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Stability of the Minimum Energy Path*

Xuanyu Liu! Huajie Chent and Christoph Ortner?

Abstract

The minimum energy path (MEP) is the most probable transition path that connects
two equilibrium states of a potential energy landscape. It has been widely used to study
transition mechanisms as well as transition rates in the fields of chemistry, physics, and
materials science. In this paper, we derive a novel result establishing the stability of
MEPs under perturbations of the energy landscape. The result also represents a crucial
step towards studying the convergence of various numerical approximations of MEPs,
such as the nudged elastic band and string methods.

1 Introduction

The long term evolution of physical systems is often characterised by rare transitions
between energy minima on a potential energy landscape. Within transition state theory, the
leading-order contribution to the transition rate is the energy barrier between the minima.
One of the most popular methods for finding the energy barrier is to search for the minimum
energy path (MEP) of the transition (see the review article [10]). This path is also interesting
in its own right in that it provides modellers with insights into transition mechanisms. The
MEP can be viewed as the most probable path of the transition between the minima. The
energy barrier (at the saddle) along the MEP path can then be used to calculate the transition
rate by using approximations such as harmonic transition state theory [2], O, 21]. The most
widely used techniques for finding the MEP are the nudged elastic band (NEB) method
[11, 12] and the string method [5, 6l 20]. They both iteratively evolve a discretised path of
images in projected steepest descent directions, while keeping a smooth distribution of the
images along the path (see e.g. [3, [T, &, 22]).

To understand the rationale of modeling, the efficiency and the accuracy of numerical
algorithms from a theoretical point of view, the stability of MEPs plays an important role.
In particular, it is usually required that a small perturbation (or a good approximation) of the
energy landscape does not lead to a large change in the MEP. In spite of the importance of the
stability result, there was very limited work on this aspect. In [4], the authors investigated
the MEP from a dynamical systems point of view and studied the evolution of the path by the
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string method, establishing that the limiting curve is indeed MEP under certain conditions.
In [T4], the authors showed that the MEP is uniformly and asymptotically stable is the sense
that any curve near the MEP can be arbitrarily close to it in the Hausdorff distance under
the gradient decent dynamics with long enough evolution time. Based on this stability, they
also proved the convergence of the simplified and improved string method with respect to the
time step and number of images on the curve. Neither of these stability results are strong
enough to derive convergence rates.

The purpose of this paper is to derive a “strong” stability result for the MEP. The novelty
of our approach lies in that, we reformulate the MEP as the the root of an abstract operator,
which is carefully constructed such that its linearisation becomes an isomorphism between
appropriate function spaces. With this approach, we can derive the stability that enables
us to utilize powerful generic perturbation results such as the implicit function theorem to
study the MEP. In particular, it implies that a small perturbation of the energy landscape
will lead to only a small deviation of the MEP, which shed lights on the understanding of
both theoretical and numerical aspects for the MEP. Our analysis also lies the foundation
for our approximation error analysis in [16].

Outline. The rest of this paper is organized as follows. In Section [2| we present the main
results of this paper, including the stability of the MEP, the intuition behind our construction,
and an important application as corollary. In Section [3] we present detailed proofs for the
stability result, and provide a remark showing the necessity of the assumptions. In Section [4]
we prove the corollary by using the stability result. In Section |5, we give some conclusions.

Notations. Let X and Y be Banach spaces with the norm || - ||x and || - ||y respectively.
We will denote by .Z(X,Y’) the Banach space of all linear bounded operators from X to Y
with the operator norm ||-||#(x,y). For a given functional .# € C*(X) and z € X, we will
denote its first variation and second variation by 6.% (z) and 62.% (z), respectively. Let H be a
Hilbert space with the norm |-|. For b > a, we denote by C ([a, b]; H) the space of continuous
curves in H with the norm ||¢llc(asin) = SUPaciay lv(a)l; and C* ([a,b]; H) the space of
continuously differentiable curves with the norm ||¢||lc1 (a2 = 1€l casiz + 1€l cabm-
For a functional £ € C*(H) and y € H, we will denote the gradient by VE(y), i.e., the
Riesz-representer of the first variation 6E(y). And we will denote by V2E(y) : H — H
the Hessian of F (i.e. the Jacobian of VFE), with the inner product (V2E(y)z;,x2) being
the Riesz representation of the second variation (6?E(y)zy,xs) for x1, 2o € H. We will use
C to denote a generic positive constant that may change from one line to the next. The
dependencies of C' on model parameters (in our context, the energy landscape) will normally
be clear from the context or stated explicitly.

2 Main results

2.1 The Minimum energy path and its stability

Let £ : H — R be a potential energy functional, where the configuration space H is
a Hilbert space with the inner product (-,-) and the norm |- | := /(+,-). A configuration
y € H could encode an atomic configuration, a crystalline structure, a phase field, and many
other examples. Throughout this paper, we will assume that £ € C3(#H). This regularity
assumption is required because we need the Hessian V?E to be C* in our analysis.

Given an energy functional E, we call y € H a critical point if VE(y) = 0. We call a
critical point y a strong local minimizer if the Hessian V2E(y) € £ (H) is positive definite,



which means there is a positive constant C' > 0 such that
(VZE(y)u,u) > Cluf VueH. (2.1)

We call a critical point y an index-1 saddle point if V2E(y) has exactly one negative eigenvalue
while the rest spectrum are positive. That is to say, there exist A\; < 0 and v; € H such that

V2E(y)1}1 = )\11]1, and
(2.2)

(V2E(y)u,u) > Clul? V ueH, (u,v)=0.

For the sake of brevity, we will omit the qualifiers “strong” and “index-1”7 and simply say
“local minimizer” and “saddle point”. We assume throughout that £ has at least two local
minimizers on the energy landscape, denoted by 33, € H and y¥ € H respectively.

A minimum energy path (MEP) is a curve ¢ € C! ([O, 1]; 7—[) connecting y3, and y5 whose
tangent is everywhere parallel to the gradient except at the critical points. To give a rigorous
definition of the MEP, we first introduce the projection operators P, , P+ : H — H, given a
veH\{0},

P,y = (y, 1)1 and P-.=1-P,
o]/ [v] ’
where [ is the identity operator. We first define the admissible class for “regular” curves
connecting the minimizers y{, and y% as

o = {p e C (0.1 H) + 9(0) =i @(1) =yl ¢(0) £0 Yae0,1]}.

Then, a MEP connecting the minimizers 34, and y is a solution of the following problem:
Find ¢ € &/ such that

{ P VE(p(a) =0 Vo€ 0,1], (2.3a)
I'(p) =0, (2.3b)

where the operator T': C'([0,1]; H) — C'([0,1];R) is given by

L'(o)(a) = /Oa | (s)| ds — a/o |¢'(s)] ds  for a € [0, 1].

Note that indicates that the gradient VE ((p(a)) vanishes in the subspace perpendicular
to the tangent ¢'(«v), which is well-defined since ¢ € 7. Further, enforces the curve
to be parameterized by normalized arc length, which removes the redundancy due to re-
parameterization.

If  is a solution of (2.3), since y4; and y&; are local minimizers, there exists an 5 € (0,1)
with ys = ¢(s) € H such that the energy F(ys) reaches the maximum along the MEP. This
implies that VE(ys) vanishes in the tangent direction ¢'(s) and thus it is a critical point.
Since the energy E(ys) is a maximum along the tangent @'(5), we generically expect that
the Hessian V2E(yg) has at least one negative eigenvalue. For the sake of simplicity of the
analysis, we will assume throughout this paper that

(A) vi, ys, y2 are the only critical points along the MEP . Moreover, y3, and y? are
strong minimizers, while yg = ¢(5) is an index-1 saddle.



Although (A) is natural and will be satisfied by many (if not most) MEPs one encounters
in practice, there are also cases where this assumption fails. For example, in [15] examples
are given where there is more than one indezr-1 saddle along an MEP. Our theory can be
generalized to these cases by adjusting the formulations, provided that all critical points
along the MEP satisfy certain stability conditions. On the other hand, the strong stability
assumption on the critical points cannot be readily weakened.

We observe by a direct calculation (see Lemma that, if ¢ € C?([0,1];H) solves
([2-3), then @'(0), ¢'(5) and ¢'(1) are eigenvectors of the Hessians V2E(y3;), V2E(ys) and
V2E(y%), respectively. This implies that the MEP has to go through the critical points in
the direction of some eigenvector of the corresponding Hessian. The following assumption
formalizes the requirement that there is a unique optimal path to exit the energy minimizer.

(B) Let 04,05 be the eigenvalues associated, respectively, with the eigenvectors ¢’(0) and
¢'(1). We assume that (i) they are lower bounds of the spectrum of V2E(y4;) and
V2E(y%), respectively; and (ii) they are simple and isolated eigenvalues.

Next, we rewrite the MEP equation ({2.3)) in a form more convenient for our analysis. Let
Y = {f e C([0,1:H): f(0)= f(1) =0, fis differentiable at a = 0, 5, 1} (2.4)

be the image space equipped with the following norm:

1flly = H% + H% . (2.5)
C((0,1);H) C([0,3)U(5,1];H)
Then, we define .7 : & — Y by
F(¢)(a) := Py VE(p(a)) — ’“0'<0‘2‘(;)L(“0) Py VE(p(a)) (2.6)
ala = Dlg'(a)] N el )
w2 p ) VEO) + o1+ a8) (T - 2EHr)e)) S0

for a € [0, 1], where L : C'([0,1]; %) — R is the length function,

L) = [ 16 as

The weights o '(a — 1), (o —5)7! in the Y-norm (2.5)) and in the construction of .Z are
crucial for the stability analysis. We will provide an intuitive explanation in Section [2.2], why
Z is formulated like this and how it affects the stability of MEP. The following lemma shows
that the range of .Z is in Y, the proof of which is given in Section [3]

Lemma 2.1. % (p) € Y for any ¢ € <.

Now we can rewrite the MEP equation as follows: Find ¢ € o/ such that
F(p) = 0. (2.7)

The first term in is perpendicular to the tangent direction ¢’, which is exactly the same
as the left-hand side of . The three remaining terms in (2.6 are parallel to the tangent
¢’ and are designed to enforce the curve to be parameterized by normalized arc length. We
can show some equivalence of and in the following lemma, whose proof is given in
Section



Lemma 2.2. Assume that ¢ € o solves (2.3) and (A) is satisfied. Then ¢ is a solution of
(2.7). Moreover, let ¢ € o7 be a solution of (2.7) and let

(Bl
gp( ) > = p(a) f € [0,1], (2.8)

then ¢ € o/ and solves (12.3)).

Since E € C3, we have that .# is C! in a neighbourhood of 7. We will denote the first
variation of # by 0.7 : X — Y with

X = {w e CH0.1H)  0(0) = (1) =0}

equipped with the norm [|1||x := [|1/||c1(j0,1)2)- The detailed expression for 6.7 will be given
in Section [3] The following theorem is the main result of this paper, stating the continuity
and stability of §.7.

Theorem 2.1. Assume that ¢ € C?([0,1];H) solves (2.7) and (A) is satisfied.

(i) Then there exists a dg > 0 such that for ¢, s € Bs, (@) C <,

|7 (1) = F(p2)lly < Collr — pallx and
Hfig(s@l) - 5ﬁ(¢2)|\$(X,Y) < ClHSOl - 902HX-

where Cy and C are positive constants that depend only on 6y, FE and ¢.

(ii) If (B) is also satisfied, then 0.7 (p) is an isomorphism. In particular, there exists a
constant v > 0 depending only on E and ¢ such that

167 (2)Hlzvixy < - (2.9)

Remark 2.1. The condition (B) is necessary for the stability of MEP since it enforces a
unique direction along which the MEP can leave the minimizers, i.e. along the lowest-lying
eigenvector @'. If the corresponding eigenvalue at the minimizer is degenerate, then any per-
turbation within the eigenspace of this degenerated eigenvalue (which could be relatively large)
may give rise to very small force. In Section we provide an example to demonstrate the
loss of stability due to this degeneracy. Moreover, if o4 or og are not the lowest eigenval-
ues, then a curve may favor leaving the minimizers along the lowest-lying eigenvector (which
is mot consistent with ¢'). We provide in Section an example when .7 (p) is not an
1somorphism in such a situation.

We also remark on the, maybe surprising, fact that we did not require any assumption
of stability of the potential energy orthogonal to the path (e.g., positivity of the hessian in
directions normal to the MEP). While such a condition would be physically natural it is
not required in our stability analysis since the stability is obtained via integrating a carefully
formulated ODE along the path.
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Figure 2.1: MEP (red line) and a curve with oscillations near the critical points (solid
black curve). The force in the C-norm, [[.%(9)||c(o,1;%), is small despite of large deviation

in C''-norm, o — @HCl([O,ll%H)'

2.2 Motivation of the stability analysis

In this subsection, we provide a motivation behind the construction of .% and the weighted
Y-norm. Moreover, we will give an intuitive explanation on why the stability result in
Theorem (ii) can hold. Our stability result means that for a curve near the MEP, its
deviation to the MEP can be controlled by its force under appropriate norms. We equip the
curve with the C''-norm and the force with the Y-norm , and formulate the stability of
MEP as

lo —@llx < ClIF(o)lly

for any ¢ € o7 in some neighborhood of ¢.

The deviation in C*-norm of a curve is determined by its oscillation and parameterization.
A key observation is that for a regular path ¢ € &7, even if the force on the path has a small
C-norm, it is still possible that the curve has strong oscillations near the critical points,
yir, ys, y2 (see Figure for a schematic plot). However, replacing the C-norm with a
suitably weighted variant, namely the Y —norm , prevents such oscillations.

To see this, we first consider the deviation at the minimizers at a = 0,1. We obtain by a
direct computation that

o F(@)e)
a0t afa — 1)

[¢'(0)] — L(¥)
L(yp)

Recall that the MEP goes through the minimizer y4; in the direction of an eigenvector of the
Hessian V2E(y4;). The first term of the right hand side in is perpendicular to tangent
¢'(0) and it can prevent the oscillation at the minimizer y3;. The second term of the right
hand side in is parallel to the tangent and it can control the parameterization by the
coefficient |¢'(0)| — L(y).

We turn to the deviation at the saddle at & = 5. We observe from that

Z()(5) _ VE(p(3)

= Poo)V2E(ya)¢' (0) — Py V2E(yyp)¢' (0). (2.10)

5(s—1) 5(s—1) 7

which restricts the distance between ¢(3) and the saddle ys. Then, we obtain from a direct



computation that

i Z)(0) = F()E)
a—s a— S
") = L '(5

- RIS g 9B (0(6)5) + 0+ om) (0] = L) 5o
With the fact that ¢(5) is near the saddle yg, the first term of the right hand side in (2.11])
could prevent the oscillation at the saddle. Besides, since the corresponding eigenvalue of
¢'(3) is N(8) < 0 (see Lemma (ii)) while 04,05 > 0, the second and third terms of the
right hand side in could control the parameterization at s.

For the deviation between the critical points, since the gradient never vanishes, the com-
ponent of the force perpendicular to the tangent P;VE (¢) could control the angle between
the tangent and the gradient. Thus it can prevent the oscillation. Moreover, the tangential
force will naturally bound the parameterization.

= P V2E(p(3)) ' (5)

(2.11)

2.3 Applications

The stability result in Theorem implies in particular that a small perturbation of
the potential energy model gives rise to a small perturbation in the resulting MEP. In this
section we state a concrete corollary explaining this statement in more detail. But one can
expect even more general consequences for the stability of the MEP under perturbations of
the entire MEP equations which in particular leads to novel analyses of the nudged elastic
band and string methods that are explored in full detail in [16].

Fix an arbitrary € > 0. Let Ue := o) Be(#(a)) where Be(y) :={y € H: |y —y| <€}
Let Hs be a sequence of subspaces of H and let E; € C?*(Hs;R) be an energy functional
approximating F|y,. We assume consistency of this perturbed model, that is,

sup inf |ys —y|+ [|Es — Ellccuomy,) — 0 as d — 0. (2.12)
yeU Ys€Hs

From assumption (A), if § is sufficiently small (to ensure stability of the perturbed problem),
then there exist two minimizers y;@) 5 yﬁ’ 5 of Ejs satisfying

[yars — yarl < CllEs — Elleraurmy) + C inf lys - ik
(2.13)
[virs = yarl < CIEs = Ellovaurmy + € inf ys = yxil-

Define
A = {90 € Cl([ov 1];7{5) tp(0) = y]ﬁ,év p(1) = yﬁ,év 901(00 #0 Vaell, 1]}

Then, a MEP in the perturbed model, connecting y;(‘“ and yﬁ’(s, is the solution of the
following problem: Find ¢ € @7 such that

{Pé(a)VEg (p(a)) =0 Vo€ 0,1],

I'(p) = 0.

Corollary 2.1. Let ¢ € C*([0,1];H) be the solution of (2.3) and assume that (A) and (B)
are satisfied. If § is sufficiently small, then (2.14) has a solution ps € <5 such that

1@ — @sllcro:m) < CllEs — Ellcr wrmy) + C(pigj& s — @llcr 0,13 (2.15)

(2.14)

where the constant C' depends only on E and ¢.

7



3 Proofs: Stability of the MEP

In this section, we will perform a careful analysis on the linearized operator §.% and
provide a proof for Theorem 2.1 We first provide some notations and preliminary results,
then give the explicit formulation of §.%# and show its continuity, and finally prove that the
linearized MEP operator 6.7 (¢) is an isomorphism.

3.1 Some preliminaries
We first define a function that measures the gradient of the MEP along the tangent,
- 1
Ma) = W(VE(¢(Q)), @'(a)) for o € [0, 1]. (3.1)

It will be heavily used throughout our analysis. We immediately see from ([2.3a)) and the fact
|@’| = L(p) that B
VE(p(a)) = Ma)@' () for a €[0,1], (3.2)

which is the equation often used to define the MEP [1_5, 19]. We state some properties of A
in the following lemma, from which we see that 04 = X'(0) and o = N(1).

Lemma 3.1. Let ¢ € CQ([O, 1]; 7-[) be the solution of (2.3)). If (A) is satisfied, then

(i) (5\'(0),@’(0)), (5\'(3),@’(3)) and (5\'(1),@’(1)) are eigenpairs of the Hessians VQE(yf\l/[),
V2E(ys) and V?E(y%,), respectively;

(i) N'(0) >0, N(1) >0 and N(5) < 0; and
(11i) there exist positive constants ¢, ¢ depending only on @, such that

Ma)
ala—3)(a—1)

c< <c Vae(0,5)U(s,1). (3.3)

Proof. Since the gradient vanishes at the critical points, we have A(0) = A(5) = A(1) = 0.
Taking the derivative with respect to a on both sides of (3.2)), we obtain

VZE(@(a)) @ (@) = N(a)¢ (o) + Ma)@" (). (3.4)
Note that the second term on the right-hand side of (3.4)) vanishes when o = 0,3, 1, hence
VZE(p(a))@' (o) = N(a)g' (o)  fora=0,5,1.

We then obtain A'(0) > 0 and X'(1) > 0 from assumption (A) that the end points are
strongly stable minimizers. From the definition and the MEP equation (2.3), we see
that A\(a) = 0 if and only if (a) is a critical point. Since y3,, ys and y¥ are the only three
critical points on the MEP (from assumption (A)), we can deduce from X' (0) > 0, (1) > 0
and the continuity of A that A(a) > 0 for a € (0,3) and A(a) < 0 for o € (3,1). This implies
N (5) < 0. Invoking the fact that ) (5) is an eigenvalue and assumption (A) that yg is an
index-1 saddle, we see that the only possibility is \'(3) < 0.

Finally, (iii) is an immediate consequence of (ii) and the fact that A has no roots other
than a =0, 3, 1. O



Lemma 3.2. If f € X C Y, then we have || f|ly < 3| f]x.

Proof. For any f € X, we have

) ds

<|flx  forae0,1\{5} (3.5)

Using f(0) = 0, we have

f(a) ‘ _
ala— 1)

Jo f'(s) ds
ala—1)

‘§2||f||X forozG(O,%].

An analogous estimate holds for o € [1,1), which together with (3.5)) yields the result. [

We then rewrite (2.6) as

/ ’ /

¥

F(p) = VE(p) - ¢

L(7) Pyt(¢) + (04 +08)p(p) Pk (3.6)

where 7: & — X and p: & — C'(]0,1];R) are given by
7(p)(a) := VE(go(a)) — %VE(@(E)) and (3.7)
ple)a) = D)) - SE=T(E)  orae b1 (35)

Now we are ready to prove Lemma and Lemma [2.2] which state that the range of
Z is in Y and that the problem is equivalent to , respectively. For simplicity of
notation, we suppress the dependence on « in the rest of this paper, whenever it is clear from
the context.

Proof of Lemma 2.1 Since p(¢)(0) = p(¢)(1) = 7(p)(0) = 7(¢)(1) = 0 for any ¢ € &, we
see from that .Z(¢)(0) = Z(¢)(1) = 0.

From the regularity of E, we have VE(p), 7(p) € X C Y. Since ¢ € C! and ¢’ # 0 for
any ¢ € 7, we have that ‘p o1 € C([0,1]; H). By using the continuity of ¢, the regularity of

)-
E, and the facts that 7(p )( ) =0 and p(p)(s) = 0, we have that the limit
L F (@) - F)E)

a—3S O[—S

exists. This implies that .Z () is differentiable at 5. By an analogous argument, we see that
F () is also (one-sided) differentiable at 0, 1. Therefore, we have .Z (¢) € Y. O

Proof of Lemma[2.3. Let @ be the solutions of (2.3). Taking derivative of on both sides of
(2.3b) yields
Fe) - L@) =0 foraco,1]

Together with VE($(5)) = 0 and (2.3), we obtain .7 () = O, i.e., ¢ solves 1)
If ¢ is a solution of - we see from the first term in that ¢ satisﬁes . After
re-parameterization by normalized arc length, (| - is satlsﬁed while ({ stlll holds [



3.2 The linearized operator

For ¢ € &7, the first variation 6.7 () : X — Y can be obtained by a direct calculation

5T () = V2E(p) — %PMT@W s (L'%)P) br(p)
T (0a+ o) <5p<w>w|§ﬁ‘+p<w>fgf>, (3.9)
where
S R . I S o A
5<L<¢>P@)w L(p) (P%@’ FERTEE P*@’)
L (e 12 [T N
+L(90)( 7] L(so>/o e d)P““
and
(5r(e)w) (@) = V*E(p(a))vla) - SO PE(p@)uts)  fora € 0.1,
5ol = ST () — %(M«a)w(s),
RO RO
(i) = | O | o & frechdl

From the above expressions, we can easily show that .# and §.% are both Lipschitz in any
bounded C'-neighborhood of the MEP ¢. This completes the proof of Theorem (1).

3.3 0F(p) is an isomorphism
The first variation (3.9)) at the MEP ¢ = ¢ can be simplified considerably by using (3.2]),

37 (£)0e) = Py (VE(pla))bl0) = M)/ () + 20— Pt VB (2(5)) (9
+ (toa+ 0w (Er@)(@ - SEZPOTENE) - M@0 @) o,
(3.10)

for a € [0,1], where A is defined in (3.1)).
In order to show that the operator 0.7 () is an isomorphism, i.e. Theorem [2.1] (ii), we
must establish the existence and stability of a solution for the following problem: Given

feY, find ¥ € X such that
IF (P = f. (3.11)

The proof consists of three steps. First, we restrict the problem (3.11]) in the subspace
perpendicular to the tangent direction ¢’ and derive an ODE system on a Hilbert space.
Secondly, we show that 0.7 (@) is a bijection by proving that the ODE system has a unique

10



solution. Finally, we derive the stability by using the boundedness of §.% () and the
open mapping theorem.

As the linearized MEP operator has completely different behavior in the tangent
direction ¢’ and in the subspace @'+, we will split the problem into these two subspaces. Let

= ¢'/|@'|. We represent the trial function v in (3.11]) by
() = Bol(a)t(a) + ¥ (a) for o« € [0, 1], (3.12)

with (¢J_,t) =0.
We first consider the problem in the subspace perpendicular to the tangent direction

&o. By substituting (3 into and applying the projection Pl to both sides, we can
obtain by a direct Calculatlon Wlth . that

Mo (@) = (B(a) + Ma)D(@)) (@) = Paigfla)  for a€0,1], (3.13)

where B(«) := Pg(a)VQE(gE(a))P; and D(a) : H — H is given by

()

D(a)y = — (¢ (@)t(@) — (3, t()E(a).
Note that the ODE (3.13) is independent of /3.
Let
HE(a) = {yer: (y.¢(a) =0} for a € [0, 1].

Since ¢ € CQ([O, 1]; 7-[), there exists a Hilbert space H, and a family of isometries Q(«) :
Hi — H*(a) for a € [0,1] satisfying @ € C'([0,1];Z(H.,H)). The image of Q(«) is
H (), which is a subspace of H. Let 8, (a) := Q(a) ', (a) for a € [0,1]. Then the ODE
can be rewritten as

{ N@)8L(a) = A@Pi(a) +gla)  for a €01, -
B.(0) = B.(1) =0,
where
Afa) := Q) ' B(@)Q(e) — M) (Q() ' D(a)Q(a) — Q(a) ' Q' (), (3.15)
9(0) = ~Q(a) ™ Pl F(0). (316)

The advantage of over ([3.13)) is that the unknown 5, () now lies in a space H, that
is independent of a.

To write the problem in the tangent direction ¢’, we substitute (3.12)) into and take
the inner product with ¢ on both sides to derive the equation for f

@) = (oa-+ 03 (fafa) = SO (s) ) + X (5) SO (). 6) o)
+ 20D (B0 (5).te) — (Fla). ta)) + o)) fora € 0.1),

(3.17)
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where G : C*([0,1]; H) — C([0,1];R) is given by

Glu)(a) = (oa + an) (Go1)(@) - S0

wl | 2
|

/CQ
<
=
=

N———

|

>l
2
/Q>
=
=
2
=
—+
=

(1) (a) = / " (W (3).8(s)) ds — o / (#,(s), £(s)) ds.

Since the tangential equation (3.17) depends on v, (and hence ;) but (3.14) does not
depend on Sy, we will first focus on the problem ([3.14)) in the subspace @'*.

We first restrict the problem (3.14)) to the interval [s, 1]. The interval [0, 5| can be analyzed
with the same arguments. Thus, we consider the following problem:

{ Ma)B (a) = A(a)BL(a) +g(a)  for a €[5, 1],

(3.18)
B1(1) =0.

The main difficulty lies in that the prefactor A(a) vanishes at the critical points, A(3) =
A(1) = 0, which makes the standard arguments for ODE analysis fail. In our proof, we will
first analyze the behavior of near the critical points via semigroup theory, and then
show the existence of §, over [s, 1] by a perturbation argument.

For completeness of the presentation, we briefly review the semigroup theory, starting
with the definition of a sectorial operator.

Definition 3.1. [17, Definition 2.0.1] A linear operator A on a Banach space B is a sectorial
operator if there are constants w € R, 0 € (5,m), M >0 such that

p(A) D S,p={AeC: N#w, |arg(A —w)| <6} and

M (3.19)
oo T Sup-

(M — A) | 28 <

For t > 0, (3.19)) allows us to define a linear bounded operator e/ on B, by means of the
Dunford integral

1
et = — e — A)7H d), (3.20)

a 27TZ w+’Y7‘9/
where r > 0, 0 € (3,0) and v, 4 is a contour {\ € C : |argA| = ¢, [A\| > r} U{X €
C: |argA| <@, |A| = r} that oriented counterclockwise. We also set
=1 VoebB. (3.21)

Definition 3.2. [17, Definition 2.0.2] Let A € £(B) be a sectorial operator. The family

{et: t > 0} defined by (3.20) and (3.21) is said to be the analytic semigroup generated by
A in B.

The following lemma presents some basic properties of the analytic semigroup.

Lemma 3.3. [17, Proposition 2.0.1] Let A € Z£(B) be a sectorial operator satisfying (3.19)
and et be the analytic semigroup generated by A, then

d
e 25 < Ce** and Ee“‘ — At Y it>0.
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Now we come back to analyze (3.18). Define
ws :=inf{X: X € a(V’E(ys)), A >0} and
wp =inf{\: A€ a(V’E(yy)), A # o5} (3.22)

Let A(a) be the operator given in (3.15), the following lemma shows that —A(«) at the
critical points are sectorial.

Lemma 3.4. Let ¢ € C*([0,1]; H) be the solution of (2.3), A be given by (3.1) and A be the
operator-valued function defined in (3.15)). If assumptions (A) and (B) are satisfied, then
—A(5) and —A(1) are sectorial operators, and A belongs to C*([5,1]; Z(H.1)).

Proof. We see from (B) that B(5)|y.(s) and B(1)|yL (1) are positive definite operators, and

o (B(3)lurs) C [ws,+00), 0(B(1)|lura)) C [wp,+00). Since Qo) : HH(a) = Hy is an
isometry, we have from A(5) = A\(1) = 0 that

o(A(5)) =0 (Q(5)7'B(5)Q(5)) C [ws,+00)  and

o(A(1)) =0 (Q(1)7'B(1)Q(1)) C [wg, +00).

This leads to
p(—A(8)) D S and  p(=A(1)) DS, s

—ws, 3

Since A(5) € Z(H.) there exists a constant C' > 0 depending on A(S) such that

C
< )
Al = 1AG) 2y — (A +ws]

for A € S(—ws, 3m) and |A| > 2||A(3)|| 2@, For A € S(—ws, 2m) and |A| < 2||A(5) || 2(.),
(A + A(E))_ng(Hl) has an upper bound and thus holds for some constant C' de-
pending on A(3). This implies that —A(3) is a sectorial operator. A similar argument yields
that —A(1) is also a sectorial operator.

From E € C*(H) and ¢ € C?([0,1];H), we see that B(a) is differentiable in [0, 1].
Combining this with the facts that Q € C*([0,1]; £ (H 1, H)) and A(5) = A(1) = 0, we have
that the operator-valued function A € C*([s,1]; L (H.1)). O

I(M + A(5)) ) <

(3.23)

The following two lemmas give the behavior of (3.18)) near the critical points.

Lemma 3.5. Let ¢ € C*([0,1];H) be the solution of (2.3) and X be given by (3.1)). Assume
that (A) and (B) are satisfied. Let§ € (0,25%) and h(c) € C([s,5+6); H1) be differentiable
at 5. Then there is a unique 8 € C*([s,5+ 0]; 1 1) solving

Ma)B' (o) = A(3)B(a) + h(a) for a € [5,5+ 4. (3.24)

Moreover, there erists a positive constant Cs depending only on X\ and A(3), such that

a—S

' h(a) — h(s
18"l ,54+0m.) < Cs (HM

+ IIh(E)Ilm> : (3.25)

C((5,54+0H 1)
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Proof. Using A(5) = 0 and taking a = 3 in ([3.24) yields

B(3) = —A(5)*h(5). (3.26)
We can now substitute
B(a) := B(a)— B(5) and h(a):=h(a) —h(3)  for a € [5,5+ 0] (3.27)

and observe that 3 solves (3.24)) if and only if /3 solves

{ %(a)ﬂ’(a) = A(5)B(a) + h(«)  for a € [3,5+ 9], (3.28)
B(s) =0.
Multiplying both sides of - 3.28) by A(a)~!, we obtain

B'(a) = 1;\1((3@(04) + % for a € (5,5 + 9. (3.29)

Since A < 0 in (3,5 + 6] and —A(3) is a sectorial operator, the solution £ of (3.29) can be
given by the method of variation of constants,

Bla) = e 5 4 AS>>B(n)+/ eJs 5 A (-AE) (_S; s foracns+d, (3.30)
n S

where 1 € (3,5 + 6) and 5(n) is the initial value. Using Lemma (iii), Lemma and
Lemma [3.4] we have that, for n < a < 549,
_3 Cwg
( ) <1, (3.31)

a— S

>~ I

—1
SCG ws Jp >\(7—) d‘rS
ZL(Hy)

n X(m)

H Iy 57 dr(-AG)

where wg is defined in (3.22)) and C' depends only on E and @. Then we can take the n — 5+

limit of (3.30))

_ [ e s arcamhls) 3.3
/ge ) s. (3.32)

By substituting (3.32)) into (3.29)), using (3.31)) and Lemma (iii), we have

(5 Jo ot ar(—a) (s h(c)
— IS sm 7 ds + =
||B< ||7‘u Oé / )\(S s )\(Oé)
Ho
h o h h
<C (a)_ (v — s)_l/ 1ds+C (a)_ <C (a)_
o — . a—3 a—3
C((E,E-ﬁ-(s];’HL) H C((E,E-l—(ﬂ;.’/'ll)
This together with (3.26)) and (3.27)) yields
1 llcussainsy < (H " ||h(3)||m> e
C((3,5+0;H L)

with a constant Cys depending only on A and A(3). Moreover, since h is differentiable at 3,
we see that f(«) in (3.32)) is also differentiable at s.

14



Therefore, 3 given by (8.30) is in C'([3,5 4 ]; H. ), which readily implies that it indeed
solves ([3.28)). Together with ([3.26)), (3.27) we therefore obtain a solution 3 € C([s, 5+4]; H.)
to (13.24)).

To show the uniqueness of £ in (3.24]), we only need to prove that there is only a trivial
solution for the homogeneous equation

Ma)B' (o) = A(3)B(a) for a € [5,5 + ). (3.34)

By taking the inner product with G(«) on both sides, and using the facts that Q(«) is an
isometry and that B(s) is semi-positive definite, we have

Ma) d _ _ . _
MO L)1, = (AE)B(a). B),,, = (BER()80), Qo) B(e)) >
for a € [s,5 + 0]. This together with A < 0 in [s,1] implies that ||3]|3,, is decreasing in
(5,5 + 0]. Combining this with 3(s) = 0 leads to 5 = 0.
Finally, the estimate (3.25) follows directly from (3.33]), which completes the proof.  [J

Lemma 3.6. Let ¢ € C*([0,1];H) be the solution of (2.3) and X be given by (3.1). Assume
that (A) and (B) are satisfied. Let v € Hy, § € (0,52), and h(a) € C([1 —6,1];Hy) be
differentiable at 1 and satisfy h(1) = 0. Then there is a unique § € C*([1—6,1];H ) solving

{ Ma)B' (o) = A()B(a) + h(a)  for a € [1—4§,1],
g

(1=8) =0, B(L) = (835)

Moreover, there exists a positive constant Cy depending only on X and A(1), such that

h(a _
18 Ne-sagsy < O [ 2422 5 ol ) (3.36)
@™ Hlem-snmy)
Proof. Multiplying both sides of ([3.35) by A(a)™!, we have
Al h
B(a) = Lﬁ(a) + 7—00 fora € [1 =94,1). (3.37)
AMa) (@)

Since A < 0 in (5,1) and —A(1) is a sectorial operator, the solution 3 of (3.37)) can be given
by the method of variation of constants,

Bla) = ehits S 4 (=AM +/ i = dT'(_A(l))% ds fora e [1 —4,1). (3.38)
1-6 s

Substituting (3.38) into (3.37)) gives

o) = AQ) e S as-aqy, | AQ) [ e S anaap ils) o h(@)
o) =3¢ 70 Sy |, o) ¥ x@ B

Using Lemma (iii), Lemma and Lemma , we have that, for 1 —0 <s<a <1,

IS A (=AW)

< Ce @Bl sm T < g V! nisy <C (1 — a) , (3.40)

)zmg 1—s

15



where wp is defined in (3.22)) and o := 3y From assumption (B) and Lemma (i), we
see that o > 1. Then we have from Lemma[3.1] (iii), (3-39) and (3.40) that, for o € [1 —4,1),
1—a) ! “ (1—a) ! h(s h(a
8@l < O, + 0 [7 E2 a1 ro| M
1—s (1—135) S— Uleq@-e1)H.) = Uiy,
h
<cou [ |12 + 6 Yol | (3.41)
$ = Hleq-sna)

where the constant Cy depends only on A and A(1). We see from assumption (B) and

Lemma that \'(1) = op € p(A(1)) and thus I — % is invertible. Taking the limit

a— 17 of gives #'(1) = (I — /—’3((1)))_1;:8;, which implies the existence of 4'(1). Then
taking the limit o — 1~ of leads to 5(1) = 0, and hence implies that there exists a
BeC([1—6,1];Hy) solving (3.35).

A similar argument as that in the proof of Lemma leads to the uniqueness of 5 in
. And the estimate follows directly from ([3.41)), which completes the proof. [J

Now we can show the existence and uniqueness of 5, in (3.18)).

Lemma 3.7. For any f € Y, let g be given by (3.16). If (A) and (B) are satisfied, then
(3.18) has a unique solution B, € C*([5,1];H.1).

Proof. The proof for the existence and uniqueness of 3, in (3.18) is divided into three parts.
First, we will prove the existence of 5, in a neighborhood of s. Second, we will extend 5,
to the rest part of [s, 1] and verify the boundary condition that 5, (1) = 0. Finally, we show
the uniqueness of the solution.

1. Emistence near the saddle. Taking o =
Then we can take a sufficiently small §, € (0, 35

5 in (3.18), we have 3. (5) = —A(5)"'g(5).

=) such that
Ala) — A(s
2Csdy sup || AL =AG) <1, (3.42)
a€(5,1] =S L(H1)

where Cg is defined in (3.25)).

To show the existence of 3, we construct a sequence {3 1 }32, in [3, s+02] and show that

it has a limit 8, := limy_,o 81k, which solves (3.18). Let 3, o(a) = 3.(35) for a € [, 5 + o).
For k € N4, let 8, ;41 be the solution of

{ Mg = AB)BLirr + (A= A(5) B +g in[5,5+ 0, (3.43)

B1r+1(5) = BL(5).

Lemma (3.5 implies that the sequence {3, 1}, is well defined and 3, , € C*([3, 5+ da); H.1)
for any £ € N. We show that the sequence {5, }3°, converges uniformly. Define e, :=
Bik — Bir—1 for k€ Ny. We see that e;1, & € Ny is the solution of

{ Ny = A(S)ep1 + (A—A(5))er in [5,5 + &),

€ri1 (3) =0.
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Applying Lemma [3.1] (i), (iii), Lemma [3.5| and (3.42)) yields

Aler) — A(5) ) ex(@)
leksillogssrenmn < Cs ( - )
C((3,5+62];H 1)
Afa) — A(3) 1
< Csdy sup ||l lekllogs o < Slledllessiammny  (3-44)
a€(3,5+62] o — ZL(H,)

and

g(e) — g(5) + (A(a) — A(5)) B.(5)

a—S

el less4aam.) < Cs

C((3,5+02];H 1)

g(a) = g(s)

< Cs oa—S

+ ClIBL(3) 7, - (3.45)
C((3,5+02);H 1)

Since f € Y, we see that ||€}|/c(s,s+d,:2,) is bounded. Then (3.44) and (3.45) imply that
the sequence {5, 1}, is is a Cauchy sequence in C*([s,5+d]; Hy). Let 81 = limy_o0 B1 i,
since the convergence is in C! we can pass to the limit in (3.43), which implies that 3, solves

(3.18)) on [5, s + d2].

2. Existence away from the saddle. Multiplying both sides of by A~!, then according
to the generalized Picard-Lindeldf theorem [I Theorem 5.2.4], the existence of the solution
B1 in [5 + 82,1) follows immediately from the continuity of A, A, and g. Thus, there exists
a B € CY([5,1);Hy) solving

Ma)B () = A(a)BL(a) + g(a)  for a € [5,1). (3.46)

Take sufficiently small o3 > 0 such that

Afa) — A1) -

2C\ 03 sup 1 H <
L(H1)

a€[s,1)

Y

where Cy are defined in (3.36]). To show the existence of lim /' («), we will also construct

a—1~

a new sequence, still denoted by {8 x}72,. Let 81 o(a) = BL(1 — d3) for @ € [1 — 63, 1]. For
k € N4, let B, x+1 be the solution of

M i1 = AW B+ (A— A1) Brr+g in [1—d3,1],
Bir+1(l—3d3) = B1(1—d3).

Lemma implies that the sequence {8, x}72, is well defined and 3, , € C*([1 — 3, 1]; H,)

for any k € N.

We then show the uniform convergence of the sequence. Let e, := B, — Bi -1 for
k € N.. We see that ex,q, £ € Ny is the solution of

5‘6;6—1—1 = A(l)ek-i-l + (A - A(l))ek in [1 — 03, 1]7
€k+1(1 — 63) =0.
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Applying Lemma and (3.42) yields

(A(e) — A(1)) ex(e)
ek i1lloq-ssum.) < COu —
C([1-d3,1);H1)
Ala) — A(1 1
<cuts s [ADZEDN g s < gllellecsn G40
a€ll-93,1) o — LHL)

and

gla) = g(1) + (Ala) = A1) BL(1 — &)
a—1

et loq—ssm,) < Oum

C([1—63,1);H 1)

g9(@) —g(1)

< C
M a—1

C([1—63,1);H 1)

Since f € Y, we have that ||€}|lc(i—s,1:2,) is bounded. Then (3.47) and (3.48) imply
that the sequence {5, x}7, is uniformly convergent. Let k — oo in (3.43), we obtain that

B = lim B, ; in [1 — &3, 1]. Then taking the @ — 1~ limit of (3.46|) gives
k—o0

BL(1) = —A(1)"'g(1) =0,

which completes the proof for the existence of the solution 8, € C'([s,1]; H1) of (3.18).
3. Uniqueness. 1t suffices to show that there is only a zero solution for the problem

{ Ma)B (a) = A(a)Bu(a) for o € [5,1],
BJ_(l) = 0.

Taking o« = 5 in (3.49) yields 8, (5) = 0. Then we take the inner product with 5, (o) on
both sides of (3.49)). Since Q(«) is an isometry, we have

L5l = (AL ), B (), = (Bl)Qla)51le). Qo) ()

(3.49)

= 3@ ((QEP@G) e i)+ (Q@)Qa) 5. (@) ) (350)

Hi
for a € [5,1]. Since B(5) and B(1) are positive semi-definite and A(5) = A(1) = 0, there
exists a constant d, > 0 such that the right hand side of is non-negative for @ €
5,5+ 64 U[1 — 64,1]. Using the fact that A(a) < 0 for a € [5,1], we obtain that [|8.(a)|3,,
is decreasing on [5,5 + d4] U [1 — 64, 1]. From (3, (5) = 0, we have 5, =0 in [s, s + d4]. Note
that § = 0 is a solution of , then using the generalized Picard-Lindel6f theorem [
Theorem 5.2.4] can yield that 8, = 0 is the only solution of . [

Corollary 3.1. Under the conditions of Lemma (3.14) has a unique solution 5, €
CH([0,1];HL).

Proof. The problem (3.14) can be divided into (3.35) and the following problem

{ Ma)B (o) = A(a)BL(a) + g(a) for « €0, 3],

5,(0) = 0. (3.51)
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The same arguments as in Lemma |3.7| can be used to obtain the existence and uniqueness
of a solution 3, € C'([0,5];H.) of (3.51). Then has a unique solution 3, which
has continuous derivative on [0,5] and [s,1]. Taking a = s in (3.14), we have 3, (s) =
—A(3)7tg(5), which implies the continuity of 5, at 5. By multiplying A~'(a)) on both sides
of (3.14), taking the o — 5 limit and using the facts that A(s)8.(5) + ¢g(5) = 0 and f is
differentiable at s, we have

1 AN —g(3
s ) = 5 (1 5) IS = s 65
This yields 8, € C*([0,1]; H). O

Now we are ready to complete the proof of Theorem

Proof of Theorem [2.1] (ii). We first show that 0.7 (p) is a bijection. Let f € Y and g be
given by (3.16). From Corollary (3.1 we obtain a unique solution 8, € C*([0,1];H.) of
(3.14) and let v, = Q713,.

Next, we show the existence of a unique solution 3y € C*([0,1];R) of , i.e., the
existence of 1 along the tangent direction. By taking o = s in , we see that [y(5) can be
uniquely determined by f and 3;, more precisely, 3o(3) = N (5)7! ((f(?),t(é)) — G(QM)(E)).

Then we can rewrite (3.17)) as

Ma)By(a) = (04 + oB)Bola) + golar) for o € [0, 1], (3.53)
where
Caaml), ola—1). .
go(a) = A (S)W(t(@)yt(s))ﬁo(s) —(oa+ 03)@5{)(3)

ala—1)

oo (PE@E)DA(E) ) ~ (@), te) + Gwi)(e), fora e 0.1]

Using Lemma [3.2] we have
lgolly < CllBo(5) e, +IIGBIly + Cliflly < Cllflly + N1GB e o,

< CliAlly +1BLleqom.)-

Since 04 +o0p > N (1) > 0, an argument analogous to that in the proof of Lemma [3.7] implies
that there exists a unique 3, € C*([0,1];R) solving (3.17). With the representation (3.12),
we show that has a unique solution ¢ € X for any f € Y, which implies that 0.7 (@)
is a bijection.

For any ¥ € X, we have from Lemma and that

167 (@)¢|ly < C([[¢]lx + I16T(@)¢]leror)) < Cllivlix-

Thus, §.% () is a bounded linear bijection and according to the open mapping theorem (or,
bounded inverse theorem) it is an isomorphism. This completes the proof of Theorem . O]

19



3.4 Remarks on assumption (B)

In Theorem (ii), the condition that 04 and op are simple and the lowest eigenvalues
is necessary for the stability result. We provide two examples in the following, showing that
if o4 is a degenerated eigenvalue or not the lowest eigenvalue, then the stability result in
Theorem [2.1] (ii) does not hold.

For simplicity of the presentations, we consider a finite dimensional configuration space
H = RY. We first give the isometry Q(«). Consider the eigenvalue problem

(P;(Q)VQE(ga(a))Pg(a)>gi(a) = z(@)&(a)  fori=0,1,--- N -1 (3.54)

with {z;(a)}¥,! the eigenvalues and {&;(a)}Y ! the corresponding eigenfunctions. We order
the functions z;(«) according to their values at o« = 5 and their regularity with respect to
a, such that 25(5) < 2(8) < -+ < 2y_4(5) and z; € CY([0,1];R) for i = 0,1,--- ,N —
1. This can be done since E € C* and P35, V*E(p(a)) Py, € C* ([0,1];RYV*N), which
together with the perturbation theory for eigenvalue problems [13] II-Theorem 6.8] can lead
to z; € C*([0,1];R). Similarly, we have & € C* ([0,1];RY) for i = 0,1,--- ,N — 1. Define
Q(a) : Ht(a) = RN by

Q= ((1-6(@), (&), &)

We see immediately that Q(«) is an isometry for a € [0, 1] and is differentiable at 0,5,1. We
will now show that the assumption (B) is necessary for the stability result.

Assume that there exists z;(0) = 04 = N'(0) with 1 < j < N —1 (which is contradicted to
the assumption that o4 is simple). Then we have from E € C? that there exists ny € (0, %)
such that [|z; — X||cqomer) < 1. Let

ﬁn(&)Z{ (%52) Me) i 0] o aea) and S = 65 (@)
0 in (no, 1]

(3.55)
We have that f,(a) = 0 for a € 1o, 1]. For o € [0, 1] we obtain, by using (3.14)), (3.17) and
(3.54), that

&i(a)" fula) = zj(@)Ba(a) — AMa)B,(a)

= Xa)(3(0) = N(@) (B=2)" = a2

&) fo(a) = —/_\(a)ﬁn(a)&(a)Tﬁg(a) fori=1,---,N—1, i # j, and

~ —1) - _ A
&o(a)  fola) = (04 +0B) | Gn(a) — %Gn(s)) — Ma)G,(a), (3.56)
where G, (a) := I Bu(s)&0(s)7€(s) ds—a fol Bn(s)&o(s)"€}(s) ds. Using and the facts
that 0 < == <1 for a € (0,7p), AM0) =0 and ||Gyllerqo.:7) < CllBullcqo,r), we have

Jim [ Gallerqoapr) = i [[Balleqom) = 0.

Together with ([3.56) and Lemma [3.1] (iii), this implies || f,|ly — 0 as n — 4o00. Meanwhile,
we have

[allx = [147,(0)lle= = [IX'(0)&;(0) e
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Therefore || f,|ly can not be uniformly bounded by ||, ||x as n increases, and the stability
result does not hold.

Assume that there exists 1 < j < N — 1 such that z;(0) < 04 = N(0) (which is contra-
dicted to the assumption that o4 is the lowest eigenvalue). Let

_ 0

g = N (0) < 1. (3.57)

B(a)z{ crlamm) i Oml e B)e(a) and f = 5T (@)
0 in (1]

From (33.14)), (3.17) and (3.54)), we obtain from a direct computation that

()" () = 5(@)5(@) - M) = Moo —m) ( (22 - 2 ) @ =m) -2),
£(0)TF(0) = ~A(@)B(@)&(@)TE ) fori=1,- N—1,i#j and
e ala—1) ,
£o(0) f(0) = (04 +05) (G( 1 >) Ne)&(a),
where G(a =B (5)7&(s) ds — o fo (5)7¢&}(s) ds. Then applying Lemma
(iii) ylelds H f ly < oo. However usmg oj <1 leads to
Tim ¥/(0) = lim #(0)g(0) = tim B e 0) oo

This implies that f € Y has no preimage in X. Therefore 0.7 (@) : X — Y is not a surjection,
and thus not an isomorphism.

4 Proofs: Applications of the stability

Proof of Corollary[2.1. For sufficiently small ¢, there exists an interpolation Ils : & —
such that I;¢ € C* ([0, 1;Ue N Hs), T55(0) = yay s, s@(1) = yh 5 and

5@ — @llcrqoam < C inf o5 — @llerqoam (4.1)
psEAs
where C' > 1. To see the existence of such interpolation, we provide a simple construction by

(IL50) () = Is(@()) + a(yhrs — Lsysr) + (1 — @) (yirs — Lsyiy) Vael0,1]

where I5 : H — Hs is given such that |Isz — x| = inf, ey, |25 — 2| for any x € H. Let
Fs s — Y be given by (2.6) with E replaced by Es. Using (4.1]), we have the consistency

error

|-Fs(Ls0)|ly = [|.Fs(1sp) — F (0)ly
< C||\VEs(lsp) — VE(@)|lor o130 + Clls@ — @ller o100
< C||Es — Ellcr@enms) + C inf s = @llerom, (4.2)
PsEAs
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where C' depends only on E and ¢.
Define a subspace X of X by

X5 = {o € O ([0, 1: Hy) = (0) = (1) = 0},

To derive the stability of 6.%;(Ils¢), using (4.1) and Theorem [2.1[i), we obtain by a direct
calculation that

107(2) = 0.F5(Ls@) ¥ [ly < (|07 (2)¢ — 0F (Is@) ¥ |ly + (|07 (L50)¢p — 6.F5(Tsp)¢0 |y

< € (1Bs ~ Blowcarmo + int s = Flegoan ) IWllx ¥ 0 € X

where the constant C' depends only on F and ¢. Taking sufficiently small § and using
Theorem [2.1f(ii), we have that

1075(Wsp)Plly = 10F (@) lly = 107 (2) — 0F5(Is@)¢lly = CllYllx V¢ € X5, (4.3)

where C' depends only on E and ¢.
Combining the consistency (4.2) and the stability (4.3), we can apply the inverse function
theorem [I8, Lemma 2.2] to obtain that there exists a solution @5 € % of ([2.14) and

1TIs@ — @sllcr o) < CllEs — Ellor @) + C%isg;é s — @llejo,1:9)-

This together with the triangle inequality yields the estimate ([2.15)). O

5 Conclusions

This paper provides a stability of the MEP, showing that the perturbation of a curve
from the MEP can be controlled by the corresponding force under appropriate norms. The
stability result has many important consequences on both theoretical and numerical aspects
for the MEP. For example, we show that the MEP stays close to the original one within a
small perturbation of the energy landscape or the discretization of the configuration space.

Our results also provide a crucial foundation for a convergence analysis of the string and
NEB methods [16].
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