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Abstract

In this note, we propose and study the notion of modified Fejér sequences. Within a
Hilbert space setting, we show that it provides a unifying framework to prove convergence
rates for objective function values of several optimization algorithms. In particular, our
results apply to forward-backward splitting algorithm, incremental subgradient proximal
algorithm, and the Douglas-Rachford splitting method including and generalizing known
results.
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1 Introduction

The notion of Fejér monotonicity captures essential properties of the iterates generated by
a wide range of optimization methods and provides a common framework to analyze their
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convergence [8]. Quasi-Fejér monotonicity is a relaxation of the above notion that allows for
an additional error term [15, [10]. In this paper, we propose and study a novel, related notion
to analyze the convergence of the objective function values, in addition to that of the iterates.
More precisely, we modify the notion of quasi-Fejér monotonicity, by adding a term involving
the objective function and say that a sequence satisfying the new requirement is modified
Fejér monotone (modified Fejér for short). In this paper, we show the usefulness of this new
notion of monotonicity by deriving convergence rates for several optimization algorithms in a
unified way. Based on this approach, we not only recover known results, such as the sublinear
convergence rate for the proximal forward-backward splitting algorithm, but also derive new
results. Interestingly, our results show that for projected subgradient, incremental subgradient
proximal, and Douglas-Rachford algorithm, considering the last iteration leads to essentially
the same convergence rate as considering the best iterate selection rule [26 25], or ergodic
means [5], 27], as typically done.

2 Modified Fejér Sequences

Throughout this paper, we assume that f : H — ]—o00, 00] is a proper function on H. Assume
that the set

A ={z € H[f(2) = min f(z)}

is nonempty. We are interested in solving the following optimization problem

f+« = min f(x). (2.1)

TEH

Given z € H and a subset S C H, d(x,S) denotes the distance between z and S, i.e.,
d(z,S) = infyeg ||z — 2'||. Ry is the set of all non-negative real numbers and N* = N\ {0}.
For any S C H, we denote by 1 the characteristic function of S.

The following definition introduces the key notion we propose in this paper.

Definition 1. A sequence {x;}en C H is modified Fejér monotone with respect to the target
function f and the sequence {(m, &) ben in RE, if

(Vo € domf)  fwgs —l* < o — 2l® = m(f(ze) — f(2)) + & (2.2)

Remark 2.1.

(i) Choosing v € X in (2.3), we get
nef (20) < & +nefu + o — z]]? < o0,

This implies that {x;}en C domf.



(ii) By setting x = x; in (2.2), a direct consequence is that, for allt € N,
201 — ]| < &. (2.3)

(iii) All the subsequent results hold if condition (2.2)) is replaced by the following weaker
condition

(Vo€ X U{ahern) llzen —2l* < o — 2l* = m(f (20) — f(2)) + & (2.4)

However, in the proposed applications, condition (2.2) is always satisfied for every x €
domf.

In the following remark we discuss the relation with classical Fejér sequences.

Remark 2.2 (Comparison with quasi-Fejér sequences).

Let C be a nonempty subset of H. If > ,.n& < +oo, Definition [1| applied to the function
[+ tc, implies that the sequence {x;}en is quasi-Fejér monotone with respect to C' [15, [10)].
Indeed, (2.2) implies

(V2 eC) e —al* < [loe — 2* + &

Note that, in the study of convergence properties of quasi-Fejér sequences corresponding to a
minimization problem, the property is considered with respect to the set of solutions X, while
here we will consider modified Fejér monotonicity for a general constraint set or the entire
space H.

We next present two main results to show how modified Fejér sequences are useful to
study the convergence of optimization algorithms. The first result shows that if a sequence is
modified Fejér monotone, one can bound its corresponding excess function values in terms of

{(ne, &) }ren explicitly.

Theorem 2.3. Let {x;}ien C H be a modified Fejér sequence with respect to f and {(n;, &) }ien
in R2. Let {m}ien be a non-increasing sequence. Let T € N, T > 1. Then

1 =
nr(f(er) = f.) <zd(a, X)* + ; &t (2.5)



Proof. Let {u;};en be a sequence in R and let k € {1,---,7 —1}. We have

T T
1 1
F2 Wi W
j=T—k+1 j=T—k
T T
= k+1 —k
j=T—k+1 j=T—k
1 T
= Z (Uj — uT—k)~
k(k+1) Pt
Summing over k = 1,--- ,T — 1, and rearranging terms, we get
1 T T-1 1 T
T:TZuj_‘_Z/{i(/{?—l—l) Z (uj — up—_p). (2.6)
j=1 k=1 J=T—k+1

For any = € domf, choosing (V¢ € N) u; = n.(f(x:) — f(z)) and rearranging terms, we have
the following error decomposition [18]:

ne(flor) = F@) = = > m(f(w) = f(x)

< 1
+Zk:(k:+1)t:

-1
k=1

(]~
=
—
=
3
—
—
8
!
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~—
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T—k+1

T-1
+ ,{%1 > m—nT—k] {f(@r—i) — f(2)}.
k=1 t=T—-k+1

Let © = z, € X. Since {n}ien is a non-increasing sequence and f(xr_x) — fio > 0, the last
term of the above inequality is non-positive. Thus, we derive that

nr(f(xren) — fo) < = Z ne(f )

+Zk(k;+1)

k=1

T

Z m(f (@) — flzr—i))- (2.7)

t=T—-k+1

For every j € {1,...,T}, and for every z € domf, summing up (22]) over t = j,--- | T, we get

Zm () < |l —[|* + th (2.8)

=j

The above inequality with z = z, and j = 1 implies

1 <& 1 I
7 ;m(f(xt) = f(@)) < Fllan =@+ ;&- (2.9)



Inequality (2.8)) with © = z7_j and j =T — k yields

k=1 t: —k+1
T-1 T

= Z m(f flerk))
k=1 k k +1) t:T k
T-1 T

< > & (2.10)
k=1 k k +1) t:T k

Exchanging the order in the sum, we obtain
T-1 T-1 T-1 T-1

1 T
— &G+ — 5D 6 (2.11)
t=1

The result follows by plugging (2.9)),(2.10), and ([2.I1)) into (2.7). O

In the special case when, for every t € N, & = 0, we derive the following result.

Corollary 2.4. Let {x;}ien C H be a modified Fejér sequence with respect to f and a sequence
{(ne, &) ben in RZ. Assume that & = 0 for every t € N, and {m hen is non-increasing. Let
TeN,T>1. Then

1
flxr) = f. <77T—Td(951> X)?.

The second main result shows how to derive explicit rates for the objective function values
corresponding to a modified Fejér sequence with respect to polynomially decaying sequences
{(m, &) }ten in RZ. Interestingly, the following result (as well as the previous ones) does not
require convexity of f.

Theorem 2.5. Let {x;}ien C C be a modified Fejér sequence with respect to a target function
[ and {(n, &) hen C R2. Let n € )0, +00], let 6; € [0,1], and set iy =nt=%. Let (65,€) € R2
and suppose that & < &7 for allt € N. Let T € N, T > 3. Then

2
f(xT) _ f* S d(xla‘X) T91—1 + gcﬁ(log T>1{92S1}T91—min{92,1}' (212)
n n



Here,

C:R+—>R+, 92|—>CQ2:

To prove this result, we will use Theorem as well as the following lemma.
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Lemma 2.6. Let q € Ry andT € N, T'> 3. Then

if Oy < 1,
if0y =1,

if 63 > 1.

1 (4+2/(1—q)) T ogT, whenq<1,
ﬁt_q < 8T tlogT, when ¢ = 1,
t=1 = (29+2q)/(q — )T when q > 1,

Proof. We split the sum into two parts

T-1

St = 3

t=1 T/2<t<T—1 1<t<T/2
< 2770 Y ?f——~+2T‘ » oot
T/2<t<T—1 1<t<T/2
= 277 Y ¢yt > ot
1<t<T/2 1<t<T/2
Applying, for T' > 3,
T T T'% /(1 —6,), when 0y <1,
Zt_92 <1 +/ u2du < 2logT, when 0y = 1,
t=1 1 92/(92 — 1), when 92 > 1,

we get
T—1

1
Z —t 1< 2T og T +

tlT_

Now, we are ready to prove Theorem

1
RS

(2/(1—q))T79, when g <1,
when ¢ = 1,
when ¢ > 1,

AT 'og T,

QqT_l/(q - 1)7
which leads to the desired result by using 7= logT < 1/(2(q — 1)) when ¢ > 1.

(2.13)

Proof of Theorem[2.3. It follows from Theorem that (2.5) holds. Substituting n, = nt=%,

é-t S gt_ez )

WT_Ol(f($T> —f) <

+§§:

02T,



Lemma [2.6] yields

1 .
T~ (f(wr) = f.) < (@, X)? + Eeg, (log T)Hewsn T mindl 1,

The results follows dividing both sides by n7T~%. O

3 Applications in Convex Optimization

In this section, we apply previous results to some convex optimization algorithms, includ-
ing forward-backward splitting, projected subgradient, incremental proximal subgradient, and
Douglas-Rachford splitting methods. Convergence rates for the objective function values are
obtained by using Theorem The key observation is that the sequences generated by these
algorithms are modified Fejér monotone.

Throughout this section, we assume that H is a Hilbert space, and f : H —| — 0o, 00] is a
proper, lower semicontinuous convex function. Recall that the subdifferential of f at z € H is

Of(x) ={uet: (VyeH) flx)+ (uy—1x)<fly)} (3.1)

The elements of the subdifferential of f at x are called subgradients of f at x. More generally,
for € € |0, +00], the e-subdifferential of f at x is the set O, f(x) defined by

Ocf(x) ={ueH: (VyeM) flx)+{wy—z)—e< fly)} (3.2)
The proximity operator of f [20] is

prox,a) = angain { 1) + 5y~ ol }. (3.3

yEH

3.1 Forward-Backward Splitting

In this subsection, we consider a forward-backward splitting algorithm for solving Prob-
lem (2.1]), with objective function
f=1l+r (3.4)

where r: R — |—o00, 00| and [: H — R are proper, lower semicontinuous, and convex. Since [
is real-valued, we have dom 0l = H [2, Proposition 16.14].

Algorithm 1. Given z1 € H, a sequence of stepsizes {au}ien C |0, +00[, and a sequence
{€:}ren C [0, +00] set, for every t € N,

Typ1 = ProX,,, (T — Gy (3.5)

with g; € O, ().



The forward-backward splitting algorithm has been well studied [28| [7, 9, 6] and a review of
this algorithm can be found in [11] under the assumption that [ is differentiable with a Lipschitz
continuous gradient. Convergence is proved using arguments based on Fejér monotonicity of
the generated sequences [10]. Under the assumption that [ is a differentiable function with
Lipschitz continuous gradient, the algorithm exhibits a sublinear convergence rate O(T~!) on
the objective f [3]. If [ is not smooth, the algorithm has been studied first in [24], and has a
convergence rate O(T~1/2), considering the best point selection rule [27]. Our objective here
is to provide a convergence rate for the algorithm considering the last iteration, which shares
the same rate (up-to logarithmic factors) and to allow the use of e-subgradients, instead of
subgradients.

Theorem 3.1. Let a € 0,400, let 0 € ]0,1[, and let, for every t € N*, ay = at™%. Let
e € 10,400, {e:}tens C [0,+00], and assume that ¢, < eay. Let {xi}ien be the sequence
generated by Algorithm [ Assume that there exists B € |0, +o0o[ such that

(Vg € e, (x,) U Or(xr)) gl < B, (3.6)

and let ¢ be defined as in (213)). Let T € N, T'> 3. Then

d(z,, X)? .
flar) = fo < %Te_l + a(5B% + €)cgp(log T) H2esny T~ min{0,1-60}
a

Proof. Let t € N*. By Fermat’s rule (see e.g. [2, Theorem 16.2]),
0 € xpp1 — x4 + gy + O (T4 1).
Thus, there exists ¢+1 € Or(x4y1), such that z,,; in (BI5]) can be written as
Ti41 = Tt — Gt — 4Gy (3.7)
Note that {z; e+ C domf and let z € domf. Using ([3.7) and expanding ||z, — x|, we get
|zes1 — 2l|* = [z — 2l* + afllgs + @ I* — 200z — 2, 91) — 2002 — @, G1y).- (3.8)

By (B.6),

a;llge + e ||* < 4af B2 (3.9)
By B.2),
(xy —x,q0) > Uwy) — U(z) — € (3.10)
and convexity of r implies
(T =2, qry1) = (T — Topr, Q1) + (Ter1 — T, Grp)

> (@ — Tyg1, Q1) + 17 (Te1) — 1r(2).

8



Using ([B.7) and then applying Cauchy inequality,

(Tt — Tpi1s Q) + 7(Te41) — 7 (2)

ar(ge, que) + aillgall® + (@) — ()
—aull gl g ll + r(zes1) — (@)

—oB% + r(w4) — 7(2)

= —a B>+ [r(x) — r(@)] + [r(@e1) — r(z0)].

<It — T, Qt+1>

v v

Let ¢, € Or(z;). By convexity, r(zy1) — 7(x) > (T441 — T4, qr). Moreover, recalling the
expression in ([37), we get

AVARIY

(T — T, 1) > —ouB® + [r(zy) — r(2)] + (Teg1 — o, @1)
= —a,B* + [r(z;) — 7(x)] — g + @1, @)
—a B + [r(z:) — r(2)] = r(llgell + 1 gesr [l
[r(ze) — ()]

— 20, B2 (3.11)

It follows from (B.8), (3.9), (310), and (B.I1]) that

2y — z||* — 20 [l(2;) — U(2)] — 200 [r(2;) — r(2)] + 1002 B* + 20,6,
= |l — 2l* = 2cu[f (20) — f(2)] + o} (10B” + 2¢)

e — 2®

Thus, {z:}ien+ is a modified Fejér sequence with respect to the target function f and
{20, (10B? + 2¢)a?) }ien=. The statement follows from Theorem 2.5, applied with 6; = 6,
0y =20, n = 2a and & = (10B? + 2¢)a. O

The following remark collects some comments on the previous result.

Remark 3.2.

1. Setting @ = 1/2, we get a convergence rate O(T~Y21ogT) for forward-backward algorithm
with nonsummable diminishing stepsizes, considering the last iteration.

2. In Theorem[31], the assumption on bounded approzimate subgradients, which is equiva-
lent to Lipschitz continuity of | and r, is satisfied for some practical optimization prob-
lems. For example, when r is the indicator function of a closed, bounded, and convex
set D C RY it follows that {z;}ien is bounded, which implies {g; }ten is bounded as well
[1]. For general cases, similar results may be obtained by imposing a growth condition
on Of, using a similar approach to that in [18] to bound the sequence of subgradients.

If the function [ in (3.4)) is differentiable, with a Lipschitz differentiable gradient, we recover
the well-known O(1/T) convergence rate for the objective function values.

9



Proposition 3.3. [3, Theorem 3.1] Let B € [0, +o0[ and assume that V1 is B-Lipschitz con-
tinuous. Consider Algorithm [l with e = 0 and oy = [ for all t € N*. Then, for every T € N,
T7>1

Bd(xlv X)2
DT )
fx) = fo < =57 (3.12)
Proof. Tt follows from [3, Equation 3.6] that
2
(Vt €N Z(f(ze) = f) < v — @ll® = [loe — 2. (3.13)

B

Thus, {z;}en+ is a modified Fejér sequence with respect to the target function f and the
sequence {(n;, &) hens with (V6 € N)n, = 2/5 and & = 0. The statement follows from
Corollary 241 O]

3.2 Projected approximate subgradient method

Let D be a convex and closed subset of H, and let tp be the indicator function of D. In this
subsection, we consider Problem (2.I]) with objective function given by

f=1+uw (3.14)

where [: ‘H — R is proper, lower semicontinuous, and convex. It is clear that (814 is a special
case of (B.4]) corresponding to a given choice of r. The forward-backward algorithm in this
case reduces to the following projected subgradient method (see e.g. |26} 25, [5] and references
therein), which allows to use e-subgradients, see [I], [8].

Algorithm 2. Given z1 € H, a sequence of stepsizes {au}ien C |0, +00[, and a sequence
{e:hien C [0, +00], set, for every t € N,

Tir1 = Pp(ry — augy) (3.15)

with g, € O, ().

The algorithm has been studied using different rules for choosing the stepsizes. Here, as a
corollary of Theorem [B.1l we derive the convergence rate for the objective function values, for
a nonsummable diminishing stepsize.

Theorem 3.4. For some oy > 0, € > 0 and 6 € [0,1), let oy = mt~% and ¢; < eay for all
t € N*. Let {x; }4en be a sequence generated by Algorithm [2. Assume that for all t € N*
\|g:|| < B. Then, for every T € N, T > 3

d(l’l, X)

2
flzr) — 7 < T + oy (B? + 2€)eag(log T')Hzosy = min(@:1-0)

20(1

10



Choosing § = 1/2, we get a convergence rate of order O(T~'/?1og T') for projected approx-
imate subgradient methods with nonsummable diminishing stepsizes, which is optimal up to
a log factor without any further assumption on f [12 23]. Since the subgradient method is
not a descent method, a common approach keeps track of the best point found so far, i.e., the
one with smallest function value:

(VI € N¥) br = argmin f(x;).
1<t<T

Projected subgradient method with diminishing stepsizes of the form {at~%};, with 6 € 0, 1],
satisfies by — f, = O(T~/2). Our result shows that considering the last iterate for projected
approximate subgradient method essentially leads to the same convergence rate, up to a loga-
rithmic factor, as the one corresponding to the best iterate, even in the cases that the function
value may not decrease at each iteration. To the best of our knowledge, our result is the
first of this kind, without any assumption on strong convexity of f, or on a conditioning
number with respect to subgradients (as in [16] using stepsizes {7;/||g:||}:). Note that, using
nonsummable diminishing stepsizes, convergence rate O(7~'/2) was shown, but only for a sub-
sequens of {x;}ien+ [1]. Finally, let us mention that using properties of quasi-Fejér sequences,
convergence properties were proved in [§].

3.3 Incremental Subgradient Proximal Algorithm

In this subsection, we consider an incremental subgradient proximal algorithm [4, 21] for
solving (21]), with objective function f given by, for some m € N*,

m

Z(ll + Ti)>

1=1

where for each i, both [; : H — R and r; : H — |—o00, +00] are convex, proper, and lower
semicontinuous. The algorithm is similar to the proximal subgradient method, the main
difference being that at each iteration, z; is updated incrementally, through a sequence of m
steps.

Algorithm 3. Lett € N*. Given x; € H, an iteration of the incremental proximal subgradient
algorithm generates x,y1 according to the recursion,

T =Py, (3.16)
where 7" is obtained at the end of a cycle, namely as the last step of the recursion
wz? = Ty, % = prOXatm( i_l - atng)? ng € 8l2( i_1)7 1= 17 s, M (317>

for a suitable sequence of stepsizes {ay}en+ C 10, 400].

11



Several versions of incremental subgradient proximal algorithms have been studied in [4],
where convergence results for various stepsizes rules and both for stochastic of cyclic selection
of the components are given. Concerning the function values, the results are stated in terms
of the best iteration. See also [22] for the study of the special case of incremental subgradient
methods under different stepsizes rules. The paper [I7] provides convergence results using
approximate subgrdients instead of gradients.

In this section, we derive a sublinear convergence rate for the incremental subgradient prox-
imal algorithm in a straightforward way, relying on the properties of modified Fejér sequences
assuming a boundedness assumption on the subdifferentials, already used in [22].

Theorem 3.5. Let a € |0, +o0], let § € 0,1[, and let, for every t € N*, ay = at™?. Let
{:}1en+ be the sequence generated by Algorithm[3. Let B € ]0,+o00[ be such that

(vt € N*)(Vg € Oli(x) U Ori(z1))  [lg]l < B,

and let ¢ be defined as in (2I3)). Then, for every T € N*,

flzp) — f < MTe_l i a(dm + 5)mB2

loo T 1{2951}T_ min{G,l—G}‘
20 2 cao(logT)

Proof. It was shown in [4, Proposition 3 (Equation 27)] that,
ey — 2]l < flwe — @l|* = 20e[f (ze) — f(2)] + af (4m + 5) mB>.

Thus, {x;}ien+ is a modified Fejér sequence with respect to the target function f, and
{(2au, of (4m + 5)mB?)},.y.. The proof is concluded by applying Theorem with 0, =
0,0, =20, n = 2a and & = o? (4m + 5) mB. O

An immediate consequence of Theorem B.5] is that the choice § = 1/2 yields a convergence
rate of order O(T~?1ogT).

As a corollary of Theorem [B.5, we derive convergence rates for the projected incremental
subgradient method. Analogously to what we have done for the forward-backward algorithm
in Section 3.1, Theorem can be extended to analyze convergence of the approximate and
incremental subgradient method in [17].

3.4 Douglas-Rachford splitting method

In this subsection, we consider Douglas-Rachford splitting algorithm for solving (2.1]). Given
l:H — R and r: H — R proper, convex, and lower semincontinuous functions, we assume

that f =1+ r in (21)).

12



Algorithm 4. Let {a;}en+ C |0, +00[. Let t € N*. Given x, € H, an iteration of Douglas-
Rachford algorithm generates xyy1 according to
Yir1 = ProXa, (1)

241 = pl"OXatr(2yt+1 - It)a (3-18)
Ti+1l = Tt + 241 — Yt41-

The algorithm has been introduced in [I4] to minimize the sum of two convex functions, and
then has been extended to monotone inclusions involving the sum of two nonlinear operators
[19]. A review of this algorithm can be found in [II]. The convergence of the iterates is
established using the theory of Fejér sequences [10]. Our objective here is to establish a new
result, namely a convergence rate for the objective function values.

Theorem 3.6. Let a € ]0,+oo|, and let § € |0,1[. For every t € N*, let oy = at™. Let
{(yt, 1, ze }ren= e the sequences generated by Algorithm [  Assume that there exists B €
10, +00[ such that

(Vt € N*)(Vg € Ol(y;) UOr(z)Uol(xy) Uor(x)) gl < B.
Let ¢ be the function defined in (ZI3). Then, for every T € N, T > 3,

d(wy, X)> |
flar) = fu < %T‘H +8aBcy(log T) o< = M 1=0},
(0%

Proof. Let t € N*, set v = (v — y411) /¢ and w = (2ys41 — Ty — 2ze41) /. By Fermat’s rule,
v € Ol(y;r1) and w € Or(z41)- (3.19)
We can rewrite (3.18) as

Y41 = Tt — OV,
Zer1 = 2y — x1) — oqw, (3.20)
Tyl = Tp + Ze41 — Yt

Thus
Tiy1 = T — Oét(U + ’U)) (321)
Using ([3.2I)) and expanding ||z;,; — x[|?, we get
|z — | = ||z — z||* + ?[|v + w]]* + 204 (x — 24, 0) + 204 (T — 24, W). (3.22)
Let u € Ol(x;). It follows from (3.19) (B.1) and (B3.20) that
(T —m,v) =T = Yr1,v) + Y1 — T4, 0)
<) = UYeer) — aulv]?
< U(z) = Uzy) + Uxy) — Uyssr)
< (x

~ Y~ e~~~
—~ o~ o~ —~

8

(
(@) + (e — Y41, 1)
(x¢) + ay (v, u)

(@¢)

) —
) —1
) —1
) —1

IN

T z) + o B.
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Similarly, Let s € Or(x;). We bound (x — z;, w) as follows

(T — 24, W) = (z — 2111, W) + (241 — Tp, W)
< (@) = r(z) — a2+ w,w)
< r(x) —r(zy) + r(x) — r(z41) + 20, B
<r(x) = r() + (2 — 241, 8) + 204 B°
=r(z) —r(x,) + a2 + w, s) + 20, B
<r(z) —r(z) + 5, B2

Introducing the above two estimates into (3.22)), we get
[z —2|* <||lzp — 2]|* + 1607 B*  +20,(f(x) — f(x1)).

Thus, {z;}en is a Super Quasi-Fejér sequence with respect to the target function f and
{(2a4, 1602 B?) }4en+. The statement follows from Theorem with 6, =0 and 6, =20. O

Again, choosing 6 = 1/2, we get a convergence rate O(T~/?1og T for the algorithm with
nonsummable diminishing stepsizes. Nonergodic convergence rates for the objective function
values corresponding to the Douglas-Rachford iteration can be derived by [13] Corollary 3.5],
under the additional assumption that [ is the indicator function of a linear subspace of H.
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