , (2.33)

where the lower triangular matrix on the right-hand side satisfies the properties in [I2, Lemma 2.1].
The following inequality holds:

1" =2d, — 12, < 2d;. (2.34)
Therefore, we can derive
R e S [ 4
Note that 9 9 1
12, =5d; — leT >5dy — 5di = 5di > 0. (2.36)

This implies that the above decomposition is feasible and one can take l,,,, > 0. We have proven that
M is positive definite and so is A. In summary, A, B, and C are all positive definite. Combining

(2.26) and (2.28), we then have (2.25]). The proof is completed. O

Furthermore, we state and prove the following theorem on the discrete operator L given by

23).

Lemma 2.3. For any function v € C ([0,T]; L2(S2)), the following inequality on the operator LY
holds:

n

- 5&At1_a 2
dn— Liu, Dyu) > ———— ) dp_ D > 0. 2.
’; k1 (Liu, Dyu) 1273 —a) kz::l k1 [ Dyull 0 (2.37)
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Proof. According to the formula of L{u”, we have

n Atl @
> dos (L Du) = o —os [ (A+B) 07 (2.39)
k=1
with
@ = [Dyu, Dau, - -+ , Dpul, (2.39)
dp dy
dpn—1 —a1 dy
A= : SN , (2.40)
do —Qp—2 dp_o -+ di
dy —Gp—1 dp—1 -+ do dp
and
dn T1
dp_1 —%a %a
B: '.. '.. '.. . (241)
do —%a %a
dy —ia 3a

We first prove that B is strictly positive definite. It is not difficult to verify that r; > %oz as
pointed out in (2.4). In Lemma we have proven that d; > %dj_l. As a consequence, we have

YByYT = rid,h? + Z ( dp— J+1¢ adn—j+1¢j—1¢j)

1
2 n'l/ﬁ + O‘Z ( n— J+17/}2 2dn—j+1¢j—1wj)

\ \/

nw1+a2dn 1 (g¥ia + g0 - 3y (2.49)

o a 2 2 5 2
= Ednwl + a;dnﬂ‘+1 (E(%‘—l —3;)° + E%)

50( n )
>3 ;dn_j+1wj.

Next, we prove that A is positive definite, which is equivalent to prove that A + AT is positive
definite. We consider the following conjugate transformation of A + AT:

S=P(A+A")PT, (2.43)
where P is an anti-diagonal matrix
dit
dy!
P= ) . (2.44)

d—l

n nxn
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As a consequence, the lower triangular part of S can be written in the form of
2dd; ! if i = j,
Sij =% di_jp1d;t ifj<i<n, (2.45)
—a,_jd;t ifj<i=n.

Note that 0 < —a; < d; holds true and S is a symmetric matrix composed of positive elements.
We show that the lower triangular part of S satisfies the following properties:

(i) Si—1; > Si;
(11) S'L,j—l < Si,j; (246)
(ili) Si—1,j-1 = Sij—1 < Si—1,; — Siy-

From Lemma it is easy to see that if 7 > j, S;; increases w.r.t. j. The second property in
is satisfied. In the following proof, we treat i and j as variable. We want to prove that for
alli> 5 >1,

O (di—jyrd; ) = d;? (d; Oidi—j1 — di—ji1 0id;) <0, (2.47)

and
0ij (di—jrd; ") = d;? (—d; Ojidi—j11 + 0id; 0idi—j41) < 0. (2.48)

When j =1, it is clear that 0; (di_j_i'_]_d,i_l) = 0, which indicates that (2.48) can lead to (2.47)). So,
we only need to prove (2.48)). Note that

d; = 73(2704)/1(1',1fa)+/£(i,2foz),
Oid; = —%(2 —a)(1 —a)k(i,—a) + (2 — a)k(i,1 — a), (2.49)

Biid; = %(2 —a)(1 - a)k(i,—a — 1) + (2 — a)(1 — a)k(i, —a),
where «(-,-) is given by (2.20). We then have
—d; O3sdi—j41 + 0;d; 0sdi—j 11

—2-a)1-a) {%(2—04)&(1',1—@)—ﬁ(i,2—a)} [%m(i—jﬂ,_a—1)+m(i—j+1,—a)]

+(2-a)? E(l —a)k(t, —a) — k(3,1 — a)} E(l —a)k(i—j+1,—a)—kr(i—j5+1,1— a)}

= 32— 0)(1 - a)Qi + 5(2— a)(1 - a)Qs + (2~ )

(2.50)
where
Q1= %H(i,Q —a)k(i—j+1,—a—-1)+k(i,—a)k(i—j+ 1,1 — ),
1
0, = %K(i, L= (i —j+1,—a—1)+ (1 - a)wli, —a)x(i - j + 1,—a), (2:51)

Qs=—-(1-)k(i,2—a)k(i—j+1,—a)+ (2—a)k(i, 1 —a)k(i—j+ 1,1 — a).
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In Appendix |A] we prove that Q1 > 0, Q2 < 0, and Q3 < 0, which is very technical (see Figure
for numerical verification). Now we can say that (2.47) and (2.48]) holds true, which implies that
the three properties (2.46) are satisfied when i < n. When ¢ = n, using the fact that c,_;d,*

increases w.r.t. j as well as (2.47)) and (2.48]), one can verify that the three properties (2.46) are
still satisfied. Therefore, S is positive definite.

a=>0.1

0.01

§‘ 0.005

Figure 1: Signs of @1, @2, @3 for a = 0.1 and 0.9.

In summary, A is also positive definite. As a consequence, by combining (2.38)) and (2.42)), the
inequality (2.37) is true. O

3 Energy stable L2 schemes

In this section, we propose second order and 3 — « order schemes for time-fractional phase-field
equations and establish the corresponding energy stability based on the analysis of L2 operators.

10
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3.1 L2 SAV scheme

We propose a second order semi-discrete scheme for the , using the L2 approximation for the
fractional derivative and the SAV technique [19] for the nonlinear term:

Lou=G |Lu" + ———eb, (") | |
En(@") (3.1)

3 — 4Tl 2 = (6,B1(u™),3u”™ — 4u""' +u" %),

1
2y Er(u")
with 7" = 2u™~! — 4"~ 2. Then, we can state the energy boundedness for the scheme (3.1)).

Theorem 3.1 (Energy boundedness). For the second order L2 scheme (3.1)), the following energy
boundedness holds: ¥1 <n < N, . »
E" < EY, (3.2)

where

En _ % (<un’£un> + <2un o unil,ﬁ(Qun o un71)>) + % ((7"")2 + (27nn o Tnfl)Q) . (33)

Proof. Take the inner products of the first two equations in (3.1)) respectively with 3u™ — 4u™~1 +
u™~2 and r". Then, multiply the third equation in (3.1)) with 2r". Combining the derived three
equations, we have

<g_1L2u,3u" —4u" 4 u”_2> = (Lu™,3u” — 4yt 4 u”_2> +2r™ (3r™ — 4en=t r”_2) . (3.4)

As a consequence, we can derive

~ 1
E"—E"l < 3 (G Lo, 3u™ — 4u™ " + w2 (3.5)

According to Lemma we then have

1 n
n 0 —1l7ra k k—1 k—2
E" — E° < 3 g_l <g L{u,3u” —4u"" 4+ u > <0. (3.6)

3.2 3 — «a order implicit-explicit L2 scheme

We consider the following 3 — « order implicit-explicit L2 scheme for the time-fractional Allen-Cahn
equation with G = —1, £ = —¢2A:

Ly ju= E2Au"T = 3f(u™) + 3f(u") — f(u"?), (3.7

where f(u) = u® — u. Then, we state the following fractional energy law for scheme (3.7) under a

mild restriction on At.

11
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Theorem 3.2 (Fractional energy law). For the numerical scheme (3.7), assume that there exists
a constant Lo > 1 s.t.
[u"floc < Lo,  Yn>1 (3.8)

it 5
o (6%
A S TG = a3l — 1) (39)

then the following time-fractional energy law holds for all n:

zn:dn,kHDkE <0, (3.10)
k=1
where d;j > 0 is given by .
Proof. Rewrite as
=2 AuP = 3f(uFTY) + 3F(uFT?) — f(WFTP), VE=1,-- n. (3.11)

k—1

Multiplying equation by u* —u and integrating the resultant equation over 2. We compute each

term in the equation as follows
2
€
(2 Ak, b — ) = =S (V| — VT + ”W - V),

— {(fu" ), ut =) = ~(F(u) - F(u*7h),1) + <f (&) (@® —u"h,uf =Y, (319)
_ 2<f(uk—1> _ f-(uk—Q) uk o uk 1> _ —2<f'(§2)(uk_1 _ k 2)’uk _ uk—1>7
(FA2) = =), b = 1) = (7 () (2 — a2 b — ).

k—i k—i+1

, 1 =1,2,3. Summing up all equations and using |f’(&)| <

where &; is between u and u

L =3Ly— 1, we arrive at

L
<L(gu,uk _ uk—1> S _(Ek _ Ek—l) T 2L|\uk _ uk—1||2 4 L”uk—l _ uk—2||2 + 5||uk—2 _ uk_3||2.

(3.13)
Recall that in Lemma 2.3 we have proved
Zd (Lo, Dyu) > Mid 1 Dyul)? (3.14)
P n—k+1 k k = 12F n—k+1 k .
We then have
Zdn k1D E < Atzdn k41 (5—a )||DkUH2
2 120(3 — a)Ate
n—1 n—2 (315)
+ ALY dp kL || Dgul)* + At " dyy g l—lleuH :
k=1 k=1

12
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Note that 4d;; > d; according to Lemma 2.1} When

15%"
At < —o— .16
~ 1687 (3 — )L’ (3.16)
we then have "
E dp—r+1DrE < 0. (3.17)

k=1
O

Theorem [3.2] gives a time-fractional energy law, which yields directly the following energy bound-
edness result for the L2 scheme (3.7)) due to the decrease of d;:

Corollary 3.1 (Energy boundedness). For the 3—« order L2 scheme (3.7)) with the same conditions
in Theorem[3.3, the following energy boundedness holds:

E"<E’ Vv1<n<N. (3.18)
Proof. This theorem can be proved easily by mathematical induction. When n = 1, (3.10)) is
d(E* — E°) <o, (3.19)

which indicates that E' < E°. Assuming that E* < EY for 1 < k < n — 1 and rewritting (3.10) as

n—1
AE" < dnE° + ) (~dn-pi1 +dn-i) EX. (3.20)
k=1
Recalling that d; > 0 decreases w.r.t j, we have E" < EO. O

Remark 3.1. One can also prove Corollary directly using Lemma |2.4 and obtain a better
restriction on At. We leave this prove to readers.

4 Numerical tests

In this section, we test the proposed L2 schemes for time-fractional phase-field models, in order to
verify the convergence rate and the energy stability. More specifically, we consider the AC model
with G = —1 and the CH model with G = A. The energy of the Allen—Cahn and Cahn—Hilliard
equations is

E(u) :A(ith(u)) dz, (4.1)

where 1
Flu) = (1~ u?)?. (4.2)

Example 4.1. Consider the 2D fractional Allen-Cahn equation
v =e?Au+u—u®+s on[-m ) x (0,T], (4.3)
with periodic boundary condition and the source term s(x,y,t) s.t. the exact solution is

u(z,y,t) = 0.2t° sin(z) cos(y). (4.4)

13
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In this test, we use the Fourier spectral method with 128 x 128 modes for spatial discretization.
This number is large enough so that the spatial approximation error is negligible. We take ¢ = 0.1.
The errors and convergence rates are given in Table [I] and [2 computed respectively by the L2 SAV
scheme and the implicit-explicit L2 scheme . It can be observed that is approximately
second order and is 3 — « order, as expected.

However, we emphasize that the convergence rates can be reached when the exact solution is
regular enough w.r.t. time. If not, graded time mesh might be needed to preserve the correct
convergence order, see for example [20] for some interesting discussions.

Table 1: ¢y-errors at T = 1 for Examplef4.1|for « = 0.1 (top) and 0.9 (bottom) and their convergence
rates, computed by the L2 SAV scheme.

1 1 1 1 1

. 1 1 - E 1 1
40 80 160 320 640 1280

lo-error  3.4147 x 1072 8.9402 x 10~2 2.2826 x 1073 5.7686 x 10~* 1.4502 x 10~* 3.6357 x 10~°

rate — 1.9334 1.9696 1.9844 1.9920 1.9959
1 1 1 1 1 1
T 10 80 160 320 540 1280

fy-error  4.1677 x 107%  1.6061 x 10™* 5.1724 x 107° 1.5388 x 10™® 4.3863 x 1079 1.2177 x 1076
rate - 1.3757 1.6346 1.7490 1.8108 1.8488

Table 2: {y-errors at T = 1 for Example for a = 0.1 (top) and 0.9 (bottom), and their
convergence rates, computed by the implicit-explicit L2 scheme.

1 1 1 1 1 1

T 10 80 160 320 540 1280

ly-error  2.1833 x 1073 2.6112 x 10™* 3.1957 x 107° 3.9571 x 106 4.9335 x 10~7 6.1750 x 108

rate - 3.0637 3.0305 3.0136 3.0037 2.9981
1 1 1 1 1 1
T 10 80 160 320 540 1280

ly-error  1.9656 x 1072 4.9721 x 10™*  1.2088 x 10™* 2.8802 x 10™° 6.7924 x 1076 1.5934 x 10~
rate - 1.9830 2.0402 2.0694 2.0842 2.0918

Example 4.2. Consider the 2D fractional Allen-Cahn equation
0fu = e*Au+u —u® on [0,27]? x (0,7, (4.5)

with periodic boundary condition and initial condition composed of seven circles with centers and

14
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radii given in Table

7
uo(e,y) = 1+ 3 F (Vo =22 + (v =) = 7). (4.6)

where

27/ if g < 0,
f(s) = {

0 otherwise.

Table 3: Centers (z;,y;) and radii r; in the initial condition (4.6, which are the same as in [21].

i 1 2 3 4 5 6 7

Z; /2 /4 /2 ™ 3m/2 ™ 3m/2
Yi /2 3r/4 5m/4 /4 /4 ™ 3m/2
T /5 27 /15 27 /15 /10 /10 /4 /4

We take e = 0.1, @ = 0.9, At = 0.01 and use 128 x 128 Fourier modes for spatial discretization.
The numerical solution and energy evolution are illustrated respectively in Figure |2l and |3] In this
case, we can observe that the classical energy decreases w.r.t. time.

Example 4.3. Consider the 2D fractional Cahn—Hilliard equation
0fu = —e2A%u+ A(u —u®) on [0,27]% x (0,71, (4.8)
with periodic boundary condition and random initial condition distributed uniformly in [—0.5,0.5].

We take ¢ = 0.1, a = 0.8, At = 0.001, T = 1, and use 128 x 128 Fourier modes for spatial
discretization. The numerical solution and energy evolution are illustrated respectively in Figure [4]
and It can be observed that the modified energy is bounded by initial energy. Note that near
t = 0, the energy dissipation property seems destroyed but the energy boundedness is still satisfied.
Similar situation has also been reported in [22].

5 Conclusion

We have established the energy boundedness of the second order L2 SAV scheme for any phase-
field equation and the time-fractional energy law of the 3 — v order L2 IMEX scheme for the AC
equation. To prove the energy stability, a reformulation of L2 approximation is proposed and several
useful properties have been provided for the L2 operator. Numerical tests are provided to verify
the convergence order (when the exact solution is sufficiently regular w.r.t. time) and the energy
stability.

However, we shall mention that it is still an open question whether the rigorous energy dis-
sipation holds (even on the continuous level), which is challenging due to the existence of both
nonlocality and nonlinearity.

15
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Figure 2: Numerical solution of Example with a = 0.9, At = 0.01 and the number of Fourier
modes 128 x 128, computed by the implicit-explicit L2 scheme.
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Figure 3: Classical energy w.r.t. time for Examplewith a=0.9, At = 0.01 and the number of
Fourier modes 128 x 128, computed by the implicit-explicit L2 scheme.
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. 1 6 - 1
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1
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o

2
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Figure 4: Numerical solution of Example with a = 0.8, At =0.001 and the number of Fourier
modes 128 x 128, computed by the implicit-explicit L2 scheme.
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Figure 5: Classical energy w.r.t. time for Example with a = 0.8, At = 0.001 and the number
of Fourier modes 128 x 128, computed by the implicit-explicit L2 scheme.
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A Signs of Qh QZ’ Q3 in ‘)

For the simplicity, we denote

1 1
91 = ; and 92 ﬁ (Al)

so that 0 < 61 <0 < 5 since 7 > 7 > 1. Then, we can rewrite x define in as

H(ivﬁ) =1 P(91,ﬁ),

o ook (A2)
H(ij + 17ﬂ) = (Z —J+ 1) p(027ﬂ)
with
= (1 -2 =2 am, A.
p(0.5) = (1+0)" =2+ Z <2m>e (A3)
Firstly, we prove that @1 > 0in (2.51). Combining the ﬁrst equation of (2.5]] , (A.2), and (A.3)),
we have
Q) = %n(i,? k(i —j 41, —a—1)+ ki, —a)k(i — j+ 1,1 —a)
T o . a
> X (i—7+1)! [ap(&l, 2—a)p(f2, —a— 1)+ 2p(01, —a)p(2,1 — oz)} (A.4)
1
= 5ra(z’ —j+0)eHy,
with
Hy = ap(01,2 — a)p(f2, —a = 1) + 2p(01, —a)p(b2, 1 — ). (A.5)
As 0, < %, it is not difficult to verify
- 2(2m — 3) -1
2m—2 > 2m—2 .
ZQQm 3)(a + 1)62 Z o 1 ( om )92 , (A.6)
due to the fact that
2 —a—1 2(a+1)---(a+2m)
= . A.
(ot )_2m+1( 2m ) (2m + 1)! (A7)
Combining (A.3]) and (| -, we derive
P 2m _ 2 = —a—1 2m
oo _22( e P
m= (A.8)

a—1 m
> (a+ 92+422 +1( om )95 :
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As a consequence, we have

o0 2 o
Hi>2 ) (Qma> p2m
1

mi=1

— 2my;—1(-a—1
1205 +4 ) ——— 05
e 50 2 (e e

mo=2

oo

- —« 2my -« 2mo
+8 ) <2m1)91 > <2m2>92 (A.9)

mi=1 mo=1

o0 o0
=38 E E , thmzefmlegnm'

m1:1 m2:1

In the case of m; = mo = m, we can find that if m =1,

€11 = %(a +1)2 (2 ; a) + <—2a> (1 ;a) _ o= a)2(a8—|— DICRL) >0, (A.10)

while if m > 2,
_a@m-1)(2-a\[-a-1 —a\(l-«a
Cmm = 2m+1 2m 2m + 2m 2m
_(2—a\({-a-1 {a(2m—1)_ a(2m—2+0z)}
~\ 2m 2m 2m +1 (2 —a)(2m + a) (A.11)

2 —« —a—1 a{l—a+ 2 B 2 }
2m 2m 2—a 2m+a 2m+1
0.

In the case of m; > mo = 1, we have

IV

2mq pn2 2n2m
Cmy 1077105 + c1,m, 0105

[se e (o) + (an) (127)] e
al2my—1)(2—a\[—-a—-1 —a\(1l—-« 2 42m1
{%m+1<2 )<2ml>+<2)(%m)}%ﬁ (A1

« 2(27’)11—1)(27’)7,1 )
- 1)2 —2(2 —1)(2 -2 1
—4[<0‘+) @mita-1)@mt+a-2)+ "= (= =+

+

V

9 _
2mi +a—1)2m; +a—2) —2(2m; +a — 2)} < , a) g2 g2
my

>0,

where we use the fact 81 < 05 and m; > mo + 1 = 2. In the case of my > my > 2, we have

a8 4 oy 2
al2my—1) (2—a\ (-a—-1 —a\[(1l-« 2my g2
= |- + 67" 6,5
2m2 + 1 le 2m2 le QMQ
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aim;—1)(2—a\[—-a-1 —a\[1l—-« 911 A2
9 20 1
+{Qmﬁl <2m2)< %n1>_%<%@><2m1)}1 2
:a{2m2—1 o (2m1_1+a)(2m1_2+a) :| 2—0[ —Oé—l 92m192m2
2ma+1 (2= a)(2me+ a)(2ma — 1 + @) 2mq 2ma v
+a{2m1_17 (2me — 1+ a)(2me — 2+ ) } 2—a\[{-a-1 g2m: g2m:
2mi+1  (2—a)(2mi+a)(2mi — 14+ o)l \ 2my 2my tor
>

2ma+1 (2= a)(2ma+ a)(2mg — 1+ @)
(2m1 —1)(@2m1 +a)2m1 —14+a)2m1 —24+a) 2m — 24« }
(2m1 +1)(2ma + a)(2me — 1+ a)(2ma —24+a) (2—a)(2m2+ )
2—a\[{—a—1\ om, j2m {ng—l 2mi1 — 2+«
> 1 2 _
- a( 2m, ) < 21mo >91 & 2mq + 1 (2msg + «)
2mi1 —1+a)(2m; —2+a) ( (2m1 —1)@2mi +a) >}
(2ma + a)(2me — 1 4 «) (2m1 +1)(2ma — 2 + @)
> 2—a\[-a-1 g2 g2ms {_ 2(my — ma) N (2mi —1)@2m + o) 1
2my 2ma (2ma + @) (2my 4+ 1)(2mg — 2+ @)
> 0. (A.13)

2m1 2m2

a(z—a)<ﬂw4>%mwywpmq—1_ (2my — 14 a)(2m; — 2+ )

Combining (A.9)—(A.13)), we then claim H; > 0, which yields @Q; > 0.
Secondly, we prove that Q2 < 0 in (2.51). Combining the second equation of (2.51)), (A.2)), and
(A.3), we have

Q2

kil —a)k(i—j+1,—a—1)+ %(1 — a)i(i, —a)kli — j + 1, —a),
S%ﬂ”@—j+1Y“”wahl—aWWm—a—D*%l—awwh—aMWm—aﬂ (A.14)
= %irfau-—j<+1)*aflfg,

with

Hy = ap(61,1 — a)p(b2, —a — 1) + (1 — a)p(b1, —a)p(62, —)

> 1l -« ma > - 1 mo - my — - mo
:gyz:<%n>¥ 2:(;;2>¥ +4(1—a) E;(%m>2 2:(%m>ﬁ

m1:1 mg:l mg:l

> 1 —a—1 Nt a+2 —a—3
4021 — a1 P‘E:‘444444’ p2m S 03
o ( 04)( + Oé) ) 2m1(2m1 — 1) <2m1 _ 2) 1 Zl 2m2(2m2 — 1) <2m2 — 2) 2
mi= ma=

= 1 —a—2 = a+1 —a—2
02m1 02m2:|
+ Zl 2m1(2mq — 1) (2m1 — 2) 1 Zl 2ma(2me — 1) (2m2 — 2) 2
mi= mo=
<0,
(A.15)

where the proof of the last inequality is similar to the previous case of Hs. As a consequence, we
can claim that Q2 < 0.
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Thirdly, we prove that @3 < 0 in (2.51). Combining the second equation of (2.51)), (A.2]), and
(A.3), we have
Qs=—-(1-)k(i,2—a)k(i—j+1,—a)+ (2 - )k, 1 —a)k(i —j+ 1,1 — a),
< i —j 1) [ —(1=a)p(b1,2 — a)p(f2, —a) + (2 — a)p(01,1 — a)p(h2,1 — a)}

(i — j+1)"*Hs,

[N Y

(A.16)
with

Hs=—(1—a)p(01,2 — a)p(f2, —a) + (2 — a)p(f1,1 — a)p(h2,1 — )

— 2_a 2m1 - - 27712 - 1_a 2m1 - 1_a 2m2
=—4l-a) > <2m1>91 > <2m2>92 +42-a) > <2m1)91 > (2m2>92

m1:1 mg:l m1:1 m2:1
> 1 — > a+1 —a—2

=da(l —a)*(2 - {— — g2m _ar: g2m:

a(l —a)’(2-a) Zl 2ma (2my — 1) <2m1 - 2> 1 Zl 2ma(2ms — 1) \2mg — 272

mi1= mo=
= 1 —a—2Y\ o = @ —a—1Y\ 4 }
- 2] miy - 0 m2

+ mZ_l 2m1 (2m1 — 1) (le — 2> 1 mz—l 2m2(2m2 — 1) <2m2 — 2) 2

1= 2=

S 07
(A.17)
where the proof of the last inequality is similar to the previous case of Hy. As a consequence, we
can claim that Q3 < 0.
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