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Robustness of critical bit rates for practical stabilization of
networked control systems
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Abstract

In this paper we address the question of robustness of critical bit rates for the stabiliza-
tion of networked control systems over digital communication channels. For a deterministic
nonlinear system, the smallest bit rate above which practical stabilization (in the sense of set-
invariance) can be achieved is measured by the invariance entropy of the system. Under the
assumptions of chain controllability and a uniformly hyperbolic structure on the set of interest,
we prove that the invariance entropy varies continuously with respect to system parameters.
Hence, in this case the critical bit rate is robust with respect to small perturbations.
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1 Introduction

In networked control systems, the communication between sensors, controllers and actuators is
accomplished through a shared digital communication network. There are several aspects of such
networks which put severe constraints on the available data rates. In the first place, the digital
nature of the communication channels puts a limit on the number of bits that can be transmitted
reliably in one unit of time. This naturally leads to the problem of determining the smallest channel
capacity or bit rate above which a certain control objective such as stabilization can be achieved.
Numerous authors have studied this problem both in deterministic and stochastic setups, for a
variety of control objectives, under different assumptions on the network topologies and on the
coding and control policies, see, e.g., the papers [3], B 11, 17, I8, 20} 23], the monographs [2], 14 2T]
and the survey papers [12, 24]. In many of these works, expressions or estimates of the critical
capacities in terms of dynamical entropies or Lyapunov exponents have been obtained.

In practice, there are always unknown parameters in the system under consideration. Therefore,
one important issue is the robustness of the critical bit rates under variation of system parameters.
Since both entropy and Lyapunov exponents as functions of the dynamical system are known
to have jump discontinuities, one cannot expect that critical bit rates behave robustly without
appropriate assumptions on the system under consideration. To the best of our knowledge, this
issue so far has only been addressed in [20] for state estimation objectives. In the paper at hand,
we identify a setup in which the desired robustness property is satisfied for the problem of practical
stabilization (i.e., set-invariance).

The paper [23] introduced the notion of topological feedback entropy as a measure for the smallest
rate of information above which a compact subset of the state space can be rendered invariant by
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a controller which receives the state information via a noiseless discrete channel. An equivalent
notion, called invariance entropy, was introduced in [5]. The monograph [14] presents the foun-
dations of a theory which aims at a characterization of invariance entropy in terms of dynamical
quantities such as Lyapunov exponents and escape rates. This works particularly well under the
assumption that the subset to be stabilized has a uniformly hyperbolic structure. In fact, for a
uniformly hyperbolic chain control set of a control-affine system, the paper [9] provides a closed
expression of the invariance entropy in terms of Lyapunov exponents. Uniformly hyperbolic chain
control sets are also known to vary continuously in the Hausdorff metric under variation of sys-
tem parameters, cf. [4]. We use these results to prove that the invariance entropy of a uniformly
hyperbolic chain control set varies continuously with respect to system parameters. Uniformly
hyperbolic chain control sets arise around hyperbolic equilibrium points when the control range
is sufficiently small and certain regularity assumptions are satisfied (as, e.g., controllability of the
linearization at the equilibrium). In [§] an example of a stirred tank reactor is studied, where
this happens. A large class of algebraic examples for uniformly hyperbolic chain control sets was
identified in [10].

The paper is organized as follows. In Section [2] we give a review of control-affine systems, additive
cocycles, concepts of semicontinuity and the shadowing property of uniformly hyperbolic systems.
In Section[3] we provide a new justification that the invariance entropy is a measure for the smallest
data rate above which a set can be rendered invariant by a symbolic coding and control scheme.
Section [4] studies semicontinuity properties of spectral sets for additive and subadditive cocycles
over control flows of parametrized control-affine systems. Finally, we prove our main result about
the continuity of the invariance entropy on a uniformly hyperbolic chain control set in Section [5]
Here we essentially use the following three facts: the property of uniform hyperbolicity is robust
under C'-perturbations, the invariance entropy of a uniformly hyperbolic chain control set can
be expressed as the infimum of the Morse spectrum of an additive cocycle and, by the results of
Section [ this infimum depends continuously on parameters.

2 Preliminaries

Notation. All manifolds considered in this paper are smooth, i.e., equipped with a C*° differ-
entiable structure. If f : M — N is a differentiable map between smooth manifolds M and N,
then df(x) : T, M — TN denotes its derivative at € M. On a Riemannian manifold M, we
always write d(x,y) for the geodesic distance of two points x,y € M. The norm on each tangent
space T, M is simply denoted by | - |. We write intA and clA for the interior and closure of a set
A, respectively. By dist(x, A) we denote infyea d(z,y). If ug : [0,71] = U and ug : [0,72] = U
are function, we write ujusg : [0,71 + 72] — U for their concatenation, i.e., (ujus)(t) = uq(t) for
t € [0,71] and (ujusz)(t) = ua(t — m) for t € [0,72]. We also write u™ for the concatenation of n
copies of u.

2.1 Control-affine systems

A control-affine system is a control system given by differential equations of the form

&= fo(z) + > ui(t)fi(z), uwell, (1)
i=1
where fo, f1,..., fm are smooth vector fields on a Riemannian manifold M and U = L (R, U) for

a compact and convex set U C R™ with 0 € intU.

By ¢(t, z,u) we denote the unique solution of for the control function u € U, satisfying the
initial condition ¢(0,z,u) = x. For simplicity (in fact without loss of generality), we assume that



all solutions are defined on R, and hence we obtain a transition map
Y:RxMxU— M, (tz,u)— ot x,u).

We also write ¢, (z) = ¢(t,z,u). The set U of admissible control functions becomes a compact
metrizable space with the weak*-topology of L>(R,R™) = L'(R,R™)* and ¢ can be extended to
a continuous skew-product flow

DR (UXM)—=>UXM, D (u,x)=(0u,p(t z,u)),

called the control flow of the control system . Here 0 : R xU — U, Oyu = u(t + -), is the shift
flow on U. These general facts can be found in [6].

The set of points reachable from x up to time T is defined as
OLp(x):={yeM : Juecl, tc[0,T] with y = o(t,z,u)},

and OF () := Upoo Oy () is the positive orbit of z. With OZ,(z) and O~ (z) we denote the
corresponding sets for the time-reversed system. We say that system is locally accessible from
x if int(’)fT(x) % for all T > 0. A sufficient condition for local accessibility is the Lie algebra
rank condition. This condition is satisfied at z € M if the Lie algebra £ generated by the vector

fields fo, f1,..., fm satisfies L(z) = {f(z): f € L} =T, M.
A set D C M is a control set of (|1 if it is maximal w.r.t. set inclusion with the following properties:
(i) D is controlled invariant, i.e., for each & € D there is u € U with (R, z,u) C D.

(ii) Approzimate controllability holds on D, i.e., D C clO*(z) for all = € D.

The lift of a control set D to U x M is defined by
D:=c{(u,z) eU xM : ¢R,z,u) CintD}.
Control sets with nonempty interior have the no-return property: If x € D and ¢(7,x,u) € D for

some 7 > 0 and u € U, then ¢(t,z,u) € D for all ¢t € [0, 7].
A chain control set of is a set £ C M which is maximal with the following properties:

(i) E is full-time controlled invariant, i.e., for each x € E there is u € U with (R, z,u) C E.

(ii) Chain controllability holds on E, i.e., for each two x,y € E and all &, T > 0 there are n € N,
controls ug,...,un—1 € U, states zop = x,21,...,Tp—1,T, = y and times tg,...,tp—1 > T
such that

d(@(ti,xi,ui),miﬂ) <eg 1=0,1,...,n—1.

The lift of a chain control set E to U x M is defined by
E={(u,x) eUxM : pR,z,u) C E}.

The set £ is a closed invariant set of the control flow and it is compact if E is compact. If D is a
control set with nonempty interior and local accessibility holds on intD, then D is contained in a
unique chain control set (see [6, Ch. 4]). Moreover, the lifts of the chain control sets are precisely
the maximal invariant chain transitive sets of the control flow (see Subsect. for the definition
of chain transitivity).

A compact chain control set F is called uniformly hyperbolic if there exists a decomposition
.M=E,,®E}!, Y(uz)e&

with subspaces EX_ satisfying

u,x



(H1) dy; ., (z)EE, = EE

u,x TPy (u,x)

for all (u,z) € £ and t € R.

(H2) There exist constants 0 < ¢ < 1 and A > 0 such that for all (u,x) € &,

IN

cle | forallt>0, ve E, .
ce’v| forallt>0, veES,.
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V

From (H1) and (H2) it follows that E, depend continuously on (u, ), cf. [14, Ch. 6]. We write

J+d<pt7u(x) = |det dcpt7u(x)|eqr : Eix — Eg

() |
for the unstable determinant of dy;, and note that

Y (u,z) == log JTdpiu(x), v:Rx U x M) —R, (2)
defines a continuous additive cocycle over £ for the control flow ®, i.e., it satisfies

Yirs (U, ) = Y (u, ) + 75(Py(u, x)) forallt,s €R, (u,z) €.

Let K,Q C M be sets so that K is compact and for each z € K thereisu € U with (R, z,u) C Q.
Then we call (K, Q) an admissible pair and define its invariance entropy hin, (K, Q) as follows.
A set S C U is called (7, K, Q)-spanning (for some 7 > 0) if for each z € K there is u € S with
([0, 7], z,u) C Q. The minimal cardinality of such a set is denoted by 7in, (7, K, Q), where the
value +o00 is allowed. Then

1
hinv (Ka Q) = lim sup — IOg Tinv (7-7 Ka Q))

T—00 T

where log stands for the natural logarithm. We have the following result, cf. [9].

2.1 Theorem: Consider a uniformly hyperbolic chain control set E of system with nonempty
interior. Additionally assume that

(i) the Lie algebra rank condition holds on intE and

(ii) for each uw € U there exists a unique v € E with (u,x) € &, ie., £ is a graph over U.

Then FE is the closure of a control set D and for every compact set K C D with positive volume,

1
hiny(K,E) = inf limsup - log J " dy; ().
(w,z)€E t—soo

To make it easier to refer to the assumptions in this theorem, we introduce the following notion.

2.2 Definition: Let E be a compact chain control set of a control-affine system. We say that E
is regularly uniformly hyperbolic if the following hold:

(a) E is uniformly hyperbolic.
(b) intE # () and the Lie algebra rank condition holds on intE.
(c) € is a graph over U.

(d) & is an isolated invariant set of the control flow.

The meaning of condition (d) will become clear later. The following theorem provides a sufficient
condition for assumption (ii) in Theorem [2.1| to be satisfied, cf. [I5].



2.3 Theorem: Let E be a uniformly hyperbolic chain control set of system and assume that
£ is an isolated invariant set of ®. Let ug be a constant control function with value in intU and
suppose that the following hypotheses are satisfied:

(i) The Lie algebra rank condition holds on E.

(ii) For each x with (ug,z) € £ and each p € (0,1] it holds that = € intO, (z), where O (z) =
{o(t,z,u) : t >0, u€UP} with

U ={ueld : ut) € uy+ p(U—up) a.e.}.

Then & is the graph of a continuous function Y — E.

2.2 Cocycles and spectra

Let (X, d) be a metric space and ® : R x X — X, (¢,z) — ®;(x), a continuous flow. A set A C X
is ®-invariant if ®;(z) € A whenever x € A and t € R. If A C X is a compact ®-invariant set, a
continuous map v : R x A = R, (t,z) — v (x), is called an additive cocycle for ® over A if

’7t+s(x) = 'Yt(x) + ’YS((I)t(x)) for all ta se Rv r € A
Any limit of the form

.1
MMz y) == tlggo E%(x)’ x €A, (3)

is called a ~y-Lyapunov exponent. The Lyapunov spectrum of v over A is defined by
Yry(7,A) ={A e R : A= A(z;7) for some z € A}.
We note that the limit in not necessarily exists for every z € A. However, it exists for any

periodic point x and in this case satisfies

;) = %W(m),

where T > 0 is the period of z. For ¢,T > 0, an (g,T)-chain ¢ for ® is given by n € N, points
rg,..., Ty, € X and times Tp,...,T,_1 > T so that

d(®r, (), it1) <e fori=0,1,...,n— 1
If xg = z,, the chain ( is called periodic. The v-Morse exponent of ( is given by
1 n—1
Q) = 1= Vr, ().
im0 i iz:;

We say that the chain ¢ belongs to A if the initial point 2y and the endpoint x, are in A. The
Morse spectrum of ~ over A is defined by

SMo(7,A4) == ﬂ cl{v(¢) : ¢ is an (g, T)-chain belonging to A} .
e, T>0

The set A is called chain transitive if any two points in A can be joined by an (e, T)-chain for any
e, T > 0. We will use the following properties of the Lyapunov and the Morse spectrum, which
hold whenever the restriction of ® to A is chain transitive and A is compact (cf. [16] 25]):

(1) The Morse spectrum y0(7, A4) is a compact interval.

(2) Emol(7, A) is the smallest closed interval containing Xp,, (v, A).



(3) The left and right endpoints of Yy, (v, A) are y-Lyapunov exponents.

(4) Periodic (e, T)-chains are sufficient to obtain Xy (7, 4), i.e.,

SMo(7,4) == ﬂ cl{7(¢) : ¢ is a periodic (&, T)-chain belonging to A} .
e, T>0

We also recall the notion of a subadditive cocycle for ® over A. This is a continuous map k :
R x A — R so that

Kirs(@) < Re(z) + ks(Pi(x)) forallt,s eR, x € A.

2.3 Upper and lower semicontinuity
A map f: X — R, defined on a metric space (X, d), is called upper semicontinuous at xo € X if

limsup f(2) < f(z0)-

Tr—x0

It is called lower semicontinuous at xq if

liminf f(x) > f(zg).

Tr—x0

Obviously, f is continuous at z¢ iff it is both upper and lower semicontinuous at xg.

The concepts of upper and lower semicontinuity are also defined for set-valued mappings (see, e.g.,
[]). Let (X,dx) and (Y, dy) be metric spaces and f : X — Pp(Y) a map from X into the set of
nonempty subsets of Y. Then f is called upper semicontinuous at xo € X if for every € > 0 there is
6 > 0so that dx (z, o) < ¢ implies sup,¢ ¢, disty (y, f(w0)) < . It is called lower semicontinuous
at x if for every & > 0 there is § > 0 so that dx (v, o) < J implies sup, ¢ (., disty (y, f(z)) <e.

The set-valued map f is continuous w.r.t. the Hausdorff metric on Py(Y) at x¢ iff it is lower

and upper semicontinuous at zg. Moreover, if f has closed values and Y is compact, then upper
semicontinuity is equivalent to

f(zo) D limsup f(z) :={y €Y : Jzx = z in X and y; € f(zx) with yp — y}.

Tr—T0o

Moreover, if f is compact-valued, lower semicontinuity is equivalent to

f(zo) C liniinff(x) ={yeY : Vo, - xin X Jy, € f(xr) with y, — y}.

2.4 The shadowing lemma for skew-product systems

In the following, we recall the shadowing lemma [22, Lem. 2.11] for discrete-time skew-product
systems. Let B be a compact metric space and M a Riemannian manifold. Let f : B x M —
B x M be a homeomorphism of the form f(b,z) = (V(b),¥(b,z)), where V : B — B is also a
homeomorphism. Suppose that the map ¥, := ¥(b,-) : M — M is a diffeomorphism for each
b € B whose derivative depends continuously on (b, z). We write O(b,z) = {f*(b,z) : k € Z} for
the orbit through (b, z). A sequence (by,Zn)nez in B x M is called a §-pseudo-orbit if

bpt1 =V(bn) and d(f(bn,2n), (bnt1,Tny1)) <6 foralln € Z,
where d(-, -) is any fixed metric on B x M. The pseudo-orbit (b, Z, )nez is e-shadowed by an orbit

O(b,x) if
b="by and d(f"(b,x),(bn,z,)) <e foralln e Z.



A closed f-invariant set A C B x M is called uniformly hyperbolic if there are constants C' > 1
and A € (0,1) and a splitting

T, M = E;x ©E,, forall (bz)eA
such that for all (b, z) € A the following conditions holds:

(1) AWy (2) By, = By -

(2) For all n > 0,

IN

CA'w| forallveE,

b,z

AW () f" (b, )0
f (b, x)v] C™'A\™"v| forallve Eng

AW () 7 (b, z)v

The set A is called isolated invariant if there is a neighborhood W of A in B x M so that
O(b,z) C W implies O(b, z) C A. Equivalently, A is the largest invariant set in W.

v

The shadowing lemma reads as follows.

2.4 Lemma: Let A be a uniformly hyperbolic set of f : B x M — B x M. Then there are
neighborhoods U of A and W of f (in the C%'-topology) satisfying the following properties:

(i) For any g € W and any € > 0 there is 6 > 0 so that every d-pseudo-orbit (b, ZTn)nez of g In
U is e-shadowed by an orbit O(b, z) of g.

(ii) There is an €9 > 0 so that for 0 < & < gg the e-shadowing orbit is uniquely determined by
the §-pseudo-orbit.

(iii) If A is an isolated invariant set for f, then any g € W has an isolated invariant uniformly
hyperbolic set A C U and the shadowing orbit O(b, ) is in A.

Note that in [22] it is additionally assumed that the homeomorphism V : B — B is almost periodic.
However, this is not used in the proof of the shadowing lemma.

3 A data-rate theorem

In this section, we give a new justification that the invariance entropy hiny (K, Q) is a measure for
the smallest bit rate above which the set @) can be stabilized, assuming that @ is the closure of
a control set D and K C D. In the case K = @ this holds for arbitrary controlled invariant sets
Q@ (see [14]). If K is a proper subset of @), however, in general only the inequality hi,y (K, Q) <
hinv (@, @) holds, implying that hi,, (K, Q) is a lower bound on the critical bit rate.

The idea employed here is to consider the stabilization objective to keep the system in K on the
long run without leaving @, whenever the initial state is in K (instead of keeping it in @ for
arbitrary initial values xo € Q).

3.1 Definition: Let D be a control set of system with closure Q = clD and let K C D be a
compact set with nonempty interior. For T > 0, a set S C U is called (7, K)%-spanning if for each
x € K there exists u € S with (1, z,u) € K. We write 7, (1, K)? for the minimal cardinality of
such a set and define

1
hiy (K) 1= lim_ —logrin (7, K)?, 13 (Q) = sup hiny (K)©.

We observe that by the no-return property of control sets each trajectory o(t,z,u) in the above
definition satisfies ¢([0,7],z,u) C D. The following proposition shows that the definition is
meaningful.



3.2 Proposition: Let D be a control set with closure Q = clD. Assume that the system is
locally accessible on intD. Then, for any sufficiently large compact set K C D with nonempty
interior there exists 1o > 0 so that for all 7 > 7y a finite (1, K)%-spanning set exists. Moreover,
the function T + log rin, (7, K)¥ is subadditive, and hence the limit in the definition of hi,, (K)@
exists.

Proof: By local accessibility, for any x¢ € intD a controlled periodic trajectory (¢(+, o, ug), uo(-))
exists such that ¢(t, 2o, ug) € intD for all ¢ € R. Fix such a trajectory for one xo € intD and let
K C D be a compact set with (R, zo,up) C intK. From the assumption of local accessibility
complete controllability on int D follows. Hence, for every x € K there exists a control function w,
and a time t, > 0 with ¢(t;, z,u;) = xg. Moreover, we can assume that ¢, is uniformly bounded
by [6, Lem. 3.2.21]. We concatenate u, : [0,t,] — U with ug : R — U, and denote this new
control function again by u,. In this way, we can achieve that ¢(7,x,u,) € K for a time 7 > 0,
independent of x. Moreover, the time 7 can be chosen arbitrarily large. Since K is compact, every
z € K has a neighborhood N, so that ¢(7,y,u,) € intK for all y € N,. If m is the cardinality
of a finite subcover of {N, : € K}, the corresponding m control functions obviously form a
(7, K)?-spanning set.

To see that the limit in the definition of hy,, (K)¥ exists, observe that 7 + 7, (7, K)? is
subadditive. If S is (71, K)%-spanning and Sy is (72, K)?-spanning, then the set consisting
of all possible concatenations of the controls in S; and Sy is (1, + 72, K )?-spanning, implying
Tinv(Tl +7—2’K)Q < Tinv(leK)Q 'rinv(T2>K)Q- O

The following theorem shows that the formula for hiny (K, Q) in Theorem [2.1]also holds for i, (Q).

mnv

3.3 Theorem: If Q) is a regularly uniformly hyperbolic chain control set, then

1
hi.(Q)= inf limsup n log J"dpy (). (4)

(u,2)EE  t—o00

In fact, the same formula holds for hi,,(K)®, where K C D is an arbitrary compact set with
nonempty interior.

Proof: First observe that hf (Q) is well-defined, because there exists a control set D with

clD = @ by Theorem Because of the no-return property of control sets, it is clear that a
(7, K)@-spanning set is (7, K, Q)-spanning, hence Theorem implies the inequality

(w,z)€EE  t—o0

1
hiny (K)? > inf limsup glog J e u(z),

for all K C D with nonempty interior (and hence positive volume). Consequently, the same
inequality holds for k¥ _(Q). To show the converse inequality, we have to recall some arguments

mv

used in the proof of Theorem The upper estimate on hi, (K, Q) is based on the inequality
1 1
hinv (K, Q) < tlim n log JTdy; . (7) = p log J*Tdy, () (5)

for T-periodic trajectories corresponding to (u,x) € intd x intQ, see [9, Prop. 5].

We claim that the same estimate holds for hi,, (K)?. To see this, we recall that the (7, K, Q)-
spanning sets constructed to prove , for sufficiently large 7, lead to trajectories that end in a
neighborhood N of the periodic trajectory ¢(-, x,u). This neighborhood can in fact be chosen
arbitrarily small and compact. By [6 Lem. 3.2.21] there exists 7' > 0 so that the minimal time
to steer from any x € N to any y € K is bounded by T. Concatenating the control functions in
a (1, K, Q)-spanning set Sp(7) producing trajectories ending in N with control functions steering
those endpoints back to K leads to (7+7, K )?-spanning sets of some cardinality m-|So(7)|, where



m is a fixed number, independent of 7. (Here we use the same idea as in the proof of Proposition
to find a uniform T'.) This yields

1

hiny (K)? < lim

T—00 T

1
—log(m - [So(r)]) = lim_—log|So(r)l

where the sets Sp(7) can be chosen so that the latter limit is arbitrarily close to
(1/7)log Jtdp, . (x). This proves the claim and shows that

1
hiny ()@ < inf lim = log JTdgs. (),
(K)¥ < inf lim 2 logJ"dpru(z)
the infimum taken over all periodic (u, ) € intlf x intD. The proof of Theorem in fact shows

that the right-hand side of this inequality is equal to the right-hand side of , completing the
proof. O

Suppose that a sensor measures the states of the system at discrete sampling times 7, = k7 for
some T > 0. A coder receiving these measurements generates at each sampling time 75 a symbol
s from a finite coding alphabet Si of time-varying size. This symbol is transmitted through a
digital noiseless channel to a controller. The controller, upon receiving sj, generates an open-loop
control uy, on [0, 7] used as the control input in the time interval [7g, 7;x41]. The aim of this coding
and control device is to render a set K C @ invariant in the sense of the following definition (here
x; stands for the state at time ¢, resulting from the initial state zy and the controller actions in
the time interval [0, ¢]).

Sk Sk
r—>| Coder |—>| Channel —| Controller|——
Tkr uk()
System |«

Figure 1: Control over a digital channel

The asymptotic average bit rate of the channel is defined by

k—1
o1
R = hkrggf T jz:; log, |S;].

3.4 Definition: Let Q C M be some nonempty set and K C @ compact. We say that K is
rendered Q-invariant by a coder-controller pair if zy € K implies

(i) z: € Q for allt > 0 and

(ii)) zx, € K for all k € Z, where T is the sampling time.

3.5 Theorem: Let D be a control set with nonempty interior and put (Q = clD. Assume that
local accessibility holds on intD. Then the smallest bit rate above which a coder-controller pair
can be designed that renders a (sufficiently large) compact subset K C D Q-invariant is given by

logs ()i, (Q).

Proof: Let S be a minimal (7, K)@-spanning set for a sufficiently large 7 > 0. Then, by Proposi-
tion S is finite, and hence we can write S = {uy,...,u;} for some m € N. We define coding
regions

K,:={ze€eK : o(r,z,u;) e K}, i=1,...,m.



We may assume that the coding regions are disjoint by cutting away overlaps. Now consider the
sampling times 7y, := k7, k € Z,. At time 7, let the coder send the symbol i through the channel
if and only if z,, € K;. Let the controller generate the control function w; : [0,7] — U upon
receiving the symbol ¢. This coding and control scheme certainly guarantees invariance in the
desired sense and the asymptotic bit rate is

1 1
R = —logm = —log riny (T, K)Q.
T T
Since 7 can be chosen arbitrarily, this implies that the infimal bit rate Ry satisfies
RO S hinv(K)Q-

Conversely, assume that the control objective is achieved via a channel of bit rate R with a
sampling time 7 > 0. The set Sy of all controls generated by the controller in the time interval
[0, k7], when zo ranges through K, is certainly a (k7, K)¥?-spanning set. The number of these
controls is bounded by Hf;é |S;]. Hence,

k—1
1 41
T log Tiny (T, K)% < log,(e) 1@ JZ:;) log, |55,
implying logs(e) - hiny (K)? < Rg by letting k — oo and R — Ry. O

4 Parameter dependence of spectra

Consider the parameter-dependent control-affine system

X &(t) = fola,z(t)) + Zui(t)fi(a,x(t)), uel, ac A, (6)
i=1
where fo, f1,...,fm : A X M — TM are parameter-dependent vector fields on a Riemannian

manifold M with parameter space A C R*, which are C™ in (a, z). As in Subsect. we assume
that U = L>=°(R,U) for a compact and convex set U C R™ and that all solutions are defined on R.
Objects related to X¢ are equipped with the superscript «, e.g., ©® is the transition map of X.

In the rest of the paper, we will assume for simplicity that both the parameter space A and the
state space M are compact. This makes several arguments simpler, but causes no loss of generality,

since we will only consider the action of the control systems X% on a specified compact subset of

M and small neighborhoods of some specified parameter a.

In this setting, we have the following result, which is a corollary of [4, Thm. 2] and 6] Thm. 3.2.28].

4.1 Theorem: Let D®° be a control set of £ with nonempty interior for some o € intA.
Assume that the following conditions are satisfied:

(a) ©°° satisfies the Lie algebra rank condition on c1D®’.
(b) The systems ¥ are locally accessible for all a in a neighborhood of a°.

(c) 1D coincides with the chain control set E* containing D"
Then there exists a neighborhood W C A of o such that the following hold:

i) For every o € ere exists a control se o with in Nin * 2.
F W th t trol set D¢ of % with int D tD*
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(ii)) The map o +— clD® from W to the space of nonempty subsets of M is continuous in the

Hausdorff metric at o = a.

The above res%lt can in particular be applied in the case when y°’ hasa uniformly hyper’t%olic Chairol
control set £ With0 nonempty interior and is locally accessible, because in this case E¢ = clD®
for a control set D, as stated in the next theorem whose proof can be found in [4].

4.2 Theorem: Assume that F is a uniformly hyperbolic chain control set with intFE # () such
that local accessibility holds on E. Then E is the closure of a control set D.

The next corollary immediately follows.

4.3 Corollary: Let E® be a regularly uniformly hyperbolic chain control set of 22’ for some
a’ € intA, and denote by D’ the control set with clD®’ = E®’. Assume that the systems 3¢
are locally accessible for all @ in a neighborhood of a®. Then there exists a neighborhood W C A
of a® such that the following hold:

(i) For every a € W there exists a control set D* of % with intD* N int D" 0.

(ii) The map « — clD* from W to the space of nonempty subsets of M is continuous in the

Hausdorff metric at a = a°.

4.1 The Morse spectrum over a chain control set

In this subsection, we prove that the Morse spectrum of an additive cocycle over the lift of a chain
control set, considered as a set-valued map on the parameter space A, is upper semicontinuous at
a’ € A, provided that also the corresponding chain control sets depend upper semicontinuously
on a at a’.

4.4 Lemma: Let E“ be a family of compact chain control sets for 3¢ such that the set-valued
map o — E® is upper semicontinuous at o®. Then also the set-valued map o — £ is upper
semicontinuous at «y.

Proof: Assume to the contrary that there exists a neighborhood V' of £ such that for every
§ > 0 there is @ € A with ||a — a’|| < § and £ ¢ V. Then there are a sequence of — o and

(uk,2%) € £€2" such that (u¥,z*) ¢ V. However, by assumption we have dist(z*, E°") — 0. By
compactness, we may assume ¥ — x € E°* and uF — u € U. Since gaak(t,xk,uk) € E°" for all
t € R, we have ¢ (t,z,u) = limy_,o0 o (t,z% u*) € B2’ for all t € R, again by the assumption.
This implies (u, z) € £°° . in contradiction to (uk,2%) ¢ V for all k. O
The proof of the following proposition is based on ideas from the proof of [6, Thm. 5.3.10].

4.5 Proposition: Consider the parametrized control-affine system @ For each o € A let E*
be a compact chain control set of ¥*, such that a — E® is upper semicontinuous at some o €
A. Moreover, let v* be an additive cocycle for ®* over £“ such that (¢, o, u,x) — v (u, ) is

. 0 . . .
continuous on R x {a®} x £, Then the Morse spectrum over £ is upper semicontinuous at oa°:

lim sup Swio (7%, £%) C Tao (7™, E°). (7)

a—ad

As a consequence, the real-valued map o + inf Yy, (v, £%) is lower semicontinuous at o.

Proof: By the continuity assumption, we find that 4§ (u,x) is bounded when « is close to o’
and t is bounded. Using the additivity of the cocycles v¢, this easily implies that Xy (7%, £%)

11



is contained in some compact interval for a close to a®. Hence, is equivalent to the upper
semicontinuity at a°.

Now let A be an element of the left-hand side of . This means, there exist sequences o — o
in A and AF € Sy (7", £2") such that A¥ — X. Since Syo(72, £2") is closed, it suffices to show
that for every 6 > 0 and &, T > 0 there is a periodic (g, T)-chain ¢ in £” for the control flow &’
with .

A= (O] <0 (8)
For brevity, in the following we write £F = Eak, % = " and vk = 70‘k. Choose § > 0, € > 0 and

T > 1. Then there is kg € N such that for all k¥ > kg the following holds: For every (u,z) € £F
there is (v,y) € £° such that

d(®F (u, ), ® (v, y)) < % for all t € [0,2T]. 9)

This follows from uniform continuity of (¢, «, u, ) — ®¢(u, ) on the compact set [0,27] x A x K,
where K is an appropriately chosen compact neighborhood of £°, and upper semicontinuity of
a s EY at a® (see Lemmal4.4). Similarly, we may choose kg large enough such that for all & > ko,

"yf(u,x) — % vy < g for all t € [0,2T]. (10)

Indeed, assume to the contrary that there are sequences (u*,z*) € £F and (v*,y*) € £° with

d((u®, %), (v*,y*)) = 0 and t;, € [0,27] with |y (u®, 2%) —~9 (v*,y*)| > 6/2 for arbitrarily large
k. By compactness of [0,27] and £° we may assume ¢, — t € [0,27] and (u”,2%), (v*, y*) —
(u*,z*) € €. By the continuity assumption on v, this implies vf (u*,2%) — 4P (u*,2*) and
70 (WF, y*) = 4P (u, z*), a contradiction.

From A\* — X with A\* € 3y (7%, EF) it follows that for k large enough there are periodic (¢/3, T)-

chains ¢* in EF for ®F, given by n* € N, TF, .. T:k =T, vk, vk, ..., (vzk,yﬁk) € &F with
€ .
d( @5 (v y), (W) < = forj=0,1,...,n" 1 (11)
i 3
and 5
A= (ch < 5 (12)
Here we use that the sets £F are chain transitive, and hence the Morse spectra over these sets can be
obtained from periodic chains only. Now fix k and partition each interval [0, Tf], j=0,...,nF—1,

into pieces of length 7j;, 4 =0,...,l; — 1, with T" < 7;; < 2T. Then

:ZTji and nkzl]T>lj
i=0
Define % = (f,y;“) and §f+1 = fIDk (fj) for i = 0,...,l; —2. Via (9) and re-
place each point §J with a correspondlng point ¢ € £  We claim that the points

1 1 . .
50,...,510 1750,...7511_1,..., 6”“ Sy l’;’“ 1 750 together with the times 7;; > T form an

(e, T)-chain ¢° in £° for ®°. Indeed, if i € {0,1,...,1; — 2}, then
d(®9 (&)),&l,,) < d(®Y,, (&), @5 (&) +d(®F (&), & 1) +d(E]1,8,) <z +0+ 5 <e

3 3
and (using (LT))
d(®?, (& _1).8")

IA

(T], (fl._l) T,L (51,_1))+d(<1>’i], (flv_l) M
+d( rLE™

‘ g
© by ), )+ S <o
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Now we compare the Morse exponents 7°(¢%) and v*(¢*), using (L0):

1 nkfllj—1 » n 711 5
VO(CO) = Z Tk Z ZVO(ijgi) Tk Z Z( Tjufj 2>

J7J §j=0 i=0 J j=0 i=0

1 n—l nk—1 5
_ k k ko, k 9
s s Zl +Zv (77, (0, 9)) | <75 + 3

where we use that [; < T]lC . The estimate in the other direction works analogously. Hence,

)

A=< A=A+ (P = (O < 5 +5 =0,
which completes the proof of the upper semicontinuity statement. Lower semicontinuity of a +—
inf ¥ (7%, £¢) immediately follows. O

4.2 The Floquet spectrum over a control set

Let D be a relatively compact control set with nonempty interior of the control-affine system
and write D for its lift to U x M. Then we define the Flogquet spectrum Xgi(v, D) for an additive
cocycle v over D by

Yr(7, D) :={Ae€R : I periodic (u,z) €U x intD with A = A\((u,z);7)}.

Obviously, the Floquet spectrum is contained in the Lyapunov spectrum. Moreover, under the
assumption of local accessibility on intD, the Floquet spectrum is nonempty, because periodic
orbits can be constructed through every point x € intD.

The following proposition will allow us to study the dependence of the Floquet spectrum on
parameters for the additive cocycle given by .

4.6 Proposition: Let E be a regularly uniformly hyperbolic chain control set of the control-affine
system and consider the additive cocycle over £. Furthermore, consider the subadditive
cocycle

KiRXxE—=R, k(u,x) =logt ||dps.(2)"] .

Let D be the control set with c1D = E. Then

1
Yn(y,D) = { lim Elit(u x): (u,x) €U x M periodic, = € intD}.

t—o0

Proof: It suffices to show that
1

Jim —ke(u, 2) = —77(u, 2),
when 7 > 0 is the period of (u,z). This follows from [9, Prop. 3]. O

The subadditive cocycle # defined above has the nice property that r:(u, z) only depends on u|p
for ¢ > 0 and not on the entire function u. This property is very helpful in many arguments.
Altogether, this justifies the following definitions.

4.7 Definition: The Floquet spectrum of a subadditive cocycle k over the lift D of a control
set D is defined as

t—o0

1
Yri(k, D) := { lim gnt(u“fr) : (u,x) € U x M periodic, x € intD} .

We say that k has the restriction property if, for all t > 0 and (u,x), (v,z) € D, the values
kt(u,x) and k¢(v, x) coincide whenever u(s) = v(s) for almost all s € [0, ¢].

13



The following proposition yields the upper semicontinuity of inf > for a parametrized control-
affine system, under appropriate assumptions. The proof uses some ideas from [6, Thm. 6.2.24].

4.8 Proposition: We make the following assumptions for the parametrized control-affine system
(@ and some o € intA:

(i) For each « in a neighborhood of a° the system %¢ is locally accessible.

(ii) There exists a control set D" of %" with nonempty interior. For o in a neighborhood of
a let D denote the unique control set of ¥ with intD*’ N int D™ # 0.

(iii) The system xo’ satisfies the Lie algebra rank condition on intD*"

(iv) k* :Rx (U x M) = R, a € A, is a family of nonnegative subadditive cocycles for &~ with
the restriction property such that (t, o, u,x) — £ (u,x) is continuous.

Then the map « + inf X (k®, D¥) is upper semicontinuous at a = a°.

Proof: The proposition is proved in three steps.

Step 1. From assumption (i) and [6, Thm. 3.2.28] the existence of control sets D as specified in
assumption (ii) follows. Let Ay denote the neighborhood of a?, where these control sets exist. We
fix e > 0 and write

i(a) := inf Xp(*,D%) for all a € Ay.

Then there is a @ao—periodic point (ug, z¢) with zg € int D" of some period 19 > 0 such that
1 .o .
Th (uo, z0) < i(a”) +¢& forall t > to, (13)

where tg > 0 is chosen sufficiently large. We choose a compact neighborhood K of xzy with
K C intD® . It is well-known that the first hitting time, i.e., the minimal time to steer from any
x € K to any y € K is bounded by some H < oo (see [6, Lem. 3.2.21]).

Step 2. Let S > 0 be chosen small enough so that (’)g(;’_(wo) C K. We show that there exists an
open set V C M so that V' C OZg (wo) for all o in a neighborhood A; C Ay of .

From the Lie algebra rank condition at xq it follows that there exist uy,...,uq (d = dim M) such
that the following map is continuously differentiable and its partial derivative w.r.t. the second
component has full rank d at some point of the form (a,7°) with 7° = (71,...,74) and 7; > 0

arbitrarily small, say < S/(2d):

d
Y AX (O,oo)d =M, (a,(m1,...,7q)) —~ (p(X(—ZTZ‘,LUmUT),
i=1

where v (t) =u; on (o +71 +...+Ti—1,70+ 71+ ...+ 7) with 1o =0 for s = 1,...,d (for these
statements, see [26] Thm. 9 in Ch. 4]). By the inverse function theorem, we find open neighbor-
hoods N € R? of 7 and W C M of ¢(a®,7) such that 1)(a’, ) maps N to W diffeomorphically.
For every y € W, the implicit function theorem applied to ¢ guarantees that y € OZg (xo) for

all « sufficiently close to a?, say ||a — || < §. By possibly shrinking W to a smaller open set
V', we can choose § independently of y. Hence, we have found an open set V' C O%S_ (z9) for all

o — % < 8. Let Ay := Ag N B(a?,9).
Step 3. We choose n € N large enough so that

1
nty >ty and n—mﬁ?(u,x)gs forall t € [0,H + S] and (o, u,z) € A XU X M, (14)
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where we use our assumption that A and M are compact so that x{(u, ) is bounded on [0, H +
S] x A xU x M. We choose a neighborhood Ay C A; of a® so that
1, o0

nT'O'K"T“ (w0, 20) = Kpyy (U0, 0)| < € for all o € As. (15)
Now Weopick a € As and construct a periodic point for ®¢ as follows. Firs’g steer from zq to xg
with ¥ in time n7y by applying ug n times. Let uy be a control so that ¢* (t1,xo,u1) € V with
t1 < H, which is possible, because V' C K. By continuous dependence of the solutions on «, we
find that ©*(n7o + t1,To, ujui) € V for all a in a neighborhood Az C A of a°.

By Step 2, there exists another control us and a time to < S with ¢*(te, *(n1 +
t1, T, ufur ), ug) = x9. We put u := ufjujug, which is a control defined on [0,n7y + t1 + 2],
and we extend this control (ny + t1 + t2)-periodically to R. This yields the periodic point (u,xg)
for X with period T := nry + t1 + t2. Using subadditivity, nonnegativity and the restriction
property for k%, we obtain

1 1
=7 (u, 20) Ky, (U0, T0) + *HﬁHQ (uguz, ©*(n70, 0, u0))

T S g T
@ 1 1 o @™
< n—mfﬁgm(uo,xo) +e < n—mngm(uo,xo) + 2 i(a”) + 3e.
Now we find that
(@) < Jim grt(uro) = im ot (u20)
w0 T e TN O
. 1 1 0
= #}%%WK%T(U,Z‘O) < T/{%(u,xo) < i(a”) + 3¢,
where we use that the sequence a,, := k(r(u,z0), m € N, is subadditive. This implies
lim sup,, _, 0 i(a) < i(a?), which completes the proof. O

5 The main result

In this section, we make use of the additive cocycle
v (u, x) = log J+d<p§ju(x)

over a uniformly hyperbolic chain control set E¢ of X and the subadditive cocycle

k§ (u, ) = log™ [|def., ()",
defined over U x M for each of the systems X%, o € A. Observe that the map (¢, o, u, ) — £ (u, )
is continuous, because dpg', () varies continuously with (¢, o, u, x). (This is shown with arguments

that can be found in [I4] Prop. 1.17 and Thm. 1.1]).

5.1 Proposition: In Corollary[4.3, let E* denote the unique chain control set with D* C E*“.
Then, for o sufficiently close to a®, E® is uniformly hyperbolic, its lift £ is an isolated invariant
set and £ is a graph over U. In particular, E* = clD®. If we additionally assume that the Lie
algebra rank condition holds on int E“, then

hF

mv

(Ea) = inf EMO(VQ,SO‘) = inf EFl(I{a,’Da),

Proof: Consider the time-1-discretizations of the control flows ®¢, i.e., the maps ®¢ : U X
M — U x M. Thesg maps satisfy the assumptions imposed on the map f 0in Subsection [2.4]
Moreover, the set E* is an isolated invariant uniformly hyperbolic set for ¢ as in Lemma
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Part (iii) of this lemma implies the existence of an isolated invariant uniformly hyperbolic set
FY C U x M for ®¢, when « is close enough to a’. Consider some (u,z) € F* and assume
to the contrary that ®%(u,z) ¢ F< for some ¢ € R. Replacing (u,x) with another point in the
orbit {®¢(u,z) : t € R}, we can assume that ¢ > 0 is small enough so that ®§ (u,z) € F* for all
k € Z and @}, (u,x) is contained in an isolating neighborhood of 7 for all k € Z, leading to the
contradiction ®¢(u,z) € F. Hence, F* is also an isolated invariant set of the control flow ®<.

We can show that F& = £ as follows. For a close enough to o, both F and £ are contained
in a neighborhood W of 5("0, Where the shadowing lemma applies, observing that a +— &< is
upper semicontinuous at a = o (see [6, Cor. 3.4.7] and Lemma . As a chain transitive set
for the flow ®“ containing periodic orbits, the set £ is also chaln transitive for the map ®¢
(see [1, Prop. 3.1.11]). In particular, every point (u,z) € £* is the initial point of a bi-infinite
0-pseudo-orbit in W for ®¢, where § > 0 can be chosen arbitrarily. By Lemma @ we know that
for every ¢ > 0 there is a § > 0 so that every bi-infinite d-pseudo-orbit is e-shadowed by a point
in F¢. This implies that £ C clF* = F*.

With the same argumentation as in [22, Thm. 3.1] we can show that the restriction of <I>‘1*0 to
£ is topologically conjugate to the restriction of ®¢ to F¢, using the assumption that £ is a
graph over U. The topological conjugacy is of the form H(u,z) = (u, h(u,z)), H : £ — F*. (A
conjugacy of this form is called a topological skew-conjugacy in [22].) This immediately implies
that also F¢ is a graph over &. Moreover, it implies that 7 is chain transitive, and hence, by
maximality, F¢ = £%. It is not hard to show that E¢ is a uniformly hyperbolic chain control set,
using that F¢ is a uniformly hyperbolic set for ®¢. Finally, the formula for the invariance entropy
of £ follows from the following considerations. From Theorem we know that

1

hi (E¥) = inf limsup =~ (u,x).
(u,z)€€E™ t—oo t

By the proof of [0, Thm. 5.4], we obtain the same infimum if we only consider periodic (u,z) €

int!d x intD. Since the endpoints of the Morse spectrum are Lyapunov exponents, it follows that

h*

mv

(E%) = inf Ep(v*, DY) = inf E, (7, £Y) = inf Eo (7%, £Y).

Finally, from Proposition it follows that inf Xp (v, D) = inf X (k*, D%). O

Now we are ready to prove the main result of the paper.

5.2 Theorem: Consider the parametrized control-afline system (@ and some a° € intA. Let B
be a regularly uniformly hyperbolic chain control set of ¥ and assume that ¥ satisfies the Lie
algebra rank condition for all v in a neighborhood of a®. Then there exists a neighborhood W of
aV such that for every o € W there exists a chain control set E of ¥, so that the map

a v bl (E9)

mnv

is well-defined and continuous at o = .

Proof: By Corollary [4.3] . there exists a nelghborhood Wy of a¥ so that for every a € Wy a
control set D of £ exists with intD® N int D’ # () and o — clD? is continuous at a = a°
in the Hausdorff metric. From the assumption that the Lie algebra rank condition holds for «
close to a?, it follows that there exist unique chain control sets £ with D® C E® for all  in a
neighborhood W7 C Wy of a®. By Proposition there exists another neighborhood Wy C Wy
of a9 so that E* = clD® for a € W5 and
hfnv(Ea) = inf EMO('YQ7 5“) = inf Zpl(ﬁa, 'Da)

Since all assumptions of Proposition are satisfied, the map o — hf  (E®) is upper semicon-
tinuous at & = o®. Now we prove that the continuity assumption of Proposition is satisfied

16



for (t,a, u,z) — v¥(u, ), implying the lower semicontinuity, and hence the assertion of the the-
orem. To this end, it is sufficient to show that the unstable subspace E;‘j varies continuously

with (o, u,z) on {a®} x £*°. This follows from the fact that for a sufficiently small compact
neighborhood Ag of o, the set

E={(ayu,x) e AXUXM : (u,z) €& ac Ay}

is a compact invariant uniformly hyperbolic set for the extended skew-product flow U;(a,u, x) =
(o, ¢ (u,x)), t € R, with base space Ag x U. Here we use the following three facts:

(i) By changing the parameter « slightly, the constants used in the definition of uniform hyper-
bolicity also change slightly (see, e.g., the proof of [13] Prop. 6.4.6]).

(ii) The continuous dependence of the unstable subspace is a consequence of the uniform con-
traction and expansion estimates (see, e.g., [14, Lem. 6.4]).

(iii) The set & is closed, because the map a — E® is not only continuous (in the Hausdorff
metric) at a = o, but on a whole neighborhood of a”. This holds, because the assumptions
of Theorem are satisfied for every « in a neighborhood of a®.

The proof is complete. O

5.3 Corollary: Under the assumptions of the preceding theorem, E< is a regularly uniformly

hyperbolic chain control set for all o in a neighborhood Ag of a® and o~ hf, (E®) is continuous
on Ao.
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