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▲♦❝❛❧ ❆s②♠♣t♦t✐❝ ◆♦r♠❛❧✐t② ♦❢ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥❛❧❧②

❤❡t❡r♦s❦❡❞❛st✐❝ ❛♥❞ s❝♦r❡✲❞r✐✈❡♥ t✐♠❡✲s❡r✐❡s ♠♦❞❡❧s

❈❤r✐st✐❛♥ ❋r❛♥❝q∗❛♥❞ ❏❡❛♥✲▼✐❝❤❡❧ ❩❛❦♦✐❛♥†

❆❜str❛❝t

❚❤❡ ♣❛♣❡r ❡st❛❜❧✐s❤❡s t❤❡ ▲♦❝❛❧ ❆s②♠♣t♦t✐❝ ◆♦r♠❛❧✐t② ✭▲❆◆✮ ♣r♦♣❡rt② ❢♦r ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥❛❧❧②

❤❡t❡r♦s❦❡❞❛st✐❝ t✐♠❡ s❡r✐❡s ♠♦❞❡❧s ♦❢ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢♦r♠✱ ǫt = σt(θ0)ηt✱ ✇❤❡r❡ t❤❡ ✈♦❧❛t✐❧✐t②

σt(θ0) ✐s ❛ ♣❛r❛♠❡tr✐❝ ❢✉♥❝t✐♦♥ ♦❢ {ǫs, s < t}✱ ❛♥❞ (ηt) ✐s ❛ st❛♥❞❛r❞✐③❡❞ ✐✳✐✳❞✳ ♥♦✐s❡ ❡♥❞♦✇❡❞

✇✐t❤ ❛ ❞❡♥s✐t② fθ0
✳ ■♥ ❝♦♥tr❛st ✇✐t❤ ❡❛r❧✐❡r r❡s✉❧ts✱ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡r θ0 ❡♥t❡rs ✐♥

❜♦t❤ t❤❡ ✈♦❧❛t✐❧✐t② ❛♥❞ t❤❡ ❞❡♥s✐t② s♣❡❝✐✜❝❛t✐♦♥s✳ ❚♦ ❞❡❛❧ ✇✐t❤ ♥♦♥✲❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ✇❡

✐♥tr♦❞✉❝❡ ❛ ❝♦♥❞✐t✐♦♥❛❧ ♥♦t✐♦♥ ♦❢ t❤❡ ❢❛♠✐❧✐❛r q✉❛❞r❛t✐❝ ♠❡❛♥ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤

t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ♣❛r❛♠❡t❡r ✈❛r✐❛t✐♦♥ ✐♥ ❜♦t❤ t❤❡ ✈♦❧❛t✐❧✐t② ❛♥❞ t❤❡ ❡rr♦rs ❞❡♥s✐t②✳ ❖✉r r❡s✉❧ts

❛r❡ ✐❧❧✉str❛t❡❞ ♦♥ t✇♦ ♣❛rt✐❝✉❧❛r ♠♦❞❡❧s✿ t❤❡ ❆P❆❘❈❍ ✇✐t❤ ❆s②♠♠❡tr✐❝ ❙t✉❞❡♥t✲t ❞✐str✐❜✉t✐♦♥✱

❛♥❞ t❤❡ ❇❡t❛✲t✲●❆❘❈❍ ♠♦❞❡❧✳

❑❡②✇♦r❞s✿ ❆P❆❘❈❍✱ ❆s②♠♠❡tr✐❝ ❙t✉❞❡♥t✲t ❞✐str✐❜✉t✐♦♥✱ ❇❡t❛✲t✲●❆❘❈❍✱ ❈♦♥❞✐t✐♦♥❛❧ ❤❡t✲

❡r♦s❦❡❞❛st✐❝✐t②✱ ▲❆◆ ✐♥ t✐♠❡ s❡r✐❡s✱ ◗✉❛❞r❛t✐❝ ♠❡❛♥ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✳

∗❈❘❊❙❚ ❛♥❞ ❯♥✐✈❡rs✐t② ♦❢ ▲✐❧❧❡✱ ❇P ✻✵✶✹✾✱ ✺✾✻✺✸ ❱✐❧❧❡♥❡✉✈❡ ❞✬❆s❝q ❝❡❞❡①✱ ❋r❛♥❝❡✳ ❊✲▼❛✐❧✿ ❝❤r✐st✐❛♥✳❢r❛♥❝q❅✉♥✐✈✲

❧✐❧❧❡✸✳❢r
†❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✿ ❏❡❛♥✲▼✐❝❤❡❧ ❩❛❦♦ï❛♥✱ ❯♥✐✈❡rs✐t② ♦❢ ▲✐❧❧❡ ❛♥❞ ❈❘❊❙❚✱ ✺ ❆✈❡♥✉❡ ❍❡♥r✐ ▲❡ ❈❤❛t❡❧✐❡r✱ ✾✶✶✷✵

P❛❧❛✐s❡❛✉✱ ❋r❛♥❝❡✳ ❊✲♠❛✐❧✿ ③❛❦♦✐❛♥❅❡♥s❛❡✳❢r✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

▲♦❝❛❧ ❆s②♠♣t♦t✐❝ ◆♦r♠❛❧✐t② ✭▲❆◆✮ ✐s ❛ ❝r✉❝✐❛❧ ♣r♦♣❡rt② ❢♦r ❝♦♠♣❛r✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ♣❡r❢♦r✲

♠❛♥❝❡ ♦❢ st❛t✐st✐❝❛❧ ♣r♦❝❡❞✉r❡s ✐♥ ♣❛r❛♠❡tr✐❝ ♦r s❡♠✐✲♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s ✭♣❛r❛♠❡t❡r✐③❡❞ ❜② ✜♥✐t❡✲

❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs✮✳ ❋♦r ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐s✲

tr✐❜✉t❡❞ ✭✐✐❞✮ ❞❛t❛✱ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❛❝❝♦✉♥t ♦♥ t❤❡ ▲❆◆ t❤❡♦r② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❜♦♦❦s ❜② ✈❛♥

❞❡r ❱❛❛rt ✭✶✾✾✽✮✱ ❛♥❞ ▲❡❤♠❛♥♥ ❛♥❞ ❘♦♠❛♥♦ ✭✷✵✵✻✮✳ ❙✇❡♥s❡♥ ✭✶✾✽✺✮ ❡st❛❜❧✐s❤❡❞ t❤❡ ▲❆◆ ♣r♦♣❡rt②

❢♦r ✜♥✐t❡✲♦r❞❡r ❆❘ ♠♦❞❡❧s ✇✐t❤ ❛ r❡❣r❡ss✐♦♥ tr❡♥❞✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▲❆◆ ♣r♦♣❡rt② ❢♦r ❆❘▼❆

♠♦❞❡❧s ✐s ❞✉❡ t♦ ❑r❡✐ss ✭✶✾✽✼✮✱ ✇❤✐❧❡ ❑♦✉❧ ❛♥❞ ❙❝❤✐❝❦ ✭✶✾✾✺✮ ❝♦♥s✐❞❡r❡❞ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥ts ❆❘

♠♦❞❡❧s✳ ▲❆◆ r❡s✉❧ts ❢♦r ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ t✐♠❡ s❡r✐❡s ♠♦❞❡❧s✱ ✐♥ ♣❛rt✐❝✉❧❛r ♠♦❞❡❧s ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣

❧♦❝❛t✐♦♥ ❛♥❞ s❝❛❧❡✱ ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ❉r♦st✱ ❑❧❛❛ss❡♥ ❛♥❞ ❲❡r❦❡r ✭✶✾✾✼✮✳ ❚❤❡ ▲❆◆ ♣r♦♣❡rt② ✇❛s

❛❧s♦ ❡st❛❜❧✐s❤❡❞ ❢♦r ❧♦♥❣✲♠❡♠♦r② t✐♠❡ s❡r✐❡s ♠♦❞❡❧s✱ s❡❡ ❍❛❧❧✐♥✱ ❚❛♥✐❣✉❝❤✐✱ ❙❡rr♦✉❦❤ ❛♥❞ ❈❤♦②

✭✶✾✾✾✮✳

■♥ ●❆❘❈❍ ♠♦❞❡❧s ǫt = σt(θ0)ηt✱ ✇❤❡r❡ t❤❡ ✈♦❧❛t✐❧✐t② σt(θ0) ❜❡❧♦♥❣s t♦ t❤❡ σ✲✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜②

t❤❡ ♣❛st ♦❢ ǫt ❛♥❞ (ηt) ✐s ❛♥ ✐✐❞ ③❡r♦✲♠❡❛♥ ❛♥❞ ✉♥✐t✲✈❛r✐❛♥❝❡ s❡q✉❡♥❝❡✱ t❤❡ ♠♦st ♣♦♣✉❧❛r ❡st✐♠❛t✐♦♥

♠❡t❤♦❞ ❢♦r t❤❡ ♣❛r❛♠❡t❡r θ0 ✐s t❤❡ ◗▼▲❊ ✭◗✉❛s✐✲▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❊st✐♠❛t✐♦♥✮ ✇❤✐❝❤ ✉s❡s ❛

❝r✐t❡r✐♦♥ ❜❛s❡❞ ♦♥ ❛ ●❛✉ss✐❛♥ ❞❡♥s✐t② f ❢♦r ηt✳ ❋♦r st❛♥❞❛r❞ ●❆❘❈❍✱ t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s

♦❢ t❤❡ ◗▼▲❊ ✇❡r❡ ❞❡r✐✈❡❞ ✉♥❞❡r ♠✐❧❞ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s ❜② ❇❡r❦❡s✱ ❍♦r✈át❤ ❛♥❞ ❑♦❦♦s③❦❛

✭✷✵✵✸✮✱ ❛♥❞ ❜② ❋r❛♥❝q ❛♥❞ ❩❛❦♦✐❛♥ ✭✷✵✵✹✮✳ ❲❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ηt ✐s ♥♦t ♥♦r♠❛❧✱ t❤❡ ◗▼▲❊

♠❛② ♥♦t ❜❡ ❡✣❝✐❡♥t ✭✐♥ t❤❡ ♠✐♥✐♠❛① s❡♥s❡ ♦r ✐♥ ✐♥ ✈❛r✐♦✉s ♦t❤❡r s❡♥s❡s❀ s❡❡ ✈❛♥ ❞❡r ❱❛❛rt ✭✶✾✾✽✮✮✳

❊✣❝✐❡♥t ❡st✐♠❛t♦rs ♦❢ ✭s♦♠❡ ❝♦♠♣♦♥❡♥ts ♦❢✮ θ0 ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ ✇❤❡♥ f ✐s ✉♥❦♥♦✇♥✱ ✈✐❛ ❛♥ ❛❞❛♣t✐✈❡

❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❚❤✐s ♣r♦❜❧❡♠ ✇❛s st✉❞✐❡❞✱ ❛♠♦♥❣ ♦t❤❡rs✱ ❜② ▲✐♥t♦♥ ✭✶✾✾✸✮✱ ❏❡❣❛♥❛t❛♥ ✭✶✾✾✺✮✱

❉r♦st ❛♥❞ ❑❧❛❛ss❡♥ ✭✶✾✾✼✮ ✇❤♦ ♣r♦✈❡❞ t❤❡ ▲❆◆ ♣r♦♣❡rt② ❢♦r ❆❘❈❍ ♠♦❞❡❧s✱ ❛♥❞ ▲❡❡ ❛♥❞ ❚❛♥✐❣✉❝❤✐

✭✷✵✵✺✮ ✇❤♦ ❝♦♥s✐❞❡r❡❞ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ st♦❝❤❛st✐❝ ♠❡❛♥ ❛♥❞ ❞❡❛❧t ✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡s ✐♥ t❤❡ ❉●P✳

❚❤❡ r❡s✉❧ts ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❛rt✐❝❧❡s ❤♦❧❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❡rr♦rs

❞❡♥s✐t② f ✐s ❛ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡r✳ ❘❡❝❡♥t r❡❢❡r❡♥❝❡s ♦♥ ●❆❘❈❍✲t②♣❡ ❛♥❞ s❝♦r❡✲❞r✐✈❡♥ ✈♦❧❛t✐❧✐t②

♠♦❞❡❧s ✉♥❞❡r❧✐♥❡❞ t❤❡ ✐♥t❡r❡st ♦❢ ♣❛r❛♠❡tr✐③✐♥❣ t❤❡ ❡rr♦rs ❞❡♥s✐t②✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡✱ ❜② ❧❡tt✐♥❣ t❤✐s

❞❡♥s✐t② ❞❡♣❡♥❞ ♦♥ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡r ν✱ ❤❡♥❝❡ f(·) = f(·; ν0)✱ ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢

t❤❡ ✈♦❧❛t✐❧✐t② ♣❛r❛♠❡t❡r θ0✳ ❚❤❡ ▲❆◆ ♣r♦♣❡rt② ✇❛s ❡st❛❜❧✐s❤❡❞ ✐♥ t❤✐s ❝♦♥t❡①t✱ ❢♦r ❆❘▼❆✲●❆❘❈❍

♠♦❞❡❧s✱ ❜② ▲✐♥❣ ❛♥❞ ▼❝❆❧❡❡r ✭✷✵✵✸✮✳ ■♥ ♦t❤❡r ❢♦r♠✉❧❛t✐♦♥s✱ t❤❡ ❞❡♥s✐t② ♣❛r❛♠❡t❡r ❡♥t❡rs ❞✐r❡❝t❧②

❛s ❛ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② ❞②♥❛♠✐❝s✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ♦❢ t❤❡ s❝♦r❡✲❞r✐✈❡♥ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s

✷



✐♥tr♦❞✉❝❡❞ ❜② ❈r❡❛❧✱ ❑♦♦♣♠❛♥ ❛♥❞ ▲✉❝❛s ✭✷✵✵✽✮ ❛♥❞ ❍❛r✈❡② ❛♥❞ ❈❤❛❦r❛✈❛rt② ✭✷✵✵✽✮✳ ❚♦ ♦✉r

❦♥♦✇❧❡❞❣❡✱ ♥♦ ▲❆◆ r❡s✉❧t ❡①✐sts ❢♦r ❤❛♥❞❧✐♥❣ s✉❝❤ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s✳

❚❤❡ ❛✐♠ ♦❢ t❤❡ ♣r❡s❡♥t ❝♦♥tr✐❜✉t✐♦♥ ✐s t♦ ❡st❛❜❧✐s❤ t❤❡ ▲❆◆ ♣r♦♣❡rt② ✉♥❞❡r ♠✐❧❞ ❝♦♥❞✐t✐♦♥s ✐♥

❛ ❢✉❧❧② ♣❛r❛♠❡tr✐❝ ❢r❛♠❡✇♦r❦ ♦❢ ❣❡♥❡r❛❧ ●❆❘❈❍ t✐♠❡ s❡r✐❡s ♠♦❞❡❧s✱ ✇❤❡r❡ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧

♣❛r❛♠❡t❡r θ0 ❡♥t❡rs ✐♥ ❜♦t❤ t❤❡ ✈♦❧❛t✐❧✐t② ❛♥❞ t❤❡ ❞❡♥s✐t② s♣❡❝✐✜❝❛t✐♦♥s✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡

❝❛s❡ ✇❤❡r❡ ❜♦t❤ t❤❡ ✈♦❧❛t✐❧✐t② ❛♥❞ t❤❡ ❡rr♦rs ❞❡♥s✐t② ❛r❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s✳ ■♥ t❤❡ ✉s✉❛❧ s❡tt✐♥❣

✭✇✐t❤♦✉t ✈♦❧❛t✐❧✐t②✮✱ ✐t ✐s ❦♥♦✇♥ t❤❛t s✉❝❤ s♠♦♦t❤♥❡ss ❛ss✉♠♣t✐♦♥s ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❝♦♥❝❡♣t

♦❢ ◗✉❛❞r❛t✐❝ ▼❡❛♥ ❉✐✛❡r❡♥t✐❛❜✐❧✐t② ✭s❡❡ ❡✳❣✳ ✈❛♥ ❞❡r ❱❛❛rt ✭✶✾✾✽✮✮✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ r❡❧❛t❡❞ ❝♦♥✲

❝❡♣t✱ ❝❛❧❧❡❞ ❈♦♥❞✐t✐♦♥❛❧ ◗✉❛❞r❛t✐❝ ▼❡❛♥ ❉✐✛❡r❡♥t✐❛❜✐❧✐t② ✭❈◗▼❉✮✱ ✇❤✐❝❤ ❡①♣❛♥❞s✱ ❛r♦✉♥❞ t❤❡ tr✉❡

♣❛r❛♠❡t❡r ✈❛❧✉❡✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② r❛t❤❡r t❤❛♥ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s✳

❚❤❡ ♣❧❛♥ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ♣r❡s❡♥t ♦✉r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ●❆❘❈❍✲

t②♣❡ ♠♦❞❡❧ ❛♥❞ ♣r♦✈✐❞❡ ♦✉r ♠❛✐♥ r❡s✉❧ts ♦♥ t❤❡ ▲❆◆ ♣r♦♣❡rt②✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ✉s❡ t❤❡ ▲❆◆

♣r♦♣❡rt② t♦ ❞❡r✐✈❡ ❧♦❝❛❧ ❛s②♠♣t♦t✐❝ ♣♦✇❡rs ♦❢ t❡sts✳ ❊①❛♠♣❧❡s ❛r❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ▼♦st

♣r♦♦❢s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✷ ●❡♥❡r❛❧ ●❆❘❈❍ ♠♦❞❡❧ ❛♥❞ ▲❆◆ r❡s✉❧t

❲❡ ❝♦♥s✐❞❡r ❣❡♥❡r❛❧ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ǫt = σt(θ0)ηt ✇❤❡r❡ (ηt) ✐s ✐✐❞
✶ ♦❢ ❞❡♥s✐t② fθ0 ✇✐t❤ r❡s♣❡❝t

t♦ ❛ s✐❣♠❛✲✜♥✐t❡ ♠❡❛s✉r❡ µ✱ ❛♥❞ θ0 ❜❡❧♦♥❣s t♦ ❛ ❝♦♥✈❡① s✉❜s❡t Θ ♦❢ Rd✳ ❙✐♥❝❡ ✇❡ ❛r❡ ❣♦✐♥❣ t♦

❝♦♥s✐❞❡r ❧♦❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦❞❡❧ ❛r♦✉♥❞ θ0✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t Θ

✐s ❜♦✉♥❞❡❞✳ ❉❡♥♦t❡ ❜② θ ❛ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t ♦❢ Θ✳ ▲❡t Ft ❜❡ t❤❡ s✐❣♠❛✲✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② {ηu, u ≤ t}✳
❖✉r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♠♦❞❡❧ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥

❆✶(θ0)✿ (ǫt) s❛t✐s✜❡s ǫt = σt(θ0)ηt ✇❤❡r❡ ηt ❤❛s ❞❡♥s✐t② fθ0 ❛♥❞✱ ❢♦r ❛❧❧ θ ∈ Θ ⊂ R
d✱ {σt(θ)} ✐s ❛

st❛t✐♦♥❛r② s❡q✉❡♥❝❡ ✇✐t❤ σt(θ) ∈ Ft−1 ❛♥❞ σt(θ) ≥ ω > 0✳

❋♦r τ ∈ R
d✱ ❧❡t t❤❡ s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧ ♣❛r❛♠❡t❡rs θn = θ0 + τ/

√
n s✉❝❤ t❤❛t θn ∈ Θ ❢♦r n

❧❛r❣❡ ❡♥♦✉❣❤✳ ❲❡ ❞❡♥♦t❡ ❜② Pn,τ ✭r❡s♣✳ P0✮ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ǫ1, . . . , ǫn ✇❤❡♥ t❤❡

♣❛r❛♠❡t❡r ✐s θn ✭r❡s♣✳ θ0✮✱ ✐✳❡✳ ✉♥❞❡r ❆✶(θn) ✭r❡s♣✳ ❆✶(θ0)✮✳ ▲❡t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞

✶❆ ✉s✉❛❧ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t t❤❛t Eηt = 0 ❛♥❞ Eη2
t = 1 ❜✉t✱ ✐♥ t❤✐s ❢✉❧❧② ♣❛r❛♠❡tr✐❝ ❢r❛♠❡✇♦r❦✱ ✇❡ ❞♦ ♥♦t r❡q✉✐r❡

s✉❝❤ ♠♦♠❡♥t ❛ss✉♠♣t✐♦♥s✳

✸



r❛t✐♦

Λn(θn,θ0) = log
Ln(θn)

Ln(θ0)
, Ln(θ) =

n∏

t=1

1

σt(θ)
fθ (ηt(θ)) , ηt(θ) =

ǫt
σt(θ)

.

■♥ ♠❛♥② ♠♦❞❡❧s✱ ❜♦t❤ t❤❡ ❞❡♥s✐t② ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t② ❛r❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s✳ ❲❡ st❛rt ❜② ❞❡r✐✈✐♥❣

▲❆◆ r❡s✉❧ts ✐♥ t❤✐s s✐t✉❛t✐♦♥✱ ❢♦r ✇❤✐❝❤ ♠♦r❡ ❡①♣❧✐❝✐t ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ♣r♦✈✐❞❡❞✳

✷✳✶ ▲❆◆ ♣r♦♣❡rt② ✉♥❞❡r ❞✐✛❡r❡♥t✐❛❜✐❧✐t②

❆ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s✳

❆✷✿ ❋♦r ❛❧❧ θ ∈ Θ✱ y 7→ fθ(y) ❛❞♠✐ts ❝♦♥t✐♥✉♦✉s s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s✳ ❋♦r ❛❧❧ t ≥ 1✱ θ 7→ σt(θ)

❛❞♠✐ts ❝♦♥t✐♥✉♦✉s s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s✳ ❋♦r ❛❧❧ y ∈ R✱ θ 7→ fθ(y) ❛❞♠✐ts ❝♦♥t✐♥✉♦✉s

s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s✳

❲❡ ❛❧s♦ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s

gθ(y) = 1 + y
f ′
θ

fθ
(y), fθ(y) =

∂ log fθ(y)

∂θ
, gθ(y) =

∂gθ(y)

∂θ
, F θ(y) =

∂2 log fθ(y)

∂θ∂θ⊤ ,

✇❤❡r❡ ♣r✐♠❡ ❞❡♥♦t❡s ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ y✳ ❆ss✉♠✐♥❣

❆✸✿ Eg2
θ0
(ηt) <∞✱ E‖fθ0

(ηt)‖2 <∞ ❛♥❞ E‖∂ log σt(θ0)
∂θ ‖2 <∞✱

❧❡t

J =ιfJ −Ωf⊤ − fΩ⊤ + F , ✭✷✳✶✮

✇✐t❤ ιf = Eg2
θ0
(ηt)✱ J = E ∂ log σt(θ0)

∂θ
∂ log σt(θ0)

∂θ⊤ ✱ Ω = E ∂ log σt(θ0)
∂θ ✱ F = Efθ0

(ηt)f
⊤
θ0
(ηt)✱ ❛♥❞

f = Egθ0(ηt)fθ0
(ηt).

❋✐♥❛❧❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t

❆✹✿ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ V (θ0) ♦❢ θ0 s✉❝❤ t❤❛t

E sup
θ∈V (θ0)

∥∥∥∥F θ

(
ǫt

σt(θ)

)∥∥∥∥ <∞, E sup
θ∈V (θ0)

∥∥∥∥fθ

(
ǫt

σt(θ)

)∥∥∥∥
2

<∞,

❛♥❞ t❤r❡❡ ♣❛✐rs ♦❢ ❝♦♥❥✉❣❛t❡ ♥✉♠❜❡rs pi > 1✱ qi > 1✱ 1/pi + 1/qi = 1✱ ❢♦r i = 1, 2, 3✱ s✉❝❤ t❤❛t

E sup
θ∈V (θ0)

∣∣∣∣g
′
θ

(
ǫt

σt(θ)

)
ǫt

σt(θ)

∣∣∣∣
p1

<∞, E sup
θ∈V (θ0)

∥∥∥∥
∂2 log σt(θ)

∂θ∂θ⊤

∥∥∥∥
q1

<∞,

✹



E sup
θ∈V (θ0)

∣∣∣∣gθ
(

ǫt
σt(θ)

)∣∣∣∣
p2

<∞, E sup
θ∈V (θ0)

∥∥∥∥
∂ log σt(θ)

∂θ

∥∥∥∥
2q2

<∞,

❛♥❞

E sup
θ∈V (θ0)

∥∥∥∥gθ

(
ǫt

σt(θ)

)∥∥∥∥
p3

<∞, E sup
θ∈V (θ0)

∥∥∥∥
∂ log σt(θ)

∂θ

∥∥∥∥
q3

<∞.

▲❡t t❤❡ ❝❡♥tr❛❧ s❡q✉❡♥❝❡

∆n =
1√
n

n∑

t=1

{
fθ0

(ηt)− gθ0(ηt)
∂ log σt(θ0)

∂θ

}
.

◆♦t❡ t❤❛t t❤❡ t❡r♠ fθ0
(ηt) ✈❛♥✐s❤❡s ✇❤❡♥✱ ❛s ✐♥ ❉r♦st ❛♥❞ ❑❧❛❛ss❡♥ ✭✶✾✾✼✮✱ ❉r♦st✱ ❑❧❛❛ss❡♥ ❛♥❞

❲❡r❦❡r ✭✶✾✾✼✮ ♦r ▲❡❡ ❛♥❞ ❚❛♥✐❣✉❝❤✐ ✭✷✵✵✺✮✱ t❤❡ ❞❡♥s✐t② f ♦❢ ηt ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ θ✳

❖✉r ✜rst r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ▲❡t Θ ❜❡ ❛ ❜♦✉♥❞❡❞ ❝♦♥✈❡① s✉❜s❡t ♦❢ Rd s✉❝❤ t❤❛t θ0 ∈ Θ✳ ❆ss✉♠❡ ❆✶(θ0) ❛♥❞

❆✷✲❆✹✳ ❲❤❡♥ θn = θ0 + τ/
√
n ∈ Θ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ t❤❡ ▲❆◆ ♣r♦♣❡rt②

Λn(θ0 + τ/
√
n,θ0) = τ⊤

∆n − 1

2
τ⊤

Jτ + oP0(1)
d−→ N

(
−1

2
τ⊤

Jτ , τ⊤
Jτ

)
✉♥❞❡r P0.

◆♦t❡ t❤❛t ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ t❤❡ ❞❡♥s✐t② f ✐s ❛ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡r ✭✐✳❡✳ ✐♥❞❡♣❡♥❞❡♥t

♦❢ θ0✮✱ ✇❡ r❡tr✐❡✈❡ t❤❡ ✉s✉❛❧ ❡①♣❛♥s✐♦♥ ✇✐t❤ J = ιfJ ✳

✷✳✷ ▲❆◆ ♣r♦♣❡rt② ✉♥❞❡r ❈◗▼❉

❆ss✉♠♣t✐♦♥ ❆✷ ✐s st❛♥❞❛r❞ ❛♥❞ ✐s s✉✣❝✐❡♥t ❢♦r ♠♦st ❛♣♣❧✐❝❛t✐♦♥s✱ ❜✉t ✐t ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡

❢♦❧❧♦✇✐♥❣ ❈◗▼❉ ❝♦♥❞✐t✐♦♥✳

❆✷∗✿ ❋♦r ❛❧❧ t ∈ Z✱ t❤❡r❡ ❡①✐sts ❛ ✈❡❝t♦r st,θ0(y) := sθ0(y, ηt−1, ηt−2, . . .) ∈ R
d ✇❤❡r❡ sθ0 ✐s ❛

♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✱ s✉❝❤ t❤❛t
√

σt(θ0)

σt(θ0 + h)
fθ0+h

(
σt(θ0)

σt(θ0 + h)
y

)
=
√
fθ0(y) +

1

2
h⊤st,θ0(y)

√
fθ0(y) + rt,h(y), ✭✷✳✷✮

✇✐t❤

‖rt,h(·)‖2L2(µ) :=

∫
r2t,h(y)dµ(y) = oP0(‖h‖2) ❛s h → 0.

◆♦t❡ t❤❛t ✇❤❡♥ f ✐s ♥♦t ♣❛r❛♠❡tr✐③❡❞ ❜② θ0✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s✉♣♣♦s❡ ◗▼❉ ❢♦r
√
f ❛s ✐♥ ❉r♦st✱

❑❧❛❛ss❡♥ ❛♥❞ ❲❡r❦❡r ✭✶✾✾✼✮✳ ◆♦t❡ ❛❧s♦ t❤❛t ✉♥❞❡r ❆✷✲❆✹✱ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛♥❞ t❡❞✐♦✉s ❝♦♠✲

♣✉t❛t✐♦♥s s❤♦✇ t❤❛t ✭✷✳✷✮ ❤♦❧❞s ✇✐t❤

st,θ0(y) =
∂

∂h
log

σt(θ0)

σt(θ0 + h)
fθ0+h

(
σt(θ0)

σt(θ0 + h)
y

)∣∣∣∣
h=0

= fθ0
(y)− gθ0(y)

∂ log σt(θ0)

∂θ
. ✭✷✳✸✮

✺



■♥ t❤❡ s❡q✉❡❧ ✇❡ ♥♦ ❧♦♥❣❡r ❛ss✉♠❡ ❆✷ ❜✉t✱ ✐♥st❡❛❞✱ ❛ss✉♠❡ t❤❡ ❈◗▼❉ ❝♦♥❞✐t✐♦♥ ❆✷∗✳ ❲❡ ❤❛✈❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✶✳ ❯♥❞❡r ❆✶(θ0) ❛♥❞ ❆✷∗

E(st,θ0(ηt)|Ft−1) = 0 ❛♥❞ Jt := E(st,θ0(ηt)s
⊤
t,θ0

(ηt)|Ft−1) ❡①✐sts, a.s. ✭✷✳✹✮

◆♦t❡ t❤❛t ❆✷∗ ❡♥t❛✐❧s t❤❛t

‖rt,h(·)‖L2(µ) ≤ 2 +
1

2
{h⊤

Jth}1/2. ✭✷✳✺✮

▲❡t t❤❡ ❛ss✉♠♣t✐♦♥

❆✸∗✿ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ❡①✐sts

J := E(st,θ0(ηt)s
⊤
t,θ0

(ηt)).

◆♦t❡ t❤❛t ✉♥❞❡r ✭✷✳✸✮✱ J ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♠❛tr✐① ✐♥ ✭✷✳✶✮✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✺✮ ❛♥❞ ❆✸∗ t❤❛t

❢♦r ❛♥② ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ (hn)✱ ✇❡ ❤❛✈❡ ✉♥✐❢♦r♠ ✐♥t❡❣r❛❜✐❧✐t② ♦❢ t❤❡ s❡q✉❡♥❝❡ (‖rt,hn(·)‖L2(µ))n✳

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ❚❤❡♦r❡♠ ✸✳✺ ♦❢ ❇✐❧❧✐♥❣s❧❡② ✭✶✾✾✾✮✱ ✇❡ ❤❛✈❡

E

∫
r2t,h(y)dµ(y) = o(‖h‖2) ❛s h → 0. ✭✷✳✻✮

❖✉r ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶ r❡♠❛✐♥s ✈❛❧✐❞ ✇❤❡♥ ❆✷✲❆✹ ✐s r❡♣❧❛❝❡❞ ❜② ❆✷∗✲❆✸∗ ❛♥❞ t❤❡

❝❡♥tr❛❧ s❡q✉❡♥❝❡ ✐s ❞❡✜♥❡❞ ❜② ∆n = n−1/2
∑n

t=1 st,θ0(ηt)✳

✸ ❚❡st✐♥❣ ❧✐♥❡❛r ❤②♣♦t❤❡s❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② ❤♦✇ ♦✉r ▲❆◆ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡r✐✈❡ t❤❡ ❧♦❝❛❧ ❛s②♠♣t♦t✐❝ ♣♦✇❡rs

♦❢ t❡sts✳ ❈♦♥s✐❞❡r t❡st✐♥❣ ❛♥ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❢♦r♠ H0 : Rθ0 = r ✇❤❡r❡ R ✐s ❛ ❢✉❧❧ r♦✇ r❛♥❦ p× d

♠❛tr✐① ❛♥❞ r ∈ R
p✳ ❆ss✉♠❡ t❤❛t θ0 ❜❡❧♦♥❣s t♦ t❤❡ ✐♥t❡r✐♦r

◦
Θ ♦❢ Θ ❛♥❞ t❤❛t✱ ❢♦r ❛♥ ❡st✐♠❛t♦r θ̂n ♦❢

θ0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❇❛❤❛❞✉r ❡①♣❛♥s✐♦♥ ❤♦❧❞s

√
n
(
θ̂n − θ0

)
=

1√
n

n∑

t=1

Ψt−1V (ηt) + oP0(1),

✻



✇❤❡r❡ V (·) ✐s ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✱ V : R 7→ R
k ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✱ ❛♥❞ Ψt−1 ✐s ❛ Ft−1✲

♠❡❛s✉r❛❜❧❡ d×k ♠❛tr✐①✱ (Ψt) ❜❡✐♥❣ st❛t✐♦♥❛r②✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✈❛r✐❛❜❧❡s Ψt ❛♥❞ V (ηt) ❜❡❧♦♥❣

t♦ L2✱ EV (ηt) = 0, ✈❛r{V (ηt)} = Υ ✐s ♥♦♥s✐♥❣✉❧❛r ❛♥❞ EΨt = Λ ✐s ❢✉❧❧ r♦✇ r❛♥❦✳

❲❤❡♥ θ̂n = θ̂
ML

n ✐s t❤❡ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❊st✐♠❛t♦r ✭▼▲❊✮✱ t❤❡ ❇❛❤❛❞✉r ❡①♣❛♥s✐♦♥ ❤♦❧❞s

✉♥❞❡r s♦♠❡ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ✇❡ ❤❛✈❡

√
n
(
θ̂
ML

n − θ0

)
=

1√
n

n∑

t=1

J
−1st,θ0(ηt) + oP0(1). ✭✸✳✶✮

❲❤❡♥ θ̂n = θ̂
QML

n ✐s t❤❡ ◗▼▲❊✱ t❤❡ ❇❛❤❛❞✉r ❡①♣❛♥s✐♦♥ ❛❧s♦ ❤♦❧❞s ✉♥❞❡r s♦♠❡ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s✱

✇✐t❤

√
n
(
θ̂
QML

n − θ0

)
=

1√
n

n∑

t=1

1

2
J−1∂ log σt(θ0)

∂θ
(η2t − 1) + oP0(1). ✭✸✳✷✮

❲❡ ✇✐s❤ t♦ t❡st H0 ❛❣❛✐♥st t❤❡ s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧ ❛❧t❡r♥❛t✐✈❡s Hn : θn = θ0 + τ/
√
n✱ τ ∈ R

d✱

τ 6= 0✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ▲❆◆ ♣r♦♣❡rt② ❤♦❧❞s✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❡✐t❤❡r Pr♦♣♦s✐t✐♦♥s ✷✳✶ ♦r

✷✳✷✱ ✇❡ ❤❛✈❡✱ ✉♥❞❡r H0✱



√
n
(
Rθ̂n − r

)

Λn(θ0 + τ/
√
n,θ0)


 =




1√
n

∑n
t=1RΨt−1V (ηt)

τ⊤ 1√
n

∑n
t=1 st,θ0(ηt)− 1

2τ
⊤Jτ


+ oP0(1).

❈♦♥s❡q✉❡♥t❧②✱



√
n
(
Rθ̂n − r

)

Λn(θ0 + τ/
√
n,θ0)


 d−→ N






 0

−1
2τ

⊤Jτ


 ,


 RΣR⊤ cθ0,f (τ )

c′
θ0,f

(τ ) τ⊤Jτ





 , ✉♥❞❡r P0,

✇❤❡r❡ Σ = E(ΨtΥΨ
⊤
t )✱ cθ0,f (τ ) = RE[Ψt−1Et−1{V (ηt)s

⊤
t,θ0

(ηt)}]τ ✳
■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ ✭✷✳✸✮ ❤♦❧❞s✱ ✇❡ t❤✉s ❤❛✈❡

cθ0,f (τ ) = RE(Ψt−1)E{V (ηt)f
⊤
θ0
(ηt)}τ −RE

[
Ψt−1E{gθ0(ηt)V (ηt)}

∂ log σt(θ0)

∂θ⊤

]
τ .

▲❡ ❈❛♠✬s t❤✐r❞ ❧❡♠♠❛ ❛♥❞ t❤❡ ❝♦♥t✐❣✉✐t② ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s P0 ❛♥❞ Pn,τ ✭❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡

▲❆◆ ♣r♦♣❡rt②✮ ❡♥t❛✐❧ t❤❛t

√
n
(
Rθ̂n − r

)
d−→ N

(
cθ0,f (τ ),RΣR⊤

)
✉♥❞❡r Hn.

❚❤❡ ❲❛❧❞ t❡st✱ ❛t ❛s②♠♣t♦t✐❝ ❧❡✈❡❧ α ∈ (0, 1)✱ ✐s ❞❡✜♥❡❞ ❜② t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥ {Wn,f > χ2
p(1−α)}

✇❤❡r❡ χ2
p(1−α) ✐s t❤❡ (1−α)✲q✉❛♥t✐❧❡ ♦❢ t❤❡ ❝❤✐✲sq✉❛r❡ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ p ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛♥❞

Wn,f = n
(
Rθ̂n − r

)⊤
{RΣ̂R⊤}−1

(
Rθ̂n − r

)
,

✼



✇❤❡r❡ Σ̂ ✐s ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ♦❢ Σ✳ ❚❤✐s t❡st ❤❛s ▲❆P 1−Φτ{χ2
p(1− α)} ✇❤❡r❡ Φτ ✐s t❤❡ ❝❞❢

♦❢ ❛ ♥♦♥✲❝❡♥tr❛❧ ❝❤✐✲sq✉❛r❡ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ p ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛♥❞ ♥♦♥✲❝❡♥tr❛❧✐t② ♣❛r❛♠❡t❡r

c⊤θ0,f (τ ){RΣR⊤}−1cθ0,f (τ ).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ q✉❛♥t✐❢② t❤❡ ❧♦❝❛❧ ❛s②♠♣t♦t✐❝ ❡✣❝✐❡♥❝② ❧♦ss ♦❢ t❤❡ ◗▼▲❊

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▼▲❊ ❢♦r t❡st✐♥❣ ❧✐♥❡❛r r❡str✐❝t✐♦♥s ♦♥ ♣❛r❛♠❡t❡rs ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ✈♦❧❛t✐❧✐t②

♦r✴❛♥❞ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ✐♥♥♦✈❛t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❆ss✉♠❡ ❆✶(θ0)✱ ❡✐t❤❡r ❆✷✲❆✹ ♦r ❆✷∗✲❆✸∗✱ ❛♥❞ ✭✷✳✸✮✳ ❋♦r t❤❡ ▼▲❊ s❛t✐s❢②✐♥❣

✭✸✳✶✮ ❛♥❞ t❤❡ ◗▼▲❊ s❛t✐s❢②✐♥❣ ✭✸✳✷✮✱ ✇❡ ❤❛✈❡ cθ0,f (τ ) = Rτ ✳

✹ ❊①❛♠♣❧❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t t✇♦ ❡①❛♠♣❧❡s ♦❢ ♣♦♣✉❧❛r ●❆❘❈❍ s♣❡❝✐✜❝❛t✐♦♥s ❢♦r ✇❤✐❝❤ ♦✉r ▲❆◆ r❡s✉❧t

❝❛♥ ❜❡ ❞❡r✐✈❡❞✱ ✉♥❞❡r ♠♦r❡ ❡①♣❧✐❝✐t ❛ss✉♠♣t✐♦♥s t❤❛♥ ✐♥ t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧✳ ❚❤❡ ✜rst ❡①❛♠♣❧❡

❞❡❛❧s ✇✐t❤ ❛ ❝❧❛ss ♦❢ ♥♦♥❧✐♥❡❛r ●❆❘❈❍ ♠♦❞❡❧s ❢♦r ✇❤✐❝❤ t❤❡ s♠♦♦t❤♥❡ss ❛ss✉♠♣t✐♦♥s r❡q✉✐r❡❞ ✐♥

Pr♦♣♦s✐t✐♦♥ ✷✳✶ ❛r❡ ♥♦t s❛t✐s✜❡❞✳ ❲❡ ✇✐❧❧ t❤❡r❡❢♦r❡ r❡❧② ♦♥ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❚❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡

✐❧❧✉str❛t❡s ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ✈♦❧❛t✐❧✐t② ❛♥❞ ❞❡♥s✐t② ❤❛✈❡ ❝♦♠♠♦♥ ♣❛r❛♠❡t❡rs✳

✹✳✶ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❆P❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧s ✇✐t❤ ❙t✉❞❡♥t ❡rr♦rs

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐③❡❞ ❛s②♠♠❡tr✐❝ ❙t✉❞❡♥t✲t ❞✐str✐❜✉t✐♦♥ ✇❛s ♣r♦♣♦s❡❞ ❜② ❩❤✉ ❛♥❞ ●❛❧❜r❛✐t❤

✭✷✵✶✵✮

fθ(y) =





α
α∗K(ν1)

[
1 + 1

ν1

( y
2α∗

)2]− ν1+1
2
, y ≤ 0,

1−α
1−α∗K(ν2)

[
1 + 1

ν2

(
y

2(1−α∗)

)2]− ν2+1
2

, y > 0,

✭✹✳✶✮

✇❤❡r❡ K(ν) =
Γ( ν+1

2 )√
νπΓ( ν

2 )
✭✇❤❡r❡ Γ(·) ✐s t❤❡ ●❛♠♠❛ ❢✉♥❝t✐♦♥✮✱ α ∈ (0, 1) ✐s t❤❡ s❦❡✇♥❡ss ♣❛✲

r❛♠❡t❡r✱ ν1, ν2 > 0 ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t t❛✐❧ ♣❛r❛♠❡t❡rs✱ ❛♥❞ α∗ ✐s ❞❡✜♥❡❞ ❛s

α∗ = αK(ν1)/[αK(ν1) + (1 − α)K(ν2)]✳ ❚❤✐s ❞❡♥s✐t② ✐s ❝♦♥t✐♥✉♦✉s ✭✐♥ y✮ ❛♥❞ ❛❞♠✐ts ❛ ✜♥✐t❡

✈❛r✐❛♥❝❡ ♣r♦✈✐❞❡❞ ν1 ∧ ν2 > 2✳ ❙❡❡ ❩❤✉ ❛♥❞ ●❛❧❜r❛✐t❤ ✭✷✵✶✵✮ ❢♦r ❛ ❞❡t❛✐❧❡❞ st✉❞② ♦❢ t❤✐s ❞✐str✐❜✉✲

t✐♦♥✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▼▲ ❡st✐♠❛t♦r ❢♦r ✐✐❞ ♦❜s❡r✈❛t✐♦♥s✳

✽



❈♦♥s✐❞❡r t❤❡ ❝❧❛ss ♦❢ ❆P❆❘❈❍ ✭❆s②♠♠❡tr✐❝ P♦✇❡r ❆❘❈❍✮ ♠♦❞❡❧s ✐♥tr♦❞✉❝❡❞ ❜② ❉✐♥❣✱ ●r❛♥❣❡r

❛♥❞ ❊♥❣❧❡ ✭✶✾✾✸✮✱ ❞❡✜♥❡❞ ❛s





ǫt = σt(θ0)ηt,

σδt (θ) = ω + α+|ǫt−1|δ1❧ǫt−1>0 + α−|ǫt−1|δ1❧ǫt−1<0 + βσδt−1,
✭✹✳✷✮

❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡ ❞❡♥s✐t② ♦❢ ηt ✐s ❣✐✈❡♥ ❜② ✭✹✳✶✮ ✇✐t❤ ♣❛r❛♠❡t❡rs ✐♥❞❡①❡❞ ❜② ✵✳ ▲❡t

θ = (ω, α+, α−, β, δ, α, ν1, ν2)
′ ∈ Θ ⊂ [ω,∞)× [0,∞)2 × [0, 1)× (0,∞)× (0, 1)× (0,∞)2. ✭✹✳✸✮

❈♦r♦❧❧❛r② ✹✳✶ ✭❆P❆❘❈❍ ✇✐t❤ ❛s②♠♠❡tr✐❝ ❙t✉❞❡♥t ✐♥♥♦✈❛t✐♦♥✮✳ ❚❤❡ ▲❆◆ ♣r♦♣❡rt② ❤♦❧❞s

❢♦r ▼♦❞❡❧ ✭✹✳✶✮✲✭✹✳✷✮ ✐❢ Θ s❛t✐s✜❡s ✭✹✳✸✮ ❛♥❞

E log aθ0(η1) < 0, ✇❤❡r❡ aθ(z) = α+z
δ1❧z>0 + α−|z|δ1❧z<0 + β.

❋♦r t❤✐s ♠♦❞❡❧✱ ❞❡s♣✐t❡ t❤❡ ❧❛❝❦ ♦❢ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥✱ t❤❡ ▲❆◆ ♣r♦♣❡rt②

❤♦❧❞s ✉♥❞❡r t❤❡ str✐❝t st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❤❡ str✐❝t st❛t✐♦♥✲

❛r✐t② ❝♦♥❞✐t✐♦♥ ♠❛② ♥♦t s✉✣❝❡ ❢♦r t❤❡ ▲❆◆ ♣r♦♣❡rt② t♦ ❤♦❧❞✳

✹✳✷ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❇❡t❛✲t✲●❆❘❈❍✭✶✱✶✮

❚❤❡ ❝❧❛ss ♦❢ t❤❡ ❇❡t❛✲t✲●❆❘❈❍ ✇❛s st✉❞✐❡❞ ❜② ❍❛r✈❡② ✭✷✵✶✸✮ ❛♥❞ ❈r❡❛❧✱ ❑♦♦♣♠❛♥ ❛♥❞ ▲✉❝❛s

✭✷✵✶✸✮✳ ❆ss✉♠❡ t❤❛t t❤❡ ❡rr♦rs ♦❢ t❤❡ ●❆❘❈❍ ♠♦❞❡❧ ❢♦❧❧♦✇ ❛ ❙t✉❞❡♥t✬s t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ν

❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ t❤❛t ✐s

fθ(y) =
1√

(ν − 2)π

Γ
(
ν+1
2

)

Γ
(
ν
2

)
(
1 +

y2

ν − 2

)− ν+1
2

, ✭✹✳✹✮

✇✐t❤ ν > 2✱ ❛♥❞ ❛ss✉♠❡ t❤❛t

σ2t (θ) = ω + βσ2t−1(θ) + α
(ν + 1)ǫ2t−1

(ν − 2) + ǫ2t−1/σ
2
t−1(θ)

, ✭✹✳✺✮

✇❤❡r❡ θ = (ω, α, β, ν)′ ❜❡❧♦♥❣s t♦ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ Θ✱ ❛ s✉❜s❡t ♦❢ (ω,∞)2 × [0, 1) × (2,∞) ❢♦r

s♦♠❡ ω > 0✳ ◆♦t❡ t❤❛t t❤❡ ♣❛r❛♠❡t❡r ν ✐s ✐♥✈♦❧✈❡❞ ✐♥ ❜♦t❤ t❤❡ ❞❡♥s✐t② ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t②✳

❇② t❤❡ ❈❛✉❝❤② r♦♦t t❡st✱ ✐t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥ t❤❛t✱ ❛t θ = θ0✱ t❤❡r❡ ❡①✐sts ❛ st❛t✐♦♥❛r② ❛♥❞

❡r❣♦❞✐❝ s♦❧✉t✐♦♥ t♦ t❤✐s ♠♦❞❡❧✱ ❡①♣❧✐❝✐t❧② ❣✐✈❡♥ ❜② ǫt = σtηt ✇✐t❤

σ2t = σ2t (θ0) = ω0

{
1 +

∞∑

i=1

aθ0(ηt−1) · · · aθ0(ηt−i)

}
, aθ(z) = α

(ν + 1)z2

ν − 2 + z2
+ β,

✾



✇❤❡♥ θ0 ✐s s✉❝❤ t❤❛t

E log aθ0(η1) < 0. ✭✹✳✻✮

❚❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✸ ✐♥ ❇❡r❦❡s✱ ❍♦r✈át❤ ❛♥❞ ❑♦❦♦s③❦❛ ✭✷✵✵✸✮ ❡♥t❛✐❧ t❤❛t ✉♥❞❡r

✭✹✳✻✮ t❤❡r❡ ❡①✐sts s > 0✱ s✉❝❤ t❤❛t

E|ǫt|s <∞, Eσst <∞. ✭✹✳✼✮

◆♦t❡ ❛❧s♦ t❤❛t σ2t (θ) s❛t✐s✜❡s ❛ ❙t♦❝❤❛st✐❝ ❘❡❝✉rr❡♥❝❡ ❊q✉❛t✐♦♥ ✭❙❘❊✮ ♦❢ t❤❡ ❢♦r♠

σ2t (θ) = ϕ(ǫ2t−1, σ
2
t−1(θ)), ϕ(ǫ2, σ2) = α

(ν + 1)ǫ2

ν − 2 + ǫ2/σ2
+ βσ2.

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❙❘❊ t❤❡♦r② ✭s❡❡ ❙tr❛✉♠❛♥♥ ❛♥❞ ▼✐❦♦s❝❤✱ ✷✵✵✻✮ t❤❡ ♠♦❞❡❧ ✐s ✐♥✈❡rt✐❜❧❡ ❛t θ✱ ✐✳❡✳

σ2t (θ) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ ♦❢ {ǫu, u < t}✱ ✐❢

i) E log sup
σ2

∣∣∣∣
∂ϕ(ǫ2t , σ

2)

∂σ2

∣∣∣∣ < 0, ii) E log+
∣∣ϕ(ǫ2t , σ20)

∣∣ <∞

❢♦r s♦♠❡ σ20 > 0✳ ❈♦♥❞✐t✐♦♥ ii) ✐s ❛❧✇❛②s s❛t✐s✜❡❞ ❛♥❞✱ s✐♥❝❡ σ2t ≥ ω/(1− β) ❝♦♥❞✐t✐♦♥ i) ❤♦❧❞s ✐❢

E log

(
α

(ν + 1)ǫ41{
(ν − 2)ω/(1− β) + ǫ21

}2 + β

)
< 0. ✭✹✳✽✮

◆♦t❡ t❤❛t t❤❡ ❝♦♥str❛✐♥t ✭✹✳✽✮✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ θ ❛♥❞ θ0✱ ❝❛♥ ❜❡ t❡st❡❞ ✉s✐♥❣ ▼♦♥t❡ ❈❛r❧♦

s✐♠✉❧❛t✐♦♥s✳ ❲❡ t❤✉s ❤❛✈❡ s❡❡♥ t❤❛t ❆✶(θ0) ✐s s❛t✐s✜❡❞ ✉♥❞❡r ✭✹✳✻✮ ❛♥❞ ✭✹✳✽✮✳ ❆ss✉♠♣t✐♦♥ ❆✷

❤♦❧❞s tr✉❡ ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥✳ ◆♦✇✱ ♥♦t❡ t❤❛t

gθ(y) = 1− (ν + 1)y2

ν − 2 + y2
, fθ(y) =


 03

1
2

{
ν

ν−2 + ψ0

(
ν+1
2

)
− ψ0

(
ν
2

)
− log

(
1 + y2

ν−2

)
− ν+1

ν−2+y2

}


 ,

✇❤❡r❡ ψ0(x) = log′ {Γ(x)} ✐s t❤❡ ❞✐❣❛♠♠❛ ❢✉♥❝t✐♦♥✳ ❚❤❡ ✜rst t✇♦ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ♦❢ ❆✸ ❛r❡

t❤✉s s❛t✐s✜❡❞✳ ❚❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ ✐s ✐♠♣❧✐❡❞ ❜② ▲❡♠♠❛ ❋✳✶ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

◆♦✇ ✇❡ t✉r♥ t♦ ❆✹✳ ❲❡ ❤❛✈❡

∂2 log fθ(y)

∂ν2
=

1

4

{ −1

(ν − 2)2
+ ψ1

(
ν + 1

2

)
− ψ1

(ν
2

)
+

y2

(ν − 2 + y2)(ν − 2)
− y2 − 3

(ν − 2 + y2)2

}
,

✇❤❡r❡ ψ1 ✐s t❤❡ tr✐❣❛♠♠❛ ❢✉♥❝t✐♦♥✳ ◆♦t❡ t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ✐s ❜♦✉♥❞❡❞✳ ❚❤✉s t❤❡ ✜rst ♠♦♠❡♥t

❝♦♥❞✐t✐♦♥ ✐♥ ❆✹ ✐s s❛t✐s✜❡❞✳ ❚❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✐s ❛❧s♦ s❛t✐s✜❡❞ ✉s✐♥❣ ✭✹✳✼✮✱ t❤❡ ❡❧❡♠❡♥t❛r②

✐♥❡q✉❛❧✐t② log(1 + y) ≤ K(1 + ys) ❢♦r y > 0 ❛♥❞ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦r σt(θ)✳ ▼♦r❡♦✈❡r t❤❡ ❢✉♥❝t✐♦♥

✶✵



yg′
θ
(y) ❜❡✐♥❣ ❜♦✉♥❞❡❞✱ t❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② p1✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ✜❢t❤ ❛♥❞ s❡✈❡♥t❤

✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞ ❢♦r ❛♥② p2, p3✳ ❚❤✉s ❆✹ ✐s s❛t✐s✜❡❞ ♣r♦✈✐❞❡❞✱ ❢♦r s♦♠❡ r > 0✱

E sup
θ∈V (θ0)

∥∥∥∥
∂ log σt(θ)

∂θ

∥∥∥∥
1+r

<∞, E sup
θ∈V (θ0)

∥∥∥∥
∂2 log σt(θ)

∂θ∂θ⊤

∥∥∥∥
1+r

<∞. ✭✹✳✾✮

❚❤❡s❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s r❡q✉✐r❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ▲❡♠♠❛ ❋✳✶ ✇❤✐❝❤ ✐s ❞✐s❝✉ss❡❞ ✐♥ ❇❧❛sq✉❡s✱ ❑♦♦♣✲

♠❛♥ ❛♥❞ ▲✉❝❛s ✭✷✵✶✹✮ tr♦✉❣❤ t❤❡ ♥♦t✐♦♥ ♦❢ ♠♦♠❡♥t ♣r❡s❡r✈✐♥❣ ♠❛♣s✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧t✳

❈♦r♦❧❧❛r② ✹✳✷ ✭❇❡t❛✲t✲●❆❘❈❍✮✳ ❚❤❡ ▲❆◆ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ▼♦❞❡❧ ✭✹✳✹✮✲✭✹✳✺✮ ✇✐t❤ β0 6= 0 ✐❢

✭✹✳✻✮✱ ✭✹✳✽✮ ❛♥❞ ✭✹✳✾✮ ❛r❡ s❛t✐s✜❡❞✳

❋♦r t❤❡ s❛❦❡ ♦❢ ✐❧❧✉str❛t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❡st✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ H0 : ν = ν0 ❛❣❛✐♥st Hn : ν =

ν0 + τ/
√
n ✐♥ ▼♦❞❡❧ ✭✹✳✹✮✲✭✹✳✺✮ ✇✐t❤ ω0 = 0.5, α0 = 0.1, β0 = 0.88✳ ❚❤❡ ▲❆Ps ♦❢ t❤❡ t❡sts ❜❛s❡❞ ♦♥

t❤❡ ◗▼▲❊ ❛♥❞ ▼▲❊ ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ t❤❡s❡ ▲❆Ps ♦♥❧② ❞✐✛❡r ❜② t❤❡

❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s Σ ♦❢ t❤❡ ❡st✐♠❛t♦rs✱ ✇❤✐❝❤ ✇❡r❡ ♥✉♠❡r✐❝❛❧❧② ♦❜t❛✐♥❡❞ ❢r♦♠ s✐♠✉❧❛t✐♦♥s ♦❢ s✐③❡

n = 100, 000✳ ❆s ❡①♣❡❝t❡❞ t❤❡ ❞✐s❝r❡♣❛♥❝② ✐s ❧❛r❣❡ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ ν0 ❛♥❞ r❡❞✉❝❡s ❛s ν0 ✐♥❝r❡❛s❡s✱

✇✐t❤ ❛ ❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ t✇♦ ♣♦✇❡rs ❛t ν = ∞ s✐♥❝❡ t❤❡ ♣❛r❛♠❡t❡r ✐s ♥♦ ❧♦♥❣❡r ✐❞❡♥t✐✜❛❜❧❡✳

✺ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦✈❡ t❤❡ ▲❆◆ ♣r♦♣❡rt② ❢♦r ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥❛❧❧② ❤❡t❡r♦s❦❡❞❛st✐❝ ♠♦❞❡❧s ✇❤❡r❡

t❤❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❡rr♦rs ❞❡♥s✐t② ❤❛s ❝♦♠♠♦♥ ❝♦♠♣♦♥❡♥ts ✇✐t❤ t❤❛t ♦❢ t❤❡ ✈♦❧❛t✐❧✐t②✳ ❆ t②♣✐❝❛❧

❡①❛♠♣❧❡ ✇❤❡r❡ t❤✐s s✐t✉❛t✐♦♥ ♦❝❝✉rs ✐s t❤❡ ❝❛s❡ ♦❢ s♦♠❡ s❝♦r❡✲❞r✐✈❡♥ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s✳ ❖✉r ❛ss✉♠♣✲

t✐♦♥s ♦♥ t❤❡ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ❛r❡ r❛t❤❡r ✇❡❛❦✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡② ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❤✐❣❤ ♣❡rs✐st❡♥❝❡

✐♥tr♦❞✉❝❡❞ t❤r♦✉❣❤ ❆❘❈❍✭∞✮ ♠♦❞❡❧s ✭s❡❡ ❡✳❣✳ ❘♦❜✐♥s♦♥ ❛♥❞ ❩❛✛❛r♦♥✐ ✭✷✵✵✻✮✱ ❘♦②❡r ✭✷✵✷✶✮✮✳ ❚❤❡

✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❈◗▼❉ ❛❧❧♦✇s t♦ ❤❛♥❞❧❡ s✐t✉❛t✐♦♥s ✇❤❡r❡ s♦♠❡ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s

♦♥ t❤❡ ✈♦❧❛t✐❧✐t② ❛♥❞✴♦r t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ❛r❡ ✐♥ ❢❛✐❧✉r❡✳ ❆s ❡①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ▲❆◆

♣r♦♣❡rt②✱ ✇❡ ❝♦♥s✐❞❡r t❡sts ♦❢ ❧✐♥❡❛r r❡str✐❝t✐♦♥s✳ ❯s✐♥❣ t❤❡ ▲❆◆ ♣r♦♣❡rt②✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ q✉❛♥t✐❢②

t❤❡ ❛s②♠♣t♦t✐❝ ❞✐s❝r❡♣❛♥❝② ✐♥ ❧♦❝❛❧ ♣♦✇❡r ❜❡t✇❡❡♥ t❤❡ ◗▼▲ ❛♥❞ ▼▲ ❡st✐♠❛t♦rs✳ ❆♥ ✐♥t❡r❡st✐♥❣

❢✉t✉r❡ ❛r❡❛ ♦❢ r❡s❡❛r❝❤ ✐s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤✐s ❛rt✐❝❧❡ t♦ ❝♦♥❞✐t✐♦♥❛❧ ❧♦❝❛t✐♦♥✲s❝❛❧❡

♠♦❞❡❧s✱ ♦r ♠♦r❡ ❣❡♥❡r❛❧ s❝♦r❡✲❞r✐✈❡♥ ♠♦❞❡❧s✳

✶✶
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❋✐❣✉r❡ ✶✿ ▲❆Ps ♦❢ t❤❡ t❡sts ♦❢ H0 : ν = ν0 ❜❛s❡❞ ♦♥ ◗▼▲ ✭❜❧✉❡ ❧✐♥❡✮ ❛♥❞ ▼▲ ✭❞♦tt❡❞ r❡❞ ❧✐♥❡✮✱ ❛s ❢✉♥❝t✐♦♥s

♦❢ τ ✱ ❢♦r t❤❡ ❇❡t❛✲t✲●❆❘❈❍ ▼♦❞❡❧✳
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❇✐❧❧✐♥❣s❧❡②✱ P✳ ✭✶✾✻✶✮ ❚❤❡ ▲✐♥❞❡❜❡r❣✲▲❡✈② t❤❡♦r❡♠ ❢♦r ♠❛rt✐♥❣❛❧❡s✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❆♠❡r✐❝❛♥
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❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝s ✶✷✱ ✶✵✶✾✕✶✵✺✷✳
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♠♦❞❡❧s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✽✶✱ ✶✾✸✕✷✷✶✳

❉r♦st✱ ❋✳❈✳✱ ❑❧❛❛ss❡♥✱ ❈✳❆✳❏✳ ❛♥❞ ❇✳❏✳▼✳ ❲❡r❦❡r ✭✶✾✾✼✮ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥ ✐♥ t✐♠❡✲s❡r✐❡s

♠♦❞❡❧s✳ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s ✷✺✱ ✼✽✻✕✽✶✼✳
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❍❛r✈❡②✱ ❆✳ ❈✳✱ ❛♥❞ ❚✳ ❈❤❛❦r❛✈❛rt② ✭✷✵✵✽✮ ❇❡t❛✲t✲✭❊✮●❆❘❈❍✳ ❯♥✐✈❡rs✐t② ♦❢ ❈❛♠❜r✐❞❣❡✱ ❋❛❝✲

✉❧t② ♦❢ ❊❝♦♥♦♠✐❝s✱ ❲♦r❦✐♥❣ P❛♣❡r ❈❲P❊ ✵✽✸✹✵✳

❏❡❣❛♥❛t❤❛♥✱ P✳ ✭✶✾✾✺✮ ❙♦♠❡ ❛s♣❡❝ts ♦❢ ❛s②♠♣t♦t✐❝ t❤❡♦r② ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ t✐♠❡ s❡r✐❡s ♠♦❞❡❧s✳

❊❝♦♥♦♠❡tr✐❝ ❚❤❡♦r② ✶✶✱ ✽✶✽✕✽✽✼✳

❑♦✉❧✱ ❍✳ ▲✳ ❛♥❞ ❆✳ ❙❝❤✐❝❦ ✭✶✾✾✻✮ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥ ✐♥ ❛ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥t ❛✉t♦r❡❣r❡ss✐✈❡

♠♦❞❡❧✳ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s ✷✹✱ ✶✵✷✺✕✶✵✺✷✳

❑r❡✐ss✱ ❏✳P✳ ✭✶✾✽✼✮ ❖♥ ❛❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥ ✐♥ st❛t✐♦♥❛r② ❆❘▼❆ ♣r♦❝❡ss❡s✳ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s

✶✺✱ ✶✶✷✕✶✸✸✳

▲❡❡✱ ❙✳ ❛♥❞ ▼✳ ❚❛♥✐❣✉❝❤✐ ✭✷✵✵✺✮ ❆s②♠♣t♦t✐❝ t❤❡♦r② ❢♦r ❆❘❈❍✲❙▼ ♠♦❞❡❧s✿ ▲❆◆ ❛♥❞ r❡s✐❞✉❛❧

❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss❡s✳ ❙t❛t✐st✐❝❛ ❙✐♥✐❝❛ ✶✺✱ ✷✶✺✕✷✸✹✳

▲❡❤♠❛♥♥✱ ❊✳▲✳ ❛♥❞ ❏✳P✳ ❘♦♠❛♥♦ ✭✷✵✵✻✮ ❚❡st✐♥❣ st❛t✐st✐❝❛❧ ❤②♣♦t❤❡s❡s✱ ✸r❞ ❡❞✐t✐♦♥✱ ❙♣r✐♥❣❡r✲

❱❡r❧❛❣✿ ◆❡✇✲❨♦r❦✳

▲❡❤♠❛♥♥✱ ❊✳ ▲✳ ❛♥❞ ❏✳ P✳ ❘♦♠❛♥♦ ✭✷✵✵✻✮ ❚❡st✐♥❣ st❛t✐st✐❝❛❧ ❤②♣♦t❤❡s❡s✳ ❚❤✐r❞ ❊❞✐t✐♦♥✱

❙♣r✐♥❣❡r✳

▲✐❡s❡✱ ❋✳ ❛♥❞ ❑✳ ❏✳ ▼✐❡s❝❦❡ ✭✷✵✵✽✮ ❙t❛t✐st✐❝❛❧ ❞❡❝✐s✐♦♥ t❤❡♦r②✳ ❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✳

▲✐♥❞✱ ❇✳ ❛♥❞ ●✳ ❘♦✉ss❛s ✭✶✾✼✷✮ ❆ r❡♠❛r❦ ♦♥ q✉❛❞r❛t✐❝ ♠❡❛♥ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✳ ❚❤❡ ❆♥♥❛❧s ♦❢

▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s ✹✸✱ ✶✵✸✵✕✶✵✸✹✳

▲✐♥❣✱ ❙✳ ❛♥❞ ▼✳ ▼❝❆❧❡❡r ✭✷✵✵✸✮ ❖♥ ❛❞❛♣t❛t✐✈❡ ❡st✐♠❛t✐♦♥ ✐♥ ♥♦♥st❛t✐♦♥❛r② ❆❘▼❆♠♦❞❡❧s ✇✐t❤

●❆❘❈❍ ❡rr♦rs✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s ✸✶✱ ✻✹✷✕✻✼✹✳
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❤❡t❡r♦s❝❡❞❛st✐❝ t✐♠❡ s❡r✐❡s✿ ❛ st♦❝❤❛st✐❝ r❡❝✉rr❡♥❝❡ ❡q✉❛t✐♦♥s ❛♣♣r♦❛❝❤✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ❙t❛t✐s✲

t✐❝s ✸✹✱ ✷✹✹✾✕✷✹✾✺✳

❙✇❡♥s❡♥✱ ❆✳ ❘✳ ✭✶✾✽✺✮ ❚❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ ❢♦r ❛✉t♦r❡❣r❡ss✐✈❡ t✐♠❡

s❡r✐❡s ✇✐t❤ ❛ r❡❣r❡ss✐♦♥ tr❡♥❞✳ ❏♦✉r♥❛❧ ♦❢ ▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧②s✐s ✶✻✱ ✺✹✕✼✵✳

✈❛♥ ❞❡r ❱❛❛rt✱ ❆✳❲✳ ✭✶✾✾✽✮ ❆s②♠♣t♦t✐❝ st❛t✐st✐❝s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❯♥✐t❡❞ ❑✐♥❣✲

❞♦♠✳

❩❤✉✱ ❉✳✱ ❛♥❞ ❏✳❲✳ ●❛❧❜r❛✐t❤ ✭✷✵✶✵✮ ❆ ❣❡♥❡r❛❧✐③❡❞ ❛s②♠♠❡tr✐❝ ❙t✉❞❡♥t✲t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❛♣✲

♣❧✐❝❛t✐♦♥ t♦ ✜♥❛♥❝✐❛❧ ❡❝♦♥♦♠❡tr✐❝s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✶✺✼✱ ✷✾✼✕✸✵✺✳
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❆PP❊◆❉■❳

❆ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶

◆♦t❡ t❤❛t
∂

∂θ
log

{
1

σt(θ)
fθ (ηt(θ))

}
= −gθ (ηt(θ))

∂ log σt(θ)

∂θ
+ fθ (ηt(θ))

❛♥❞

∂2

∂θ∂θ⊤ log

{
1

σt(θ)
fθ (ηt(θ))

}
=− gθ (ηt(θ))

∂2 log σt(θ)

∂θ∂θ⊤ − ∂ log σt(θ)

∂θ
g⊤
θ (ηt(θ))

+ g′θ (ηt(θ)) ηt(θ)
∂ log σt(θ)

∂θ

∂ log σt(θ)

∂θ⊤

− ηt(θ)f
′
θ (ηt(θ))

∂ log σt(θ)

∂θ⊤ + F θ (ηt(θ))

✇❤❡r❡ f ′
θ
(y) ❞❡♥♦t❡s t❤❡ ✈❡❝t♦r ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ fθ(y)✳ ◆♦t❡ t❤❛t yf ′

θ
(y) =

gθ(y)✳ ❆ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ θn 7→ Λn(θn,θ0) ❛r♦✉♥❞ θ0 t❤✉s ②✐❡❧❞s

Λn(θn,θ0) = τ⊤
∆n − 1

2
τ⊤

Jn(θ
∗
n)τ , ✭❆✳✶✮

✇❤❡r❡ θ∗
n ✐s ❜❡t✇❡❡♥ θ0 ❛♥❞ θn✱ ❛♥❞

Jn(θ) =
1

n

n∑

t=1

gθ (ηt(θ))
∂2 log σt(θ)

∂θ∂θ⊤ − 1

n

n∑

t=1

g′θ (ηt(θ)) ηt(θ)
∂ log σt(θ)

∂θ

∂ log σt(θ)

∂θ⊤

+
1

n

n∑

t=1

∂ log σt(θ)

∂θ
g⊤
θ (ηt(θ)) +

1

n

n∑

t=1

gθ (ηt(θ))
∂ log σt(θ)

∂θ⊤ − 1

n

n∑

t=1

F θ (ηt(θ)) .

◆♦t❡ t❤❛t ✉♥❞❡r ❆✶ ❛♥❞ ❆✸✱
{
(gθ0(ηt)

∂ log σt(θ0)

∂θ⊤ ,f⊤
θ0
(ηt))

⊤,Ft

}
✐s ❛ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡

❞✐✛❡r❡♥❝❡✳ ❇② t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ♦❢ ❇✐❧❧✐♥❣s❧❡② ✭✶✾✻✶✮ ✇❡ ❤❛✈❡ ∆n
d−→ N {0,J} ✉♥❞❡r Pθ0

❛s n→ ∞✳ ▼♦r❡♦✈❡r✱ ✐♥t❡❣r❛t✐♦♥s ❜② ♣❛rts s❤♦✇ t❤❛t

ιf = −Eg′θ0
(ηt) ηt = −1 +

∫
y2

(f ′
θ0
(y))2

fθ0(y)
dy, Egθ0

(ηt) = −f .

❋♦r t❤❡ ❧❛st ❡q✉❛❧✐t②✱ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t ∂
∫
fθ(y)gθ(y)dy/∂θ = 0 ❜❡❝❛✉s❡

∫
fθ(y)gθ(y)dy = 0 ❢♦r

❛❧❧ θ✳ ◆♦t❡ ❛❧s♦ t❤❛t F = −EF θ0(ηt)✳ ❚❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠ t❤❡♥ ❡♥t❛✐❧s t❤❛t Jn(θ0) → J ❛✳s✳ ❛s

n→ ∞✳

■t r❡♠❛✐♥s t♦ ❡st❛❜❧✐s❤ t❤❛t✱ ❛s n→ ∞,

‖Jn(θ
∗
n)− Jn(θ0)‖ → 0 ✐♥ ♣r♦❜❛❜✐❧✐t②✳ ✭❆✳✷✮

✶✻



❲❡ ♦♥❧② ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢

∥∥∥∥∥
1

n

n∑

t=1

F θ
∗
n
{ηt(θ∗

n)} −
1

n

n∑

t=1

F θ0 (ηt)

∥∥∥∥∥→ 0 ❛✳s✳ ✭❆✳✸✮

❚❤❡ ♦t❤❡r ❝♦♥✈❡r❣❡♥❝❡s s❤♦✇✐♥❣ ✭❆✳✷✮ ❛r❡ ♦❜t❛✐♥❡❞ s✐♠✐❧❛r❧②✳ ❇② t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✱ ✭❆✳✸✮ ✐s

♦❜t❛✐♥❡❞ ❜② s❤♦✇✐♥❣ t❤❛t ❢♦r ❛❧❧ ε > 0✱ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ V (θ0) ♦❢ θ0 s✉❝❤ t❤❛t

E sup
θ∈V (θ0)

‖F θ {ηt(θ)} − F θ0 (ηt)‖ ≤ ε.

❇② t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ ❆✷ ❛♥❞ t❤❡ ✜rst ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥ ♦❢ ❆✹✱ t❤❡ ❧❡❢t✲❤❛♥❞

s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② t❡♥❞s t♦ ✵ ✇❤❡♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ V (θ0) s❤r✐♥❦s t♦ t❤❡ s✐♥❣❧❡t♦♥

{θ0}✱ ❛♥❞ ✭❆✳✸✮ ❢♦❧❧♦✇s✳ ❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✳ ✷

❇ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶

❚❤❡ ♣r♦♦❢ ✐s ❛❞❛♣t❡❞ ❢r♦♠ t❤❡ ✐✐❞ ❝❛s❡ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ▲❡❤♠❛♥♥ ❛♥❞ ❘♦♠❛♥♦ ✭✷✵✵✻✮✱ ▲❡♠♠❛

✶✷✳✷✳✶✮✳ ❲❡ st❛rt ❜② s❤♦✇✐♥❣ t❤❡ s❡❝♦♥❞ r❡s✉❧t✳ ❚❛❦✐♥❣ h = hτ ✇❤❡r❡ h > 0✱ ✇❡ ❣❡t ❢r♦♠ ❆✷∗

‖gh − g‖L2(µ) → 0 ✇❤❡♥ h→ 0

✇❤❡r❡ g(y) = 1
2τ

⊤st,θ0(y)
√
fθ0(y) ❛♥❞

gh(y) =
1

h

{√
σt(θ0)

σt(θ0 + hτ )
fθ0+hτ

(
σt(θ0)

σt(θ0 + hτ )
y

)
−
√
fθ0(y)

}
.

❙✐♥❝❡ ‖gh‖L2(µ) <∞✱ ✐t ❢♦❧❧♦✇s t❤❛t ‖g‖2L2(µ) =
1
4τ

⊤Jtτ <∞✳

◆♦✇ t❛❦✐♥❣✱ ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ Ft−1✱ t❤❡ sq✉❛r❡❞ L
2(µ)✲♥♦r♠ ♦❢ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛❧✐t② ✭✷✳✷✮✱

✇❡ ♦❜t❛✐♥

0 =
1

4
h⊤

Jth+

∫
r2t,h(y)dµ(y) + h⊤E(st,θ0(ηt)|Ft−1)

+2

∫
rt,h(y)

√
fθ(y)dµ(y) +

∫
h⊤st,θ0(y)

√
fθ(y)rt,h(y)dµ(y) a.s.

◆♦t✐♥❣ t❤❛t✱ ❜② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱
∫
rt,h(y)

√
fθ(y)dµ(y) = oP0(‖h‖) ❛♥❞

∫
h⊤st,θ0(y)

√
fθ(y)rt,h(y)dµ(y) = oP0(‖h‖2)✱ ❛♥❞ ❝♦♠♣❛r✐♥❣ t❤❡ ♦r❞❡rs ❛s h → 0✱ ✇❡ ❞❡❞✉❝❡

t❤❡ ✜rst ❡q✉❛❧✐t② ✐♥ ✭✷✳✹✮ ✭❛ ✇❡❧❧ ❦♥♦✇♥ r❡s✉❧t ✇❤❡♥ ❆✷ ❤♦❧❞s✮✳ ✷

✶✼



❈ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷

▲❡tt✐♥❣

Wt,n =

√
σt(θ0)

σt(θn)

fθn (ηt(θn))

fθ0 (ηt)
− 1

❛♥❞ ✉s✐♥❣ log(y + 1) = y − y2/2 + y2ξ(y) ✇✐t❤ ξ(y) → 0 ❛s y → 0✱ ✇❡ ❤❛✈❡

Λn(θn,θ0) = 2
n∑

t=1

log(Wt,n + 1) = 2
n∑

t=1

Wt,n −
n∑

t=1

W 2
t,n + 2

n∑

t=1

W 2
t,nξ(Wt,n).

❲❡ ✇✐❧❧ s❤♦✇ t❤❛t

2
n∑

t=1

{Wt,n − E (Wt,n | Ft−1)} = τ⊤
∆n + oP0(1), ✭❈✳✶✮

2
n∑

t=1

E (Wt,n | Ft−1) = −1

4
τ⊤

Jτ + oP0(1), ✭❈✳✷✮

n∑

t=1

W 2
t,n =

1

4
τ⊤

Jτ + oP0(1), ✭❈✳✸✮

n∑

t=1

W 2
t,nξ(Wt,n) = oP0(1). ✭❈✳✹✮

❯♥❞❡r ❆✶✭θ0✮ ❛♥❞ t❤❡ ❈◗▼❉ ❝♦♥❞✐t✐♦♥✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t (st,θ0(ηt)) ✐s ❛ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝

s❡q✉❡♥❝❡✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ✇✐❧❧ ❢♦❧❧♦✇ ❜② ♥♦t✐♥❣ t❤❛t {st,θ0(ηt),Ft} ✐s ❛ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡

❞✐✛❡r❡♥❝❡ ❜② ✭✷✳✹✮ ❛♥❞ ❆✸∗✳

❇② ❆✷∗✱ ✇❡ ❤❛✈❡

Wt,n−E (Wt,n | Ft−1) =
1

2
√
n
τ⊤st,θ0(ηt)+Rt,n, Rt,n =

rt,n−1/2τ
(ηt)√

fθ0 (ηt)
−E

(
rt,n−1/2τ

(ηt)√
fθ0 (ηt)

| Ft−1

)
.

◆♦t✐♥❣ t❤❛t (Rt,n) ✐s ❛ st❛t✐♦♥❛r② ♠❛rt✐♥❣❛❧❡ ❞✐✛❡r❡♥❝❡✱ ✇❡ ❤❛✈❡

❱❛r

(
n∑

t=1

Rt,n

)
= n❱❛r (Rt,n) ≤ nEE



{
rt,n−1/2τ

(ηt)√
fθ0 (ηt)

}2

| Ft−1


 = nE

∫
r2
t,n−1/2τ

(y)dµ(y) = o(1)

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✻✮✳ ❚❤✉s ✭❈✳✶✮ ❢♦❧❧♦✇s✳

✶✽



❇② ❆✷∗ ❛❣❛✐♥✱ ✇❡ ❤❛✈❡

n∑

t=1

E (Wt,n | Ft−1) =

n∑

t=1

∫




√
σt(θ0)
σt(θn)

fθn

(
σt(θ0)
σt(θn)

y
)

√
fθ0 (y)

− 1




fθ0 (y) dµ(y)

= −1

2

n∑

t=1

∫ {√
σt(θ0)

σt(θn)
fθn

(
σt(θ0)

σt(θn)
y

)
−
√
fθ0 (y)

}2

dµ(y)

= −1

2

n∑

t=1

∫ {
1

2
√
n
τ⊤st,θ0(y)

√
fθ0(y) + rt,τ/

√
n(y)

}2

dµ(y)

= − 1

8n

n∑

t=1

∫ {
τ⊤st,θ0(y)

}2
fθ0(y)dµ(y) + n oP0(‖τ/

√
n‖2)

❛♥❞ ✭❈✳✷✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠ ❛♥❞ ❆✸∗✳

❲❡ ❛❧s♦ ❤❛✈❡

n∑

t=1

W 2
t,n =

1

4n

n∑

t=1

(
τ⊤st,θ0(ηt)

)2
+

n∑

t=1

r2
t,n−1/2τ

(ηt)

fθ0 (ηt)
+

1√
n

n∑

t=1

τ⊤st,θ0(ηt)
rt,n−1/2τ

(ηt)√
fθ0 (ηt)

.

❇② t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✱ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧✐t② t❡♥❞s ❛❧♠♦st s✉r❡❧② t♦

1
4τ

⊤Jτ ✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ t❡r♠s ✐s ❡q✉❛❧ t♦ nE
∫
r2
t,n−1/2τ

(y)dµ(y) = o(1)✱ ❛♥❞

t❤✉s t❤✐s ♣♦s✐t✐✈❡ t❡r♠ t❡♥❞s t♦ ③❡r♦ ✐♥ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡ t❤✐r❞ t❡r♠ ❛❧s♦ t❡♥❞s t♦ ③❡r♦ ✐♥ ♣r♦❜❛❜✐❧✐t②✱

❜② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts✳ ❚❤❡r❡❢♦r❡ ✭❈✳✸✮ ✐s

s❤♦✇♥✳

❋♦r ❛❧❧ ε > 0 t❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t |ξ(y)| ≤ ε ✐❢ |y| ≤ δ✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡

n∑

t=1

W 2
t,nξ(Wt,n) ≤ ε

n∑

t=1

W 2
t,n +

n∑

t=1

W 2
t,n1|Wt,n|>δ

≤ ε OP0(1) +
1

n

n∑

t=1

(
τ⊤st,θ0(ηt)

)2
1|τ⊤st,θ0

(ηt)|>n1/2δ + 4
n∑

t=1

r2
t,n−1/2τ

(ηt)

fθ0 (ηt)

✉s✐♥❣ ✭❈✳✸✮ ❛♥❞ t❤❡ ❡❧❡♠❡♥t❛r② ✐♥❡q✉❛❧✐t② (a + b)21|a+b|>δ ≤ 4a21|a|>δ/2 + 4b2✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞②

s❡❡♥ t❤❛t t❤❡ ❧❛st s✉♠ ✐s ❛♥ oP (1)✳ ◆♦✇✱ ❢♦r ❛❧❧ M > 0✱ ✇❤❡♥ n ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✇❡ ❤❛✈❡

1

n

n∑

t=1

(
τ⊤st,θ0(ηt)

)2
1|τ⊤st,θ0

(ηt)|>n1/2δ ≤
1

n

n∑

t=1

(
τ⊤st,θ0(ηt)

)2
1|τ⊤st,θ0

(ηt)|>M

❛♥❞✱ ❜② t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✱ ❆✶(θ0) ❛♥❞ ❆✸∗✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦

E
(
τ⊤st,θ0(ηt)

)2
1|τ⊤st,θ0

(ηt)|>M ✱ ✇❤✐❝❤ ✐s ❛r❜✐tr❛r✐❧② s♠❛❧❧ ✇❤❡♥M ✐s ❧❛r❣❡✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

✷

✶✾



❉ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶

❋♦r t❤❡ ▼▲❊✱ ❜② ✭✸✳✶✮ ✇❡ ✜♥❞

cML
θ0,f (τ ) = ❈♦✈as

(
RJ

−1
∆n, τ

⊤
∆n

)
= Rτ

❛♥❞ ❢♦r t❤❡ ◗▼▲❊✱ ❜② ✭✸✳✷✮✱

c
QML
θ0,f

(τ ) =❈♦✈

(
1

2
RJ−1(η2t − 1)

∂ log σt(θ0)

∂θ
, τ⊤fθ0

(ηt)− gθ0(ηt)τ
⊤∂ log σt(θ0)

∂θ

)

=
1

2
RJ−1

Ωτ⊤E(η2t − 1)fθ0
(ηt) +

1

2
E
[
(1− η2t )gθ0(ηt)

]
Rτ .

◆♦✇ ✇❡ ❤❛✈❡

E(η2t − 1)st,θ0(ηt) =Eη
2
t st,θ0(ηt)

=E

∫
x2

∂

∂h
log

σt(θ0)

σt(θ0 + h)
fθ0+h

(
σt(θ0)

σt(θ0 + h)
x

)∣∣∣∣
h=0

fθ0(x)dx

=E

∫
x2

∂

∂h

σt(θ0)

σt(θ0 + h)
fθ0+h

(
σt(θ0)

σt(θ0 + h)
x

)∣∣∣∣
h=0

dx

=E
∂

∂h

∫
x2

σt(θ0)

σt(θ0 + h)
fθ0+h

(
σt(θ0)

σt(θ0 + h)
x

)
dx

∣∣∣∣
h=0

=E
∂

∂h

σ2t (θ0 + h)

σ2t (θ0)

∫
y2fθ0+h(y)dx

∣∣∣∣
h=0

=E
∂

∂h

σ2t (θ0 + h)

σ2t (θ0)

∣∣∣∣
h=0

= E
1

σ2t (θ)

∂σ2t (θ)

∂θ

∣∣∣∣
θ=θ0

= 2Ω.

▼♦r❡♦✈❡r✱

E(η2t − 1)st,θ0(ηt) = E(η2t − 1)fθ0
(ηt)− E(η2t − 1)gθ0(ηt)E

∂ log σt(θ0)

∂θ
,

✇✐t❤

E(η2t − 1)gθ0(ηt) =

∫
(x2 − 1)

(
1 + x

f ′
θ
(x)

fθ(x)

)
fθ(x)dx = 1 +

∫
x3f ′θ(x)dx = −2.

■t ❢♦❧❧♦✇s t❤❛t

E(η2t − 1)fθ0
(ηt) = 2Ω+ E(η2t − 1)gθ0(ηt)E

∂ log σt(θ0)

∂θ
= 2Ω− 2Ω = 0.

✷

✷✵



❊ Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✹✳✶

◆♦t❡ t❤❛t E log+ aθ0(η1) <∞ ❜❡❝❛✉s❡ E log+ |ηt| <∞✳ ■t ❢♦❧❧♦✇s t❤❛t✱ ❜② t❤❡ ❈❛✉❝❤② r✉❧❡

σδ0t (θ0) = ω0 + aθ0(ηt−1)σ
δ0
t−1 = ω0


1 +

∞∑

i=1

i∏

j=1

aθ0(ηt−j)


 .

❚❤❡r❡❢♦r❡ ❆✶(θ0) r❡❞✉❝❡s t♦ E log aθ0(η1) < 0 ❛♥❞ supΘ β < 1✳ ❋♦r s♦♠❡ θ✱ t❤❡ ❢✉♥❝t✐♦♥ y 7→ fθ(y)

✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥❧② ♦♥❝❡ ❛t y = 0✳ ❚❤❡r❡❢♦r❡ ❆✷ ✐s ♥♦t s❛t✐s✜❡❞ ❛♥❞ t❤❡ r❡s✉❧t ❝❛♥♥♦t ❜❡ ♦❜t❛✐♥❡❞

❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❡ ❈◗▼❉ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳

❇② ▲❡♠♠❛ ✷✳✶ ♦❢ ●❛r❡❧ ❛♥❞ ❍❛❧❧✐♥ ✭✶✾✾✺✮ ✭s❡❡ ❛❧s♦ ▲✐♥❞ ❛♥❞ ❘♦✉ss❛s ✭✶✾✼✷✮✮ ♠✉❧t✐✈❛r✐❛t❡ ◗▼❉

✐s ❡q✉✐✈❛❧❡♥t t♦ ♣❛rt✐❛❧ ◗▼❉ ❝♦♠♣♦♥❡♥t ❜② ❝♦♠♣♦♥❡♥t✳ ◆♦t❡ t❤❛t ❛ s✐♠✐❧❛r ♣r♦♣❡rt② ❞♦❡s ♥♦t ❤♦❧❞

❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✳ ❘❡❛s♦♥✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ t♦ Ft−1✱ ❡st❛❜❧✐s❤✐♥❣ ❆✷✯ ✐s t❤✉s ❡q✉✐✈❛❧❡♥t

t♦ s❤♦✇✐♥❣✱ ❢♦r i = 1, . . . , d✱

1

h2

∫ {√
σt(θ0)

σt(θ0 + hei)
fθ0+hei

(
σt(θ0)

σt(θ0 + hei)
y

)
−
√
fθ0(y)−

1

2
he⊤i st,θ0(y)

√
fθ0(y)

}2

dy = oP (1)

❛s h → 0✱ ✇❤❡r❡ ei ✐s t❤❡ i✲t❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ Rd ❛♥❞ st,θ0(y) ∈ Ft−1✳ ❲❡ ✇✐❧❧

s❤♦✇ t❤❡ r❡s✉❧t ✇✐t❤

st,θ0(y) = fθ0
(y)− gθ0(y)

∂ log σt(θ0)

∂θ
.

❇② Pr♦♣♦s✐t✐♦♥ ✷ ✐♥ ❩❤✉ ❛♥❞ ●❛❧❜r❛✐t❤ ✭✷✵✶✵✮✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① F = Efθ0
(η1)f

⊤
θ0
(η1) ❡①✐sts

❛♥❞ ✐s ❝♦♥t✐♥✉♦✉s✳ ◆♦t✐♥❣ t❤❛t gθ(·) ✐s ❜♦✉♥❞❡❞✱ ιf = Eg2
θ
(ηt) ❛♥❞ f = Egθ0(ηt)fθ0

(ηt) ❡①✐st✳

▼♦r❡♦✈❡r✱ t❤❡② ❛r❡ ❝♦♥t✐♥✉♦✉s ❛t θ0✳ ■t ❢♦❧❧♦✇s t❤❛t

Jt = E
(
st,θ0(ηt)s

⊤
t,θ0

(ηt) | Ft−1

)
= ιf

∂ log σt(θ0)

∂θ

∂ log σt(θ0)

∂θ⊤ − ∂ log σt(θ0)

∂θ⊤ f⊤−f
∂ log σt(θ0)

∂θ⊤ +F

❡①✐sts ❛♥❞ ✐s ❝♦♥t✐♥✉♦✉s ❛t θ0✳ ●✐✈❡♥ Ft−1✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ h 7→ σt(θ0)
σt(θ0+hei)

fθ0+hei

(
σt(θ0)

σt(θ0+hei)
y
)
✐s

❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞ t❤✉s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✵✳ ❇② ❚❤❡♦r❡♠

✶✷✳✷✳✶ ✐♥ ▲❡❤♠❛♥♥ ❛♥❞ ❘♦♠❛♥♦ ✭✷✵✵✻✮ ✭s❡❡ ❛❧s♦ ❚❤❡♦r❡♠ ✶✳✶✶✼ ✐♥ ▲✐❡s❡ ❛♥❞ ▼✐❡s❝❦❡ ✭✷✵✵✽✮✮ t❤❡

r❡s✉❧t ❢♦❧❧♦✇s ❜② t❤❡ ❢❛❝t t❤❛t e⊤i Jtei ❡①✐sts ❛♥❞ ✐s ❝♦♥t✐♥✉♦✉s✳ ❍❛♠❛❞❡❤ ❛♥❞ ❩❛❦♦✐❛♥ ✭✷✵✶✶✮ s❤♦✇❡❞

t❤❛t ∂ log σt(θ0)/∂θ ❛❞♠✐ts ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r ✭s❡❡ t❤❡✐r ❊q✉❛t✐♦♥ ✺✳✷✵✮✳ ■t ❢♦❧❧♦✇s t❤❛t J = EJt

❡①✐sts✱ ✇❤✐❝❤ s❤♦✇s ❆✸∗ ❛♥❞ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ ✷

✷✶



❋ ❈♦♠♣❧❡♠❡♥t t♦ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✹✳✷

▲❡♠♠❛ ❋✳✶✳ ❯♥❞❡r ✭✹✳✻✮✱ ✇❤❡♥ β0 6= 0✱ t❤❡ ❇❡t❛✲t✲●❆❘❈❍✭✶✱✶✮ s❛t✐s✜❡s

E

∥∥∥∥
∂ log σ2t (θ0)

∂θ

∥∥∥∥
r

<∞, ❢♦r ❛❧❧ r > 0.

Pr♦♦❢✳ ▲❡tt✐♥❣ at(θ) = aθ(ηt(θ))✱ ❢♦r ❛❧❧ i ≥ 1 ✇❡ ❤❛✈❡

σ2t (θ) = ω



1 +

i−1∑

k=1

k∏

j=1

at−j(θ)



+ σ2t−i(θ)

i∏

j=1

at−j(θ).

❚❤❡r❡❢♦r❡
σ2t−i(θ)

σ2t (θ)
≤ 1
∏i

j=1 at−j(θ)
.

❲❡ ❛❧s♦ ❤❛✈❡

∂σ2t (θ)

∂θ
=




1

(ν+1)ǫ2t−1

(ν−2)+
ǫ2t−1

σ2
t−1(θ)

σ2t−1(θ)

αǫ2t−1

(ν−2)+
ǫ2t−1

σ2
t−1(θ)

− α(ν+1)ǫ2t−1
{

(ν−2)+
ǫ2t−1

σ2
t−1(θ)

}2




+ bt−1(θ)
∂σ2t−1(θ)

∂θ
,

✇✐t❤

bt(θ) = β +
α(ν + 1)ǫ4t{

(ν − 2)σ2t (θ) + ǫ2t
}2 = β +

α(ν + 1)η4t (θ){
ν − 2 + η2t (θ)

}2 < at(θ) ❛✳s✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

1

σ2t (θ)

∂σ2t (θ)

∂β
≤

∞∑

i=0

1

at−i−1(θ)

i∏

j=1

bt−j(θ)

at−j(θ)
.

▲❡t at = at(θ0) ❛♥❞ bt = bt(θ0)✳ ◆♦t❡ t❤❛t t❤❡r❡ ❡①✐st 0 < η < η ❛♥❞ ρ < 1 s✉❝❤ t❤❛t

bt
at

≤ ρ1η2t∈[η,η] + 1η2t 6∈[η,η].

❚❤❡r❡❢♦r❡✱ ❧❡tt✐♥❣ π = P (η2t ∈ [η, η]) ∈ (0, 1)✱ ✇❡ ❤❛✈❡

E

(
bt
at

)r

≤ ρrπ + 1− π < 1.

▼♦r❡♦✈❡r a−1
t < β−1

0 ✳ ❚❤✉s
∂ log σ2

t (θ0)
∂β ❛❞♠✐ts ♠♦♠❡♥ts ❛t ❛♥② ♦r❞❡r✳ ❚❤❡ ♦t❤❡r ❞❡r✐✈❛t✐✈❡s ❝❛♥ ❜❡

❤❛♥❞❧❡❞ s✐♠✐❧❛r❧②✳ ✷

✷✷


