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Abstract

In this paper, we prove that a particular nondegenerate, nonlinear, autonomous parabolic
partial differential equation with a nonlocal mass transfer admits the local existence of classical
solutions. The equation was developed to qualitatively describe temporal changes in popu-
lation densities over space through accounting for location desirability and fast, long-range
travel. Beginning with sufficiently regular initial conditions, through smoothing the PDE and
employing energy arguments, we obtain a sequence of approximators converging to a classical
solution.

Keywords: local existence, nonlocal operator, nonlinear diffusion, non-degenerate parabolic
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1 Introduction

Partial differential equations (PDEs) are a valuable means of modelling physical and biological
systems. These models help in understanding key qualitative features and in making quantitative
predictions. PDE models are often derived from consideration of physical principles, but it is
not always clear if solutions even exist; or, if they do exist, what properties they enjoy such as
smoothness, uniqueness, etc. The canonical example of this is the Navier Stokes Equations [I], 2]
in fluid dynamics where global existence of solutions is still unknown [3]. If a PDE is to be studied
numerically, knowing an appropriate solution space is then helpful in selecting a suitable numerical
method — see for example books addressing numerical schemes for different classes of PDE [4], 5], [6].

In this paper, we confirm that, under suitable hypotheses, there exist classical solutions to a
particular nonlinear parabolic integro-differential equation model. The model of interest [7] was
derived to describe populations of people experiencing homelessness. The model is ecological in
nature, taking into consideration the desirability of a location (such that individuals may be more
likely to stay at a location when it is more desirable), nonlocal travel (over a short time, an individual
can travel a large distance), and that desirability decreases as the local population in an area
increases (due to reduced available resources per individual). The domain itself imposes additional
data on the PDE through spatiotemporal variations in entry and exit rates. The understanding
of this model is important as it was the first of its kind, to the author’s knowledge, PDE model
describing homelessness. While many important properties have been proven on solutions to the
model [7] assuming their existence, the existence of solutions has not been explored. This paper
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thus establishes that the model previously derived is a theoretically reasonable framework — from
a mathematical standpoint — through which to study homelessness. Understanding this model
mathematically, and the types of solutions that exist, can provide a solid foundation for it being
used to better understand the dynamics of homelessness, for extending the model by incorporating
more details, for adapting the model suitably to other applications, and even to fitting the model
to real-world data.

Nonlocal parabolic PDEs arise in many settings including mathematical finance [8], models
of lieukemia [9], and population dynamics [I0]. The use of PDEs to study populations is quite
extensive. Some examples include the classical Keller-Segel model for a mobile population in the
presence of a chemo-attractant [I1], the Fisher PDE to model populations undergoing dispersion
and logistic growth [10], Lotka-Volterra systems for competition [10, 12], models of pedestrians in
crowds [13], biological aggregation [14], and models of crime dynamics [15] [16], [17].

Rigorous analysis has proved that Patlak-Keller-Segel models with degenerate diffusion are lo-
cally well-posed in 2 dimensions and globally well-posed in 3 dimensions [18]. The Patlak-Keller-
Segel models are nonlocal in space, like the model studied here. Beyond mathematical models
themselves, solutions are known to exist for quite a broad range of nonlocal parabolic PDEs [19, 20],
but our system violates some hypotheses used to establish these results, such as monotonicity in
the dependent variable or derivatives of nonlinear terms appearing. For simplicity, we assume the
data in our system are smooth, but other authors also study PDEs with nonregular data [21]. Two
somewhat distinguishing features of our model include that the highest derivative is acting on a
nonlinear function of the dependent variable and the nonlocal operator in our model is not a convo-
lution. The work of [17], 22] that establish existence of solutions to their respective models are local
and have the highest derivative acting on a linear function of the dependent variable. Although
our PDE of interest has a high degree of nonlinearity, methodologically, we proceed to prove local
existence through reasonably similar means: establishing local existence of smoothed solutions and
extracting a subsequence that tends to a valid solution. The use of Lyapunov-type methods to
establish existence of solutions to PDEs is another common strategy [23].

With our work placed in context, the remaining paper is organized as follows: the PDE model,
the main theorems, and the key steps of their proofs are provided in Section 2} important results
for the proofs are given in Section [B we prove the main results through a series of smaller steps
in Section M} lastly, in Section B we conclude our work and contemplate further directions. In
Section [Al of the Appendix, key definitions and nomenclature are explained, and proofs of various
supporting results used in this paper are given. A transcription of proofs of important mollifier
results is given in Section Bl of the Appendix.

2 Background

2.1 Model Equation and Background

In [7], a nonlinear PDE was derived to describe the mean field dynamics of agents on a lattice
with a nonlocal travel term. The original equation was developed as a first attempt to use PDEs to
qualitatively describe homeless population densities. Over a bounded, d-dimensional spatial domain
Q) C RY, we consider the evolution of a density field p(¢, z) at time ¢ > 0 and position x € ) given



pr = 0A(pu) +n —wp + Iypu] — vpu (1)
u = (k(t,z), p(t,z)) = ut — S 77 (2)
I[q](t, x) :== / T(t,y,z)q(t,y)dy, Yz e t>0 (3)
Q
/T(t,y,z)dx =1, VyeQt>0, (4)

with a prescribed initial density at ¢ = 0 and suitable boundary conditions on 0f2. Depending on
scalings chosen, the system as such can be dimensional or dimensionless.
We assume that

Hypothesis 1 (General Hypotheses).

1.

/.

For x,y € Q andt > 0: 0 < k(t,z) < 1, n(t,z) > 0, w(t,z) > 0, v(t,z) > 0, and
T(t,y,x) = 0;

All of k, m, w, v, and T are C*-smooth functions in all time and space arguments with mized
partial derivatives of all orders also C*°-smooth;

For each m = 0,1,2,..., there is a constant Z,, so that the L>®(Q)-norm of all m™-order
derwatives of k, n, w, v, and T are bounded by =,, < oo for allt > 0; and

d,u”,ut, and p are constants such that 0 <0, 0 <u~ <wut <1, and p > 0.

The terms in the model, in the case of homelessness and in a dimensional framework, can be
explained as follows:

e 1 is an entry rate: it is the mean number of people entering the population of people experi-

encing homelessness per unit area per unit time. Local factors such as increases in rent could
increase 7).

w is an exit rate: it is the rate that a person experiencing homelessness ceases to be homeless.
Local features such as more affordable housing units or job placement could increase w.

v is a rate of long distance travel: it is the rate that a person who is homeless and wishes to
relocate will travel a long distance in the city. Local features such as the number of public
transit options affect ~.

7 models the probability (density) in moving from one region to another over a long distance
at any given time. Factors such as routes of public transit or general knowledge about what
is happening in different parts of the city affect 7. The fact that [, 7(¢,y,x)dz = 1 amounts
to the fact that, starting from y (getting on a bus, say) at time ¢, the probability of going
somewhere must be 1.

I is a nonlocal operator that moves the density between points with a transfer kernel 7:
I[ypul(t, z) is the number of people experiencing homelessness moving to a given location per
unit area per unit time through all long-range travel over (). From the interpretations of 7
and 7, we note that 7 is likely heavily influenced by both public transit and general knowledge
of how different parts of the city are changing.



e u is an “unattractiveness” term and it represents the probability a person who is homeless
wishes to leave their current location, either by walking to a nearby location or by travelling
long-range in the city. It takes into account the effects of competition/crowding, since u
increases with p. While p is the local population density, the probability a given individual
wishes to relocate is u, giving an effective quantity pu to diffuse/move.

e r describes the amount of resources in a location: for larger x values, the unattractiveness is
smaller.

The constants also have meaning as follows:

e 0 is a diffusivity: by assuming the local movement is roughly random and taking a diffusive
limit, there is diffusion.

e 1" is the maximum possible unattractiveness of any location: we assume u™ < 1 because,
observationally, we note that individuals experiencing homelessness may be found in all parts
of a city, even areas with limited or no resources.

e u™ — v~ is the minimum possible unattractiveness of any location: we assume that v~ < u™

so ut — u~ is strictly positive. Because u is representing the probability a person experienc-
ing homelessness will leave the area, we do not allow u to be 0 because that would be too
deterministic and not allow a person to move about.

e p controls how sensitive the unattractiveness is to the population density: as p increases, the
unattractiveness u is affected less and less by changes in p.

We note that the unattractiveness can never reach zero for any p and the equation is nondegenerate.

The model does not directly account for aggregation effects whereby individuals who are home-
less may choose to group together, nor does it account for how the homeless population itself may
affect the features of the city. In a sense, it is a “leading order” model to describe homelessness in
PDE fashion, where additional effects could be added.

We remark that some of the terms in this model may be relevant in other settings, too. Models of
foraging do take into account tendencies of species leaving a patch of resources after some time [24],
which is what u effectively describes. In the case of models for locusts, the population density does
affect the dispersion [25]. Some species living in the ocean are heavily influenced and dispersed by
ocean currents [26], which may provide nonlocal-like behaviour similar to I by rapidly moving the
species around. A nonlocal operator I could even be relevant for describing the general population
where long-range movement occurs in commuting to/from work or between cities.

Various qualitative properties of solutions were proven in [7], assuming the existence of classical
solutions, with Q = T?. In this paper, we show that classical solutions do exist on the torus. The
torus, owing to the empty boundary, makes preliminary analysis simpler, without having to deal
with complex geometries or boundary conditions. However, large cities often do have repeated
pockets of residential and commercial districts, which gives a loosely periodic pattern, and thus the
model could still be insightful.

For completeness, we state the uniqueness result for classical solutions already proven [7].

Lemma 1 (Uniqueness of Smooth Solutions). Let T' > 0 and suppose

p1,p2 € C°([0,T],C*T%)) N CL([0,T],C°(T%)) are two solutions to Eqs. [ under Hypothesis[D. If
p1 and py have identical and strictly positive C*(T?) initial conditions at t = 0, then py = pa on
0<t<T.



2.2

Main Results and Proof Structure

The notation we use throughout this manuscript is quite standard but section [Al of the Appendix
defines much of our notation and various function spaces.

While we do obtain a preliminary result for the system equations (I)-(#)) under Hypothesis [I,
our focus is on the autonomous system, i.e., Eq. ({) where

with

w = (r(z), p(t, ) = ut —nlfp/ﬁ (5)
Ig)(t, x) == /Qf(y, x)q(t,y)dy, Ve eQt>0 (6)
/QT(y,x)dx =1, VYyeQ, (7)

Hypothesis 2 (Autonomous Hypotheses).

1.
2.

4.

Forz,y € Q: 0 < k(x) <1,n(z) >0, wx) >0, v(x) >0, and 7(y,x) > 0;

All of k, n, w, 7, and T are C*®-smooth functions in their arguments with mized partial
derivatives of all orders also C*°-smooth;

For each m = 0,1,2,..., there is a constant Z,, so that the L>®(Q)-norm of all m"™-order
derwatives of k, n, w, v, and T are bounded by =,, < co; and

d,u”,ut, and p are constants such that 0 < 0, 0 <u~ <wut <1, and p > 0.

In other words, the data are time-independent. Our main result will be Theorem [ below:

Theorem 1 (Local Existence). Let d € N. Let py € H™(T?) with py > 0 a.e. and m € Z with
m > d* := 3+ d. Then there exists a T,, > 0 such that p*(t,x) is the unique C°([0, T,,); H™(T?)) N
CL([0, Tr.); H™2(T%)) solution to equations [{) and @)-[D) with p*(0,-) = po. Moreover, p* is a
classical solution, namely p* € C°([0, T,,]; C*(T%)) N CY([0, T},]; C°(T?)).

Establishing these results follows the steps below. See also Table [l for a more detailed summary.

1.

. For large enough m we then prove that the energy |[p|

We prove that regularized versions of equations (II) and (B)-(7), smoothed by a parameter
e > 0, have solutions p'® that exist locally in time for an interval that could depend on e.

%—P”(Td) is bounded by a function

E,,(t), which exists independently of p) on some interval [0, w,,] where ,, does not depend
upon e. Additionally, we show that an interval [0, 7,,], with 7}, > 0 independent of ¢, exists
such that all solutions p{9 € C'([0, T},.]); H™(T)).

From the bounded energy, the Aubin-Lions-Dubinskii lemma guarantees there is a subsequence
converging strongly in C°([0, T},]; H™ (T%)) for m’ < m, m and m’ large enough. We also
establish a subsequence that converges weakly to an element of L>°([0, T},]; H™(T%)).

. From density and continuity arguments, we find a subsequence converging to some p* €

C*([0, T, ) H™(T)).



Step | Result Purpose

1 Proposition [l | establishes time derivative operator for regularized solutions p(©)
parameterized by € is locally Lipschitz from H™(T%) — H™(T<)
Theorem [2 proves regularized solutions exist locally in time for initial data
po € H™(T?) with m > d/2, where that time could depend on ¢
and m
2 Proposition 2 | shows that for all € > 0, the energy 3|p"°] ?{W(Td) is uniformly

bounded on a time interval
Proposition [3] | shows all regularized solutions exist up to a time 7,,, independent

of €
3 Lemma [14] shows the sequence p(9) has a subsequence converging weakly in
L%([0,T,,]; H™(T%)) to a function p* in L>([0,T;,]; H™(T?))
Lemma shows the sequence p9 also has a subsequence converging
strongly in L>®([0, T},,]); H™ (T4)) for all m' < m
4 Proposition @ | shows the limit of the subsequence of p©, p* €
L>([0, To]; H™(T))
5 Proposition shows the sequence of derivatives pf’ converges uniformly
(needed to exchange limit and derivative)
Theorem [1I gives the main result, that for m > d + 3, classical solu-

tions exist locally in time and they are in C°([0,T,,]; H™(T4)) N
(0. Tl H=(T)

Table 1: Summary of key stages in the proof of Theorem [Il

5. Through convergence analysis, we show the limit does in fact solve equations () and (B])- (7))
with appropriate initial conditions and belongs to suitable solution spaces.

Remark 1. While we establish local existence of classical solutions, proving global existence of solu-
tions is beyond the scope of our work. Proving global existence would likely require first establishing
global existence to the reqularized systems and then showing this global existence is preserved in
the limit. Through our work, we only establish local existence of the reqularized solutions, with an
interval of existence that may depend upon the initial condition (and solution regularity imposed)
and we don’t identify a natural way to “glue” local regularized solutions together to establish global
reqularized solutions.

3 Theoretical Background

This section provides some key definitions of tools (such as mollifiers) that are used in the proofs;
states key results from known literature; and, for the case of our particular model system, various
minor lemmas and computations are presented. Additional results relevant in establishing these
results and the definitions of different solution spaces, etc., can be found in Appendix [Al A reader
more focused on the main steps in proving Theorem [I] can move to Section [l but may wish to refer
back to this section to fill in some details.



3.1 Key Tools

The two theorems below [2] are useful for establishing existence of regularized solutions and in
extending those solutions.

Lemma 2 (Picard-Lindeloff for Autonomous ODE in Banach Space). Let O C B be an open subset
of a Banach space B and let f : O — B be a mapping that is locally Lipschitz, i.e., for any
vg € O, there is L > 0 and a neighborhood Uy of vy so that || f(v1) — f(ve)||x < Lljvy — val|x for all
vy, v € Uy. Then for any vy € O, there is a time T > 0 so that the initial value problem v'(t) = f(v)
with v(0) = vy has a unique solution v € C([0,T);O).

Lemma 3 (Autonomous Extension). Let O C B be an open subset of a Banach space B and let
f: O — B be a locally Lipschitz operator. Let v € C*([0,T);O) be the unique solution to the initial
value problem v'(t) = f(v) with v(0) = vy found by Lemmal2. Then either the solution v(t) exists
globally in time or T < oo and v leaves the open set O ast 1 T.

The Aubin-Lions-Dubinskii Lemma is used in extracting a strongly convergent subsequence of
approximators [27].

Lemma 4 (Aubin-Lions-Dubinskii). Let X, B, and Y be Banach spaces with X CC B (compact
embedding) and B — Y (continuous embedding). For T > 0, let U C LP([0,T]; X) and let V =
{u|u € U} be bounded in LP([0,T]; X) and LI([0,T];Y), respectively. Then if 1 <p < oo and g =1
orp=o0andq>1,U ccC L*([0,T]; B).

We also require the extraction of weakly convergent subsequences [28]:

Lemma 5 (Weak Convergence of Bounded Sequences on Reflexive Banach Spaces). Assume that
E is a reflexive Banach space and let {f,} be a bounded sequence in E for n = 0,1,2,.... Then
there is a subsequence of {f,} converging in the weak topology of E.

Remark 2. In our application, we will be working primarily with Hilbert spaces, which are reflexive.

3.2 Basic Tools

Let € > 0. For 1 < p < oo, we define the mollification operator (¢ acting on a function f € L?(T?)
via

(TOUD () = Y ek fig (8)

kezd

where the discrete Fourier transform of f at k € Z? is

f = [ e payda, (9
Td

The mollifier 7(© has many useful properties. We summarize important properties below [22]

and transcribe proofs in section [Bl of the Appendix.

Lemma 6 (Mollifier Properties). Let d be the number of spatial dimensions. Given the J operator
defined in equation (§)) we have:

1. Let £ > d/2. Then for all v € C*(T%), T[] — v uniformly and
1T O] oo cray < [[0]] oo )



2. Mollifiers commute with weak derivatives: Ym € NU{0},Vv € H™ V]a| < m,
0T ) = T[],

3. For all v,w € L*(TY),
[ (s = [ (79w,
Td T4
4. For all f € H™(TY),
im |7 17] — fllmcony = 0
|TOLf] — £l am-1(rdy < €[] zmray-

5. Let m > d/2. Forall f € H™(TY),v e NU{0}, € {0,1,...,v},¢ >0,
<m,v 6_V||JCHH’“(11“1)

T QU rmsw ey S
S 6m_y_d/2||J"1H1Lﬂ(1rd)-

1T D" I ooy So
Often intermediate calculations make use of Sobolev spaces [17), 29]:
Lemma 7 (Sobolev Inequalities and L? properties). Let € be a subset of R

1. For allm > d/2, H™(Q2) is a Banach algebra, i.e., for all u,v € H™(Q):
Hm(Q)H’UHHm(Q).

wv|[m@) S [lul
2. (Gagliardo-Nirenberg Interpolation Inequality): let f:Q — R and let 1 < q,r < oo. Let a be

a real number and j € N such that
l-«a

Ja +

[ 3

(

+
S

q

Sl =
IA I
Q Q..
VAN
—_

Then there exists C' > 0 so that
1D? fll oy < CUD™ flI 2yl f 1] ay-
=1,.,N and% = Zi]\ilp%_ then

3. (Generalized Hélder’s inequality): if f; € LPi(Q2) for i

N N
| Hi:l fiHL*(Q) < Hi:l HfiHL”(Q)‘
4. When m > m/, we have that H™(Q) cC H™ (Q) is a compact embedding, i.e., every bounded

sequence in H™(Q) has an H™ (Q)-convergent subsequence.
5. (Hélder Embedding) The space H™(Q) C C**(Q) for m > a + k + d/2.

Lemma 8. Let K > 0. Let f : D CR — R and g: Q CR* = D with f € C™(D), ||f|lemp) < K,
Q bounded, and g € H™(QY) for an integer m > d/2. Suppose that f(0) =0 then
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1 o gllzm@) Sr gllzm@) + 9] [Fm @)

2. Furthermore, if m > d + 2, then

||fog||Hm(n 7 L+ Bllgllzmey S (1+ B)llgllamray

where B = ||gHg1 S gllfmiq) < o0, B= Hg||2}ﬁ+(lﬂ S Hg||7Hn$zQ < 00, and b* is the largest

integer less than or equal to m/2 +1.

The following lemma becomes quite useful in handling the H™(T?)-energy of approximating
solutions.

Lemma 9. Let m > d + 3 be an integer, o be a multi-index with |a| < m, and Q(-,-) be bounded
and continuous. Furthermore, let s either be the empty set or the set containing a single order 1
multi-index and let o be a nonempty set of multi-indices whereby

e maxce, (| < |al, and

d ZME% |/”L| _I_ ZCEO’ |C| S |Oé| _I_ 2
Lastly, define b* to be the largest integer not exceeding m/2 + 1 with B = ||gHgirl Then for all
g € H™(T?),
| [ Q.o [] 0%t T oFota)dal £ (1+ B)lallimcen:
HeEx (€o

Remark 3. While m > d + 2 could have worked, this assumption on m is useful in Lemma[13.

3.3 Specialized Results for Our System
For simplicity, we adopt the notation that pu = u™p — kM (p) where

u=p
M(p) = ———.
(p) = 1 -
With this, we calculate
V(pu) = u"Vp—VrM(p) — cM'(p)Vp (10)
A(pu) = utAp — AxM(p) = 2M'(p)Vr - Vp — kM (p)Ap — M" (p)|Vp[? (11)

We note other authors have studied similar equations with some monotonicity restrictions and
established local existence via fixed point methods [19]. Owing to the unknown and possibly time-
dependent sign of Ak, Equation (II) may fail to be monotonic in p.

Lemma 10 (Sobolev Bounds on Model). Let p and u be as in Equations equations (I))-() with
m >d/2, p>0. Then:

1| pullgmeray S |lpl mmray + 1101 Fm (pay
m—+2

2. NAGpW)[meray Sm |lpllamrzwey + ol Fmraeay,
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3. |wpllameray Sm |0l gm ey,

4- N ypull | gmeray Sm 1ol z2ray < lpllgm(ray, and

5. Nvpullmcray Sm (ol mmcway + 1o Fm gay-

Part of our work in showing local existence will require Lipschitz properties of the evolution of
the model. For this we use the following lemma.

Lemma 11 (Lipschitz Bounds). For i = 1,2, let p; > 0 and u; represent a density and unattrac-
tiveness as in Equations ([{)-2]) with m > d/2. Suppose that p1 and py are also both in a bounded
set A in H™(T) with sup cp ||p]| grm(ray = U. We observe M and all its derwatives are bounded for
positive arguments. Then:

1. |[M(p1) — M(p2)|

H"”(Td) gm,U ||p1 - p2HHm(Td) + O(le - p2||%{M(’]Td))’

2. ||prur — paus Hm(Td) Smu o1 — ﬂzHHm(qrd) +O(|pr — p2H§{m(’]I‘d))7
3. |Jw(pr — p2)||Hm(Td) N p2||Hm(Td)>

4- v (prua = paug)||pmray Smu [lpr = p2llameray + O(llpr — P2H§Im(w))a and

H"”(Td) _'_ O(le - p2| %{m(’]rd)»

5. Uy (prua — paua)]||rm(ra) §m,Hp1HHm(Td) [lp1 = pe]
Remark 4. Lemmas 10 and[11] apply equally well to the autonomous system.

Remark 5. For the bounds we establish in our results throughout this paper, we will not be concerned
with dependencies upon 6, u™,u™, or p.

4 Intermediate Results and Proof of Main Result

Our proof is now done in stages.

4.1 Step 1: Local Existence for Regularized Problem

As a first step towards proving solution existence, we consider regularized equations. The regular-
ized equations ensure that even with the differential operator, we map from H™(T¢)-functions to
H™(T?)-functions so that Picard can be used. We first state some results that apply equally well
to the autonomous and nonautonomous systems, before restricting ourselves to the autonomous
hypotheses.

Proposition 1. Let € > 0 and m > d/2 and define AL H™(T?) — H™(T?) to be the nonlinear
operator

A [p] = 8T VAWt T ] — kM (TO[p)))] + 1 — wp + (I[ypu] — ypu).

Then for all t > 0 where 0 < p1,ps a.e., 0 < TOpy, Tpy with p1 and py in a bounded set
A C H™(TY), we have

€ € 1
14 [o1] = A (el (9 S 11 = P2l + 5O lor = pallfmey). (lor = pallsmizsy 4 0)
where sup e p ||pl| gm ey = U

10



Proof. We examine the difference
A (] = AP [pa] = 6T AT T pr = pa] + £(T VM (T [pn]) = M(T[pa])]))]
—w(p1 = p2) + Iy(prur — pauz)] — y(pr1us — paus)

and consider each term. Each of the terms on the right-hand side have previously been studied in
Lemma, [I1] except for the Laplacian term. For that, from Lemma [0, we have

1TOAT o1 — p2llllm(nay < 1AT o1 — po]] Hm(T?)
< |IT9 N1 = pallgrmearey

Sm §||,01 — p2| H™(T4)

and

79[ (1)) = M) |

SIM(T o)) = M(Tlpa)) |z
Smu ||~7(E) [p1 — P2]||Hm+2(1rd) + O(||~7(E) [p1 — pal|

H™ (Td)

2
Hm+2 (’]I‘d) )

1 1 .
S Sller = pallamn + ZOUT Vo1 = pollffims))-

In moving between the lines we decreased from H™2(T4) to H™(T¢) at the expense of acquiring
an e 2 prefactor (Lemma [B). The U-dependence stems from Lemma [Tl
As

147 101) = A [pall 1 ey < 16T LAt T p1 = pa))]l a1z
+ 18T ARITIM(T o)) = M(T[pa])]))

+ [lw(pr = p2) | zmeray + [[I[v(prus — paua)]|| gom(ray
+ [lv(prur — pau2) || grm ey,

Hm (’]Td)

we are done.
O

Remark 6. While studying our model, it is sometimes convenient to view p(t,x) as a function of
t, taking values in a suitable space such as H™(T¢). We may then write p(t) to represent p(t,-) and
similarly with p'9 for a reqularized solution, etc.

Remark 7. We also have

1A o]l 1mpay S 1l amcray + 119 srmray + 110 i pay + 1T Q10N iz ey + 11T 1o [57522 ay

m+2
Hm (’]Td) .

LERRTING)
Hm(Td) + m”ﬂ |

1 €
Hm(Td) + 6_2HP( )|

Se [l

for p, T9p >0 a.e. belonging to H™(T?).

At this point, we focus on the autonomous system and state a theorem on local existence to
regularized problems.
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Theorem 2 (Local Existence and Uniqueness for Regularized Autonomous Problem). Let € > 0,
m > d/2 be an integer, and py(x) € H™(T?) be given with ess infra py = py > 0. For K > ||po||grm e
2

arbitrary, define the open set Ox = {p € H™(T?)| ||%||Loo(']rd) <=, ol grm(ray < K}. Then the
0

reqularized version of the autonomous system (equations (I) and @)-(T)) given by
pi” = 6T (ut T = sM(T )]+ = wp + Iyp ] = p 0, (12)

with p(0) = po and where u'9 = u(k, p'9) has a unique solution p'9 € C*([0, Tk cm); Ox) for some
TK,E,m > 0.

Proof. By Proposition [Il the autonomous version of Age),A(E), will be locally Lipschitz on Og.
Then by Theorem [ there exists T, > 0 so that the initial value problem p©'(t) = A©[p©)],
p9(0) = py has a solution pl9 € C([0, Tk c.m); Ok ). O

Remark 8. It is possible to establish such local existence for the nonautonomous system as well.
Details appear in Appendiz Section [4l

4.2 Step 2: H™(T?)-Energy Bounded Independent of ¢

What we previously established is that for each € > 0, regularized solutions exist and either stay
in Ok forever or leave the set as t T Tk ., (Lemma [3). Unfortunately those times could depend
on € and K. In this step, we show it is actually possible to find an interval of existence [0,7,,],
independent of K and e, on which all solutions p©) exist and stay in Og. As an additional bonus,
we will show solutions are a.e. more regular than at t = 0. In this section, several times are defined
and Table [2] helps to clarify their meaning.

Time | Meaning

Tk em | interval of local solutions: depends on €, the set O, and m

Wi guaranteed interval of existence for FE,,(t) satisfying a differential inequality
for the H™(T%)-energy, where E,,(t) treated as independent of p©)

Tk em | minimum of Ty . ,,, and w,,

Tom time where solution is guaranteed to be bounded below suitably

T, the minimum of w,, and To,m after suitable K chosen

Table 2: List of times in analysis.

Our first main result is Proposition 2l

Proposition 2 (Control of Energy). Let p' be defined as in Theorem[d and let m > d* := 3 +d
be an integer. Then there exists a time w,, > 0 and a continuous function E,,(t) defined on [0, w,,]
With &n = || Eml| Lo ((0,0m]) < 00 whereby

1. for alle >0, ||p\]]2 mpay < Em(t) on [0, min{wn, Tk em}) and

12



2. 5l1p 9|13
Moreover,

3. on [0, min{wm, Tx.em}), B (t) = 11p] Fm (T4

satisfies

B (1) S EQ 4 (14 BB
5 (E(e 1/2 4 Eg)(m+3)/2>’
where B ~ ||p¢ ||Z"§,+(1Td and b* is the largest integer not exceeding m/2 + 1.

4. We also have that for some C > 0, for all e > 0,

(EL0)V2 +20t)2, EL0) <1
—(m+1)/2

<&, <oo (13
(B (0) — (m+1)Ct)~Hm+)  Bl) > 1 =¢ (13)

EO(t) < Ep(t) = {

on [0, min{wn, Tk cm}). Also, Ef(,fb)(()) = E(0) = 3||po| |2 m(Td)"

Proof of Proposition[2. We first note that if m > d + 3 and p© € H™(T¢). We define o*(m) =
m/2 + 1 and note that all derivative orders j with j < o*(m) for J©[p9] and pl© are in
L>*(T?) and bounded by ||P(E)||Hm(1rd) — from Lemmal, || D7) [P(e)]HLm(W) ST [P(E)]HHm(Td) S
o] Hm('ﬂ‘d) We shall denote b* to be the largest integer less than or equal to ¢* and B =
||p ||Cb* (Td)*

We define EN(t) = 11p@ ||7m (zay and consider EY ( = jaj<m Jya O 9°p9°p\9dz. Let o be a
multi-index. We use Lemmas [§] and %IIII and to find

Bt =Y / 8 p 92 pl9d

|ao| <m

= / 0 p 0 (79 [5A TV p)]

|a|<m

= KM(TOpO)] 41— wp + Irp ) = ypu ) da

<Y s / 00" TOA(u* TO[p) = kM(T (o))

ja|<m

ﬂmeWMmewwmewq

+ 1P gy + o s

S 16 ey + (1 + B 16 By gy

300 [ 000 TN TN — (T (14)

la|<m

Am§j/aaaa NA(* T[] — kM(TO[p])]dz

|a|<m

+ 10 ey + 10| [y (15)

13
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We used that [[1puO |z < [Pllamcen 10Out — KM (P limgzy S 116 lameen, + (1 +
B0 | g ray-
We need to focus our attention on the term

X - Z/WWWGUWW%MWW%W

|a|<m

/ 9 p9 7| 80‘( (ut T [p) —FGM(j(E)[P(E)])))]dx

|a|<m

S [T N (AT 1) — kb (Tl

|ar| <m

Z/ 7O INT - Vo (u TO[p9] — kM(T[p)]))de

|a|<m

S Z / VT O] v (ut T[] — kM(T[p)))dx (16)

We made use of the argument of the outer J(© being in H>(T%) (i.e. in H™(T?) for all m), the
L?(T%)-properties of the factors, and p& € H™(T?).
For any |a| < m we have the terms of X are
< NT O meray x (@[T mray + &M (TN )
< NNT QN armzay x (@[T QN srmway + |1l Lerm oy | (T O[N] 1m0
ST N zay + (1 + BT O )
SOy + (L + B0 T e
S ||P| Hm(rdy T o] o

Hm ’]Td
And so we only need to concern ourselves with the case |a] = m. Then

vVor g [p(ﬁ)] . Vo (UJ’_j(e) [p(e)] — kM(T© [p(e)]))dx

Td

_ Z aa—l—el (e ]aa—l—el( +j(e) [p(e)] . HM(j(e) [p(e)]))dl’

-/,
o+ e;
_ Z < 4 )8@& Z M(\O\)(j(ﬁ)[p(E)]) Haéj(e)[p(e)] de.

B<la+e; c€P(ate;—B) (eo

o 7] [ wterre 7O

At this point, we consider multiple cases upon the terms of the integrand being summed over 5 and
o. The form, F'; of many of the terms being summed can be represented as

QT[] )+ T O[p)] H T p],
Td

Ceo

where > ., [C|=m +1—|B|.

14



e case 1: all terms being summed where |B| > 2, after a single integration by parts, take the
form

C, = Q(T9p 1Yo T [p(E)]aeij(E) [p(ﬁ)] H VA [p(e)]d:):
Td

C€o

+ | @I 2" g O[]0 TV p e
Td

C€o

+ [ Qs(T9p 9], 2)0°T9[p'] H T 9p9dz,
Td

¢ea

where |a| = m, Zce& IC| < m, |6] <m —1, and @, Q2, and Q3 denote smooth functions in
their arguments. Then, by Lemma [0 we conclude that

Cv S (L4 B pmray S WP Fmeray + 110 ey
e case 2: all terms being summed where || = 1 and |o| = 1 take the form

Cy = 9o+ 7O [p 0% kM (T [p]) o= 7O [p9)]da,
Td
where j is some value in {1,2, ..., d}.

The terms can be integrated by parts once to furnish

1
©= / 5(8a+ei_ej T ple))? ((‘9263' KM (T pl) + 9% ,{M"(j(ﬁ)p(ﬁ))aejp(f)) dx
Td

1
< SR RM(TDp) + 0 M (T )0 09|

% / (aa-i—ei—ej j(s)p(e))2dx
Td
S 1+ BY N0 pay
< 1+ 10 Lm0 By

= 110 czay + 116G ey

where the B-term comes from the boundedness of the terms in the norm, with D*p(® bounded
by BYm+D),

e case 3: all terms being summed where || =1 and m > |o| > 2 after a single integration by
parts take the form

Cy:= | QTP 2)0" T [ [0° T p)de
Td

C€o

+ [ Qu(T9p9],2)0°T 9 [p9)0% T O [p)] H T 9p9]dx
Td

Ceo

+ [ Qs(T9 [, 2)0° T [p')] H T [p9du,
Td

¢eo

15



where |a| =m, > . [C| =m +1, [6] <m, and Q1, Qs, and Q3 denote smooth functions in
their arguments. Then by Lemma [ we conclude that

m+3
Hm (’]Td) .

Cs < (14 B ey S 110 gy + 110

e case 4: the terms where || = 0 and |o| = 1 can be grouped with the term involving no
summation over 3 or ¢ to obtain

Cy = — aa—i—eij(s) [p(e)](u—i-aoc—i-eij(e) [p(e)] . KM/(j(s) [p(e)])

Td

x 9ote 7O [plI])dz.
The terms can be rearranged in a more transparent fashion:
Ci== [t = ()T e <0
Td

since u™ — kM’ > 0.

e case 5: the terms where |B| =0, maxce, [(| =m (so that |o| = 2) take the form
Cs = gotei () [p(e)] kM (T [p(E)])8a+ei_€j J© [p(ﬁ)]a% J© [p(f)]dx,
Td
for some j € {1,2,...,d}.

We integrate by parts to obtain terms of form

C. — / Ligotemes g 0))2
Td 2

X (aej HM//(j(e) [p(e)])aejj(e) [p(e)] + mM”’(j(e) [p(e)])(aejj(e) [p(e)])2
+ kM (T [p(ﬁ)])a%j J© [p(e)]) dx

< %l 0k M" (T V[0 T [p1] + kM (T [p]) (0 TV [p'9])*

M (TN T O g x [ (@47071]p1%]2da
T

2

H"”(Td)

N (||/7(6)HH"L(W) + ||p(€)H%Im(Td))"p(E)H%Im(’]I‘d)
= 101 mezay + 110 m ray-

< (Bl/(m—i—l) + B2/(m+l))||p(s)|

e case 6: the terms where |B| =0, max¢e, || <m —1 (so that |o| > 2 and 3., |(|=m+1)
after a single integration by parts take the form

Coi= | QT[] 2)0" T [] 0 pidz
Td

C€o

+ Qa2(T 9], )0 T p @05 T [pl)] H T [plda
Td

Ceo

+ | Qs(T9[p)], 2)0° T p® H T [p9du,
Td

¢eo
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where 3 .5 [C| = m + 2, [6] = o], and Q1, @2, and @3 are smooth functions in their
arguments. In this case, through Lemma [9 we find

m+3

Co < (14 B0 3 ey S 0o zay + 100y

From all preceding cases, we conclude

ES (1) S 110wy + (14 B0y (17)
S o meray + 11| [fmtpay (18)

so that there is a C' > 0, independent of €, where

)1/2

E9 ()< C (E<€

I E(E) (m+3)/2>

(19)
We used 1+ B< 1+ B.

While E was originally defined in terms of the H™(T%)-norm of p{?), we can also consider it
a function in isolation evolving according to the differential inequality (I9). For the rest of the

analysis, we treat EY as such.
We note that if Ey(,fb)(()) < 1 then until EY reaches 1 (if it does),

1/2

E9'(t) < 20E

Also, if Er(ﬁ)(O) > 1 then (in the worst case where it stays at or above 1)

BY' (1) < 20E0 "2
Thus,
) (EQ(0)/2 +204)2, EY(0) <1
EQ () < Bn(t) =19 7 iy ofmtt) © <oo (20
(Ew(0) — (m+1)Ct)" V) Bl0) > 1
over [0, Tg) where
LB - p9(0) < 1
Tr = E(E)(O)f(m+1)/2 © (21)

Choosing 0 < w,, < Tg completes the proof of (1), (3), and (4), and while EY could blow up
in finite time, it is finite over [0, w,,|. The time w,, may depend upon m but not .

By moving the terms of case 4 to the left side of the overall inequality we built for Ey(ﬁ)/(t), we
can actually show that E(e)/( t) + || DT ]HL?(Td EY) s + Ey(,fb)(mﬁ)/z. Then integrating,
we have E (¢ () + fo || DT [p© 1 2(payds < &+ 1/2—1—5 (mH9/2)t < 00 on [0, min{@m, Tk.em})-
This comes from the fact that u™ — /»@M ) is strictly bounded below by a positive constant. Thus

item (2) is established.
]

Remark 9. The function E,,(t) obtained may depend upon m. As the reqularity we enforce upon
the solutions increases, the shorter the interval over which a bound exists may become. The initial
condition may in fact be more reqular than H™(T?).
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Remark 10. The min{w,,, Tk cm} is necessary here because at present we do now know whether
the solution p'9 leaves the set O before wy,. It’s also possible the function E,,(t) ceases to exist (it
is a worst case upper bound) but solutions themselves still exist up to t = T ¢ .

Corollary 1. Let p ), &, and E,, be defined as in Proposition[2 with m > d* := 3+ d an integer.
Then p'9) € L(]o, TK,Qm]7 H™Y(T?)) where TK,Qm = min{w,,, Tk em}. Also, IS ||Hm+1(Td)(t) < 00
for a.e. t € [0, Tk em)-

Proof. The L*([0, T em); H™1(T%))-part part can be gleaned from Proposition Bl In particular it
follows that fo em || Dt 7@ ple) N2 payds < &m + (&m M2 eI T < 0o, Taking € | 0, we
see that indeed, D™+ p(©) € Lz([O,TKvg,m], L2(T%)), which means p© € L*([0, Tk .em); H™1(T4)) or

else the bound could not be independent of €. Then, we must have that Pl € H™1(T9) for a.e.
0<t < Tiem. O

With parameters like TK,Qm, there are a lot of dependencies. The next proposition allows us to
break those dependencies.

Proposition 3 (Reducing Dependencies). Consider the setup of Theorem[2 where m > d* :=3+d
is an integer, E,, is the function found in Proposition [2 with &, = ||Emn||r~(0,@.]), and choose
K ~ V&, so that even if a solution lasted in Ok up to time wn,, ||p°| am(rey < K/2. Let the
solutions pl9) € CH[0, Tk cm); Ox) have a mazimal interval of existence, [0, Tk em) with € > 0
arbitrary. Then

o There is a K*, depending on K, so that on [0, Tk em), ||p§5)||Loo(']1‘d) < K* and the minimum
value of p' is bigger than or equal to Py~ K*t.

e For the maximal interval of existence of solutions P bec! ([0, Tk .em); O ) we have Tiem >
p
Ty, := min{w,,, To,m} where Ty, = T

Proof. By Theorem 2 we have a solution p© € CY([0, Tk m); H™(T%)) with pl9(t) € H™(T?) C
C?(T?). We study the operator A© and note that
ANl pooray = 18T OA(T Ot 919 — kM (TP D]) + 1 — wp'd
+ (I Dut] — w( NN || oo (ray
S ||77||Lo<> Td) + ||wp® ||Hm Td) + 7o u ||Hm(1rd + [ [y ]||Hm(1rd)
+ AT = kM (T [p'N))]] Lo ra )
S nllpeo(rey + ||wp'®| Hm(Td) T+ lvp'“u ||Hm(1rd + [ I[vpu ]||Hm(1rd)
+ 179 = kM (T p E])|

Hm (’]Td)

S 1+ 1p")] Hm(Td) T ||p(€)||THnm(Td)'
The first inequality comes from the Triangle Inequality and bounding || - ||pe(ray of a smooth
argument by the || - || oo(ray of that argument; the next inequality follows from Sobolev embedding

with m > d/2 + 2. Then with p® € H™(T?), along with Lemmas [, § and [T, the final inequality
follows.
On [0, Tk c.m)s ||p(€)||Hm(Td) < K and so we have some K* > ( so that ||A(E)||Loo('ﬂ‘d) < K*. Then

for x € T, \pﬁﬁ’ (t,x)] < K* and thus pl (¢, z) > p, — K*t, which yields item 1.
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To handle item 2, suppose, by way of contradiction, that Tk e, < T,,. We ﬁrst note that on

. . 1 1 1 1
0, Tk ¢.m) the solutions are in O and thus po) < e < K T < . K*TOm < 3 . Also by

By the Extension Lemma (Lemma [3), with finite Tk ¢, either limyz, .
|

The remaining two lemmas in this step can be used to gain one more order of regularity in
solutions after t = 0.

choice of K, since Tk em < @,

‘p(g | Hm ’]Td K or
Loo(Td) = pl. Neither is possible given the bounds above, whence Tk ,,, > T O
FPo

hmtTTK,s,m

Lemma 12. Let p\©), B, E,(fb), and b* be defined as in Proposition[2 with m > d* := 3+d an integer.
Then as long as ||p9||cv- (1) < 00, EY) remains finite.

Proof. If EY) < 1 then there is nothing to prove. Otherwise, if EY > 1, we have that Er(,i)/(t) <
2C(1+ B)Efﬁ) for some C' > 0. While EY) > 1, we have from Grénwall that

E9(t) < E9(0) exp(/t 20(1 + B(s))ds).

Thus, as long as B remains finite, we are guaranteed a finite energy. O

Lemma 13. Let p'9 and T,, defined as in Proposition [3 (note that m > d* := 3 +d). Then
pl9) € C((0,Ty,); H™(T4)).

Proof. From pl9 € H™(T9) a.e. on [0,7),,] (Corollary ) we can see that for each time point
€ (0,T;,) (where p© € H™(T?)), there is a time s' < s where p©(s') € H™(T?). Consider
the ODE system for a function ¢ with o(t = s') = p(s') € H™(T?) as an initial condition.

Then the same analysis can be done to find a solution ¢ € C'([s', s"]; H™"*(T¢)) for some s” > 5.

Furthermore, the energy E¢ )+1 is bounded prov1ded ||p(9)||cs=- is finite, where b** is the largest integer

not exceeding (m+1)/2+ 1. Since m > 34d, ||p®||co= is finite on [0 T.»]. This stems from the fact
that ||p(9]| grm (pa) is finite on [0, 7). Also, the solution stays bounded below by p, /2. By uniqueness

of solutions, o = p'9 on [, s"] with s” > T}, and we have p(© € C*((0,T,,]; H™+(T9)). O

4.3 Step 3: Extracting a Convergent Subsequence in Weaker Space

We ultimately wish to take a subsequence of p(¢) converging to a solution with our desired properties.
Through Lemma [I4] we firstly show that a subsequence can be extracted that converges weakly to
an element of L>([0, T,]; H™(T?)). The weak convegence on its own is insufficient and we thus also
find a subsequence that converges strongly, but in a weaker space. Owing to the nonlinearities in
the derivative terms, maneuvering the equations in such a way as to prove p'® is Cauchy in some
weaker space as € | 0 is difficult. However, we really only require that a subsequence converges and
for that we can use Aubin-Lions-Dubinskii (Lemma []).

Lemma 14 (Weakly Convergent Subsequence). Let p(©) be defined as in Theorem[d and let m > 3+d
where m is an integer. Then there is a subsequence of p'9 converging weakly in L*([0,T,,); H™(T?))

to p* € L=([0, T,n]; H™(T?)).

Proof. From Proposition 2 p© is bounded in L>([0, T;,]; H™(T%)) by some K > 0 for all € > 0 and
thus the sequence is bounded in L*([0,T},]; H™(T%)). By Lemma [ there is a weakly convergent
subsequence p(¢) converging to some p* € L2([0, T,,]); H™(T%)).
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This forces p* € L=([0, T;,]; H™(T%)). Were this not the case then let Z > 2K and let the set
Ty = {t| ||p*/lgmeey > Z}. We have that |Tz| > 0. Let us denote f(t,z) = x1,(t)p"(t,z) €
L*([0, T;,); H™(T?)), where x; denotes the characteristic function on I. Then for all ¢ > 0,

(P = 0", D eaqoaameranl =1 | (0 = 0%, p*) rm ]

Tz

| (( P )Hm(']Td) - ||p*H§{m(Td)) dt‘

o [ e,
77 2
> |Tz|Z7/2.
The second last inequality stems from (p'), p*) gmpay < ||p'||grm (zay||p*|| gm(rey and noting that
on Tz, ||p*||gmmay > Z = 2K > 2||p(6/)||Hm(Td. Thus, p') does not converge weakly to p*,
contradiction. D

Lemma 15 (Strongly Convergent Subsequence). Let p(© be the subsequence obtained from Lemma
and d/2 < m' < m. Then there is a subsequence of p' converging strongly to
p* € C([0, T, ]; H™ (T4)).

Proof. We note that H™(T?) is compactly embedded in H™ (T%), which is continuously embedded
in L>=(T?) (Lemma [7]). We also have that p{? is bounded in L*([0, T},,]; H™(T%)) by Proposition 2.
Thus, if we can show that p\ is bounded in L([0, T}); L°(T¢)) then, by Aubin-Lions-Dubinskif
(Lemma M), there is a strongly convergent subsequence in L>°([0, T]; H™ (T%)). From the proof of
Proposition [3],

165 oo ey S 14 11 Fn -

With this, we can conclude there is a strongly convergent subsequence of p(© converging to p* €
L>([0,T,); H™ (T?)) as e | 0. Since each term in the sequence is continuous over [0,7},] and
the convergence is in the L*-norm over [0,7,,], by the Uniform Limit Theorem, the limit is also
continuous and hence in p* € C°([0,T,,]; H™ (T?)). O

4.4 Step 4: Obtaining a Strong Solution in Target Space

To show that the limit p* € C°([0, T;,]); H™(T?)), we work with the weak topology. The key insight
for this stage is that continuity in the norm plus weak continuity gives strong continuity.

Lemma 16 (Weak Continuity). Let py € H™(TY) with integers m > m’ with m > d* = 3 +d,
m' > d/2 and let p'© and p* be the subsequence and limit found in Lemma[I3. Then Ve > 0, pl) €
Cw ([0, T, ]; H™(TY)) and p'©) — p* in Cyw ([0, Tp]; H™(TY)) as € | 0.

Proof. Since p© € C°([0, T,,,]; H™(T%)), we also have p© € Cy ([0, T;,.], H m(T ). Addltlonally, from
pl9 — p* uniformly on C°([0, T5,,]; H™ (T%)), we have that for any ¢ € H=™ (T%), [, ¢(p)—p*)dz —
0aselO.

Let max{|[p*]] o (0,15, 1(74))> SUDes0 |10 || oo o, )s21m (1) } < UL

We next note that for m’ < m, H=™(T?) is a dense subset of H-™(T“) so that given any
¢ € H-™(T%) and v > 0, there is ¢ € H~™(T) with |[¢ — ¢||g-m ey < v/(3U).
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We wish to prove that for any ¢ € H™(T?), [, #(p'?—p*)dz — O as e | 0. Let v > 0 and choose
¢ € H™™(T?) so ||¢p— @|| g-m ey < v/(3U). Choose € so that € < € gives | [, d(p'9 — p*)dz| < v/3.
Then if € < €,

[ el =l <1 [ ©0=d) 9 oo

cH- m(qrd € Hm(Td)

+| 0 (P —p)  daf
Td S~~~ ——
€H~—™"(T4)  weak H™ (T4) convergence

w[ G- o

€H—m(Td) €H™(Td)
<116 = Ml lloMancen + | [ 369 = )t

+|]¢ — &HH m(Td |||
—U —U
- 3U + 3 * 3U

= V.

Hm (’]Td)

O

Lemma 17 (Norm Continuity Plus Weak Continuity Gives Strong Continuity). Suppose f €
Cw ([0, T]; H™(T)) and || f||m(zay € C°([0,T]). Then f € C°([0,T]; H™(T)).

Proof. Let tg € [0,T]. We wish to show limy_,., f(t) = f(to) where the limit is understood to be a
left- /right-sided limit at the right-/left-endpoint. We compute

Jimn (L) = £(t0) ey = Jim (£(0) = £}, J(8) = S (to)) sy
r%<||f W zrmzay + 11 o) | [3m zay
(1), S (o)) masy = (S (to), F(0)) )
it (115 () ey + 11 60y
umﬂ»WW—UWwamo
im ((£(to). £ (to) = F(O)) p(r
<>ﬂmmmwm)

=0
-

li
t
+(f
0.

To reach equality 3, we used the continuity of || f||gma). To reach equality 5, we used the weak
continuity and that f(¢) converges weakly to f(to) by testing against f(ty) € H™(T?). O

To obtain our strong solution result, we first prove a proposition asserting that solutions stem-
ming from initial data py € H™(T¢) in fact stay in H™(T¢) over their interval of existence.

Proposition 4. Let py € H™(T?) with m > d* : 3+ d an integer and let p'® be the subsquence of
LemmalI8 and p* and T,, be as in LemmalId. Then p* € C°([0, T;,]; H™(T?)).
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To prove Proposition @ we prove a lemma affirming that ||p*|| gm(1e) is continous at ¢ = 0.

Lemma 18 (Continuity Properties of Solution). Let pg € H™(T%) with m > d* := 3 +d an integer

and let p') and p* be defined as in Lemma [I3. Then ||0*|| rm (ray is strongly right-continuous at
t=0.

Proof. From Eq. (I3), for all € > 0, 3[[p\9(|3 0y < Em(t) with Ey,(0) = 3l[po| [} ga)- Then

Tiuny o [p" (6) | g vty < Timgyolime o [0 (8)]] ey < Tingyon/ 2B () = |0 -
Also, since p* € Cw ([0, T,,]; H™(T%)), we have lim, o||p*(t)||gm(ray > ||po||zrmray. To see this,
note that with py € H™(T?),
||PO||?L1m(1rd) = ltifgl(P* (1), pO)HW(Td) = h_mtw(P* (1), pO)HW(Td)

< Timy (119 (8) 2oy 0l Lrngay) = 10l reylimego ™ (8)

Together these give
lgngP*HHm(Td) = |[pol[zrm ray = " (0)[| frm (pa).-

Now, we complete the proof of Proposition [l

Proof of Proposition[J Let 0 < < T),,. Then pl9 € C°((, T,,]; H™ (T%)) for all m’ < m + 1 and,
in particular, p{© has a subsequence (as per Lemma [[5) that converges in C°((0, T},]; H™(T)) and
thus we have p* € C°((0,T,,}; H™(T%)) and ||p*||grm(rey is continuous on (0, 7,]. From Lemma I8,
10" || rm(ray is continuous at ¢ = 0 so ||p*|| gm(ray € C°([0, T;,]). Combined with the weak continuity,
we have p* € C°([0,T;,]; H™(T?)). O

4.5 Step 5: Convergence Analysis

In this final step, we finish proving our main result. The most important element is that the
mollified equation, with its derivatives, in fact converges uniformly to an equation for p* consistent
with equations (Il) and (Bl)-(T). Before proving Theorem [, we first prove establish a couple of
helpful results:

Lemma 19 (Limiting Derivatives). Let m > d* := 3 + d be an integer and suppose that p' is the
subsequence of approximators converging to p* as in LemmalId. Then for all multi-indices |a| < 2,
lim, o J©[0%p9)] = 0%p* uniformly on T? for a.e. t € [0, T,).

Proof. 1t is done by computation and bounding an error. We use Lemmas [6] and [7l
TOW ) = IO+ TP~ )

From p* € C°([0,T,,]; H™(T?)), we have D?p*(t) € C*(T?) where ¢ > d/2. Thus, for 0 < |a| < 2,
lim, o JO[0%p*(t)] = 0%p*(t) uniformly.

Let m > m’ > 2 +d/2. We have pl9 — p* in H™ (T?) on [0, T},] with 0%(p'9 — p*) again € C*,
¢ > d/2. Then with Lemma [0 item 1,

1T (0" = p*) Lo way < N10* (0 = )|y
S - P*|| gt (zay = 0.
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Proposition 5 (Uniform Convergence of pﬁﬁ’). Let m > d* := 3 + d and suppose that p'©) is the

subsequence of approzimators converging to p* as in Lemmalld. Then the sequence pgﬁ) converges

uniformly in C°([0, T;,]; C°(T?)).

Proof. We consider groups of terms for pf’: the terms involving the Laplacian, the nonlocal oper-
ator, and all remaining terms. Denote u* = u(k, p*). We wish to show that all of the spatial terms
and derivatives converge uniformly. We begin with the derivative terms (see Eq. (I)):

lim (TOA @ T — kM(T )
_ 51%1 <u+j(e) AT — TOM(TEpO) Ak + 2M' (T )V - VT p©
+ KM’(j(e)p(E))Aj(e)p(e) + /{M"(j(g)p(g)ﬂVj(E)p(E) |2]>

— §lim <u+ TOAE — M(TOp N Ak — 2M (TO)Vk - VT @

el0
C R M(TO POV AT ) (T o)V T O |2>
= 5lim <u+Ap* — M(TOpN AR — 2M (T )V - V
— kM(T©p ) Ap* — kM (T )| j(f)vp(€)|2>
= 6(u" A" = M(p")Ar = 2M'(p") V- V' — M (07) Ap" — kM (6")| V"?)
= 0A(p*u™).
Above, the second equality came from J[f] converging uniformly to f when f € C/(T?) and

¢ > d/2. Each expression is in fact in C*°(T¢) due to the smooth functions and further mollifications.
The third inequality comes from Lemma [I9 and from selecting 2 + m’ < m and noting that

IATO[p ) = Ap*|[ e ray S [IAT V[0 = Ap|| gy (ay
< |T9p] - P* || w2 pay
< |JTOp ) = T W g2 pay + 1T "] = 0| g2 ay-

Both terms go to zero: the first from p9 — p* in H™*+2(T9) (since d/2 < m’ + 2 < m) and the
second from p* € H™(T?) (item 4 of Lemmal6]). Similar logic applies to the V.7([p(9] — Vp*. The
fourth equality stems from J7[9%p(9)] converging uniformly to 9%p* for 0 < |a| < 2 by Lemma
and making use of the Lipschitz properties of M, M' and M".

The local terms work out trivially since, for each ¢, p) converges uniformly to p*:

lim (77 —wp' —y(up' — kM (p(g’)) =1 —wp* —y(uTp" = kM(p*)).

Finally, the nonlocal operator can be handled by the Dominated Convergence Theorem [30]. We
have that |7(y,z)y(y)p (t,y)u(k, p'9)| < |p'||ec which is finite on [0,7},] due to Proposition B
and Sobolev Embedding. Thus, for each # € T?, the integrand of the nonlocal operator is bounded
by an L'(T¢) constant function and from the convergence of p{9, we conclude

lim TdT(y,x)v(y)p(g’(t,y)U(%(y),p(E’(t,y))dy= /T ly,@)(9)e"(t y)uls(y)e’(t,y))dy.
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To see that the convergence is uniform, let

G9(x) = y [7(y. )7 () (0 (8, y)ulr(y), P, 9)) — p* (8 y)u" (K (y), *(8,9))) |dy.

Then with |7], |y| < 2o, we have
G (@) <Z5 [ 10 w)uls(y), 9 y) = "t y)uls(y), p°(t,y)|dy = 0 as el 0

since pl9 — p* uniformly and |T?| = 1.
U

Proof of Theorem[l. We have m > d* := 3 + d so that H™(T?) C C?(T?) and H™*(T?) C
C°(T?) from Lemma [l From Proposition B we have the existence of a sequence p& — p* €
([0, T, ); H™(T)).

We first verify that p* is a classical solution. Since p* € C°([0, T,,]; H™(T?)), it is also in
C°([0, T;.]; C2(T%)). From Proposition[5], the sequence p\’ converges uniformly over C°([0, T,,]; C°(T<)).
Additionally, limo p{?(0) = py (there is pointwise convergence at t = 0). Therefore lim,o p§5> =
O, lim, o p'9 = p; and we conclude p*(t, ) : [0, T}, x T¢ — R satisfies

p; = 0A(p"u") +n —wp” + I[yp"u’] — yp u”.

Since p; € C°(T?), we also have p* € C([0, T,]; C°(T?)).
Upon examination, p; € H™ 2(T?) since p* € H™(T¢) with D?p* € H™ 2(T¢) on [0, T,,], all the
data are smooth, and m — 2 > d/2. Thus p* € C°([0,T;,]; H™(T%)) N C*([0, T,,]; H™=%(T4)).
]

Remark 11. From Lemmalld we could have already established a classical solution since m > m' >
d* is sufficient for the uniform convergence of pge).

5 Conclusions and Future Work

We have proven the local existence of classical solutions to a particular nonlocal, nonlinear parabolic
PDE with time-independent data. We did so through parameterizing a family of regularized so-
lutions with smoothing parameter ¢ and establishing an interval of local existence for the family
independent of e. By passing to a subsequence, we obtained strong convergence to a solution of
the PDE. This methodology is quite broadly applicable to nonlinear PDEs, but from these steps,
we did not obtain global existence. However, given the smoothing properties of parabolic PDEs,
the nondegeneracy condition in u, and the fact the limiting behaviours of the diffusion term are
well-behaved as p | 0 and p T oo, we speculate that a stronger result holds: that there exists a
unique solution, smooth in all its arguments, that exists globally in time.

The original model allowed for time-dependent data. However, Picard’s Theorem does not
generalize well to nonautonomous ODEs in Banach spaces. While we can establish local existence
of regularized solutions, the continuation result does not hold. This prevented our obtaining a
limiting solution as € | 0 with time-dependent data. It would be of interest to find other means
of establishing existence of solutions with time-dependent data. One perspective is that for many
applications, piecewise constant data may be useful. Thus, assuming the solutions do exist long
enough, piecewise constant data can be combined sequentially.
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Other useful future directions include studying the PDE with initial conditions in a fractional
Sobolev space (primarily of mathematical interest). Our proofs in bounding the energy of Step 2,
for example, were done for integer values of m. As an additional consideration, the model could
be studied with fractional diffusion. Buildings and roads in a city effectively make for a porous
medium and we take note that fractional diffusion equations [31] can be used in such settings to
more accurately model dispersion.
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A Background and Further Proofs

A.1 Background

Derivatives: We will use both D™ and 0% to denote spatial derivatives in x. For an integer
m > 0, we denote

D" f
to be all m™-order z-derivatives of f. So writing |D?f| < C' we mean that all second-order spatial
derivatives of f are bounded by C. For a multi-index «, we denote

o°f
to be the single |a|™-order x-derivative of f specified by «.

Hilbert Space H™(Q2): for a domain Q, m € NU {0}, and f,g : Q@ — R, we define an inner
product

(f, g)Hm(Q) = /8°‘f8agd:c
0<|ar| <
with induced norm
1/2
£l = (F2 ey

Then we define
H™(Q)={f: Q= R| [|f]

Hm(Q) < OO}
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If Q = T? then an equivalent norm upon H™(T?) for real-valued m can be defined via

1 lzmi@) = D (14 [k2)™2]f (k).

kezd

Banach Space LP(2): for a domain 2, 1 < p < oo, and f: Q — R, we define the norm

_ {(fg\f|pdx)”p, 1<p<oo

ess supg|f|,  p = oo.

VAP

Then we define
LP(Q2) = {f : Q@ — R|f is measurable and || f||Lr() < 00}.

Naturally H°(Q) = L?(9).
Holder Space C™*(2): for a domain 2, n € NU {0} and 0 < a < 1 we define the norm

FO () — FO(y
fllcneey = sup 1% fllzmey + sup W= SP@]
18]<n mye oty |z —yl

Then
Cm () = {fl |lfllena@) < oo}

As a convention, we will sometimes use C*(Q) to indicate a Holder space. For ¢ € {0,1,...} the
notation represents the number of continuous derivatives. But for fractional ¢, let ¢ = || 4+ {¢}
decompose £ into a whole number part and a fractional part. We then define C*(Q) := CL/{%(Q).

Banach Space L?([; X): for an interval I C R, let X be a Banach space and 1 < p < oco. For
f: I — X, we define the norm

fllzra = [ (176 |, -
Then we define

LP(I; X) = {f : I — X|f is Bochner integrable and || f||»(1,x) < 00}.

A reader may refer to a book such as that of Ladas and Lakshmikantham [32] for a definition of
the Bochner integral.

Remark 12. If p = 2 and X = H is a Hilbert space then L*(I; H) is also a Hilbert space with
inmer product (f, )2y = [;(f, 9)udt.

Banach Space C"(I; X): for an interval I C R, let X be a Banach space and n > 0 be an integer.
We define

C"I; X)={f:1— X|f is continuously differentiable up to order n}.

For a function f € C"(I; X), we denote f = f'(t) as the derivative of the map f: I — X.
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Space of Continuous Functions in the Weak Topology of H™((2),
Cw(I; H™(Q2)): for an interval I, we define

Cor (I H™(Q)) = {f : T — H™(T)Vé € H-™(T%), / F()éde € CO(1)}.

We can equivalently define

Cw (I H™(Q)) = {f : T = H™(TY)|V® € H™(T), (P, f(-)) am(ra) € C°(1)}.

Inequalities: We will write

Y
if f,g > 0 and f < Cg for some constant C' > 0. In general, the constant C' could depend upon
model parameters. When this dependence is important, we will write

f ,Sa,b,c g

to indicate, for instance, if the constant C' depends on a, b, ¢, and possibly other parameters that
are not relevant.
In a like fashion, we write f ~ g if f,g > 0 and C,f < g < Cyf for some Cp, Cy > 0.

Chain Rule:

Lemma 20 (Faa di Bruno’s Formula [33]). Let f: R — R and g : R* — R. Let a be a multi-index
with order at least 1. Then

O flg@) =Y f1) ] org(
BEP(a) o€ep
where P(«) represents all partitions of a allowing for multiplicity.

Notationally there are many ways of writing Faa di Bruno’s Formula and we have adopted one
that is useful for our computations. To clarify any ambiguities in the statement of the equation, we
consider a concrete example below.

Let f:R — R, g:R* = R, and consider computing 5 sz(g(:c)). We have av = (2, 1) which
we identify with the multiset {11, 15,2} that tracks the derivatives of each component (the subscipts

are added for clarity). This multiset of 3 elements can (allowing for multiplicity) be split into 5
partitions:

{14, 15,2} i.e. Opyzyzad

{11, 1o}, {2} i.e. Opye g X Onyg
{1:},{15,2} ie. 0,9 X Ozy2,9

{12}, {11,2} ie. 0,9 X Ozy2,9

{11}, {12}, {2} ie. Oy g X 0y g X 02,9

Thus, the set



The first element of P(«a) corresponds to |3| = 1, the next three elements correspond to |5 = 2,
and the last element corresponds to |#| = 3. Summing all of this up, keeping each term distinct:

o o > g y &g dg ., dg D%
mf(g(x)) = f(g(fc))er (9(1’))8 28 + f ( ( ))8—x183:18:c2
dg % dg dg Oy
14 I " e
+f(g(x))axlm,lax2 f (g(x))axlé%r18x2’

Nonautonomous PDEs We require the version of Picard-Lindeloff in a Banach space below to

establish local existence of the approximators to the nonautonomous system. See Theorem 5.1.1 of
[32].

Lemma 21 (Picard-Lindeloff for Nonautonomous ODE in Banach Space). Let (X, || - ||x) be a
Banach space with vy € X and define the rectangle Ro = {(t,v) € Rx X | |t —to| < a, ||[v —vol|x <
B}. Let f : Rog — X be continuous in t for each fivzed v. Assume that ||f(t,v)|| < M on Ry
(uniformly bounded) and that for (t,v1), (t,v2) € Ro we have || f(t,v1) — f(t,v9)||x < K||v1 — vol|x
(uniformly Lipschitz in t) for nonnegative constants M and K. Let o and [ be positive constants
such that aM < (. Then there exists a unique strongly continuously differentiable function v(t)
satisfying

V(t) = f(t o), ft—t] <a
U(to) = p.

For a nonautonomous ODE; it is very difficult to say more, such as extending solutions [32].

A.2 Ancillary Results and Proofs

Minor results used to establish the main results of this manuscript are included here. We begin
with Corollaries to Lemma [7]

Corollary 2. Let Q C R Let m > d/2 be an integer and v € H™(Q). Then for all j < m,

||D]U||L2M/J(Q) S ||U| Hm(Q) < OQ.

Proof. Choose ¢ = 0o, r =2, and a = j/m in the Gagliardo-Nirenberg interpolation inequality of
Lemma [1 yielding p = 2m/j so that

1 1—
1070 | 2mss ey S [0l L2l D™l

Loo(Q) L2()
1
< ol 1ol iy
S vllam
In arriving at the last line we used that m > d/2 so that ||v||r~@) S ||v||am@)- O

Corollary 3. Let m > d/2 be an integer and v € H™(T?). Suppose S is a set of multi-indices such

that ) ..q|s| < 2m. Then
/ H@Svdx
Td

seS

IS

< ‘ ‘U| H"”(Td

)<OO.
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Furthermore, if maxges{|s|} < m then

S S
[ TLrelds S lollh e,
T seS
Proof. First assume that maxg |s| < m. By corollary B for s € S, 9%v € L?>™/I5I(T?). Also,

1 1
Z =—-<1.
2m/|s| T

seSs

We will use the the generalized Holder’s inequality in Lemma [7 (item 3). We have

8Svdx§/ 0°vldx
\/H | \H |

< HasvHLT(Td)
seS

< H || 0% ]| L2m /151 (pay

ses

S H ||U||Hm(1rd)
ses

5]

H"”(Td)'

= [vl

The second line comes from noting that r > 1 so that the L*(T%)-norm in the first line is controlled
by the L"(T?)-norm. The third line comes from the Generalized Holder’s inequality and the fourth
line comes from Corollary

If there is s € S such that |s| = m+ N for some N > 0 then the sum of all remaining derivative
orders cannot exceed m— N. By applying integration by parts N times, without boundary terms, we
can arrange a sum of terms on which the largest order derivative is m and the sum of all remaining
derivative orders is no larger than m. Then the preceding argument holds. O

Lemma 22 (Expanding Products in Differences). Let S be a finite indez set of size |S| and place
an (arbitrary) strong ordering < on its elements so S = {s1, 52, ..., 5|5} where s; < s;41 for i =

1,...,|S| — 1. Suppose that we enumerate {fs}ses and {gs}ses in such a manner. Then
S| S| S|
H‘fsl_Hg‘gL:Z(‘fsl_gsl) H ij H gsk
i=1 i=1 i=1 1<j<i |S|zk>i

Proof. We proceed by induction on |S| and assume without loss of generality that S = {1,2,...,n}.
If |S| = 1 then we only have f; — g; so that both products are empty and the sum is just f; — gq.
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Otherwise, suppose the identity holds for |S| = n. Then

Jroforr = 91-Gn1 = fro fo(for1 — gnpr) + (fl---fn - 91---9n)9n+1

_fl fn(fn—l—l_gn—l—l +Z< gz H f] H gk) Gn+1

1<5<4 n>k>1i
=1
——N—

= (far—gar) I £ ] o

1<j<n+1 n+1>k>n+1

+z( Tl I gk)

1<5<i n+1>k>1q

gi( o) [ % 11 gk>-

1<j<i n4+1>k>i
]

Lemma 23. Let Q C R? be bounded. Let f € C™(Q) and g € H™(Q) for an integer m > 0. Then
[ f9] H™() S ||9||Hm(9)

Remark 13. If m > d/2 then since f € C™(Q), we have f € H™(Q), too. The Banach algebra
property for m > d/2 makes the proof trivial.

Proof of Lemmal23.
ol = 3 [ 10°(79)Pas
|| <m
2
= Z/ < )aﬁfaa Pg| dz
|| <m B<a

< 3 Jalf(sup 0717 / 3 ool

|a|<m BLla

Stm gl %{m(ﬂ)'

O

Proposition 6. Let f : D C R — R and g1,92 : & C RY — D be such that f € C™(D) and

g1, 92 € H™(Q) for an integer m > d/2. If f(0) = 0 and f has bounded derivatives on D up to order
m then

||f091—f092|

@) Smllgrllam 191 — 92llam@) +Olg1 — g2llfm), (g1 — gollam@) 4 0).

Remark 14. In other words f o g is locally Lipschitz in H™(S)) when acting upon functions of
H™(Q). We also note that in examining the proof, that the corresponding Lipschitz constant can be

expressed as a continuous function of ||g1||mm(q) where the constant S (1 +1[g1][Fmqy)-
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Proof of Proposition[@l. For convenience we denote K, to be the bound on the absolute value of
the m'™" derivative of f.
We need to compute

> [ fomPi

0<|a|<m

Note that when o« = 0 we have [0°(fogi — fog)| = |fog — fog| < Kilg1 — go|- Thus,
Jo10°(f o g1 = fog)lPde < Killgr — gallfoiq) < Killgr — gollfpmq)- For |af > 0, we begin by
examining

2

0°(fogi—foglP = Y. (f('ﬁ’(gl) 179 — F7a) T 3”92)

BEP () oep o€

— Z (f(lﬁ)(gl) H@crgl _ f(lﬁ\)(g2) H8092> y
(@)

B,B'€P (e oep oep

<f(6/|)(91) 1179 — %) ] 80/92) : (22)

o’'ep’ o'ep’
Thus, the squared a-th derivative is a sum of products of two factors of the form
(f(ﬁl)(gl) H g1 — f(wl)(gﬂ H 0“92) .
oep o€

We now attempt to prove each of such factors are in L?(2) so that Cauchy-Schwarz can be utilized.
Assuming this can be done,

||f(|m)(91) H g1 — f(wl)(gﬂ H 0092||L2(Q)

o€p o€p
T
< ||f|m (1) (Ha g1 — 1_[8 92) HL2
oEeB ogeB
75
(LI (g0) = 90 (g2)) [T 0 g2HL2
o€l

Now we must justify that both terms on the right-hand side are in fact in L?(Q) and, more
importantly, with a nice dependence upon ||g; — ga||gm (). We commence with 75 noting that from
Corollary 2] each §7g, € L?°/171(Q)) and, furthermore, > scp o] = |a] < m. Thus, by the generalized

Holder’s inequality with -, W = 1, the product must be in L?(€2). As the difference term in
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T5 is bounded by Kig||[g1 — g2/|z=@) < |l91 — g2l|mrm (@), we have

T S g — gallam@l H5092||L2(Q)

oep
< lgr = g2llumey [T 1107 gall p2rarsior o)
o€l
< lgr = gallm@y [ ] g2l m @)
o€ef

< g1 = g2|lam @) (l91llam@) + |l92 — 91l lm )W
B
S Mgillh oy llgr = g2llmme) + O(llgr — g

Hm(Q))-

To manage 77 we need Lemma [22] assuming an ordering on the multi-indices with L(o) = {1 €

Bl < o} and G(o) = {¢ € Blo < ¥} (< denotes the ordering of the multi-indices in ), and
employ similar logic as for T5:

= ||/ ) [ D00 —9) [ a0 [] 0 ¢

oeB o’'eL(o) o''€G(o) L2()
<Kpd ||@g-g) [T 0 I 00
o€ o'€L(o) 0""€G(o) L2(Q)
S Kw‘ Z \\80(91 _ g2)||L2‘amg\ H ||80 gl||L2\a\/\gl\ H Hao g2HL2\a\/\o”\
o€ o'€L(o) 7"€G(0)
< Kig ) llg1 = gellmmey max(||gu| . g2l [ (e) 7
ocp
< Kig > llor — gallmmiey (anllimeey + llgz — gall )"
ocp

Bl-1
Sl = gellmm@llgrlli + OUlgr — gal fimey).

Here, we again used that m +D e L(o) W +D o €G(0) 2|a‘ T = = 1/2 so that the overall product
is in L?(Q2) and by Lemma [7, we can multiply the terms. We again remark that this bound has an

O(|lg1 — 92||Hm(q)) dependence.
The result of analyzing 7} and 75 and the a = 0 case is that

1 091 = f o galliim@y S (14 llgal*™)llgr — golliim oy + Ollgr — gallzpmpa) ).
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A.3 Proofs of Major Results not Included in Main Body
A.3.1 Proof of Lemma [§

Proof of Lemmal8. We compute as follows:

170 alfmey = [ oo 3 [0 o)

0<|a|<m
§K2/ Yz + )y /| > P[] o7glde
0<|al<m & BeP(cx) oep
Slalfa+ X 3 [ 1@ [Lor TT &gl
0<|a|<m B,5'€P(x) o€ep o’'ep’
ol + > Y /|Ha“gHaag|dx
0<|a|<m B,5'€P(cx) oep o'ep’

At this point, we note that for each o, > 50| = |a] < m with 1 <[f] < |a| and likewise for

the primes. Using Corollary Bt for each «, the terms in the summand are < ||g||? m) T Hg||§ﬁ|(9

(there are at least 1 and no more than || factors in each [[-product). Whence, summing over «,
and taking square roots, we obtain the first desideratum.

From here on, we assume that m > d+2 and we define 0*(m) = m/2+1. By Sobolev embedding,
all derivative orders j with j < o*(m) are in L>®(Q).

We also define L*(«o) = {f € P(a)| maxyes|o| < o*(m)}, and
U'(a) = {8 € Pla)] maxyep|o| > o*(m)}. This separates a partition into sets of multiindices
where the maximum order is “small” or “not small.” Note then that P(a) = L*(a) U U*(«) and
|U*(@)| < 1. To see this, note that >>, ., o] = [U*(a)[(m/2 + 1). Then if [U*(a)| > 2 then
Zan*(a) |o| > m+2 > m and this is a contradiction as the sum of derivative orders cannot exceed
m. Continuing from before,

17 2 sllimey S ol + Y > /\Haogﬂaag\dx

0<|a|<m B,8’€P(a ocp o'ep’
Slollimey + Y. >, JJle" 9||L°°(Q IT 1197 gl
0<|a|<m BEL*(a) o€B a’'ep’
B'eL* ()
Ts
2 3 % Tslee T 167l [ 079l
0<|a|<m BeL*(a) o€p o'ep! Q
B'eU* () lo’|<a*(m)
T3
N T T Y
0<|a|<m BeU*(a) o€ o'ep’ &
B'eU*(a) lo|<a™(m) lo’|<o* (m)

where 3 and 3’ denote the single derivative of maximum order in those sets 3 and 5’. By con-
struction, the L>°(§2)-norms of the derivatives in the L* sets are controlled by ||g||gm ). We denote
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C = ||g||ce+ where b* is the largest integer not exceeding o*. Then
T, T, Ty S|l [m ey (1 + C777),

which we can see by bounding each term of T}-T3 by a factor with ||g|

Frm(q times a remaining
factor that has zero factors at minimum (the 1) or 2m — 2 factors at maximum (the C*"~?). We
also used that the integrand in T3 is in L?(2) and both factors in the integrand of T3 are in L*((2).
We therefore have that

1f 0 gllEimey S Mgllimey (1 + B =
1f o gllam@) S Mlgllam@ (1 + B)

where and B? ~ C?*™2,

A.3.2 Proof of Lemma

Proof of Lemmald. We first note that with m > d + 3, then derivative orders up to and including

m/2 + 3/2 are controlled by ||g||gma) (in particular, derivatives of orders up to and including

m/2 + 1 are controlled) and thereby BY™ ™) < ||g||ym(pa). Above m/2 + 3/2, derivatives are in

L2(T9) up to order m. The set o can have no more than 1 element of order larger than o* = m/2+1.
If [5| = 0 then )., |[¢] < |a| + 2 and max¢e, |C| < [a. We seek to bound

[ eIl # g

(eo

If there is one ¢ € o with |¢| > ¢, it can be pulled out into an L?product with 9% with the
remaining 0 to |a|+ 1 g-factors bounded in L>°(T¢) by BY(™*+1) along with @ being bounded itself.
If there are no such ¢, any one can be chosen for an L?-product with 0% and the remaining factors
again bounded. The resulting bound would be < ||g|| gm ey (1 4 BUalTD/(mF1)),

If [3¢| = 1 then >, |¢] < |af + 1 and max¢e, (] < [af. Suppose 3 = {e}. We seek to bound

[ oo T el

(eo

If there is a single ( € o where || > %, it can be pulled out with an L?*product with 9* and the
remaining 1 to |a| g-factors along with @) bounded. If there are no such ¢ then 0“gd°g can form
an L?-product with the remaining 1 to |a| + 1 g-factors and @ bounded. This results in a bound
< ||g||HM(Td (Bl/(m+1) + B(\al-l-l)/(m-i-l))‘

Combining both results, we bound with (1 + B)||g||? m(Td)- O

A.3.3 Proof of Lemma
Proof of Lemmalld. 1. We have

HPUHHM(W) = ||U+P — kM (p)] Hm (Td)
S wpllem(ray + 6] gmzay M (0) ]| zm (e
S 1]

m(ray + |0l Fm pay-
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We used Lemma [8
2. |[A(pw)||mrmray < || pul grme2(ray.
3. TI'IVIalZ ||wp||Hm(Td) S ||C<J| H7”(Td)||p||Hm(Td)'
4. We compute

2
Moy = 32 [ 102 oty an)| da
la|<m
2
=3 [\ ety s
jaf<m /T 1T
2
< Efn/ / vpul,dy| dz
e |JTd
fmz/ ||P||%2(1rd)d55-
Td
We used that u € (0,1) and that v is bounded.
5. This is also trivial: ||ypul|gmray S |[7[|gmera)||pwl] mm ray.- O

A.3.4 Proof of Lemma 1]

Proof of Lemmal[l1. Most proofs are trivial. Item 3 is obvious from Lemma [I0. Item 1 follows
directly from proposition [0 taking into account Remark 14l Items 2, 4, and 5 follow from it. For
example:

[lp1ur = paus||gm(ray = [uF(p1 = p2) — &(M(p1) — M (pa)|| grm ray
< u'[|pr — pol wm(ray + |[E][m ey | [ M (p1) — M (p2)|] m ra).

A.3.5 Local Existence and Uniqueness for Regularized Nonautonomous Problem

Theorem 3 (Local Existence and Uniqueness for Regularized Nonautonomous Problem). For any
€ > 0 and initial condition po(z) € H™(T?) with integer m > d/2 and py > essinfrapy > 0
a.e., there exists a unique positive solution p© € CY([0,T.,,]; H™(T?)) for some T.,, > 0 to the
reqularized version of equations (I)-(4):

pi” = 0T A (ut TIp) = wM(T PN 0 = wp) + Tlpul)] = 4p ), (23)
where u'® = u(k, pl9).

Proof of Theorem[3. We need to verify the conditions of Lemma 21l With Af) defined as in propo-
sition [1l we have

€ € 1
14 1] = A (2l 2y < K lpa = pallsimezsy + 5OUlor = pallfge )

for a Lipschitz constant K that is independent of ¢.
Define

= essinf
Py s Po
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and choose (1 (€) > 0 so that when ||p — pol|gm(re) < B1, we have

l[p — /00||L°°(’]1‘d) S e — pol Hm(Td) < 30/2

and
||~7(6) [p] — j(e)[pO]HLOO(Td) <|lp— p0||L°°(Td) Slle— pOHHm(Td) < 20/2
Now we choose 0 < (e) < Bi(e) so that when p1, p> € {p| [|p — pol|gm ey < Bi},

o1 = pollgmeray < B implies [ AL [p1] — AL [pa] || m ey < 2K] o1 — po
Lipschitz condition.
We have that if ||p — po||grm(rey < B8 then p, T9p > 0 a.e. (positivity stems from the maximum

gm(rdy- This gives a uniform

principle observation given in the proof of Lemma [6]). Then, by Remark [7], A,Ee) is bounded for
p in this bounded set by a constant we call M. If we choose « = /M, then on the rectangle
Ro = {(t p)[lt] < e llp = pol
Lipschitz in ¢. We therefore have a unique, strongly continuously differentiable solution p( to the
regularized system valid for some time interval 0 <t < T ,,. O

mm(ray < B}, we have that A(e) is uniformly bounded and uniformly

B Mollifiers on T¢

We present here proofs of various mollifier properties on T¢, originally presented in Greer’s thesis
[34]. Some details have been added and some corrections have been made.

Proof of Lemma [0.
1. We note that J©[f] is the solution to the heat equation

u = Au
u(z,0) = f(x)

on T? at t = €. The inequality follows from the maximum principle.
To prove the uniform convergence, let v > 0. We have that the Fourier series of f is absolutely
convergent [35] so K > 0 can be chosen so that

SRl < 2

keZd | k|>K
We have
(TOU] = £l =1 fR)eX™ (1 — e M) < 3™ £ (k)[(1— e )
kezd keZd
A e 1% e o 1%
< Y WmIQ-e LS @-e ) 3T k)4 g <v
keZd,|k|<K keZd,|k|<K

for small enough e.
3. By Parseval’s formula,

(TOf,g)r2eay = (TOF, Dy = Y Fk)e < g(k)

kezd

= 3 FR)gk)e = (F, TO) pe = (f, TO9) ramay-

kezd
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2. Let ® be any test function in C*°(T%). We have

(07T O f,®) g0y = (-1)'04( F,07®) p2(pay = (=1)°(f, TV @) 127
—1)el Y k) @nik) e (k)em T = (<1)I(f, 8°T VD) 12 ra

kezd

= (0°f, T V) 2pay = (TV0* [, ®) p2(a)

and thus distributional derivatives commute with mollifiers.
4. Let v > 0. Since f € H*(T?), there is K > 0 so that

> AHEPPIf(R)P <v/2.

keZd |k|>K

Picking € small enough, we have

Hreay S D (L [RP) (1= e M) (k)

kezd

< D0 RPN P

keZd,|k|<K

+ Y A+ EPYIFR)P

kezZd |k|>K

<ULV
2 2

1T f — f]

Thus there is convergence in H*(T?). To observe the rate of convergence in H*~*(T¢) is linear in e,

we use
2
1—e % <62

This leads to the bounds
|(1 _ e—sz\k|2>2
1+ |k|?
|(1 — e—EQ\kI2)2| _ 1
1+ |k A2

| < '), k| < A
k| > A

so if A =1/,

fretpay = Y (L4 K 7M1 = o2 F k) 2

kezd

(1 e—sz\k|2)2
< > )
_<I§gzpd| PRI |11

5. We first observe that the function g(z) = (1 + x)"e~** has a global maximum at = = /> — 1
with value (E%)”e_(”_ﬁz). Thus, for v > 0 and 1 > € > 0,

|TEf — f]

Howay < €N I5rsray:

(|k| ): (1_'_ ‘]{7‘ )u —e2|k\2 (€2>y —l/+E < 06—211
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for a C' depending on v, and || 7 f|| grm+v(ray S €7¥|| f]| zrm(ra). Next, we estimate the representation
of 79" f(x) in terms of its Fourier series. Let # be a multi-index with || = v.

TOF f ()] = | 3 I (2mik)e 25 (k)|

keza
52'2 B . 62 2/\
o e (<2m'k>”e2”“”e—2’“f<k>) |
kezd
1/2 1/2
<D <Z|<2mk>”e-*'“|f<k>|2>
kezd kezd
1/2
< Ze_gzlk‘z ||«7(E)5ﬁf||H0(1rd)
kezd
1/2 .
—62 2
N Ze 14 6,,_m||f||1ﬁ1m(1rd)-
kezd

Now we examine the last inequality:

Z e—e2|k\2 — Z ﬁ[e_EQkiQ < 2d Z ﬁ[e—e2ki2

kezd kezd i=1 kezl, =1

o0 o0 o0
_ 2d Z(e—ezk%(z e—ezkg( Z e—ezkfi) ))
k1=0 ka=0 kg=0
d oo
R21PE

i=1 k;=0
- 1
< 9d —e%kiyd _ od d
<Y eyl = o)
ki=0
< AT
This gives the desired bound. O
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