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Abstract: The set of optimal matchings in the assignment matrix allows to define a
reflexive and symmetric binary relation on each side of the market, the equal-partner binary
relation. The number of equivalence classes of the transitive closure of the equal-partner
binary relation determines the dimension of the core of the assignment game. This result
provides an easy procedure to determine the dimension of the core directly from the entries
of the assignment matrix and shows that the dimension of the core is not as much
determined by the number of optimal matchings as by their relative position in the
assignment matrix.
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Resum: EIl conjunt d'assignacions optimes d'un joc d'assignacié ens permet definir una
relacié binaria, reflexiva i simetrica, en cada costat del mercat. EI nombre de classes
d'equivalencia de la clausura transitiva d'aquesta relacié determina la dimensid del core del
joc. Aquest resultat ens déna un procediment senzill per determinar la dimensié del core
d'un joc d'assignacio, només a partir de les entrades de la seva matriu. Aixo mostra que la
dimensi6 del core d'aquests mercats depén no tant del nombre d'assignacions optimes que

tenen sino de la posicio relativa d'aquestes assignacions optimes dins la matriu.



1 Introduction

The assignment game (Shapley and Shubik, 1972) is a cooperative model for a two-
sided market where side payments are allowed. In this market a product that comes
in indivisible units is exchanged for money, and each participant either supplies or
demands exactly one unit. The units need not be alike and the same unit may have
different values for different participants. From these valuations, a matrix can be
written, A = (ai;)(j)emxnr , which reflects the profit that can be obtained by each
buyer-seller pair if they trade.

Shapley and Shubik prove that the core of the assignment game is nonempty,
and has a lattice structure. It is a closed and convex polyhedral whose dimension
is typically the cardinality of the short side of the market, but may be less in the
presence of degeneracies, that is, special arithmetical relations among the matrix
entries a;; .

The aim of our paper is to characterize the dimension of this core only in terms
of the assignment matrix. To do that, we must identify the aforementioned arith-
metical relations among the matrix entries. In doing so we realize that the dimension
decreases by the existence of arithmetical relations not only among the entries of
the original assignment matrix but also of a related matrix, its buyer-seller exact
representative. The buyer-seller exact representative of a given assignment market
is introduced in Ninez and Rafels (2002) as the matrix with the entries as high as
possible among those that define an assignment game with the same core. It is then
no surprising that in the buyer-seller exact representative the number of optimal
matchings might increase. In fact, we will see that the optimal matchings of this
buyer-seller exact representative capture all the arithmetical relations that determine
the dimension of the core. What is important is that all these relations can also be
read from the relative position of the (fewer) optimal matchings of the initial market.

The dimension of the core of an assignment market gives information about how
large the core is and, in some sense, how much variate are the possibilities of coop-
eration in the market. Its parallel in discrete models of matching markets without

monetary transfers might be the computation of the number of stable matchings.



In this ordinal setting, it remains an open question to find a formula for the max-
imum number of stable matchings as a function of the number of agents of each
type. Thompson (1981) and Balinski and Gale (1987) answer what they consider the
analogous question for the cardinal case. They find an upper bound for the number
of extreme core points as a function of the number of agents of each type: (2::),
where m is the size of the short side of the market. The dimension of the core is
a complementary measure of how large the core is. Of course, when the number of
extreme points is maximal, the dimension is also as high as it can be. But we may
have a maximal core dimension with less number of extreme core points.

As far as we know, the dimension of the core of an assignment market has not
been studied in depth. There is a result in a very particular case which seems to
relate this problem to the number of optimal matchings: in Sotomayor (2003) it is
proved that if an assignment market has a unique core allocation (a zero-dimensional
core) then it must have more than one optimal matching. But we show in this paper
that the dimension of the core of the assignment game is not as much related to the
number of optimal matchings of the market as to the position of these matchings.
We will argue at the end of the paper that for each possible dimension there is an
upper bound for the number of optimal matchings but, quite surprisingly, with only
two optimal matchings all intermediate core dimensions can be achieved.

To reach our results, we define an equivalence relation on the set of buyers (and
another one on the set of sellers) only depending on the position of the optimal
matchings, and prove that the number of equivalence classes determines the dimension
of the core. In the context of assignment games, also Solymosi and Raghavan (1994)
identify the dimension of some specific sets of payoffs with the number of certain
equivalence classes. What validates our procedure is that our equivalence relation
does not make use of the space of payoffs, that is the core, but only of the original
matrix entries.

In Section 2, the basic concepts regarding the assignment model are recalled. In
Section 3, and given an arbitrary assignment matrix, the equal-partner binary relation

is defined on each side of the market, by means of the set of optimal matchings. Its



transitive closure, which we name the chained equal-partner equivalence relation, is
analyzed in depth, since it plays an essential role in the results. When the assignment
matrix is doubly dominant diagonal the equal-partner relations are already transitive,
as shown in Section 4. The characterization of the dimension of the core in terms
of the number of equivalence classes of the chained equal-partner relation is proved
in Section 5. The proof of the above result relies on the fact that our equivalence
relation defines the same equivalence classes both on the original market and on its

buyer-seller exact representative. Section 6 concludes.

2 Preliminaries

A two-sided assignment market (M, M’; A) is defined by a finite set of buyers M of
cardinality |M| = m, a disjoint finite set of sellers M’ of cardinality |M’| =m’, and
a nonnegative matrix A = (a;;)i j)emxmr where a;; represents the profit obtained
by the mixed—pair (i,7) € M x M’ if they trade. A square assignment market
(M, M’ A) is one with as many buyers as sellers.

Given an assignment market (M, M’ A) we look for an optimal matching between
the two sides of the market. A matching u € M x M’ between M and M’ is
a bijection from some My C M to some Mj C M’ such that |My| = |Mj| =
min{| M|, |M’'|}. We write (i,7) € p as well as j = p(i) and i = p~*(j). We denote
the set of matchings between M and M’ by M(M,M’). We say a buyer i € M is
not assigned by p if (i,j) € p for all j € M' (and similarly for sellers).

We say a matching p € M(M, M') is optimal for the two-sided market (M, M’ A)
if for all p/ € M(M,M'), we have >, ., aij > >
of optimal matchings by M%(M,M'). Given S C M and T C M’ we denote by

e, Gij » and denote the set

M(S,T) and M*(S,T) the set of matchings and optimal matchings of the submar-
ket (S,T, Ajsxr) defined by the subset S of buyers, the subset T" of sellers and the
restriction of A to SxT. If S=0 or T = (), then the only possible matching is
=0 and by convention ;g ai; = 0.

Shapley and Shubik associate to any assignment market (M, M’ A) an assign-

ment game (M U M’ w,) where the set of players is the union of the sets of buyers
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and sellers and the characteristic function is defined as follows. Given S C M and
T CM, wa(SUT) = max{d_; s, a; | p € M(S,T)} (notice that a coalition
formed only by sellers or only by buyers has worth zero).

With this definition, they prove that the core, C(wy,), of an arbitrary assignment
game (M U M’ w,) is nonempty and can be represented in terms of any optimal
matching pu € M* (M, M'). Once fixed any such optimal matching, (u,v) € RM x
RM" is in the core if and only if u; > 0 for all i € M, v; > 0 for all j € M',
wi+v; > a;; forall (4,5) e M x M, wi+v;=a; if (4,7) € p and u; =0 if i € M
is not matched by g, while v; =0 if j € M’ is not matched by .

Moreover, the core has a lattice structure with two special extreme points: the
buyers—optimal core allocation, (U,v), where each buyer attains his maximum core
payoff, and the sellers—optimal core allocation, (u,v), where each seller does.

From Demange (1982) and Leonard (1983) we know that the maximum core payoff

of any player coincides with his or her marginal contribution:

U =wa(MUM) —wa(MUM)\{i}) foralli € M, and
U =wa(MUM') —wa(MUM)\{j}) forall j € M.

(1)

From (1), once fixed p € M% (M, M'), and taking into account that u;,+7,u) = @)
since (u,v) € C(wya), we get that the minimum core payoff of a buyer i who is

matched by pu is
;= (i) + wa((MUM)\A{u(i)}) — wa(M UM, (2)

while u; = 0 if ¢ is not assigned by p. Similarly the minimum core payoff of a seller

J who is matched by p is
v = a5 +wa(MUM)\A{p"'(5)}) — wa(MUDM). (3)

An assignment game with as many buyers as sellers is such that each agent has
a null minimal core payoff if and only if it has dominant diagonal (Solymosi and
Raghavan, 2001), that is to say, given any p € M (M, M'), forall i, € M, a;, ,6.) >
a;,; for all j € M' and a;,,@.) > @iy, for all i€ M.

An agent is said to be active when his or her payoff in the core is not constant,

while non-active agents are those with a constant core payoff.
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Definition 1 Let (M U M’ ,w,) be an assignment game and let (u,v) and (u,v)
be the sellers-optimal core allocation and the buyers-optimal core allocation. A buyer

i € M s active if and only if U; > u;, and a seller j € M is active when v; > v, .

Throughout this paper, without loss of generality, we assume that A is square
by adding null rows or columns if necessary. Notice that this does not modify the
dimension of the core.

Given a set X, a binary relation on X is an ordered pair (X, R) where R C
X x X . For any z,y € X, we denote (z,y) € R by x Ry and say that the element
x is related to the element y. A binary relation (X, R) is reflexive if for all z € X
we have z Rx; it is symmetric if for all x,y € X, v Ry implies y Rx; and it is
transitive if for all z,y,2 € X, x Ry and y Rz imply x Rz. A binary relation on
X satisfying the three above properties is named an equivalence relation on X . Any
equivalence relation on a set induces a partition of this set by means of its equivalence
classes. For all z € X theclassof v is t={ye X |yRz}.

There is a standard procedure to associate to any reflexive and symmetric binary
relation R on X an equivalence relation. This procedure is known as the transitive
closure of R which is denoted by R. For all z,y € X we say x Ry if there exist
ki, k2, ..., k, elements in X such that x Rky, k; Rk;yq forall i € {1,2,...,r—1}
and k, Ry. The transitive closure represents the minimum that we have to add to a
reflexive and symmetric relation in order to obtain an equivalence relation. Of course,

for any equivalence relation R we have R = R.

3 The chained equal-partner equivalence relation

We introduce two related binary relations on each side of the market (M, M’ A).
First, the equal-partner binary relation is defined in such a way that a pair of buyers
(or a pair of sellers) are related if they have the same partner by two optimal match-
ings. The equal-partner relations are reflexive and symmetric but might not be tran-
sitive (see matrix A; below). We then consider their transitive closures and name

them the chained equal-partner equivalence relations. The chained equal-partner



equivalence relation is the keystone to determine the dimension of the core of the
assignment market (see Theorem 12). This is the reason why we begin studying its

properties.

Definition 2 Let (M, M’ A) be a square assignment market. The chained equal-
partner equivalence relation R4 on the set of buyers is the transitive closure of the
relation R on M defined by: for iy, ia € M, i1Rats if and only if there exist
p1, pa € M (M, M') such that py(ir) = pa(ia) -

Similarly, the chained equal-partner binary relation R/, on the set of sellers is

the transitive closure of the relation R'y on M' defined by: for ji,jo € M', j1R'j2
if and only if 117 (1) = 13" (ja) for some iy, jiz € My(M, M)

We name R4 and R/, the equal-partner relations on M and M’ respectively.
Assuming that the assignment matrix is square and taking into account that then
each optimal matching is a bijection between M and M’ reflexiveness of these
relations follows easily. These relations are also symmetric by definition, but may fail
to be transitive. For this reason, we add to each equal-partner relation those pairs
that are connected by a chain of agents on their same side of the market such that
each two consecutive agents on the chain have a common partner by some pair of
optimal matchings. This completion leads to the equivalence relations R4 and R/, .
We denote by I, I3t ..., I the equivalence classes of Ry and by J{&, J3', ...,
J4 the equivalence classes of R/, .

The number of equivalence classes is a relevant information for our purposes.
This number does not depend as much on the number of optimal matchings as on
the relative position of these optimal matchings. To argue this point, let us consider

the following two assignment markets with four agents on each side:

2 3 4 72 3 L
1 1/10(0]1 1 110[0]1
2 111]0]0 and 2 0|1]11]0
Ay Ay
3 0|l1]1]0 3 0[1/1]0
4 0jlol1]1 4 110/0]1




Both markets have two optimal matchings. The market defined by matrix As has
one optimal matching placed on the main diagonal and the other one on the secondary
diagonal. For matrix A; one optimal matching is also on the main diagonal while
the other one is placed just below it and in the up-right corner.

The equal-partner binary relation R4, is not transitive: 1R4,2 and 2R4,3, but
buyer 1 is not related to buyer 3 by R4, . However, transitivity holds for the relation
Ry, , that is Ra, = Ra, .

Moreover, despite the fact that both matrices have the same number of optimal
matchings, their corresponding chained equal-partner equivalence relations define dif-
ferent sets of equivalence classes. The equivalence relation R4, defined on M has
only one equivalence class, Ifh = {1,2,3,4} (similarly, R’Al has only one equiva-
lence class that is J{' = {1’,2,3,4'}), while R4, defines two equivalence classes,
I = {1,4} and I3? = {2,3} (and similarly Ji'2 = {1’,4'} and J;2 = {2/,3'} are
the equivalence classes of R/, ).

Next proposition states that, as it happens in the matrices above, each equivalence
class in M is mapped onto the same equivalence class in M’ by any of the possible

optimal matchings.

Proposition 3 Let (M, M', A) be a square assignment market and let {1}, and
{J;‘}Zzl be the equivalence classes of the chained equal-partner relations R, and

R, , respectively. Then,

1. r=35s and
2. for all p € {1,...,r} there exists a unique q € {1,...,s} such that, for all
pe MM, M), u(l) =J;".

PROOF: Statement 1) follows from statement 2) and the fact that u is a bijection.
To prove statement 2), let us take an equivalence class II‘:‘ of R4 and choose any
element iy € I/, Choose also an optimal matching p* € M3 (M, M) and take
q€{1,2,...,s} such that p*(io) € J;'. Notice that for all other p € M4(M,M'),
w(io) Ry 1 (ip) and thus

w(ip) € J;‘ for all € M5 (M,M'). (4)
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We will first prove that u(I;') € J2 for all p € MH(M,M'). Take i € I},
i # io and let us see that p(i) € JZ* for all € M3 (M,M'). Since igRai, there
exist i1, 49, ...,% € M such that igRat1, i11Ratla, ..., 1xRai. From igR i, follows
that there exist pg, 1 € M* (M, M') with pug(ig) = p1(é1) which implies, by (4),
pi(in) € J2' and consequently, since puq(iy)Rypu(iy) for all p € MH4(M,M'), we
obtain u(iy) € J;‘ for all p € M*(M,M’). By repeating the same argument, we
iteratively obtain that ju(iz), p(is), ..., pu(ix) and p(i) belong to J* for all u €
M (M, M) .

Let us check now that J;* C p(L}) for all p e M%(M,M'). Take j € J and
any p € M*%(M,M'). From u(i) € JqA it follows that there exist ji, jo, ..., Jr € M’
such that w(io)Ryj1, 71R4Ja,- .., JeRyj . Since p(io)R)j1, there exist iy € M and
po, 1 € MG(M, M') such that iy = pg'(j1) = py (u(io)) . Then, (i) = p(io)
which means that i;R4ig and consequently i, € II;A. Moreover, po(iy) = j1 =
p(p(j1)), and this implies that i Rap~"'(j1), that is to say p='(j1) € I} or,
equivalently, j; € u(I:'). By repeatedly applying the same argument we obtain
j2s---»Jk and j also belong to p(IZ) for all e M (M, M'). O

As a consequence of this lemma, from now on the equivalence classes will be
numbered in such a way that p(I) = Ji, for all k= {1,2,...,r}. Notice that cor-
responding equivalence classes on both sides of the market have the same cardinality.

Moreover, each equivalence class of R4 and R/, consists of either only active

agents or only non-active agents (see Definition 1).

Lemma 4 Let (M UM’ w,) be a square assignment game and let {I{*}_, be the

equivalence classes of Rya, while {J2}r_, are the equivalence classes of R4 .
1. If ig € I{* is active, then all i € I{* are active.
2. If jo € Ji* is active, then all j € J2* are active.

PROOF: Assume on the contrary that iy € I{* is active and 4; € I is non-active.
Then igRai;. Assume without loss of generality that igR4i;. Then there exist
pi, po € MA(M, M) such that pi(ig) = p2(iy) = j. Since (w,v) € C(wy,), this

means that w;, + V= iy and W, +u; = a5, and if we substitute v; from the first
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equation into the second one, we get w;, + (a;,; — W;,) = a;,; . Taking into account

that u;, = u, , since i; is a non-active agent, and (u,v) € C(w,), we obtain

—il 9
Qigj = Wiy + (Qiyj — Uy, ) = Uiy + T (5)

Moreover, from (u,7) € C(w,), we also have that w; + T; = a;,; and together with
equation (5) it follows that w, = ;, , which contradicts iy being active. The proof
of statement 2) is similar and thus left to the reader. O

In addition to this, any optimal partner of an active agent must also be active
(if p(do) is non-active, then from a;ou(ip) = Wi, + Tugio) = Uy, + Uiy a0 Qigu(ig) =
Uiy + V) follows g is non-active). Similarly, an optimal partner of a non-active
buyer is also non-active. Thus, if I{! is a class of active (non-active) buyers, (I}
is a class of active (non-active) sellers, for any u € M* (M, M’).

From the lemma above, we have the same number of classes of active (non-active)
agents on each side of the market. We delay until Corollary 11 in Section 5 the proof
of the fact that the non-active agents on each side of the market form a unique equiv-
alence class. This is obtained there as a straightforward consequence of Proposition
8.

The partition in equivalence classes has some consequences on the structure of the
core. We see now that the payoffs to two buyers on the same class have a constant

difference in all core allocation. A similar statement could be done for the sellers.

Lemma 5 Let (M UM’ ws) be a square assignment game and let {I{*};_, be the

equivalence classes of Ry .
1. If iy, iy € I} for some k € {1,2,...,7}, then u;, —u,, is constant in Clwa).

2. If iy, iy € I for some k € {1,2,...,7}, then, for all u € M*(M,M'),

Ui, + Vygiy) 18 constant in Clwa) .

PROOF: 1) First, if i1 Rais, there exist uy, us € M% (M, M') such that py(i) =
pi2(i2) . This implies that for all (u,v) € Clwa), wi, + Vu ) = i) and u;, +
Ups(in) = Qigus(in) aNd, as a consequence, U; — Wi, = @i u,(iy) — Qigps(in) - Oecondly,

if i1 Rais, there exist ki, ko, ..., k, € M such that i1 Raky, k1Rako, ..., k Rais.
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Then we can write w;, — w;, = (s, — U, ) + (Upy, — Up,) + -+ - + (ug, —u;,) and since
each of these differences is constant in C'(w,4) we obtain that w;, — u;, is constant
in C(wya).

2) By part 1), w;, —uy, is constant in C'(wa). Then, w;, + vy, = Wiy + Vi) +
(Ui, — Wiy) = Qigu(in) + (Wi, — us,) is also constant in C'(wy) . O

The above lemma shows that the equivalence relations R4 and R/, imply some
connection between the core payoffs of some agents and thus it is not surprising that
these equivalence classes turn out to determine the dimension of the core. In fact,
the converse of statement (1) in the above lemma also holds, that is, if two buyers
have a constant difference of payoffs in all core allocation, then they belong to the
same class. But this will be seen in Corollary 10 as a consequence of a main result
of Section 5 that states that the equivalence classes remain invariant among all the
assignment markets with the same core. Before reaching this point, we must analyze
those assignment markets where the equal partner relation is already transitive, with

no need of considering its transitive closure Ry .

4 The doubly dominant diagonal case

An assignment game (M UM’ w,) with as many buyers as sellers has doubly domi-
nant diagonal (Solymosi and Raghavan, 2001) if and only if, for any p € M* (M, M),
Qij + Q) = Qipr) +ax; forall 4,7,k € M 2. This definition does not depend on the
chosen optimal matching u € M*% (M, M’). In Nunez and Rafels (2002) it is proved
that, for a square assignment game, having doubly dominant diagonal is equivalent to
being buyer-seller exact, that is to say, to satisfying that each matrix entry is attained
in some core allocation: for all i € M and all j € M’ there exists (u,v) € C(wa)
such that u; +v; = a;;. Thus, if a square assignment game has doubly dominant

diagonal, no matrix entry can be raised without modifying the core of the game.

2The names of dominant diagonal and doubly dominant diagonal make more sense if the optimal
matching is placed on the diagonal of the assignment matrix. But since these two properties of the
matrix characterize properties of the core of the game, and the core does not depend on the selected

optimal matching, they can be stated in terms of any optimal matching.
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We are now interested in some additional properties of the core of an assignment
game with doubly dominant diagonal in relation with the defined equivalence classes.
The next technical lemma shows that in a buyer-seller exact assignment game, or an
assignment game with doubly dominant diagonal, if one core constraint is tight at all
core allocations, then the corresponding mixed-pair coalition must be paired in some
optimal matching. In fact, all mixed-pair (4,5) € I{' x J#* belongs to some optimal

matching.

Lemma 6 Let (M U M’ ,wy) be a square assignment game with doubly dominant
diagonal, and let {I{*}5_, and {J{}i_, be the equivalence classes of Ra and R

respectively. Then the following statements are equivalent:
1. (i,7) € I x J&* for some k€ {1,2,...,r}.
2. u; +v; = a;; for all (u,v) € C(wa) .

3. There exists p€ MY (M,M') such that (i,j) € fu.

PRrROOF: The implication 3) = 1) follows easily since if j = p(i) and ¢ belongs to
some class I{', then, by Lemma 3, (i) belongs to u(I{') = Ji*. As for 1) = 2),
if (i,5) € I{* x J{* we have that, once fixed yu € M*(M,M'), j = p(i’) for some
¢ € I{*. Then, by Lemma 5, u; + v,y = u; + v; is constant in C(w,). Now, since
(M UM’ wya) is buyer-seller exact, u; + v; = a;; for all (u,v) € C(wy).

It only remains to prove 2) = 3). Assume u; +v; = a;; for all (u,v) € C(wa)
and take some p € MY (M, M'). If (i,7) € u we are done. If (i,7) & p, consider
then pu(i) € M’ and p~'(j) € M. Then,

Ui + Vy(i) + Up—1(j) + Vj = Qipgy + au-1¢5); , for all (u,v) € C(wa)

and together with w; +v; = a;; for all (u,v) € C'(w,) it follows that wu,—1(;) + v, =
Qipgi) + @u-1(j); — ai; for all (u,v) € C(ws). This means that wu,-1¢) + v, is
also constant in C(w,), but, since A is buyer-seller exact, we know that there

exists (u',v") € C(w,) such that uL,l(j) + U4 = Qui(gu) - As a consequence,

Qi) T Ap=1(5); = Qij = Qpu=1(j)p(s) -
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We can now define a new matching

= A005) () (@)} Uk, (k) | for all k€ M,k #14, k # u™'(j)}

and prove it is optimal for A, since

Zaku(k) = Gip) T Q1) t Z Akp(k)

keM ke M\{i,n=1(5)}
g+ GGty £ YL Gkt = Y Tk
keM\ Lo~ ()} ke
Since (i,7) € p’, the proof is finished. O

A consequence of the above lemma is that, when the assignment game has doubly
dominant diagonal, the equal-partner relation R, is already transitive, and there is

no need of the transitive closure.

Theorem 7 Let (M U M’ w,) be a square assignment game. If A has doubly
dominant diagonal, then the equal-partner binary relation is transitive, that is, Ry =

Ry.

PROOF: Let us see that under the assumption that A is doubly dominant diagonal, if
i1,i9 € M satisfy i1 Raio, then iR %5 . From i R4is follows that i;,is belong to the
same equivalence class I{!, for some k € {1,2,...,r}. Take some p € M*(M,M'),
and consider j; = u(i;). Now, (i, 1) belongs to I x J, and then, from Lemma
6, we know there exists p/ € M*% (M, M') such that (ig,j1) € /. Thus, u(iy) =
J1 = 1/ (i2) , which means i; R 45 .

To have a doubly dominant diagonal is a sufficient condition for the transitivity

of R4, but it is not necessary. Consider the matrix

1 2 3
1 |1l1]0
A: il
2 |0]1]1
3 [1]0]1

and notice that R, is transitive although A does not have a doubly dominant

diagonal, since a3+ as =1 < ajp+ a3 =2.
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It is proved in Nunez and Rafels (2002) that for all assignment game (M UM’ w,)
there exists a unique buyer-seller exact assignment game with the same core. This is
denoted by (M U M’ war), it is named the buyer-seller exact representative of the

initial game, and it is defined by

a;.nj = (umI)Ié%)(CWA) U; + Vj, for all (Z,]) € Mx M. (6)

Moreover, any matching that is optimal for A is also optimal for A", but A" may
have more optimal matchings than A. It follows that (M U M’ w,) is buyer-seller
exact if and only if A = A".

Since C(wa) = C(war), both markets have the same core dimension and thus
the buyer-seller exact representative will be crucial to determine the dimension of
C(wa) .

Once fixed any optimal matching p € M* (M, M’), and being |M| = |M’'|, the
entries in matrix A" can be obtained in two different ways. The first one (see p. 430
in Nunez and Rafels, 2002) makes use of the characteristic function of the assignment

game and it is useful to be applied to numerical examples:
aj; = Qi) + Q155 + wa(M UM\ A{p'(5), p(i)}) —wa(MUM').  (7)

The second way to obtain the buyer-seller exact representative A", which can also
be found in the paper cited above, is of a more theoretical nature and only makes

use of the matrix entries: aj; = max{a;j, a;;}, where, for all (i,j) € M x M’,

i = kl,k%;r,;lggM\{i’j}{awuﬁ) F Qo) + 0 F g = (@) T F )} (8)

This means that each mixed-pair coalition {i,j} evaluates what it could achieve by
cooperating with some optimally matched pairs on the basis that these pairs will be
paid what they obtain in the fixed optimal matching, and then takes the maximum
between this worth and a;; . Expression (8) will be useful in the proof of Proposition
8.

Since the buyer-seller exact representative A" is doubly dominant diagonal, by
Theorem 7 its equal-partner binary relation is already transitive, R, = Rar. Also,

by Lemma 6 it is easy to identify by means of its equivalence classes which core

15



constraints are tight at all core allocations and, as a consequence, the dimension of
C'(war) . In the next section we see that also the chained equal-partner equivalence

relation R4 of the initial assignment game determines the dimension of its core.

5 The dimension of the core

As announced before, the dimension of the core of the assignment market will be
determined by the number of equivalence classes of the chained equal-partner relation.
We have seen in the previous section that, for the buyer-seller exact representative
A" | the equal-partner relation is already transitive. However, to use the equal-partner
relation of A" to characterize the dimension of C(w,) we first need to prove that

both games not only have the same core but also the same set of equivalence classes.

Proposition 8 Let (M U M',was) and (M U M',wg) be two square assignment
games. If C(wa) = C(wg), then Ry = Rp and Ry = Ry .

PROOF: From expression (6) follows that two assignment games with the same core
have the same buyer-seller exact representative. Thus, it is enough to prove that, if
(M UM’ wyr) is the buyer-seller exact representative of (M UM’ wy), then for all
i1,i9 € M, iy Raiy if and only if i) Rariq ; and similarly, for all ji, 5o € M, ji Ryjo
if and only if j;R';.jo. We only prove the first statement above since the second
one is proved analogously. The “only if” part is straightforward since any optimal
matching for A is also optimal for A" . Let us then prove the “if” part.

Assume iq,iy € M with i;Rris and not i,Rais. This means that i; and i,
belong to two different equivalence classes of M by the relation R, . By Lemma 5,
given pu € M*(M,M’), and taking into account that M* (M, M") C M*,. (M, M),
we get that w;, + v,a,) is constant in C'(war) .

Now, since A" is buyer seller exact, this means that there exists (u,v) € C(war)
such that u;, +v,u,) = a But we have just seen that wu; + v,a,) is constant

) forall (u,v) € C(war). Recall (8) for the

glll(’ié) )
in C(war) and thus, wi, +vua,) = @, i,

fu(ia) 1D terms of the assignment matrix.

expression of «a

16



Case 1: If Oy i) = Qirp(iz) » then from g, + vyu(iy) + Uiy + Vpgiz) = Qiyp(in) + Gigu(in) We
obtain
Wiy + Vp(in) = Qiyp(in) + Vigp(ia) — Ciyp(iz) » (9)

which shows that w,, +v,q,) is also constant for all core allocation of (M UM’ war).

Thus, for all (u,v) € C(war),

Uiy + Vp(iy) = Qiypu(iy) - (10)
By (8) it may happen that aj, ;) = @iu@) and then, by substitution in (9)

Uiy p(in) + Qigpu(in) = Giyp(ia) T Gigp(in) - Lhis means that p' = {(i1, p(i2)), (42, (1))} U
{(t,u(@)) | i € M\ {i1,i2}} is also optimal for A and since p(i;) = p/(iz) we get
11 R 419, in contradiction with the assumption.

If @ in) # Qiyu(iy) » again by (8) we know that there exist ki, ko, ... k. € M\

{i1,i2} and different such that aj, ;= Giyu(e) + Qryplha) T F Qi) — hypier) —
Ukap(ks) — ** — G, p(k,) - By substitution in (10), and taking into account (9), we get

Wigp(hr) T Aapha) T F Qhppatin) + Qinpia) = (11)

Aiyp(in) T Qigpuin) + Ohyp(ky) T+ Chppa(hy) -

As a consequence, the matching

:u/ - {(i27 M(k1)>7 (k17 M(k2))7 (k27 M<k3))7 R (k?r, M(il))7 (ilv :U’(Z2>>}
U{(Z,/L(Z)) | 1e€M \ {il,’ig, ]{?1, k?g, ey kr}}

is also optimal for A.
Now, since pi/(i1) = p(iz), we get i, Raiy, in contradiction with the assumption.

Case 2: If aj, ;) # @i u(y) - then by (8) we have that for all (u,v) € C(war)

Uiy FVp(in) = iy pu(in) = Qivpalha) T Ohap(ha) T F Ckppa(i) = Chagalhy) = Chpa(ha) ="~ Wk

for some kq, ko, ..., k. € M\ {i1,i2} and different.

As a consequence, for all (u,v) € C(wa),

r—1 T
Wiy T Vu(iz) = Qiyp(ky) T Z Akjpu(kyr) T Qhpplin) — (Z(% + Uﬂ(k’j))>

=1
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and then,

r r—1
iy + Vugiz) T D (s + V) = Giruti) + Y Wty n) + W)
j=1 j=1

Since iy + Up(k) 2 Givtkr) 5 U + Vp(ia) = Uhpptiz) AN Upy + Valy0) 2 Ayl 0T
all j €{1,2,...,7—1}, we obtain that all these core constraints are tight at all core
allocations. To unify notation let us write (12:0, ki, ... Kk, IETH) = (11, k1, ... kpyio).
Then, since i1 = kg and iy = /%TH belong to different equivalence classes by the
relation Ry , there must be two consecutive buyers in this chain (12;0, 12;1, e /%r, I;JTH)
whose equivalence class by R4 differ. Let us say these are l;:j and l;:jH, for some

j €{0,1,...,r}. Moreover, uj +v ) = Qi) for all (u,v) € C(wy), which

p(kji1
means that a};jkﬁl =, This implies, by Lemma 6, that l;;j and /~<;j+1 belong
to the same class by the relation Ry4-, that is, l}jRArl;;jH. We are thus on the
assumptions of Case 1, that is, ];;j and l%jﬂ play the same role as 7; and i, in Case
1, and thus we reach IQJR Al%jﬂ , in contradiction with the assumption. a

By the above lemma, for all assignment games with the same core the equiva-
lence relation R4, and consequently the partition in equivalence classes, is the same.
Thus, whenever we want to analyze some core property of these markets in terms of
this equivalence relation, we can restrict to their buyer-seller exact representatives.

For this representative, the chained equal-partner relation coincides with the equal-

partner relation, which is already transitive. This is shown in the next corollary.

Corollary 9 Let (MUM' wa) be an assignment game with as many buyers as sell-

ers. Then Rq = Rar, where (M UM’ war) is the buyer-seller evact representative.

PROOF: Take an arbitrary assignment game (M U M’ jw,), not necessarily with
doubly dominant diagonal. We have Ry = R = Rar, where the first equality
follows from Proposition 8 and the second one from Theorem 7. O

A second consequence is that the statements of Lemma 5 are in fact characteri-

zations of the chained equal-partner equivalence relation.

Corollary 10 Let (M U M’ w,) be a square assignment game and let Ry be its
chained equal-partner relation on M . If iy, 1o € M, then the following statements

are equivalent.

18



1. iy Ryis .

2. wy — ug, 1s constant in C(wy) .

3. Uiy 4 Vi, 05 constant in C(wa) for all p€ MG(M,M’).
And similarly for the relation Ry on M'.

PRrOOF: The implication (1) = (2) is part (1) of Lemma 5. As for (2) = (3), notice
that if w;, —u,, is constant in C'(w,) then, for all p € M5 (M, M'), w;i, — (@i, (i) —
Up(ip)) 1s also constant in C'(wy), which implies (3).

Tosee (3) = (1) recall first that M* (M, M') C M, (M, M’). Observe now that
if, for some p € M (M, M), u;,+v,a,) is constant in C'(wa) , then wu;, +v,;,) is also
constant in C(war). Since A" is buyer-seller exact, we have that w;, +v,3,) = af, (i)
for all (u,v) € C(war). Now, by Lemma 6, there exists p' € M*, (M, M’) such that
(11, u(i9)) € p'. This means that p'(i7) = p(iz) and thus i3 Rariz. Finally, by
Proposition 8, we get iy R4ts . O

A consequence of the above corollary is that all non-active agents on the same

side of the market belong to the same equivalence class. This happens because every

non-active agent has a constant payoff in the core.

Corollary 11 Let (MUM' wa) be a square assignment game. All non-active buyers

(sellers) belong to the same equivalence class of the chained equal-partner relation R4

(Ry).

Now we know that there is at most one equivalence class formed by non-active
agents on each side of the market, we denote by I3 and J§' the class of non-active
buyers and sellers respectively. Notice that Iz and J&' might be empty.

Finally, next theorem states that the dimension of the core equals the number of
equivalence classes formed by active agents on one side of the market. Recall that the
dimension of the core as a convex polytope C' is the dimension of the minimal affine
variety, Aff(C), in which it is contained. See Rockafellar (1970) for the definitions

and properties of convex sets.
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Theorem 12 Let (MUM' wy) be a square assignment game and let the equivalence
classes of Ra be I, I, ... I where I3 is the (possibly empty) class of non-active

Y r 0

buyers. Then, dimC(ws) =1.

PrOOF: By Proposition 8, we assume without loss of generality that A is buyer-
seller exact. We will prove first that dim C(wy4) < r. Take any optimal matching
p. For all (u,v) € C(wys) and all (i,5) € p we have that uw; + v; = a;;. Thus
dim C(wy) = dim Cy(wa) < m, where Cyr(wy) is the projection of C'(wy) to the
space of payoffs to the buyers. Moreover the payoff in the core of any non-active
agent is constant; this is, for all i € Ig', w; is constant for all (u,v) € C(w,4). This
means that dim C(w,) < [IU I3 U--- U T4, where recall that [I[AUISU- - UTA
stands for the cardinality of the set I U U---U 4.

By Lemma 5, for all equivalence class I}, k € {1,2,...,r}, and any two agents
in this class, iy, is € I}, it holds that wu; — u;, is constant for any (u,v) € C(wy).
This implies dim C'(wa) < 7.

To prove the converse inequality, take (u,v) in the relative interior of C(wy).
Recall that x € Aff(C) belongs to the relative interior of C', 7i(C), if and only
if there exists € > 0 such that B(x,e) N Aff(C) C C', where B(z,e) is the ball
centered at x with radius € > 0. Recall also that the relative interior of a non-empty
convex set is also non-empty. Then, since all assignment game has a non-empty core,
ri(Cl(wa)) # 0.

Since we are assuming that A is buyer-seller exact, by Lemma 6 we know that
a core constraint w; +v; > a;; is tight at all core allocations if and only if (4, ) €
I < JA | for some k € {1,2,...,7}. Then, (u,v) in the relative interior of C(w,)
means that u; >0 forall i € M\ I, v; >0 forall j € M'\ J and u; +v; > a;
for all (i, ) & Uj_y (I x J2).
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Now, for all £ € {1,2,...,r} take ¥ > 0 small enough such that the point

(u®,v*) belongs to the core, where

e

u-:ui—l—ak \V/’LE]]?,

~

b =v;—eb Vet

uf = u; Vie M\ I},

vk =, vile M\ JP.
If we denote by conv{u,u',u?, ... u"} the convex hull of the points u, u!, u?, ... u"
of R™, we have that Cy(wa) 2 conv{u,u',u? ..., u"} and thus dim Cy(ws) >
dim conv{u,ut,u?, ... ,u"}. For all k € {1,2,...,r}, let w* be the vector in R™
with origin in u and extreme point in ¥, that is wf = &* for all i € I} and
w? = 0 otherwise. Then, dim conv{u,u',u?, ..., u"} is the rank of the set of vectors
{w', w? ... ,w"} and this is r. O

As an application of the above theorem, consider the two markets with matrices
A; and As introduced in page 8. In both markets the buyers-optimal core allocation
is (w,v) = (1,1,1,1;0,0,0,0) and the sellers-optimal core allocation is (u,7) =
(0,0,0,0;1,1,1,1), as can be easily obtained from (1), (2) and (3). Thus, all agents
are active. The assignment game (M U M’ wy,) has only one equivalence class (by
the chained equal-partner relation) on each side of the market. As a consequence it
has a one-dimensional core. On the other side, the chained equal-partner relation on
any side of the market defined by As has two equivalence classes. Then, the core of
the corresponding assignment game is two-dimensional.

Some more comments relating the dimensionality of the core with the position of

the optimal matchings on the assignment matrix are given in the next section.

6 Some concluding remarks

Some other straightforward consequences follow from the partitioned form of the
assignment matrix given by the equivalence classes. For instance, once fixed a set
of agents M U M’ for all ¢t € {0,1,...,m}, there exists a matrix A such that

dimC(ws) = t. That is, all possible dimensions are effectively achieved. To see
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that, you only have to built a m x m matrix with ¢ non-zero diagonal blocks, each
diagonal block being a constant and positive matrix and all blocks out of the diagonal
being null.

Moreover, it may well happen that a submarket has a core with a dimension that
is higher than the dimension of the core of the initial assignment market. The reason
is that in general the submarket does not preserve the optimal matchings of the initial
market and thus the number of equivalence classes may increase.

We may also ask if there is any relationship between the number of optimal match-
ings and the dimension of the core. As a first answer we obtain that an assignment
market with all agents active is full dimensioned, that is dim C(w4) = m, if and
only if there is only one optimal matching. This happens because, if only one op-
timal matching exists, then each equivalence class is a singleton. Moreover, if the
optimal matching is not unique, then at least two agents will be related by the equal-
partner relation, and then the number of equivalence classes will be less than m,
since at least one class will contain more than one agent.

As the dimension of the core decreases, its relationship with the number of optimal
matchings is not so tight. One could think that as the dimension diminishes, the
number of optimal matchings increases. But this is not exactly the case.

With only two optimal matchings, and assuming again that all agents are active,
the dimension of the core may take any value from 1 to m — 1. To obtain an
assignment game with a core of dimension k& € {1,2,...,m — 1} you only have
to define a matrix with these two optimal matchings: p = {(,i) | i € M} and
W =H09) |1 <i<k—-1}u{@,i+1) | k<i<m-—1}U{(m,k)}. Then the
equivalence classes on the set of buyers are I = {r} for all r € {1,2,... .k — 1}
and I{' = {k,k+1,...,m}.

Thus, there is not a lower bound to the number of optimal matchings depending
on the dimension of the core. However, it is true that, as the dimension decreases
the upper bound for the number of optimal matchings increases.

To argue this assertion, notice that if the matrix has doubly dominant diagonal,

and once assumed that the agents on the same equivalence class are consecutive, all
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matching contained in the diagonal blocks is optimal. This is to say, all matching
€ Mar(M,M") such that for all (i,j) € p there exists k € {1,2,...,r} with
(i,7) € I{* x J{* is an optimal matching for A”. Thus, the number of equivalence
classes of an assignment market (M U M’ jw,), together with the cardinality of
these classes, determines the number of optimal matchings of the buyer-seller exact
representative A", which is [],_, |[/{}|'. But the number of optimal matchings of the
initial market (M U M’ ,wy4) may be less than that.

Thus, for a given structure of the r equivalence classes, [],_, |I;!]! is an upper
bound for the number of optimal matchings. Among all the markets with m agents
on each side and r equivalence classes, the maximum possible number of optimal
matchings is (m —r+1)!, which is attained at a doubly dominant matrix with r —1
singleton equivalence classes and another one with m —r +1 agents. Thus, when all
agents are active, an attainable upper bound for the number of optimal matchings
when the core is r-dimensional is (m —r + 1)!

Also, from a given structure of the equivalence classes, a lower bound for the
number of optimal matchings of (M UM’ w4) can be deduced: for each equivalence
class I{' not reduced to a singleton, the submatrix A [AxgA must have at least
two optimal matchings. As a consequence, the result in Sotomayor (2003) is easily
obtained: if the core of a market with at least two agents on each side reduces to
only one point, then the optimal matching cannot be unique. The reason is that if
the core is zero-dimensional then all the agents on each side of the market belong to
the same equivalence class (the one formed by non-active agents), and this cannot be
achieved with only one optimal matching.

Finally, from the description of the equivalence classes of the transitive closure of
the equal-partner relation we can recognize when the kernel of an assignment game
coincides with the core. The kernel is another set-solution concept for coalitional
games with transferable utility which was introduced by Davis and Maschler (1965).
Taking into account that the kernel of an assignment game is included in the core
(Driessen, 1998), we know by Granot and Granot (1992) that the kernel of an as-

signment game coincides with the core if and only if there does not exist an agent
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with non-constant payoff in the core that is matched with the same partner in all
optimal matching. We can now say that this happens if and only if no equivalence

class formed by active agents is a singleton.

Corollary 13 Let (M U M’ ,wy) be an assignment game with as many buyers as
sellers, and let {I}}r_, and {J2}r_, be its equivalence classes by the relations R4
and Ry, where It and J§' are the possibly empty classes of non-active agents. The

kernel coincides with the core if and only if |I}| > 1 for all k € {1,2,...,r}.
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