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A CONVERGENT LAGRANGIAN DISCRETIZATION FOR A NONLINEAR
FOURTH ORDER EQUATION

DANIEL MATTHES AND HORST OSBERGER

ABSTRACT. A fully discrete Lagrangian scheme for numerical solution of the nonlinear fourth
order DLSS equation in one space dimension is analyzed. The discretization is based on the
equation’s gradient flow structure in the L2-Wasserstein metric. We prove that the discrete
solutions are strictly positive and mass conserving. Further, they dissipate both the Fisher
information and the logarithmic entropy. Numerical experiments illustrate the practicability
of the scheme.

Our main result is a proof of convergence of fully discrete to weak solutions in the limit
of vanishing mesh size. Convergence is obtained for arbitrary non-negative initial data with
finite entropy, without any CFL type condition. The key ingredient in the proof is a discretized
version of the classical entropy dissipation estimate.

1. INTRODUCTION

1.1. The equation and its properties. In this paper, we study a full discretization of the
following initial boundary value problem on the one-dimensional interval = [a, ]:

Oyu + Oy (u@z (635\:”/%/6)) =0 fort>0andzx €, (1)
Opu=0, ud, (8:,3\7;/6) =0 fort>0andx € 99, (2)
u=u" att=0. (3)

Equation is known as the DLSS equation, where the acronym refers to Derrida, Lebowitz,
Speer and Spohn, who introduced in [I8, [19] for studying interface fluctations in the anchored
Toom model. In the context of semi-conductor physics, appears as a simplified quantum drift
diffusion equation [16] [30].

The analytical treatment of is far from trivial: see e.g. [4, 22, 28 24, [32] [33] for results on
existence and uniqueness of solutions in various different settings, and [8}, [13], [0} 24, 32} [35], [39] for
qualitative and quantitative descriptions of the long-time behavior. The main difficulty in the
development of the time-global well-posedness theory has been that the nonlinear operator in
is defined only for positive functions u, but there is no maximum principle available which would
provide an a priori positive lower bound on u. Ironically, solutions are known to be C*°-smooth
as long as they remain strictly positive [4], but the question if strict positivity of the initial
datum u° is sufficient for that remains open, despite much effort and some recent progress in
that direction, see [23]. In order to deal with the general case — allowing arbitrary non-negative
initial data u® of finite entropy — a theory for non-negative weak solutions has been developed
[24] [32] on grounds of the a priori regularity estimate

\/a € LIQOC(R+;H2(Q))’ (4)
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and Dynamics”.
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which gives a meaning to in the formally equivalent representation

On the other hand, the problem f has several remarkable structural properties, and
these eventually paved the way to a rigorous analysis. We list some of those properties:

e The evolution is mass preserving,
b b
/ u(t;x)de = M := / u’(z)da  for all t > 0.

e There are infinitely many (formal) Lyapunov functionals [4] [8, [31]. The two most im-
portant ones are the (logarithmic) entropy,

b
M
H(u)z/ ulnudr — Hy with HO:Mln(b_a), (6)

and the Fisher information,

b
Flu) = / (0,v/0)* da. (7)

e The Fisher information is more than just a Lyapunov functional: in [24], it has been
shown that &: is a gradient flow in the potential landscape of F with respect to the
L?-Wasserstein metric W. That is, formally one can write & as

Opu = — gradyy F (u). (8)

e Also H is not “an arbitrary” Lyapunov functional: the L2-Wasserstein gradient flow of
H is the heat equation [29],

0sv = — gradyy H(v) = Opav, (9)

and the Fisher information F equals the dissipation of H along its own gradient flow,

Flo(s) = —-THE()) (10)

In view of , this relation makes the DLSS equation the “big brother” of the heat
equation, see [I7, [39] for structural consequences.

1.2. Fully discrete approximation. For the numerical approximation of solutions to 7,
it is natural to ask for structure preserving discretizations that inherit at least some of the nice
properties listed above. At the very least, the scheme should produce non-negative (preferably
positive) discrete solutions, but there is no reason to expect that behavior from a standard
discretization approach. Several (semi-)discretizations for f that guarantee positivity have
been proposed in the literature [0} 10} B4} [36]. In all of them, positivity actually appears as a con-
sequence of another, more fundamental feature: each of these schemes also inherits a Lyapunov
functional, either a logarithmic/power-type entropy [6] [L0, 4], or a variant of the Fisher infor-
mation [6l 20, B6]. An exception is the discretization from [20], which preserves the Lagrangian
representation of , see below, and thus enforces positivity by construction. Apparently, at
least some structure preservation seems necessary to obtain an acceptable numerical scheme.
Here we follow further the ansatz from [20], which lead to a discretization with a very rich
structure: the scheme is positivity and mass preserving, it dissipates the Fisher information, it
has the same Lagrangian structure as , and it even inherits (in a certain sense) the gradient
flow structure . By a small change of that discretization, we obtain a new scheme which still
has all of these properties, but in addition also dissipates the logarithmic entropy. Thus, we have
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two discrete Lyapunov functionals at our disposal, and the interplay between these allows us to
give a proof of convergence in the limit of vanishing mesh size.

We emphasize that our scheme is the first one to preserve more than one Lyapunov functional
for (1), and it is the only fully discrete scheme for which a rigorous convergence analysis is
available.

Below, we give the “pragmatic” definition of our full discretization, which is actually very
simple. In Section [2] we show how this scheme arises from a structure preserving discretization
of the gradient flow structure. The starting point is the Lagrangian representation of &.
Since each u(t;-) is of mass M, there is a Lagrangian map X(¢;-) : [0, M] — £ — the so-called
pseudo-inverse distribution function of u(t;-) — such that

X(t;€)
£E= / uw(t;z)dz, for each £ € [0, M]. (11)
0

Written in terms of X, the Wasserstein gradient flow for F turns into an L?-gradient flow for
M 1 2
FX) = Oe | =< d
0=, o] o

0 X = 0¢(Z%0ecZ), where Z(;€) = m =u(t; X(t;€)). (12)

At this point, a standard discretization of with parameter A = (7;9) is performed: we use
the implicit Euler method for time discretization with fixed time step 7 > 0, and central finite
differences for equidistant discretization on the mass space [0, M] with mesh width § > 0. More
explicitly: denote by Xa = (z}}) a fully discrete solution on the A-mesh, so that x}! approximates

X(nt;k0), then the z} satisfy
) ZZ+% —2z27%+z27%
) 52 Y

_1 n _ n n
xz — 952 _ 1 (Zn )2 ZkJr% 22’”‘% * Zk*% o (Zn
5 k+3 52 k—
where the values z;' , = ¢/(z} — x}_,) are associated to the mid-points of the spatial grid. At
2

that is,

Nl=

T

each time step n € N, X}k = (27, ..., 2% _,) approximates a Lagrangian map, so we assume that
o . ; n : . . o . .
XX is monotone, i.e., ! > x}_;, and in accordance with (11)), we associate to XX a piecewise
constant function @} : Q@ — R with

0
TTLZ(ZE) = T fOI' Ig_l << CCZ
T — Tp—1

As replacements for the entropy H and the Fisher information F, we introduce

K K—-1 Z}Z+l 217;7l 2
k=1

k=1

These choices are made such that Hjs is the restriction of #, i.e., Hs(X}X) = H(u@R), and such
that Fs is related to Hs in the same way as F is related to H; see Section [2| for datails.

1.3. Results. Our first result is concerned with qualitative properties of the discrete solutions.
For the moment, fix a discretization parameter A = (7;0).
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Theorem 1. From any monotone discrete initial datum %%, a sequence of monotone X% satis-
fying can be constructed by inductively defining Xx as a global minimizer of

= 5 n—1\2 =
XHE;(@F% )2 4+ Fs(R).

This sequence of vectors XX and the associated densities ux have the following properties:
e Positivity: aR is a strictly positive function.
e Mass conservation: ux has mass equal to M.
e Dissipation: Both the entropy and the discrete Fisher information are dissipated,

Hs(XR) <H5(RXY) and F5(XR) < F5(X3 ).
e Equilibration: There is a constant r > 0 only depending on b — a such that
H;(XA) < Hs(XQ)e ™. (14)

Some of these properties follow immediately from the construction, while others (like the
equilibration) are difficult to prove. Note that even well-posedness (which involves existence of
a monotone minimizer for the functional) is a non-trivial claim.

To state our main result about convergence, we need to introduce the time-interpolation
{ua}, : Ry x Q = Ry, which is given by

{ua}, (t;x) =ux(x) for (n—1)7r <t < nr.

Further, A symbolizes a whole sequence of mesh parameters from now on, and we write A — 0
to indicate that 7 — 0 and 6 — 0 simultaneously.

Theorem 2. Let a non-negative initial condition u® with H(u®) < oo be given. Choose initial
conditions X such that u\ converges to u® weakly as A — 0, and

H:=supHs(RY) < oo and (74 6)Fs(xX) = 0. (15)
A

lim
A—0
For each A, construct a discrete approximation XA according to the procedure described in The-
orem 1] above. Then, there are a subsequence with A — 0 and a limit function u, € C(Ry x Q)
such that:

o {aa}, converges to u, locally uniformly on Ry x Q,

i \/m € L%OC(RZO; HI(Q));

o there are non-increasing functions f,h : Ry — R such that F(u.(t)) = f(t) and
H(u.(t)) = h(t) for a.e. t > 0, and additionally h(t) < He " with the constant r > 0
from ,

e u, satisfies the following weak formulation of @, see :

/ / (010 s + Opawtp Optis + 40550 (836\/@)2] dz dt + / ©0(0,z)u’(z)dz =0 (16)
0 Q Q
for every test function ¢ € C°(R>o X Q) satisfying 0,¢(t; a) = 0z(t;b) = 0.

Remark 3. (1) Quality of convergence: Since {ua}, is piecewise constant in space and
time, uniform convergence is obviously the best kind of convergence that can be achieved.
(2) Rate of convergence: The scheme is formally consistent of order T + 62, see Propo-
sition[27, and this is also the observed rate of convergence in numerical experiments with
smooth initial data u°, see Section .
(3) Initial condition: We emphasize that our only hypothesis on u® is H(u") < oo, which
allows the same general initial conditions as in [24, 32]. If F(u®) happens to be finite,
and also supp F5(XQ) < 0o, then the uniform convergence of {uia}. holds up to t = 0.



A CONVERGENT SCHEME FOR A FOURTH ORDER EQUATION 5

(4) Long time behavior: By means of the Csiszar-Kullback inequality, the exponential decay
of H(u«(t)) to zero implies exponential convergence of . to the constant function us, =
M/(b—a) in L'(Q).

(5) No uniqueness: Since our notion of solution is too weak to apply the uniqueness result
from [22], we cannot exclude that different subsequences of {ua}, converge to different
limats.

The idea to derive numerical discretizations for solution of Wasserstein gradient flows from
the Lagrangian representation is not new in the literature, see e.g. [37] for a general treatise.
Several practical schemes have been developed on grounds of the Lagrangian representation for
this class of evolution problems, mainly for second-order diffusion equations [5] [7, B8], [41], but
also for chemotaxis systems [3], for non-local aggregation equations [I1], [14], and for variants of
the Boltzmann equation [27]. For certain nonlinear fourth order equations, Lagrangian numerical
schemes have been developed as well, e.g., for the Hele-Shaw flow [I5] and for a class of thin
film equations [27]. On the other hand, a rigorous analysis of stability and convergence of the
fully discrete schemes is rare and apparently limited to the case of nonlinear diffusion in one
space dimension, see [26, [40]. There are, however, results available for semi-discrete Lagrangian
approximations, see e.g. [2] 21].

The primary challenge in our convergence analysis is to carry out all estimates under no
additional assumptions on the reqularity of the limit solution u,. In particular, we do not exclude
a priori the formation of zeros — and the induced loss of regularity — in the limit u,, since this
cannot be excluded by the existing theory. Also, we allow extremely general initial conditions
u?. Without sufficient a priori smoothness, we cannot simply use Taylor approximations and the
like to estimate the difference between {ua}, and u,. Instead, we are forced to derive new a
priori estimates directly from the scheme, using our two Lyapunov functionals.

On the technical level, the main difficulty is that our scheme is fully discrete, which means
that we are working with spatial difference quotients instead of derivatives. Lacking a discrete
chain rule, the derivation of the relevant estimates turns out to be much harder than for the
original problem f. For instance, we are able to prove a compactness estimate for ua, but
not for its inverse distribution function, although both estimates would be equivalent in a smooth
setting. This forces us to switch back and forth between the original and the Lagrangian
formulation of the DLSS equation.

We further remark that the convergence of a family of gradient flows to a limiting gradient flow
has been thoroughly investigated on a very abstract level, see e.g. in [I] [42], using methods of T-
convergence. Unfortunately, these appealing abstract results would not help to simplify our proof
significantly, since the verification of their main hypothesis (I'-convergence of the subdifferentials)
is essentially equivalent to the derivation of the a priori estimates, which is the main part of our
work. Therefore, we decided to give a “hands-on proof”, which requires only very few elements
from the general theory of metric gradient flows.

1.4. Structure of the paper. We start with a description of our Lagrangian discretization in
Section [2} the fully discrete scheme is defined in Subsection 2.5 In Section [3| we derive various
a priori estimates on the fully discrete solutions. This leads to the main convergence results in
Propositions [19] and , showing the existence of a limit function u, for A — 0. In Section
it is verified that w, is indeed a weak solution to f. The formal conclusion of the proofs for
Theorems [I] and [2] is contained in the short Section [5} Finally, Section [6] provides a consistency
analysis and results from numerical simulations of .

Acknowledgement. The authors are indebted to Giuseppe Savaré for fruitful discussions on the
subject, and especially for contributing the initial idea for the entropy preserving discretization
scheme.
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2. DISCRETIZATION IN SPACE AND TIME

2.1. Inverse distribution functions. Before defining the discrete quantities, let us recall some
basic facts from the continuous context. We denote by

P(Q):{U:Q—HRJF : /Qu(a:)dsz}

the space of densities of total mass M on Q, and we endow P(2) with the L?-Wasserstein metric
W. We refer to [43] for a comprehensive introduction to the topic. For our purposes here,
it suffices to know that convergence with respect to W is equivalent to weak-x convergence in
LY(€), and that the L2-Wasserstein distance on P(€2) is isometrically equivalent to the usual
L2-distance on the space

X ={X:[0,M] — Q : X continuous and strictly increasing, with X(0) = a, X(M) = b}
of inverse distribution functions X. The isometry is given as follows.

Lemma 4. Given u°,u' € P(Q), introduce their Lagrangian maps X°, X! € X such that

X))
fz/ v (z)dz  for all € € [0, M].
0
Then
W(u®,u') = || X7 = X L2 o,r-

Above, the name Lagrangian map is underlined by the following change of variables formula,

M
[ etanteras = [ o(x(e) ac, )
that holds for every bounded and continuous test function ¢ € C%([a, b]).

2.2. Ansatz space. Fix a discretization parameter K € N, which is the number of degress of
freedom plus one. We will need both the integers and the half-integers between 0 and K, that is

T ={1,2,...,K—1}, 1%=TLU{0,K}, and I}/?= {%;Kf %}
For discretization of [0, M], introduce the equidistant mass grid (o, ..., k) with
& =kd for 0:=M/K.
For discretization of £ = [a, b], we consider (non-equidistant) grids from
s = {5{’: (x1,...,TK-1) ’a <T1<...<TR_1< b} C (a,b)Kﬁl.

By definition, X € r; is a vector with K —1 components, but we shall frequently use the convention
that g = @ and xx = b. In the convex set X of inverse distribution functions, we single out the
(K — 1)-dimensional open and convex subset

Xs = {X ex | X is affine on each [gk_l,gk]}.

Functions X € X; are called Lagrangian maps, since they map the (fixed reference) mesh

(€0,&1,---,&K) to a (variable) mesh X € rs. There is a one-to-one correspondence between
grid vectors X € s and inverse distribution function X € Xj, explicitly given by
X =X;[8] = ) @b, (18)

kel
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where the 6 : [0, M] — R are the usual affine hat functions, with 65(&;) = dx¢. Further, the
density function us[X] € P(§2) associated to Xs[X] is

wlE(@) = Y k@, g, 1), (19)

where the vector

7=12s5[X] = (21/2,---,2K-1/2) of weights z, = ———— (20)

Typl =Ty 1

is such that each interval (z,_ 1Tyl ] contains the same amount ¢ of total mass. The following
convention reflects the no-flux boundary conditions:

z

:Z%, ZK+%:ZK—%~ (21)

N

We finally introduce the associated (K — 1)-dimensional submanifold Ps(Q2) := usrs] C P(Q2) as
the image of the injective map ug : rs — Ps(Q).

2.3. A metric on the ansatz space. Below, we define a “Wasserstein-like” metric Ws on
the ansatz space Ps(2). For motivation of that definition, observe that Ps(2) is a geodesic

submanifold of P(), hence the restriction Wy of the genuine L?-Wasserstein distance W to
Ps(§2) appears as a natural candidate for Ws. Thanks to the flatness of W in one space dimension,
see Lemma [4 the pull-back metric of W on rs induced by us is a homogeneous quadratic form.
More precisely,

K-1
W (us[], us[z1)* = > (® - ) Wee(%] — %)) for all 2,8 € 15, (22)
k=1

where the positive matrix W e RE-Dx(K-1) jg tridiagonal. This approach has been followed in
our previous work [40].

Here, we take a modified approach and use to define a metric Wy on Ps(Q2), but with the
simpler matrix 01 x_ in place of W above. In other words: up to a factor 6%/2, the pull-back
metric of Wy via ug is the usual Euclidean distance on 5.

Remark 5. Our proof of convergence heavily relies on several explicit estimates of quantities
with respect to the metric Wy.

With the rescaled scalar product (-,-); and norm |-||; defined for ¥, w € RE~1 by

K-1 K-1 1/2
(¥, %)5 =0 > vgwp, ¥l = <5 > U;%) ;
k=1

k=1
the distance Wy is conveniently written as
Wi (us[2%], us[x1]) = " — 5.
In [40, Lemma 3.2], we have shown the following.

Lemma 6. Wy is equivalent to the Wasserstein metric restricted to Ps(Y), uniformly in K :

1
6W6(U0,U1)2 < W(uo, u1)® < Ws(uo,u1)®  for all ug, uy € Ps(€). (23)
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Note that, as a direct consequence of , we obtain that

Hth[io]_Xf?[’zl ) S H’?O_zlua'

]HL2([0,M

We shall not elaborate further on the point in which sense the thereby defined metric Wy is a
good approximation of the L?-Wasserstein distance on Ps(£2). However, Theorem [2| validates
our choice a posteriori. For results concerning the I'-convergence of discretized transport metrics
to the Wasserstein distance see [25].

2.4. Functions on Ps;(2). When discussing functions on Ps(Q) in the following, we always
assume that these are given in the form f :rs — R. We denote the first and second derivatives
of f by 0zf : 15 — RE=1 and by 02f : rs — RE-DXE=1 regpectively, with components

[0:f @)k = 00, f(X)  and [0 (X)]kp = 02, O, f(X). (24)
Example 7. Each component z,, of Z = zs[X] is a function on ts, and

2 Ontd T Ch3
K 5 ?

where e, € RE=L is the kth canonical unit vector, with the convention ey = ex = 0.

Oz2x = —2 (25)

We introduce further the gradient
Vsf(X) =6 0:f(%),

where the scaling by d ! is chosen such that, for arbitrary vectors v € R€—1,
K—1
(F,Vsf®)s = Y vrda, f(3).
k=1

The gradient flow of a function f on Ps(£2) with respect to Wy is then defined as the solution
X : [0;00) — s for the system of ordinary differential equations

X =-Vsf(), or, more explicitly, i = —06 10, f(X), foreach k€ lf. (26)

2.4.1. The discretized Boltzmann entropy. The Boltzmann entropy H as defined in @ is a non-
negative functional on P(2), which vanishes precisely on the constant function u = M/(b — a).
In analogy to [40], we introduce a discretization Hy : t5 — R of the Boltzmann entropy H by
restriction to Ps():

H;(X) := H(us[x]) = / us[X]Inus[X]de — Ho =9 Z In z,, — Ho,

¢ eny/?

rEiK

where Hg was defined in @, and 7 = zs[X]. Naturally, Hs inherits non-negativity, and vanishes
only for X with z = a + (b — a)k/K. For the derivatives, we obtain — using the rule (25 —

. eﬁ,l _en+l Zk«l»l —Zk7;
0xH;(%) = 0 Z e =0 Yy ey, (27)
rely/? kelf;
T
€e._1—€e_ 1 e 1 — €. 1
2 2\ 2 K—35 Kk+5 K—2 K+ 1
aiﬂé(x)_azzﬂ( = )( = ) : (28)
NEH}KN

It is obvious that 02Hj; is positive semi-definite, i.e., that Hy is convex.
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2.4.2. The discretized Fisher information. The discrete Fisher information Fys : rs — R is not
defined by restriction of F from . Instead, we mimick and define accordingly

N a2 0 Zerd — Ze-1\2
Fs(9) = 5 IVsHs@l5 = 5 Y (F25—2)
kerf
using . Thanks to this simple structure, the gradient flow equation for Fs has an explicit and
compact representation. Using the rule 7 the representation and the convention 7

—

we obtain with Z = z4[X]
VsF5(X) = 6 203H; () 0xHs (%)

z 1 —Z 1 e 1 —€e 1 e 1 —€e 1 T
_ 2 [ Zkts3 k-3 rta K—3 rta K—3
= X (M) () () e @

1/2 +
KELE™, kel

2k - 2zn + Zk—1 en-i—% - en—%
> zﬁ( 1 5 >< 5 ) (30)

1/2
S

This should be understood as a discretization of the differential operator (Z 2Z§§)§ appearing on
the right hand side of .

Remark 8. Without calculating the second derivative 8)%F5 explicitly, we remark that it is un-
bounded from below on X5, hence Fs is not A-convex for any A € R. This is in agreement
with the fact that already the original Fisher information F is not geodesically A-convex in the
Wasserstein metric, see [12).

2.5. Time stepping. For the definition of the fully discrete scheme for solution of , we
discretize the spatially discrete gradient flow equation

X = —V;Fs(%) (31)
also in time, using minimizing movements. To this end, fix a time step with 7 > 0; we combine
the spatial and temporal mesh widths in a single discretization parameter

A = (130).
For each ¥ € 15, introduce the Yosida-regularized Fisher information Fa(+;¥) : ts = R by

. 1 . o o
FA(X)Y) = > % = ¥ll5 + Fs().

A fully discrete approximation (X})5%, of is now defined inductively from a given initial
datum X9 by choosing each X as a global minimizer of Fa (+; )‘(’Z_l). Below, we prove that such
a minimizer always exists, see Lemma

In practice, one wishes to define XX as — preferably unique — solution of the Euler-Lagrange

equations associated to Fa(+; )?2_1), which leads to the implicit Euler time stepping:
g—xnt .
TA = —V;sFs(%). (32)

Using the explicit representation of 0zF's, it is immediately seen that is indeed the same
as . Equivalence of and the minimization problem is guaranteed at least for sufficiently
small 7 > 0.

Proposition 9. For each discretization A and every initial condition X° € 5, the sequence of
equations can be solved inductively. Moreover, if T > 0 is sufficiently small with respect to &
and F5(X°), then each equation possesses a unique solution with Fs(%) < Fs(X°), and that

solution is the unique global minimizer of Fa(; XA ).
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The proof of this proposition is a consequence of the following rather technical lemma.

Lemma 10. Fiz a spatial discretization parameter § and a bound C > 0. Then for every y € ts
with Fs(¥) < C, the following are true:

o for each T > 0, the function Fa(-;¥) possesses at least one global minimizer X* € ts;
e there exists a 7o > 0 independent of ¥ such that for each 7 € (0,7¢), the global minimizer
X* € 15 is strict and unique, and it is the only critical point of Fa(+;¥) with Fs(X) < C.

Proof. First, observe that the sublevel Ac := F;'([0,C +1]) C 15 is a compact subset of R¥~1.
Indeed, A¢ is a relatively closed subset of rs by continuity of Fs. Moreover, thanks to (103]),

every X € Ag satisfies Typl =T, 121 for all k € ]I%2 with a positive constant z that depends

on C only. Thus Ac does not touch the boundary (in the ambient RX~1) of rs. Consequently,
Ac is closed and bounded in R¥ -1,

Let § € 15 with F5(¥) < C be given. The restriction of the continuous function Fa(-;¥) to
the compact and nonempty (Slnce it contalns y) set Ao possesses a minimizer X* € Ac. We
clearly have F5(X*) < Fs5(¥) < C, and so X* lies in the interior of Ac and therefore is a global
minimizer of Fa(+;¥). This proves the first claim.

Since Fs5 : rs — R is smooth, its restriction to A¢ is Ag-convex with some Ao < 0, i.e
02F5(%) > Ac1 g1 for all ® € Ac. Independently of ¥, we have that

. . 1)
OZFA(X¥) = 03F5(X) + ;]11{—1,

which means that X — Fa(X;¥) is strictly convex on A¢ if

)
O<71T<70:= "—7.
(=Ac)
Consequently, each such Fa(+;¥) has at most one critical point X* in the interior of A¢, and this
X* is necessarily a strict global minimizer. 0

2.6. Spatial interpolations. Consider a fully discrete solution (X})52,. For notational sim-
plification, we write the entries of the vectors X} and ZX = zs[XX| as zx and z,, respectively,
whenever there is no ambiguity in the choice of A and the time step n.

Recall that u} = us[XR] € Ps(2) defines a sequence of densitites on [a, b] which are piecewise
constant with respect to the (non-uniform) grid (a,z1,...,2x—1,b). To facilitate the study of
convergence of weak derivatives, we introduce also piecewise affine interpolations z} : [0, M| —
Ry and @} : [a,b] — Ry.

In addition to & = k¢ for k € I[K, introduce the intermediate points §,. = 6 for k € I;{
Accordingly, introduce the intermediate values for the vectors XX and Zx:

/2

( 1t @, 1) forﬁze]ll/z
1
2L = §(Zk+1 + 25 ) for k € ]I'};.
Now define
e Z% : [0,M] — R as the piecewise affine interpolation of the values (z%,z%, .. .,szé)

with respect to the equidistant grid (5%753, . ,{K_%), and
e UR :[a,b] — R as the piecewise affine function with

@ o X7 = 2% (33)
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Our convention is that Zx (§) = 21 for 0 < { < 6/2 and ZX(§) = 2x_3 for M = 6/2 < § < M,
and accordingly U (z) = z1 for « € [a,z1] and U (¥) = zx_1 for ¥ € [ _1,b]. The definitions
have been made such that

op = X% (&), 2 = 2(&) =1(xy) for all k € 1% UTH>. (34)
Notice that u} is piecewise affine with respect to the “double grid” (zo, TL, @1, g1, TK),
but in general not with respect to the subgrid (zo,z1,...,zx). By direct calculation, we obtain

for each k € H;r( that

Zk — Z1_ 1 2.l — Zp_ 1 2yl —Zp_1
0, et T B — by~ %oy
(@ 1:7k) oy — 1y 1 Th— Tho1 2 )
’ (35)
xu|(mkv$ DT o1 —wn | Tepr x| ks 5
K+l ktd k k+1 k

Trivially, we also have that d,u vanishes identically on the intervals (a,z1) and (zg_1,b).

1

2
3. A PRIORI ESTIMATES AND COMPACTNESS

Throughout this section, we consider a sequence A = (7;0) of discretization parameters such

that § — 0 and 7 — 0 in the limit, formally denoted by A — 0. We assume that a fully discrete

solution (X} )%, is given for each A-mesh, defined by inductive minimization of the respective
FA. The sequences ia, Ua, za and XA of spatial interpolations are defined from the respective

%a accordingly. For the sequence of initial conditions X}, we assume that u% — u® weakly in
L1(€), that there is some finite H with
H;(X%) <H forall A, (36)
and that
(T +0)FsxX) =0 as A—0. (37)

Further, we use {q}, to denote the constant in time interpolations of sequences (¢")pe, with
step size 7 > 0, that is

{¢}, (t):=q¢" forte((n—1)7],n7], {q},(0):=
3.1. Energy inequality. The following basic energy estimates are classical for gradient flows.

Lemma 11. One has that Fs is monotone, i.c., F5(X%) < Fs(Xx "), and further:

Fs(XR) < Fs(XX) for alln >0, (38)

I%A — iill% < 2Fa(>?&) (m—n)T forallm>n2=>0, (39)
o0 5{, _

Ty IR =7 Z [VsFs(XR)]5 < 2F5(X2). (40)
n=1 n=1

Proof. The monotonicity follows (by induction on n) from the definition of X’ as minimizer
of Fa (%X 1):

F;(xx) < ”XA A3+ Fs(XA) = FaRR:XA) S FaRA 533 ) =Fs (1)
Moreover, summatlon of these inequalities from n =n + 1 to n = 7 yields

u g — gt n
> {HAA"S] < F5(X3) — F5(XA) < Fs(2).
n=n-+1 T
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For n = 0 and m — oo, we obtain the first part of . The second part follows by . If
instead we combine the estimate with Jensen’s inequality, we obtain

n

R — X0t n on—1y 72y 1/2
-l < >0 PEE e o (0 5 [ Py

T T
n=n-+1 n=n+1

which leads to . O

3.2. Entropy dissipation. The key to our convergence analysis is a refined a priori estimate,
which follows from the dissipation of the entropy Hy along the fully discrete solution.

Lemma 12. One has that Hs is monotone, i.e., Hs(X}) < H(;()_('Z_l), and further:

> Zpdl — 224 + Zp 2
DY z,%( s = 1) < Hs5(XR). (41)

n=1 KEJI;/Z

Proof. By convexity of Hs and the discrete evolution 7 we have
H;s (X3 ) — Hs(RR) > (VsHs(RR), KA1 — XA )5 = 7 (VsH5(XR), VsFs(RR)) s

for each n = 1,2,... Evaluate the (telescopic) sum with respect to n and use that Hs > 0 to
obtain

7Y (VsHs5(XR), VsFs(%A))s < Hs(XQ).

It remains to make the scalar product explicit, using and :

T
2k - 22/@ + Zk— R+l — Zp_1 €.l — €, 1
(VsH;, VsFs); =6 Y ZE( = 52 1) < =5 2) ( = 2) e

1/2 +
relY ™, kel
- 2 ( RFr+1 — 22& + Zk—1 2
B Z Zr 52 )
1/2
KEDR
using that z1 =21 and IRyl = ZK-L, according to our convention (21). O

We draw several conclusions from . The first is an a priori estimate on the the £-derivative
of the affine functions 27} .

Lemma 13. One has that
© 4 0 Z]?+l - Z]?,l * —
™2 MOER paopny =728 X | — 5] <9H. (42)
n=1 n=1 kEH;r(
Remark 14. Morally, a bound on 9¢% in L*([0, M]) corresponds to a bound on 0,4 in L*(Q).
Proof. Fix n € N. Invoking our convention , one obtains

Zopl — 2p_1\>
||8§2Z||i4(9) = Z (Zhey = 2n-3) <k+25k2‘)
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Using the elementary identity (p®> —¢3) = (p—q)(p? +¢*+pq) and Young’s inequality, one obtains
further

(A):_(SZ Zr+1 — 2Zn+zn L
6]11/2
241 — 2 2 Z Z—1 2 Zr+1 — 2 z Zr—1
Kk+1 7 *K K~ AR— k+1 = *K K = AR—
(o) () () ()
35 2 2
20 P ZK+1—2ZH+ZH,1 l(zn+1_zn> + (ZH_ZH1> ‘|
- KEH1/2 o 0 g
K
1/2 1/2
— 2 Zpg L —Zp_ 1 4
Sg 5 Z Z’% |:Z/<;+1 26/Z2n+zn1:| 45 Z < k+3 5 k 2)
rell? kel

Note that the last sum above is again the L*-norm of 9¢z". Taking the square on both sides,
dividing by the L*-norm, summing over n = 1,2, ..., and finally applying the entropy dissipation

estimate , one arrives at . O

The a priori estimate is the basis for almost all of the further estimates. For instance, the
following control on the oscillation of the z-values at neighboring grid points is a consequence of

).
Lemma 15. One has

TZ<5 3 {( by )4+ (ZE-% —1)4] < 18(b — o) H4(Z2). (43)

n=1 jrc ]I+ 3 Zk"‘r%

Moreover, given T >0, then for each N € N with N7 < T, one has

725 Z [( k+2 B >2+ (Zi—% _1>2] < 6(b— a)?T/?Hy(RY) /262, (44)
n=1 eI} Pkt 4

Proof. Recall that 2z > 6/(b— a) for all k, see (102)). Consider the first term in the inner
summation in '
Z’n

3 (5 g L)'y () (7 <o ol
kel ko3

The same estimate holds for the second term. The claim is now directly deduced from
above. The proof of the second claim is similar, using the Cauchy-Schwarz inequality
instead of the modulus estimate:

sx (B ey () (P
kelf k-3

kelj; 2

n 1/2

Sy or

kel}

) EXEY

Use estimate 1' sum over n = 1,..., N, and apply the Cauchy-Schwarz inequality to this
second summation. This yields

1/2 IS 1/2
TZ(SZ ( iy —1) < §Y2(b— a)? < Z1> (TZlH?AIE(m) :

1
n=1 kE]I+ k—3
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Invoking again 7 and recalling that N7 < T, we arrive at . O

We are now going to prove the main consequence from the entropy dissipation , namely a
control on the total variation of \/ﬂ . This estimate is the key ingredient for obtaining strong
compactness in Proposition Recall that several equivalent definitions of the total variation
of f € L'() exist. Most generally,

TV I[f] = sup{ A f(2)0,0(x)dz; ¢ € COL (), Slip |o(x)] < 1} ) (45)

Since we are dealing with functions f : 0 — R that are piecewise smooth on intervals and only
have jump discontinuities, the following definition is most appropriate:

J—1
TV[f]=supq > f(rjp1) = fr) : JEN, a<r <rg<---<ry<byp. (46)

Further recall the notation
[1]: = lim £(&) ~ lim f(a).
for the height of the jump in f(x)’s value at = = Z.

Lemma 16. One has
T i TV [0, \/@ " 10— o) (47)
n=1

Proof. Fix n. Observe that /u% is smooth on Q except for the points T1, Ty, T 1, with
derivatives given by

1 1
81: uy = 78.’,()/\”7 a.L.L uy = — 8 <0.
YA Ty e A Vs T T aa )

Therefore, 0,,/tx is monotonically decreasing in between the (potential) jump discontinuities
at the points T1, 01,5 T 1 Further, recall that

Opr/U%(x) =0 forall z € (a,a+d/2) and all z € (b—6/2,b), (48)

It follows that the supremum in can be realized (in the limit ¢ | 0) for a sequence of just
J =2(2K — 1) many points 75 chosen as follows:

T3 1 =Tip—€ and 15 =mp+e, fori=1,... 2K —1.

On the one hand,
) 0.5 = | [o. /3]

On the other hand, since 0,+/u)X is monotone decreasing in between r5; and 75, ;, and vanishes
near the boundary by (48)), we have that

(49)

lim
el0

Zi/2

2K -2

lsiﬁ)l Z: (@c\/ﬂz(r;i)—@x ﬂZ(T%H_l) 1518 i ( \/127"20 o) ﬂZ(TEH))
o], |+ 3 |l
rel}/?

IN

ol
kelf
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Summarizing and , we obtain the estimate

v o) <2 5 [l [ +2 5

kelk kel/?

o],

, (51)

K

In view of 7 we have that

1 (21— Zk+i)2
o /] Ik S VR
lo-vas],, = 55— or k € T

1 ol — 2 o
I[@m/aZ]]x 5\/2'2 1 ;K_Fz L for ke 61[1/2

Accordingly, using that 1/zx < (1/2,1+1/2,_1)/2 by the arithmetic-harmonic mean inequality,

N

>

d Z (-1 _Zk+%)2. 1
2 52 NN

kerf kerf
4 1/2 1/2
1 -1 Zk+ 4 (52)
< =16 _
Sl (22)
kerf kelf
1 2 1/2
= §H8£EZHL4(Q)(I) a)'/?,
and also
s J Z1 — 22k + 2e—1| 1
> HawvuA]]% =3 2 52 e
kel/? wel/?
1/2 (53)
2
1 Zr4+1 — 23& + Zk—1
<592 zi{ 5 } (b—a)'/2.
nGH%z

Combine with the L* bound from , and (53) with the entropy dissipation inequality
. Inserting this into to obtain the claim (47)). ]

3.3. Convergence of time interpolants. Recall that we require the a priori bound on
the initial entropy, but only on the initial Fisher information. This estimate improves over
time.

Lemma 17. One has, for every N > 1,

Fs(XX) <

[\D\OJ

(MH)Y?(NT)~1/2, (54)

Consequently, {Fs(Xa)}, (t) is bounded for each t > 0, uniformly in A.
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Proof. Since F5(X%) is monotonically decreasing in n (for fixed A), it follows that

N n 2
NERS P NEN QNDZ ( eep T )
n=1

n=1 kE]I+
1/2 " " i 1/2

> Tyl T AL

S 25 DR B e

n=1 gerf n=1 gerf
1 _
< L (NM)V2OT)Y2 = 3 (M) V2 (N) 12,
2NT 2
as desired. O

In the following, we use the notation [t,t] € R4 to denote time intervals with 0 < ¢ < ¢ < co.

Lemma 18. We have that, for each [t,t] €@ Ry,

sup sup [[{ua}, (t)||m (o) < oo, (55)
A telti]
and that, as A — 0,
sup [{uat; (t) = {ua}; (D)= — 0. (56)
Ry
Proof. For each n € N,
2r 1 T2\ 2 Zp =20 1\2
n n k+3 k n n k k-3
|0, AHL2(Q) Z [(%r;_xk)( n o _ n) +(xk_mk7%)( n_ n*> }
et Typ1 TR Y
k+;” 3 (T T AN
<6y ( 5 ) < F5(XR) Helﬂaggz
kel}

Now combine this with the estimates from above and (|103) from the appendix to obtain
(55). Estimate follows directly from the elementary observation that
|2

sup |up () — uR (2) }ka

< max
z€EN ke

n 2 N
- Zk,%| < 6F5(XR) < 6F5(X1),

and an application of . O
Proposition 19. There exists a function u, : R>g X  — Rx>( with
Usx € Cloc (R-‘r) P(Q)) N LlOC(R+; Hl(Q))v (57)

and there exists a subsequence of A (still denoted by A), such that, for every [t,t] € Ry, the
following are true:

{ua}, (t) — u.(t) in P(Q), uniformly with respect to t € [t,t], (58)
{ua},  {ua}, — u. uniformly on [t,t] x Q, (59)
{Xa}, () — X*(t) in L*([0, M]), uniformly with respect to t € [t, ], (60)

where X* € CY/2(R,; L2([0, M))) is the Lagrangian map of u..
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Proof. Fixt > 0. From the discrete energy inequality , the bound on the Fisher information
in Lemma and the equivalence of W5 with the usual L2-Wasserstein metric W, it follows
by elementary considerations that

W({aal}, (1), {aa}, ()* < C@)(|t — s + 7). (61)

for all ¢, s > t. Moreover, since 2 = [a, b] is compact, also P(2) is compact. Hence the generalized
version of the Arzela-Ascoli theorem from [I, Proposition 3.3.1] is applicable and yields the
convergence of a subsequence of ({zia},) to a limit u; in P(€), locally uniformly with respect
to t € [t,00). The Holder-type estimate implies u; € CY/2([t,00); P(Q)). The claim is
a consequence of the equivalence between the Wasserstein metric on P(€2) and the L2-metric on
X, see Lemma [

Clearly, the previous argument applies to every choice of ¢ > 0. Using a diagonal argument,
one constructs a limit u, defined on all Ry, such that u, is the restriction of u, to [t, 00).

For the rest of the proof, let some [t,t] € Ry be fixed.

For proving (59), it suffices to show that {@a}, — w. uniformly on [t,f] x Q: indeed,
implies that if {ua }, converges uniformly to some limit, so does {@ia},.. As an intermediate step
towards proving uniform convergence of {uia}., we show that

Ua(t) — u.(t) in L*(Q), uniformly in ¢ € [, 7]. (62)
For t € [t, ], we expand the L?-norm as follows:
I}, () = Ol = [ [({Fa), — ) (s}, (o) do
+ [ (@), —w) (@), ~ (@s),)] (o) do
7/ ({3}, — w)u| (t:2) do.
Q

On the one hand, observe that

sup /Q [( {ua}, —u.)({Ua}, — {ua}, )} (t; ) da

te(t,t]
< tsg] ((IHaa}, Ol + lu@®ll@) [ {da}, () = {aa}, @)]z=)
< tsﬁpa (@M + (b—a)[[{ua}, @) —{uat, Ollc<) [{ua}; () —{aa}; @)]z=),

which converges to zero as A — 0, using both conclusions from Lemma On the other hand,
we can use property to write

/Q [({aA}T — ) {ﬂA}T}(tﬂ?) dz —/Q [({ﬂA}T - u*)u*} (t;z) dx

— /OM [{QA}T - u*} (t;{Xa}, (t;2)) dé — /0 [{QA}T - “*] (X"(t:€)) d.
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We regroup terms under the integrals and use the triangle inequality. For the first term, we
obtain

M
sup / ({fn), (t: {Xa), (£6) — {Aa}, (£X.(5:6))) de
te(t,z]
{Xa}, ()
< 8, {ial| (ty) dyd
< o / / PR CARICIEE

< sup / | {Ta}s oy [Xe — (Xal), |(56)2 de

tefL,t] /0
< suwp ({aa}, ) m@lX.0) = (Xal, Ol 5o )
A similar reasoning applies to the integral involving u, in place of {tia} . Together, this proves
(62), and it further proves that u, € L>(R_[t,7]; H'(Q)), since the uniform bound on % from

is inherited by the limit.
Now the Gagliardo-Nirenberg inequality (107]) provides the estimate

s}, (&) = " ®)lovegy < ClH{aaY, (6) = w50 {Ea}, (&) —u'(t )IllL/zfiQ (63)

Combining the convergence in L?() by with the boundedness in H'(Q2) from ( , it
readily follows that @ (t) — u.(t) in CY/6(Q), uniformly in ¢ € [t,#]. This clearly implies that
{ta}. — wu, uniformly on [¢t,t] x Q. O

Proposition 20. Under the hypotheses and with the notations of Proposition[I9, we have that
Vs € L2(R>0; HY(Q)), and

{\/QA} — VU, Sstrongly in L%OC(RJF; H? Q) (64)
as A — 0.

Notice that 9,+/ux € L*([0,] x ) for each > 0, but strong convergence takes place only on
each [t,t] x Q.

Proof. Fix [t,t] € Ry. By definition of the total variation,
10010y = [ 0uF0)2 e < (sup ()] ) TV 01

holds for every Lipschitz function f : @ — R. The functions /uX are obviously Lipschitz
continuous. Moreover, thanks to weak lower semi-continuity of the total variation, it follows

from that
/ TV [0p1/ux]” dt < 10(b — a)H.
0

In particular, the weak derivative x — 9,1/ux(t; ) is in L>=°(Q) — and thus = — Ju,(¢; ) is
Lipschitz — for almost every ¢ > 0. Using that TV [f — g] < TV [f] + TV [g], we obtain that

2

iz} )y

L2(Q

<=0 (s [{VES) - v

t,E]xQ T

) (2 / ) (TV [0 {vua}, ) + TV (D]’ dt)m.
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For A — 0, the first term on the right-hand side converges to zero by , and the second term
remains bounded by . This proves (64)).

To show square integrability of the limit, fix some 7" > 0. Below, N is always such that
T < Nt <T+1. A direct calculation yields that

? M0z (9)?
4/ O /T xdxz/ _EEAN)ge,
L (/) @ = | s
From the properties of XX and Z} as linear interpolations, one easily deduces that

n
1 “lt

1 k—1
S 2 + 2
ZREOWXAE) ~ 75, 7y

for all § € (§_1,&41). Therefore,
T 2
4/ </ {\/ﬁA} (t;x)d:z:) dt
0 Q T
Sex () (35
< T 5 2 2 2 + 2
n=1 k€H+ ZI:’_% ZZ+%
N Zn _Zn 4 1/2 n 2 Zn 2
k+i k— k+ k—1
<2 7252[25 ] Z(SZ <n> <2n>
n=1 k€H+ k? 3 k?+§

n=1 keﬂ}t
The two sums are A-uniformly bounded, thanks to the estimates and . By lower semi-
continuity of norms, /u, obeys the same bound. O

1/2

N[=

4. WEAK FORMULATION OF THE LIMIT EQUATION

To finish our discussion of convergence, we verify that the limit u, obtained in the previous
section is indeed a weak solution to (). From now on, (X})3, with its derived functions @a, Ua,
X is a (sub)sequence for which the convergence results stated in Proposition and Proposition
holds. We continue to assume and . The goal of this section is to prove the following.

Proposition 21. For every p € C™(Q) with p'(a) = p'(b) =0, and for every ¢ € C(Rx>o),

Tww) ([ o) de o) [ pl)ed @) de
[ ol ) v [

00 (65)
+/ w(t) (/ [0 (2)9sun (1) + 40" (2)B0 v/ (1 )] dq:) dt = 0.
0 Q
For definiteness, fix a spatial test function p € C'°(2) with p/(a) = p'(b) = 0, and a temporal
test function ¢ € C°(R>¢) with suppt C [0,T) for a suitable T > 0. Let B > 0 be chosen such
that

lpllcsy < B, [[¥ller@y) < B. (66)
For convenience, we assume § < 1 and 7 < 1. Further, we introduce the short-hand notation
PER) = (P (@}), ... 0 () € RED, (67)

In the estimates that follow, the non-explicity constants possibly depend on (b — a), T, B, and
‘H, but not A. The two main steps in the proof of Proposition |21| are to establish the following
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estimates, respectively:

T
/ <w’(t)/ p(){ta}, (t2)de + () {(¢'(Ra), VsFs(Xa))s}, (t)> d
0 Q

€1,A ‘=
(68)
L(0) /Q o) () de| < C((OF5 ()2 + (rFa(=4)),
and
€8 1= / ww( / (" (2)0, {ia}, (t:2) + 40" (2)0, {Viia | ()] de
(69)

—{(p'(Ra), VeFs(XR))s}, (0) dt| < Cs'/*,

We proceed by proving and . At the end of this section, it is shown how the claim
follows from (68)&(69) on basis of the convergence for {ua}, obtained previously.

Proof of (68). Choose N, € N such that N.7 € (T,T + 1). Then, using that ¢(N,7) = 0, we
obtain after “summation by parts”:

T N~ mT
- [ ([ oo s, oyac) ae = -3 ( /(mmw at [ pla)i(a) dx>
Ak — m— 1)1 M
=y <¢(W) =2 | poXZ(&M&) (70)

0 T

N M n n—1 M
poXX —poX
-y (w((n— S <£>d§> +u0) [ pox©)de
n=1 0
A Taylor expansion of the term in the inner integral yields

n -1 n -1 X Sy
poXk —poXQ ZPIOXZ (XA_XZ)_A,_T/)NO)Z(XA_XZ) . (71)
T

T 2 T

where X symbolizes suitable “intermediate values” in [0, M]. We analyze the first term on the
right-hand side of : using the representation of XA in terms of hat functions 6, we can
write its integral as follows,

M Xn _ anl n __ n—1 Ekt+1
/ oo XR (AA) =" <M)/ p' o X% 0y dE. (72)
0 T + T fk—l
kelk
On the other hand, since
Ert1
[ oac=s (73)
Ek—1

the discrete evolution equation yields that

(P (RR), VsFs(RL))s = <p’<fz>,w>§ =S (H) /£ 5 (a0 (€) .

T +
kel
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Finally, observing that

IXA(E) — 7| < (x4 —x)—q) foreach & € (§p—1,8k+1),

we can estimate the difference of the terms in and with the help of the bound on
p as follows:

M n _ yn—1
/0 o o XL (6) (XATXA> (€) e — (' (RR), VsF5 (%)) 5

Ek41
< Z |p" o XX (&) — p' () |0k (&) A€ (75)
kelk Srm1
P — gh ! n
< Bd Z k(2 —ahy).
kelf

As a final preparation for the proof of , observe that

_ / B0 {7 Fa), VaFs(Ea))sh, (1) dt =7 3 w((n — 1)7) (0 (FR), VsFa(F2))

N~ 1 nt 2 1/2 oo 1/2
< (> /( . G(t)dt —((n —1)7) (r > B IIVaFa(fZ)§>
n—1 n—1)r n=1

< (T +1)B2r2) *(2B2F, (%)) /2 = C'F5(x%) /27,
using the energy estimate (40). We are now ready to estimate e; o in (68):

Ak M HoXn — poXnt

era < R’+TZ<\w<<n—1>r>\ ‘/0 PRt P28 (g de — (0 (RR), VaFs(R4)s
n=1
N
2 R/+BTZ<
Br (M /X% - X7’
+7/0 <7’> (§)d¢

1/2 1/2

[e%S) n n— 2 N,
< R +B? 72520’@;%1) 7363 (afsy —apy)?

= + = +
n=1 kelf n=1 kel

an

)

T

M n _ ywn—1
[ oexae () ©ae - (). TR,

oo 2

Z

Lz([0,M])
1/2
< C'(rF5(£2)) + B2(2(b — a)T)"/ (5F5(XA))1/2 + B2(7Fs(X})),
where we have used the energy estimate (| and the the bound (| . O

The proof of requires more calculations, which are distributed in a series of lemmata
below. The first step is to derive a fully discrete weak formulation from .

Lemma 22. With , one has that
—(p/(RR), VoFs(XR))s = AT — Ay + A5 + Al (76)
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where
Zn . — Zn 1 2 Zn 1 _|_ Zn 1 2
Ar — § Z k+35 k—3 k+ k P (xk+1) 1Y (xkfl)
! B 2 B ’
kelf
n n 2 n 2 n 2
n Zk+l — A1 (Zk+1) + (zk,l) "
A2 =9 Z : : n n : pu(xk)7
1) 22" 2™
kelk kt3 k=3
n n n 2 n
A —s Y (T (R s)* + G (P ap) =/ @]) — (@, — 2p)p (ap)
3 B 2 52 :
kerf

(P (z,z;; 5 ZZ_é) (Wﬂ)g ; (Zg_ﬁ) (p’(le) — ) — @y - xz>p~(xz>> .

1
kelf

Proof. Fix some time index n € N (omitted in the calculations below). Recall the representation
of VsFs from . By definition of p'(Xa), it follows via a “summation by parts” that

- - 1 Zes1 =2 2Zn— 201\ o [P (@egy) =P (T 1)
~ (Ves(Ra) fRalhs = -0 3 3 (T - B )( :

KEH}(/2
“hid -4\ 1 P (@hs1) — p' (k) p(xr) = p'(wr-1)
kel
Using the elementary identity (for arbitrary numbers oy and )
ay + o By + B-
afy —af = = (B = fo) + (ay — o) =,

we obtain further:

— (V<F5(Xa), p'(Xa))s

5y <2k+; ;2k5> <k+2—5k> (p’(kagp'(m)) (77)

ol
kel};

2 2
P ~ 23\ (Fhrd T 1) (0 (@ri) = 20 (@k) + 0 (211)
+6 > ( 5 ) ( 5 ) ( = . (78)

kelf

The sum in equals to AT. In order to see that the sum in equals to —Ay + A% + A},
simply observe that the identity

Tpy1 — T | Th—1 — T 1 1 s

)

0 0 hti  Fk-i Pt ifh—1

makes the coefficient of p”(z}!) vanish. O

Lemma 23. There is a constant C1 > 0 such that for each N with N7 <T, one has

N
Ry =71 Z
n=1

M
Ap-2 [ a0 XA de| < Cro
0
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Proof. First, observe that by definition of Z,

M 201 =20 N2 fEesl
|| i exa@ae= 3 (S [T e xs @
0 kelj; k=g
and therefore, by Holder’s inequality,
Ry < R’RyJ?, (79)

with, recalling ,
— 27 1.4 o0 o
_TZ(SZ ( k+2 - 2) STZ||EX||%4(Q)§9H7 (80)
n=1

n=1 k‘EH+
1+ 27 /(g — o (z" 9 [l 2
Rlb*TZ(sZ | et Ty /i) 5p( o) *5/k+2p’/0XZd€} (81
n=1 k€ﬂ+ gk—%

To simplify Rip, let us fix n (omitted in the following), and introduce &} € (zk,z4+1) and
Z, € (xg—1,2x) such that
P (@r1) = p'(@r—1) _ p(@pga) — p'(an) | p'(@k) — P/ (z—1)

5 = 5 + 5
N — N — (& "z
:pu(l‘;:) k+1 k +p”($;:) k+1 k _ 4 ( k) + 14 ( k).
5 5 Zk:+% Zk,

N

For each k € I};, we have that — recalling 1.' —

Zppl + 21 o (%T 2
ket i K 2(p (xk)Jr ,/ o o Xa de
ZkJr% ; 5
1r/2k-1 z ¢
S E=ERES (’“2 1)o@ 5/“2p~oxmg
e Zo—4
1r/%k_1 Pyl
=3l -rah+ (S -)ea ]
k+d k-3
2 §k+% 17 1" ~+ 2 S /! gt
_z [ o Xa —p/(#)] de = 2 [p" o Xa = p"(&;)] dE.
5 Je, 5 Je,

Since Xa(§) € [xk, wpy 1] for each € € [§r, &4y 1], and T € [z, p41], it follows that |Xa(€) —
i;r| < Tpi1 — Xk, and therefore

%/ o }p" oXa(§) — p//(i”Z)| d¢ < B(xgpq1 — ). (82)

A similar estimate holds for the other integral Thus
2 3 2 ZZJFl 2 n n 2

Ri < B Tz(s Z [( o) +<z;;_i ~ 1)+ 2afy —2h0)?.

k 2

Recalling the estimates ) and ., we further conclude that
Ry < B%(6(b — a)?>(HT)"/? + AT (b — a)*3). (83)
In combination with and , this proves the claim. |
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Lemma 24. There is a constant Cy > 0 such that for each N with N7 <T, one has

/ DeZR(€)%p" o XR(£) dE| < /A,
Proof. The proof is almost identical to (and even easier than) the one for Lemma above.
Again, we have a decomposition of the form
1/2 p1/2
Ry < Ry,"Ry”,

where Ry, equals Ry, from , and

1+ 27 1 1 Sppl 2
B> Y [ byep) -5 [ o xnag]
n=1 kerf k+1z -1 k-1
By writing
(ZZ+1)2 + (ZZ_%)Q 1 ZZ_% ) 1 Zl?+% 1 1
227 20 _5(2” B )+§(z” B >+ ’
k+1 k—3 k+3 k—1i

and observing — in analogy to (82) — that

1 [Ee+l
S [ 1 o Xa ) — ()46 < Blagsy — iy,
51@7%
we obtain the same bound on Rg;, as the one on Ry, from . O

Lemma 25. There is a constant Cs > 0 such that for each N with N7 <T, one has

N
Ry =T Z
n=1

Proof. Arguing like in the previous proofs, we first deduce — now by means of Hoélder’s inequality
instead of the Cauchy-Schwarz inequality — that

1 M
55 [ oo o Xu(0) g < ot

1/4 53/4
Ry < RY*RY*

where R3, = R1,, and

N
RgbZTZ(SZ

= +
n=1 kel

Introduce intermediate values i; such that

n n n n n 1
Pl($k+1) - Pl(mk) - (5%+1 - xk)p//(xk) 2(93k+1 - %)2[)’"(%) = 2(7
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Thus we have that

(py P4 G ) = plap) — (@, —a)p" @) 1 (St ,
( + )( k+ k p k+ k k) / )

n 2
U [P 1 [Se+d
- 1 M=+ T 111 X7 d
1 (zﬂ + 1] p"(Ey) % ) P o Xy dg

+1
1 zy zZy 1 Spr1

= < ]:L 2 +1> ( ]:L 2 _1> IO///(j;)_TS 2 [ 1" Xn _ ”/(.i‘;r)] de.
4 A Zhyl 2 &y

By the analogue of , it follows further that

Py 4/3 o 4/3
k— k—3 n n
roemnry s S (3] (T o) g

n=1 gerf k4 “k+d
N n 4 1/3 N ZZ ) 2 2/3
<o (+3s s (G) ) [Ses (B )
n=1 kE]I+ k:+% n=1 kEH;r( Zk+%

+2B*3T(b — a)*/3s,

where we have used (101)). At this point, the estimates and are used to control the first
and the second sum, respectively. O

Along the same lines, one proves the analogous estimate for A4 in place of Ajs.
It remains to identify the integral expressions inside R; to Rz with those in the weak formu-

lation .

Lemma 26. One has that

M
/ R ()" o XL (€) de = / 0, ()" (&) da, (84)
0 Q

Rs ;:Ti /OMagzg( 2 ”oX”(S)d&—éL/Q(ax u”i)Q(x)p”(x)dx
n=1

where holds for each N with N7 <T.

< C561/4, (85)

Proof. The starting point is relation , that is

ZA(€) = A o XX (€) (86)

for all £ € [0, M]. Both sides of this equation are Lipschitz continuous in £, and are differentiable
except possibly at 5%,51, o€ K1 At points ¢ of differentiability, we have that

FeZX (§) = Opup 0 XA (§)0eXA(8)-

Substitute this expression for ¢z (§) into the left-hand side of (84)), and perform a change of
variables © = X} (§) to obtain the integral on the right.

Next, take the square root in before differentiation, then calculate the square and divide
by 0¢XX (&) afterwards:

M = u'x Zoxn n
AZX(§)0XA(E) (6:,3\/2) XA(§)0eXK(E)-
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Performing the same change of variables as before, this proves that

/OM gz?ggi%p” o XA(§)d¢ = 4/9 (31\/%)2 (2)p"(x) da. (87)

It remains to estimate the difference between the &-integrals in and in , respectively. To
this end, observe that for each § € (&, x4 1) with some k € I, one has 9:X% (£) = 1/z;, , and
2

Za(€) € [2p—1, %4 1] Hence, for those ¢,
- e
ZA(E)IXA(E) |~
If instead & € (§,_ 1 &k), then this estimate holds with the roles of z}! 1 and z;!_, interchanged.
2 2
Consequently, using once again and ,

N
>
n=1

M z
[ o oxserae- [ B e ag

0
N M
< Bt / 62”(5)21—n‘d§
2 ), ZAOXA(©)
o 1/2 o 2 n 27\ /2
on (|4 ZIH"%
B <TZ ||3§zA||L4> Za > < ) + (1 - >
n=1 n=1 k€H+ 5 k—%
< 3%1/2(6( ) T1/2H1/261/2)1/2
since N7 < T by hypothesis. This shows . O

Proof of . Again, let N, € N be such that N,7 € (T,T 4+ 1). Combining the discrete weak
formulation , the change of variables formulae &, and the definitions of R; to Rs, it
follows that

N~ M
c2a SBRy+BrY_| [ [03h0" o XR(O) + 0RO 0 XA()] € — (47 — AF + 45 + A7)
= |/0

< B(Ry + Ro + Ry + Ry + R5) < B(Cy + Cy + O3 + Cy + C5)5/%.
This implies the desired inequality . O

We are now going to finish the proof of this section’s main result.

Proof of Proposition[2]] Thanks to (68)&(69), we know that

T
/0 (1) / o) {aa}, (t:) de dt + (0) / o)l (z) da

+ / Cute) / (0" @), {is}, (t:2) + 4" (@)0, {Via }_(t:0)?] dedt

<epa+ean <O((TFs(RQ)) + (OFs(XY)Y2 + 61/4).

By our assumption on Fs(%%), the expression on the right hand side vanishes as A — 0.
To obtain in the limit A — 0, we still need to show the convergence of the integrals to their
respective limits.
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A technical tool is the observation that, for each p € [1,4],

N.
Qp = SXPT;(S > P <o,

thanks to the estimates (102)) and . For the first integral, we use that {ua}_ converges to
uy w.r.t. W, locally uniformly with respect to t € (0, 7). Thus clearly

[ oo (s}, o= [ playutiaas

for each t € (0,T). In order to pass to the limit with the time integral, we apply Vitali’s theorem.
To this end, observe that

r

(1) /Q plw) {an}, (t7) d

2 N,
dt < B*(b—a)r Z/ ah (r)% da
n=1"%

N,
:BQ(bfa)TZ(s Z 2" < QB%*(b—a).
n=1

KEH}KM

Next, using the strong convergence from , it follows that
0, {Tin}, =2 {\/aA} 0/ Ta — 20 fils = Oyt
T

strongly in L'(Q2), for almost every ¢t € (0,T). Again, we apply Vitali’s theorem to conclude
convergence of the time integral, on grounds of the following estimate:

T 2 N, ,
/ dt < B2(b—a)r Y / (0,83 (2))° da
0 n=1 Q
2
20, . — 27 . 2 1+ 2
= B*(b—a)r 52 ( ks - k z> (kn k 2>

() /Q §"(2)0, {@a}, de

3

2
n=1 gerf
- N N 4\ 1/2 N 1/2
< B2(b s B 0 M2l <sH QY B
S Y B D S = P Y | Iy B0 a)
n=1ger, n=l - cpl/?

where we have used . Finally, the strong convergence implies also implies that

(9 {Tia}, )* = (Oov/iz)”

strongly in L!(Q), for almost every ¢ € (0, T). One more time, we invoke Vitali’s theorem, using

that
N,
i dt < 327'7121/Q (630\/{2»2)4 (z)dx

v

N. n n 2 n 2 n 2
1 J Fprl T ARl Pl Fr—1
< 732 ) 2 2 1— 2 1— 2
<jreyey (0 )L
2

vlt) [ o'@0. {Vis} (o)as

n=1 ker} k—3 k+3
1/2 1/2
) Z’ﬂ _ Zn 4 / o) n 4 Zn 4 /
2 k+y k-3 k+d k1
<B°|rT E ] E _— T E 0 E 1—— +11——
= + 0 = + Pp—1 Pkl
n=1 gerf n=1 kel 2
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The two terms in the last line are uniformly controlled in view of and 7 respectively. [J

5. PROOF oF THEOREMS [I] AND

Below, we collect the results derived up to here to formally conclude the proofs of our main
theorems.

Proof of Theorem [l Well-posedness of the discrete scheme follows from Proposition[d] Positivity
and mass conservation are immediate consequences of the construction: recall that aa = us[Xal,
with ugs defined in . The monotonicity of Hy and Fs have been obtained in Lemma and
111} respectively.

It remains to show the exponential decay of Hs. From (the proof of) Lemma it follows
for each n =1,2,... that

M) - M) = Ho(h) ~ B ) < — o=tV o faz] . s

By the logarithmic Sobolev inequality on  and thanks to the fact that d;/w%(0) = 0, we
further have that

H@n) < (b;rj)z /Q (\/aE)Q(x) dz < (b;TZ)BTV [ax\/ir. (89)

Now combine and with the estimate (105 from the Appendix to conclude that

(1 + 5(;27&)4) H(ux) < H(ax ™).

From here, the claim is obtained by induction on n. O

Proof of Theorem [ Local uniform convergence of the {a}, to a continuous limit function
uy is part of the conclusions of Proposition see and . The regularity \/u, €
L?*(R>0; H'(Q)) has been observed in Proposition The strong convergence stated in the
same proposition implies that F(u.) is “almost monotone”: indeed, thanks to we may
assume — passing to a further subsequence with A — 0 if necessary — that

{\/ﬁ} (t) = u.(t) strongly in H'(Q), for a.e. t > 0,

T

and therefore also
2
2 / [0,\/ia}_(t:0) dw — Fluu(t)), for e t >0, (90)
Q T

On the other hand, arguing just like in the proof of , it follows that

/0°° ’{F5(§A>}T - 2/Q {%@E (t;2) do

Now combine and with the fact that {Fs(Xa)}, is decreasing in ¢, for each A, and
is A-uniformly bounded above according to (54]). By Helly’s selection principle, there exists a
monotone f: Ry — Ry such that F(u.(t)) = f(¢) for a.e. ¢ > 0. The proof of monotonicity for
t — H(u,) is similar, but easier: here it suffices to use the local uniform convergence from .

Finally, the weak formulation has been shown in Proposition Simply observe that
any ¢ € C°(Rxg x ) can be approximated by linear combinations of products ¢ (t)p(z) with
functions ¢ € C*(Rx¢) and p € C(). O

dt < Cot/4, (91)
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6. NUMERICAL RESULTS AND ORDER OF CONSISTENCY

The proof of convergence for our discretization given above is purely qualitative. In this
last section, we study quantitative aspects of the convergence. First, we calculate the order of
consistency for approximation of smooth and strictly positive solutions. Second, we report on
the observed order of convergence in several numerical experiments.

6.1. Order of consistency. The following proposition shows that our scheme is (formally) of
first order in time and of second order in space.

Proposition 27. Suppose that X € C*°(R>q x [0, M]) is a classical solution to
X =0:(2°0:2), (92)
which is further such that Z = 1/0¢X is smooth and strictly positive. Let A = (1;0) be a family

of discretization parameters. Then the corresponding restrictions (Xa) of X to the respective
meshes, given by x} = X(nr;&;) forn € N and k € {1,..., K}, satisfy with an error
0(6%) + O(7) as A = 0.
Proof. Given A = (7;6), introduce Z : R>q x [§/2, M — §/2] — R, by

0
(t:€+0/2) = X(6 - 6/2)
which is a smooth and strictly positive function, thanks to the properties of X. It is immediately
seen that

Z(t;¢) = X

O Z(t;€) = O Z(t:€) + O(5%), (93)

for each m € N and locally uniformly in (¢;¢) as A — 0. Observe that, by definition of (Xa) as
restriction of X to A, one has

) ~
= = Z(n7;&). (94)
o, ="
K+35 K—3

z

a3

Fix indices n € Nand k € {1,..., K — 1}. In the following, we abbreviate
2 = Z(m';fk), 2, =0:Z2(nT &), ..., = O Z(nT;&k).

Relation and a standard Taylor expansion of Z around ¢ = &, yield

2y 3 =227 1+ 20
(ZZ+%)2< k+35 :;;2 k 2) _ (Zer(SZ*Z;+0(52))(Z;/+gzi"+0(52))

)
=222 + 5(22*2';4’[ + 222" + 0(6?).

The same expansion — with (—¢) in place of § — is obtained for z ; and 2! , replaced
2 2

n n
k+30 “ht
n

by Zk_;'_%?

zg_% and 2z}’ 3 respectively. Therefore,

L) PCY s T = Tl = DY (% S Bl |
5 |G 52 - 52 (95)

=2z,202 + 222" + O(6).

[N

Next, observe that the expression on the left-hand side remains invariant under the simultaneous
exchange of z;! 1 with z;' , and of z}! L3 with z;' 5. It follows that the odd terms in the Taylor
2 2 2 2
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expansion must vanish, thus the approximation error on the right-hand side is actually of order
O(6?) rather than O(§). Further, using and (93), the term of order 6° can be written as

22,22l 4 2220 = O (Z(nmi €022 (073 €)) = Oe(Z(n7: &) 022 (n7364)) + O(82).
On the left-hand side of , we obtain

n—1
= 1
S h =~ (X(nm3 &) = X((n = D73€) = AX(n73 &) + O(7), (9)
thanks to the smoothness of X in time. Comining & with the continuous equation ,
we arrive at (13)), with an error of O(7) + O(6?). O

6.2. Numerical experiments.

6.2.1. Non-uniform meshes. In order to make our discretization more flexible, we are going to
change our setting and allow non-equidistant mass grids. That is, the mass discretization of
[0, M] is determined by a vector 6 = (£0,&1,&2, ..., Ek—1,EK ), With

0=¢% <& < <&k-1 <&k =M,

and we introduce accordingly the distances
1 1
O = &pyy —Euoygy and 0= S (0hps +0p-1) = 5 (&1 — &r1)

for k € H}(/Q and k € ]IJ[{, respectively. The piecewise constant density function u € ”Pg(Q)
corresponding to a vector X € RE~1 is now given by

U(z) =2, forw,_ 1 <z <wz1, with z,=

$H+% —.TK7%

The Wasserstein-like metric needs to be adapted as well: the scalar product (-, -), is replaced by

Hence the metric gradient Vzf(X) € R~ of a function f : rz — R at X € ¢ is given by
o 1 _.
[ng(x)}k = aazkf(x).

Otherwise, we proceed as before: the entropy is discretized by restriction, and the discretized
Fisher information is the self-dissipation of the discretized entropy. Explicitly, the resulting fully
discrete gradient flow equation

o
A8 = —VF(RR)

attains the form

B Oyt Ok

1 n 2 n _.n n _n
TP —a} 1 (Zk+%) “k+3 " PRl ey T %
T Ok

5k+%

n 2 n _.n n _.n
L o e S e
51 5 T '

(97)

2
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6.2.2. Initial condition. Our main experiments are carried out using the by now classical test
case from [4], that is

u’(z) = € + cos'®(mx), on Q=10,1], (98)

with € = 1073. The mass grid § is chosen in such a way that uQ is a piecewise constant
approxiation of u® with respect to a spatially uniform grid. That is, we choose & such that the
initial condition X for ¥ attains the simple form

b—
x%za—i— ¢

k. (99)

To construct &, we first calculate the cummulative distribution function U° : [0,1] — [0, M] by
numerical integration of u°,

0@ = [ ) d,

and then define &, := U%(a), for k =0,1,..., K.

Remark 28. An equidistant mass grid leads to a good spatial resolution of regions where the
value of u® is large, but provides a very poor resolution in regions where u® is small. Since the
evolution of the zones with low density are of particular interest in numerical studies of the DLSS
equation, it is natural to use a non-uniform mass grid with an adapted spatial resolution, like the
one defined above.

6.2.3. Implementation. From the initial condition ®%, the fully discrete solution is calculated
inductively by solving the implicit Euler scheme for XX, given )?Z_l. In each time step, a
damped Newton iteration is performed, with the solution from the previous time step as initial
guess. Slow convergence of the Newton iteration has been observed in situations where the
density 11271 has steep gradients and/or intervals of very low values.

Our reference solution is calculated with the scheme described in [20], which is fully variational
as well, but uses different ansatz functions for the Lagrangian maps. Even without a rigorous
result on uniqueness of weak solutions, it seems reasonable to expect that both schemes should
approximate the same solution. A technical issue with the comparison of our solution to the
reference solution is that both use a different way for the reconstruction of the density from
the Lagrangian map. This difference camouflages the true approximation error in the plain L2-
differences. For a fair comparison, we calculate the L?-difference of the linear interpolations of
the values for the density with respect to the nodes of the Lagrangian maps.

6.2.4. Observed rate of convergence. Figure[l]provides a qualitative picture of the evolution with
initial condition u%: the plot on the left shows the density function @a at several instances in
time, the plot on the right visualizes the motion of the mesh points {x;}  associated to the
Lagrangian maps XA in continuous time. It is clearly seen that the initial density has a very flat
minimum (which is degenerate of order 16) at « = 1/2, which bifurcates into two sharper minima
at later times, and eventually becomes one single minimum again. This behavior underlines that
the comparison principle does obviously not hold for the DLSS equation. Both figures has been
generated using K = 200 spatial grid points and the time step size 7 = 107,

For numerical analysis of the convergence rate, we have carried out two series of experiments.
In the first series, we fix the time step size 7 = 10~® and vary the number of spatial grid points,
using K = 25,50, 100, 200. Figure Left shows the corresponding L2-error between the solution
to our scheme and the reference solution, evaluated at time T'= 10~°. It is clearly seen that the
error decays with an almost perfect rate of §2 o K 2. For the second series of experiments, we
keep the spatial discretization parameter K = 800 fixed and run our scheme with the time step



32 DANIEL MATTHES AND HORST OSBERGER

Solution Uy

0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Space x Space x

FIGURE 1. Left: snapshots of the densities ua for the initial condition at
times t = 0 and t = 10°, ¢ = —6,...,—3, using K = 200 grid points and the
time step size 7 = 1076, Right: associated particle trajectories.
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FIGURE 2. Numerical error analysis for u° from . Left: fixed time step
size 7 = 1078 and K = 25,50, 100,200 spatial grid points. The L2?-errors are
evaluated at T = 5-1076. Right: fixed K = 800 using 7 = 107°,5-107%,1076, 5-
1077,1077,5-1078. The error is evaluated at 7' = 10~°.

sizes 7 =107°,5-107%,107%,5-1077,1077,5- 1078, respectively. The corresponding L>-error at
T = 1075 is plotted in Figure Right. It is proportional to 7.

6.2.5. Discontinuous initial data. One of the conclusions of Theorem [2] is that the discrete ap-
proximations ua converge also for (a large class of) non-regular initial data u". For illustration
of this feature, we consider the discontinuous initial density function

0 {1 CCE[O,%]U[%,I],

Uiscont = 3 100
discont 10_37 e (%7 %) ( )

instead of u® from . According to our hypothesis , we need to use a sufficiently high
spatial and temporal resolution. In practice, this is done in an adaptive way: the K points of
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FIGURE 3. Snapshots of the densities ua for the initial condition (100) at times
t=0andt =10 i = —13,—11,...,—5,—3, using K = 200 grid points with
linear (left) and logarithmic (right) scaling.
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FIGURE 4. Left: associated particle trajectories of 4 using the initial condition
([100). Right: Numerical error analysis for u,.. ., from (L00) with fixed 7 and
K = 25,50,100,200 spatial grid points. The L2-errors are evaluated at T' =
1078.

the initial grid X} are not placed equidistantly, but with a higher refinement around the points
of discontinuity; the applied time step 7 is extremely small (down to 10~'?) during the initial
phase of the evolution, and is larger (up to 107?) at later times.

Figure [3| provides a qualitative picture of the fully discrete evolution for K = 200 grid points:
snapshots of the discrete density function ua are shown on the left, corresponding snapshots
of the logarithmic density are shown on the right. Note that within a very short time, peaks
of relatively high amplitudes are generated near the points where u° is discontinuous. The
associated Lagrangian maps are visualized in Figure Left. Notice the fast motion of the grid
points near the discontinuities.
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To estimate the rate of convergence, we performed a series of experiments using K = 25, 50, 100
and 200 spatial grid points. For comparison, we calculated a highly refined solution of the
following semi-implicit reference scheme,

n+l

un
n ref _ _A, (ufefAQ 1n(u?e‘%‘1))7

u

-
where A, is the standard central difference operator As. The reference scheme is run with
K = 800 spatial grid point. An adaptive choice of the time step 7 needs to be made in order to
avoid that the reference solution . breaks down due to loss of positivity. The L2-differences of
the densities and of their logarithms have been evaluated at T = 1078, see Figure Right. As
expected, the rate of convergence is no longer quadratic in § oc K~!; instead, the error decays
approximately linearly.

APPENDIX A. SOME TECHNICAL LEMMAS
Lemma 29. For each p > 1 and X € r5 with Z = z[X], one has that
5 p
> (2)'= ¥ tas-np 2 6-r (o
K,G]I}(/Q " REH}(/Q
Proof. The first equality is simply the definition of z.. Since trivially =, 1=, 1 < b—a
for each k € H}(/z, and since p — 1 > 0, it follows that
Z (anr% - x/{f%)p < (b_ a’)p_l Z <$n+% - xnfé) = (b_ a)p. U
xe]lk/z KEH}(/Z

Lemma 30. For each X € s with Z = z[X], one has that

1/q
) _ Rl — Zp_1 4 M 1/2
b_ag’Z“SMl 1/q 62 # +m fo’rall/iGHK/, (102)
kerf
and consequently,
M
2 < (2MF5[R) "% + — Jorallre 1L/2. (103)
—a

Proof. The first estimate in (102)) is an immediate consequence of the definition of z, in (20).
To prove the second estimate, let k* € ]I%2 be such that z,.+ = max z;. Observe that there exists
a Ky € H}(ﬂ such that

< M
Zry S
T b—a

Writing out z.« — 2., as a sum over differences of adjacent values of z; and applying the triangle
and Cauchy Schwarz inequality, one obtains

< Zpgr. (104)

1-1/q . 1/q
Zk?+% - zk7%
zn*—zm§2|zk+%—zk_%|§ 521 52 —i—
kelg kel kel
Now combine this with (104). O

Lemma 31. With u and @ being, respectively, the piecewise linear and the piecewise constant
densities associated to a given vector X, then

H, (%) = H(a) < H(). (105)
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Proof. First observe that
p—q

which is an easy consequence of a Taylor expansion for the function s — (1+s)Ins around s = 1,
substituting s = p/q. On the one hand, we have that

! Inp —ql 1
/ln(p(l—)\)+q)\)d/\:w—12i(lnp—an), (106)
0

lo +lo _ log zp 1 1 —Hogz
/ﬂ(:z:)logﬂ(x)dxzé Z logz, =96 g21/2 5 82K 2 52 A b ,
Q

kel}/? kel

and on the other hand,
M
/ u(z) logu(z) dx = / log z(€) d¢
Q 0

_ 9
(logzo+logzK —|—5Z/ In (z,_ (1—)\)—|—zk+1/\) dA

kel};

lo +1lo _ logzi. 1 +logz, 1
> 5 g Z1/2 EZK—1/2 +JZ k+1 k

2 2 ’
kerf,
where we have used (L106]). This clearly implies (105). O
Lemma 32 (Gargliardo-Nirenberg inequality). For each f € H'(Q), one has that
2/3 1/3
ey < QDY o 11 (107)

Proof. Assume first that f > 0. Then, for arbitrary a < x < y < b, the fundamental theorem of
calculus and Holder’s inequality imply that

3 Y 3 1/2
’f($)3/2 - f(y)S/Q‘ < 5/ 1- f(Z)l/ZIf/(Z” dz < ill‘ - y‘1/4||f”[,/2(9)||fl||L2(Q)
xr
Since f > 0, we can further estimate

|F(x) = F@)] < [F@)>2 = F)¥2[*° < (3/2* 2z — ylVolIf I oty 1 £l iy

This shows (107) for non-negative functions f. A general f can be written in the form f =
f+ — f—, where fi > 0. By the triangle inequality, and since || fx|/z1 ) < [|flla1 (@)

1 llcrrsy < I lorsa + 1 F- e < 263/2)%2 (£ 1 oo 1115 0y-
This proves the claim. O
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