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Abstract

This paper is devoted to an optimal control problem of a coupled spin drift-diffusion
Landau-Lifshitz—Gilbert system describing the interplay of magnetization and spin
accumulation in magnetic-nonmagnetic multilayer structures, where the control is
given by the electric current density. A variational approach is used to prove the
existence of an optimal control. The first-order necessary optimality system for the
optimal solution is derived in one space-dimension via Lagrange multiplier method.
Numerical examples are reported to validate the theoretical findings.
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1 Introduction

The classical theory of micromagnetism describes the dynamics of ferromagnetic
materials occupying a domain in the absence of electric currents and for constant tem-
perature (below the Curie temperature). The process of magnetization is described
by so called Landau-Lifshitz—Gilbert (LLG) equation, see [13, 17]. A more general
approach is to consider the interactions between spin accumulation and the magneti-
zation on magnetic and nonmagnetic multilayer structures [12, 24, 25, 29, 30, 34]—
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which has wide applications in various magnetic devices, e.g., in magnetic tunnel
junctions and magnetic domain walls [26, 31]. Moreover, a number of technolog-
ical applications of these phenomena have been seen, e.g., in racetrack memories,
magnetic vortex oscillators [21, 23]. In this paper, we study the optimal control prob-
lem for a coupled spin drift-diffusion Landau-Lifshitz—Gilbert system on a magnetic
multilayer. A formal description of our problem is as follows.

Let D, D c R4 (d = 1,2,3) be two bounded Lipschitz domains such that
D C D, and let 3D and 8D be their boundaries, respectively. For any T > 0,
we denote Dy := (0,T) x D, Dy := (0,T) x D, 8D = (0,T) x 8D, and
BET =(0,T) x 9 D. In the whole paper, we denote by 9; the time derivative and 9,
the normal derivative.

Letm : Dy — R?>ands : Dr — R be, respectively, magnetization and spin
accumulation. We extend m by zero outside D. In this work, we want to control the
dynamics of m governed by the boundary value problem with the Landau—Lifshitz—
Gilbert (LLG) equation

om = —yom X (Hegr(m) + ¢s) +om x 9;m in Dy,
dym =10 on dD7, (1.1)
m(0, -) = mo() in D,

and the problem with the diffusion equation
2Dg 2Dy

Bls=—V~J—Tls—Tzsxm in DT,
0,s=0 on 8ET, (1.2)
s(0, ) =so(") in D,
where the spin current J is a 3 x 3 matrix defined by
J= 'B/fﬁm@)j—DO(Vs—ﬂ,B'm®(Vs~m)) in Dy (1.3)

with the given electric current density j : D7 — R3, which is the control variable of
the problem.
The physical meanings of the variables in (1.1)—(1.3) are given below.

m denotes the magnetization.
s denotes the spin accumulation.
The effective field Hesr reads

Heff(m) = —DE(m), (1.4)

which is deduced from the Landau-Lifshitz energy £(m). For simplicity, in this
work £(m) is the exchange energy

1
E(m) = -/ |Vm|? dx.
2Jp
In this case, Hepf(m) = Am.

J denotes the spin current.
j is the applied current density field.
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® 39 and o are the gyromagnetic ratio and the nondimensional empiric Gilbert
damping parameter, respectively.

® Dy is the diffusion coefficient. The parameters A; and A, are the character-
istic length of the spin-flip relaxation and the mean free path of an electron,
respectively.

e The parameters 8 and 8’ are the nondimensional spin polarization parameters of
the magnetic layers.

For notational simplicity we assume that the constants yy, ¢, , e, j4g are equal to 1,
while A1, Ap are equal to 2 so that (1.1), (1.2), and (1.3) have simpler forms to write.
Moreover we choose 8/ = 1 and 0 < B < 1 so that 88’ € (0, 1) in order that (1.2) is
parabolic; see [3, Lemma 5].

Incase of j =0, and s = 0, (1.1)—(1.3) reduces to the standard LLG equation, the
well-posedness of which is studied, e.g., in [6, 8, 16, 20, 33] and references therein.
In [12], the authors have employed a Galerkin approximation to prove the existence
of global weak solution of (1.1)—(1.3) in three space-dimensions. By using energy
methods, the authors in [14] established the existence of a global smooth solution
of spin-polarized transport equation in two space-dimensions; see also [25] for the
existence of a smooth solution in one dimensional case. Recently a decoupled time-
marching scheme was analyzed and its unconditional convergence of the integrator
towards a weak solution of the underlying problem was established in [3].

An optimal control problem subject to LLG equation has been studied by Dunst
et al. in [9]. The authors in [9] have shown the existence of an optimal solution
and derived its necessary first-order optimality system in the one space-dimension.
Moreover, they have shown convergence of the time semi-discrete optimality system
towards the optimality system of the original problem. We also refer to see [4, 5] for
optimal control type problems subject to LLG equation.

Our goal is to study an associated optimal control problem to (1.1)-(1.3). Let
m : [0, 7] x D — S? be a given function and let

T T
K _ 1 . . .
F(n)ZE/O m —m|?, dt+§/0 (51||J||H{2(D)+52||VJ||3L2(D)+53||AJ||§L2(D))dt

11—«
+ T‘I’(m(T)) (1.5)

for 7 = (m,s,j) with some nonnegative constants «, 81,8, and §3. The term
W (m(T)) represents the terminal payoff. In Definition 2.2 it is given as a Lipschitz
continuous function defined on IL2. In Section 5 for numerical simulations we choose
W(u) = [lu—m(T)|?,.

We find an admissible weak solution 7* = (m*, s*, j*) which minimizes the cost

functional, i.e.,  p o) _ 1in Fr)  subject to (1.1)~(1.3). (1.6)
m

A minimizer 7* of (1.6) is constructed via the variational method. For a minimiz-
ing sequence of admissible weak solutions 7, = (my, Sy, j,), we employ uniform
bounds along with Fatou’s lemma to prove existence of a minimizer of (1.6). Once
a minimizer 7t* of (1.6) is obtained, we ask for its necessary optimality system —
which may be used for a gradient descent method to numerically approximate 7 *. To
deduce necessary first-order optimality system of 7 *, we need higher regularity of
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the solutions—which is why, we consider more regular control j in (1.6) and restrict
our study to one space-dimension, see, e.g., proof of Lemma 4.2. Due to the presence
of nonlinear non-Lipschitz drift in (1.1), the classical Pontryagin’s maximum princi-
ple is not immediate. We use the Lagrange multiplier method to deduce the necessary
first-order optimality system corresponding to minimizer 7 * in one space-dimension.
Due to the coupled system of state equations, it is more challenging to show that 7 *
is a regular point of some appropriate function (cf. Lemma 4.4) — a crucial step for
applying the Lagrange multiplier theorem.

The remaining part of this paper is organized as follows. We detail the technical
framework, and state the main result in Section 2. Section 3 is devoted to show the
existence of an optimal solution of (1.6). In Section 4, we first deduce improved
stability properties of the weak solution in one space dimension and then use these
estimates to obtain a necessary first-order optimality system for the optimal solution
7* via the Lagrange multiplier method. Moreover, improved regularity properties of
the adjoint variables and the optimal control are obtained. Computational studies for
the switching dynamics are reported in the final section.

2 Technical framework and statement of the main results

Throughout this paper, we use the letter C to denote a generic positive constant,
which may take different values at different occurrences. In the sequel, we denote by
IL? the space L?(D; R3), by L7 (D) the space L?(D; R3), by H the Sobolev space
wt2(D; R3), and by H¢ (5) the Sobolev space W“(D; R3) for any integer £ > 1
and real number p > 1. We write H™! (D) for the dual of H(l)(ﬁ). Moreover, for any
T > 0,let L"(H') := L™(0, T; H®) and L™ (H!(D)) := L™(0, T; H!(D)) denote
the standard Bochner spaces for any m, £ > 1. The inner products in L.>(D) and
L2(D) are denoted by (-, )p and (-, -) 5.
We now define notion of weak solution for the problem (1.1)—(1.3).

Definition 2.1 (Weak Solution) Let sy € H!(D) and mg € H' with |mg| = 1 a.e. in
D. We say that (m, s) is a weak solution to the problem (1.1)—(1.3) if the following
hold:
i) meL®M"), dmel*Dr), and Im| =1ae.;
ii) se L®W2(D))NL*MH (D)), dse L>H (D)),
iii) For almostallr € (0, T)
Om,d)p —a(Mmxdm,P)p =(mx Vm, Vé)p, —(m xs,¢)p, V¢ c ' R
@8, 9) 5= V)5 — (Dos. ¥)p — (Dos xm, ¥) 5. ¥y e H'(D);

iv) m(0, -) = mg and s(0, -) = s in the trace sense.
Note that it follows from the formulation of (1.1) that |m| is constant. (This is a
well-known property of magnetization which states that below the Curie temperature,

the magnitude of the magnetization is constant.) Hence we assume |m| = |mg| =
1. The existence of global weak solutions for (1.1)—(1.3) is detailed in [3, 12]. We
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assume in this paper that the given data are smooth enough, so that uniqueness holds;
see [7, Theorem 1.3]. The following theorem holds:

Theorem 2.1 Letsg € H!' (D) and my € H' with |mo| = 1 a.e. in D, and Dy : D —
R* be a measurable function such that

0 < D, < Dy(x) < D*, foralmostall x € D 2.1

for some positive constants Dy, and D*. Then for any j € L*(H'(D)), there exists
a weak solution (m,s) of (1.1)—(1.3) in the sense of Definition 2.1. Moreover, the
following estimates hold:

2 2 +12
11 < 2y 1951202050, = CUIZ2
13012+ 11V ) = C@ISIZ, o, + 0l 22)

”atsHLZ(H—l(b)) < C(“I”LZ(HI([))) + ”s”LZ(LZ(ﬁ)) + “VSHLZ(]Lz(ﬁ)))

Thanks to the above theorem, the set Uyq of all triplets ¥ = (m, s, j), where j
belongs to L2(]H[2(5)) and (m, s) is the weak solution to the corresponding problem
(1.1)-(1.3), is non-empty. The reason to require more smoothness in j is to obtain
more smoothness in the solution (m, s), as will be explained later. With this at hand,
we rewrite the minimization problem (1.6) as follows.

Definition 2.2 Let the assumptions of Theorem 2.1 hold true. Letm : [0, T] x D —
S? be a given function, and W be a given Lipschitz continuous function on L2. A
tuple 7* = (m*, s*, j*) € Uyq is said to be a weak optimal solution of (1.6) if

F(r™) = inf F(m).

J'[Guad

We finish this section by stating the main results of this article, the proofs of which
will be presented in Sections 3 and 4.3. The first theorem states the existence of a
weak optimal solution 7 *.

Theorem 2.2 There exists at least one weak optimal solution ©* € Uyq of (1.6) in
the sense of Definition 2.2.

In case of one spatial dimension, optimal solution 7* may satisfy first-order
optimality conditions. For d = 1, we consider the following equation for spin
accumulation s : Dy — R3, see [25],

0;s=—VJ — Dps — Dps x m in ET,
9,s=0 on 9D, (2.3)
S(O’ ) =S in D,

where the spin current J is a vector defined by

J=mj — Dy(Vs — pm(Vs,m)) in Dy (2.4)
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with the given electric current density J : D7 — R.Here, (-, -) denotes the Euclidean
inner product in R3.

The next theorem derives the first-order optimality system to be solved to simulate
the optimal solution (m*, s*, 3*) numerically. The second-order optimality system is
not easy to derive due to lack of regularity of the solution of the control problem.

Theorem 2.3 Lerd = 1, my € H?, sy € H>(D), and Dy € H*(D) with D, >
2BD*. Let m* = (m*,s*, 7*) be a weak optimal solution of (1.6) subject to (1.1),
(2.3), and (2.4); see Theorem 2.2. Then there exists (z1,z2) € L*(L?) x L2(L*(D))
such that for a.e. t € [0, T], there hold

0

(817" — 8285%.87) 5+ 83(AF*, A8T) 5 — (Vzo,m*89); V83 € LA(H*(D)), 25)
0 = —(8z1,8m)p + k(m* — i, dm)p — a1 (z1, Adm) ;) — (21, 2(Vm™, Vém)m* + |Vm*|26m)D
+a(z1, m* x Adm + 8m x Am* + Sm x s*)D + a1 (z1, Sm(m*, s*) + m*(5m, 5*))

—(Vz2.8m 3*) , — B(Vz2, Dodm(Vs*,m*)) , + (z2. Dos™ x m) ,

D

—B(Vz2, Dom*(Vs*, 8m)) , ¥ém e L2 (H*) N H'(L?), (2.6)
0 = —(3:22.88) j + onz1, m* x 85) 5 — a1 (21, 85 — m*(m*, 55)) 5 + (z2. Dods + Dods x m*)
—(Vz2. =DoV 8s + BDom*(Vés, m*)) 5 Vs € L*(H*(D)) N H' (L*(D)), Q.7
l —
21(T) = *TKV‘I'(M*(T)), 22(T) =0, (2.8)

where o1 = a/(1 + 052) and oy = 1/(1 + ocz). The pair (z1,22) is called adjoint
variables.

3 Existence of optimal control: proof of Theorem 2.2

In this section, we prove the existence of a weak optimal solution 7 * of (1.6), i.e., we
verify Theorem 2.2. Let A = inf; g4, F (7). For j = 0, the problem (1.1)—(1.3) has
a weak solution (m, s) with |[m| = 1. Thus A is finite. Let 7, = (m,, s, j,), n € N
be a minimizing sequence of weak solutions, i.e.,

lim F(m,) = A.
n—oo
Since A is finite, there exists R > 0 such that

s 12
a1} 2 gy < R- (3.

Again, since m, is a weak solution of (1.1)—(1.3), the following estimates hold, see
[12],
18ma 1722, + 1V 17 2 < C@lISull a2 + M0l

+ (Vs 2 2

2 .
90122025, 22y = ClinlZaga 5,0

HBIS””LZ(H-H’I(B)) = ”Jn ”LZ(LZ(D)) + 2D*||Sn||L2(]L2(ﬁ))

< C(Hjn ”Lz(Hl(é)) + ”Sn ”LZ(LZ([))) + “Vsn ||L2(L2(f))))
(3.2)
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Thus, thanks to (3.1) and (3.2), there exist subsequences of {s,}, {m,} and {j,} (not
relabeled) such that

m, > m* in L?*(L?) and ae. Dr

m, —~m* in H'(Dy)

L*(L*(D)) and ae. Dr

s, — s* in

Vs, — Vs* in L*(L*(D)) (3.3)
dsy — 0;s* in L2(H' (D))

i in L*(H*(D))

jn—d in L>(L*(D)) and ae. Dy

for some functions s*, m* and j*. In view of the convergence results as in (3.3), the
uniform bounds in (3.1) and (3.2) together with Fatou’s lemma, one can easily pass to
the limit in the weak formulations for (m,, s,, j,,) to verify that the limiting function
(m*, s*, j*) satisfies i-iv) of Definition 2.1, except |m*(z, x)| = 1 a.e. (¢, x) € Dr.
We can achieve the unit length condition for m* in the following way. Let ¢, €
C°(D). Take the test function ¢ = m*¢,, in iii) of Definition 2.1. Then one has

d *2
— dx =0,
dt/DImld’o x

and therefore [m* (¢, x)| = |mg(x)| = 1 a.e. Dr. Consequently, 7* = (m*, s*, j*) €
Uaq. Tt remains to show that 7* is a minimum. Observe that F is measurable, non-
negative and lower semi-continuous convex function. Thus, by using Fatou’s lemma,
we have

0<A= inf F(r) < F(@*) < lim F(m,) = A,
n—oo

ﬂGMad

ie., F(7*) = infy ¢y, F (). This completes the proof.

Remark 3.1 One may formulate the control problem for H'!-control and show the
existence of an optimal solution and hence the optimal control. In Theorem 2.2,
we have taken HZ-valued control, which play a crucial role to deduce optimality
conditions for optimal solution 7*.

4 Optimality system ford = 1

Theorem 2.2 ensures the existence of an optimal solution (m*, s*, j*) of (1.6) in any
spatial dimension d = 1, 2, 3. In order to deduce the necessary optimality system
associated with the tuple (m*, s*, j*), one needs higher regularity for the solution, and
therefore needs to restrict to one spatial dimension. From now onwards, we consider
D and D to be bounded Lipschitz domains in R and the spin accumulation's : D —
R3 satisfies (2.3) and (2.4).
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4.1 Regularity of weak solution

We wish to deduce improved stability properties for a weak solution of the problem
(1.1), (2.3), and (2.4).

Lemma 4.1 For d = 1, let the assumptions of Theorem 2.1 hold true and Dy €
H2(D) with D, > 2BD*. Let (m,s) be a weak solution of the problem (1.1), (2.3),
and (2.4). Then

i) me L®MH"Y N L 2MH?) N H'(L?), i.e., there exists a constant C > 0 such that
”m”Loc(H]) + ||m||L2(H2) + ||m||H1(]L2) < C.
ii) se L®°H! ([))) N L2(H2(5)), i.e., there exists a constant C > 0 such that

”s”L"O(HI(D)) + ”s”LZ(HZ(ﬁ)) =< C.

Proof Proof of i): It is easy to establish m € L (H!) N H'(IL?). It remains to show
m e L2(H?). Recalling that Hes(m) = Am and that we have assumed yp = ¢ = 1
in (1.1), we rewrite the (1.1) in the following form:

om — a1 Am = o |Vm|2m —oom X Am — aom X S + o (s — m(m, s)) ,(4.1)

where a; = a/(1 + a?) and ar = 1/(1 + ?), noting that IVm|? = —m - Am due
to |m| = 1. This equivalence can be shown by taking the cross product to the left
of both sides of (1.1), using |m| = 1 and the elementary identity a x (b x ¢) =
b(a, ¢) — c(a, b), and rearranging the resulting equation.

Formally we multiply (4.1) with —Am, and use the Cauchy—Schwarz inequality,
the boundedness of m together with the Gagliardo—Nirenberg inequality

1 3
_ 4 1 N
1X1 45y = CIXIG1 5, 1X 11y for DCR

to have

11V2+A2<A2+C( vm|*, + [Is|2
5o IVmit el amil, < olami, + Cloar o) (VML + 1, 5

IA

allamiZ, + Clo,ar, @) ((IVmlz + [ Amil2) [V, + 512, )

IA

@ + D) AmI2, + €@, 5 a1, a) (IVmIE, + [VmiL, + 11512, 5 )

for some o, 6 > 0 which can be chosen such that o + 6 < «. Combining this with
the estimate for s in (2.2) we conclude that m € L2(H?). Hence assertion i) follows.
Proof of ii): First we note that (2.3) and (2.4) imply, after rearranging the equation,

&s — DpAs = —V(3m) 4+ VDy(Vs — fm(Vs, m)) — BDom(As, m)

4.2
— BDoVm(Vs, m) — BDom(Vs, Vmm) — Dgs — Dps x m. (4.2)
Then we formally multiply (4.2) by —As and integrate w.r.t x to obtain
L4912 D.lAs|?, ~ <Ti +T T: 4.3
5 IVSIEs 5+ DllASIZ, ) < Ti 4 Ta 4o+ T, 43)
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where
Ty = [(V(m3]), AS)p 25 |,
T = ‘(VDO(VS — pm(Vs, m)), As)
Ty := |B (Dom(As, m), As) 5 5, |,
Ty := |,8 (DoVm(Vs, m), As); 5 ) + B (Dom(Vs, V), As); 5

Ts = ‘(Dos + Dps X m, AS)]LZ(D)‘ .

By using the Cauchy—Schwarz inequality, the embedding H! <> 1L°°, and (2.1), we
have

71 < 1Aslpzp, (IVmllg 3 g s + 195 ||Lz([~,))
2 2
S 6||AS||]L2(D) _van]LZ ||j ”HI(D) ”Vj ||]L2(D)
T2 < el Asl2, 5, + CE AIVSIL, 5
*
Ty < DS,
Ty < 28DVl Vsl 51 A8l 2 )
< 28DVl | Vsl 2 5 1 A8z 5,
< 28D*(|Vmlly + [ Aml2) [ Vsl 5188125,
< ellaslZ, 5 + Cle. B, DY (IVmIZ, + [ AmI2,)[VsI2, ;.
Ts < 2D%[sllp2 ) 188l 5
< ellasl2, 5, + Cle, DS, 5
Combining all the estimates we obtained from (4.3)
IIVSHMD)+(D*—4e—/3D*)HASH22(,~)) = €GB DO IslZs )+ 13122 5 + IVMIZ NS 105
+ (IVDolI2. 5, + IVmIZ, + [ ami2, ) 19512, 5 |

By choosing ¢ sufficiently small and using the given assumption D, > 28D*, we
obtain after integrating over [0, t] and invoking Gronwall’s Lemma

2
IVSOIZ, 5, + / lAsIZ, 5, d7 = € / (112, 5y + 1931225, + 1VMIZ 1S 12, ) d

cen(cf(

In view of the estimation of i) and the estimate for s in (2.2), we complete the proof.
O

IVDol% 5 + IVm|?, + ||Amn%L2) dr.

L>(D)

As we mentioned, we need improved regularity for the solution (m, s). To get
improved regularity, we need to consider more regular control j € L2(H?*(D)).
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Lemma 4.2 For d = 1, let the assumptions of Lemma 4.1 hold with my € H?,
so € H*(D), and § € L>*(H*(D)). Then the weak solution (m, s) of (1.1), (2.3) and
(2.4) satisfies the following improved regularity:

i) me L*(H) N L) NH'H') — CH). )

ii) se L2(H*(D)) N L®MH2(D)) N H'(H'(D)) — CH3(D)).

Proof Proof of i): Let my € H?. Denote M = Vm. Differentiating (4.1) with respect
to the spatial variable, we formally have

IM—a; AM = 21 (VM, Vm)m +a; |Vm|*M — a2[M x Am +m x AM]
— ag[M X §$+m X Vs] + o [Vs—M(m, s)—m((m, Vs)+ (M, s))] .(4.4)
Multiplying (4.4) by —AM (formally), using integration by parts, the Cauchy—

Schwarz inequality, and the boundedness of m, we have after rearranging the
equation

1d
5ZHVMH%LZ + (o1 —o1)IAM]IZ,

= cfa+ ImiZ) (I9miZ, + 19MI2,) + 151, 5 (1 + 1Vmi2) ],

for some small o1 > 0 and C = C(o1, 1, a2) > 0 being a generic constant, so that
by choosing o7 < & and invoking Lemma 4.1, we deduce

d
EHVMH%LZ + 1AM, < C(1+[Imli,) + C(1+ [ImI 5, ) VM]3 .

By invoking Lemma 4.1 again and integrating over (0, ) we infer

A

t t t
IVM@©)I3, + /0 AM(7)[}, dT < C fo (1 + [m(0)[3) dT + C /O (1 + [m(@@)[3) IVM(D)I} , dT

IA

t
C+ C/o (1 + Im@) 2 IVM(D)|12, dx.
Gronwall’s Lemma and Lemma 4.1 yield
IVMIF o g2 + 1AM 5 < Cla, @2, [l 21 () I0llER) - (45)

Again, we formally multiply (4.4) by 9; M, and use a similar argument along with the
estimate (4.5) to conclude that

10MI2, ;) < Clan, @z, I8l 2 - Imolls2) (4.6)

Hence from (4.5) and (4.6) together with Lemma 4.1, we get m € L N
L®MH?*) N H\(H") — CH?).

Proof of ii): Denote S = Vs. Upon differentiating (2.3) with respect to the spatial
variable, we formally see that S satisfies the following PDE:

S — DoAS = —mAj —2VmV3j — JAm+ ADg[S — fm(S, m)]
n ZVDO{VS — AVm(S, m) — Am(VS, m) — Am(S, Vm)}
+ Do{ — BAM(S, m) — 28Vm(VS, m) — 28Vm(S, Vi)

— 28m(VS, Vm) — Sm(AS, m) — Sm(S, Am)} — VDos — DoS
— VDps x m — DgS xm — Dps x V. “4.7)
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Multiplying (4.7) by —AS (formally), and using the Cauchy—Schwarz inequality, the
boundedness of m, and (2.1), we obtain

S ENVSIZ, 5+ DA, )
< (e + BD)IASIE, ) + C@ImIZ 1512, 5,
+C(e BIADOI, 5 IIE . 5, + Cl& BIVDOI . 5 {IVSIZ, 5+ IVMIE ISI2, )}
+C(e . DO I AmIZISIE ) + 1VmIZL I VSIZ, 5 + IVmIE<ISIZ, 5 |
+C@fDMISIZ, 5, + (19D ]2 ) + D IVmIE)lsI, 5 |

By using the result in part i), we deduce (noting the assumption on Dy)

EEIIVSIILZ(D) + DyIASIZ, ) < (€ + BDYIASIZ, 5 + CCe B D131 5 + 1812 5

We take ¢ = D*/2 and use Gronwall’s lemma along with the assumptions on j to
conclude

2 2
IVSI2 iz + 188122 02, = CllIsol 2y IMmollzz2)
ie.,
1817 25y 1503 2533y = CClIs0ll gz 5+ Mol - (48)
Moreover, multiplying the equation (2.3) by 9;s, and then using the Cauchy—Schwarz

inequality, part i) as well as (4 8), we have for any € > 0

”alsl|]L2(D) + (1 ﬁ)D* “VS“LZ(D)

IA

€SIy 5, + C© (1312 5 M + 1512, 5 Imi%s + 512, )

IA

elasZ, 5+ C© (1151215 -
Since 0 < B < 1, we see that
186817212, = CUIs0ll g2y 1M0l1g2).

Lastly, by formally multiplying (4.7) with 9,S, then applying the Cauchy—Schwarz
inequality along with the estimate (4.8), one can arrive at the following estimate

18817212y, = CUIsoll g2y IImollzz2) .
1.€e.,
111 g1 3y = CUISoll gz Imo0llzz2) -
This completes the proof. O

Remark 4.1 In the proof of Lemma 4.2, we have used integration by parts formula,
which may be made rigorous by a standard argument using the Faedo—Galerkin
method which uses the related eigenfunctions of the given operator.

4.2 Optimization problem and its analysis

With the help of the Lagrange multiplier theorem ([18, Chapter 9, Theorem 1]), we
now deduce the optimality system for the optimal solution of (1.6) where the con-
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28 Page 12 0f 40 X.Anetal.

straints (1.2) and (1.3) are replaced by (2.3) and (2.4). To this end, we define the
spaces
M:=L*H)NH' LY, S:=L*HXD)nH' WD), J:=L*H*D). 49

Note that, in view of [10, Theorem 4, section 5.9.2, p. 306] we have
M CH"Y) < L®L®) and S < CH'(D)) — L®@L>®(D)). (4.10)

Moreoveir, we define four functions e : M xS x J — LZ(LZ), e :~/\/l xSxJ —
L2(L2(D)),e3 : M xSxJ — H'andey : M x S x J — H' (D) by
ei(m,s,3): = 0m— a;Am — o |Vm|/*’m + eom x Am + aom X s — ] (s — m(m,s)),
ex(m,s,3) ;= ;s + V{mj — Dy(Vs — pm(Vs, m))} + Dos + Dos x m,
e3(m, s, ) : = m(0) — my,
es(m, s, ) : = s(0) — so.
The cost functional F defined in (1.6) could be re-interpreted as a function from

M x § x J — R. With this set up, we now state the optimal control problem (1.6)
in the following form.

Problem 4.1 Letd = 1,and m : Dy — S?be a given smooth function. Assume
that my € H? with |mo| = 1 in D, s € H2(D), and (2.1) holds. Minimize F subject
tol'(m,s, ) =0, where I' : M x S x J — L*(L?) x L%(L%(D)) x H' x H' (D)
is defined by

€] (mv S, ])
ex(m, s, 3)
e3(m,s, 3)
eq(m, s, 3)

'(m,s, j) ;= 4.11)

Lemma 4.3 The functionT : M x S x J — L*(L?) x L3(L%(D)) x H! x H'(D)
is continuously Fréchet differentiable, with derivative

(e Gm,s, 7), (5m, 8s,87)

)

/ (e4(m, s, 5), (8m, 85, 87))

I'(m,s, 5), (6m, 5s,87)) = ’

(I(m,s, 7). 8m, 8s,87)) ¢y (m, s, 3), (5m, 85, 87))
(e} m. 5, 5), (5m, 55, 57))

where
(e}m,s, 5).(5m, 85, 87))

— 8,6m — a; ASm — a, (2(Vm, Vom)m + |Vm|26m) —a (as —m(m, 5s>)
+a2(m X Adm +8m x Am + ém x s +m x Ss) +a1<5m(m,s) +m<8m,s>),
(eh(m, 5, §),(8m, 85,5 7))
— 0,85 + v{maj +8m3 — DVss + DoB[sm(Vs, m) +m(Vs, Sm) + m(V5s, m)]}
+ Do(8s + s x m +s x 5m),

(es(m, 5,§),(8m, 85,8 7)) = 5m(0),
(eh(m, 5, §),(8m, 85,57)) = 85(0).
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Proof We calculate the directional derivatives of e; in the directions §m, Js and &7
to obtain

(Ime1(m,'s, §), 6m) = 3,6m — oy ASm — @, (2<Vm, Vomym + \Vm\ZSm)
+oz2(m X Adm + dm x Am + dm x s) + oy (Sm(m, s) + m(5m, s)),

(8se1(m, s, 3), 85) = aom X 88 — ] (Ss — m(m, (Ss)),

(d5e1(m,s,9),83) = 0.
By using (4.10) we deduce

[(dmer (m, s, 3), 5m>HL2(1L2>

< orom|| 2 ) + C@ (I ASMI 22 + Il | ASMI 22 + [8mI] L0 Al 22,

Hlml| Loo ooy VM| 1200y | VM| oo (1,2) + 18| oo ooy VM| 21,00 | VM| oo .2y

Floml| zoe ooy lIsll 225y, + ”S”LZ(LZ(I}))||5m”L°°(]L°C)||m||L°°(L°°))

< C(m,s, 3)[6m|| aq,
and
[{oseram. s.9),85)] 22, = C@ (Imllzmeomy + 14+ Iy ) 18820205, = Clms, DllSslls
Define a linear operator ¢j (m, s, j) € LM x S x J; L%(IL?)) by

(e} (m, s, 5), (5m, 85, 83)) = (dme1(m, s, 3), m) + (dse1 (m, s, 3), 8s) + (35e1(m, 5, ), 7). (4.12)

Thus, e; is Gateaux differentiable. Moreover, since e’1 is continuous at (m, s, j), the
function e is continuously Fréchet differentiable and the Fréchet derivative is given
by (4.12).

For the function e,, we have

<8me2(m, s,3), (Sm) = V(Smj + DoB[6m(Vs, m) + m(Vs, (Sm)]) + Dgs X ém

3Vém + dmV3 + (VDy)B(Sm(Vs, m) + m(Vs, Sm))
+DoB(Vsm(Vs, m) + dm(As, m) + dm(Vs, Vm)
+Vm(Vs, sm) + m(As, sm) +m(Vs, Vém)),

(dse2(m, s, 9), 8s) = 8,85 + v( — DoV 85+ BDom(VSs, m>) + Dods + Dods x m

3;8s — (VDo Vs + Dy ASs) + B(VDy)m(V5s, m)
+BDoVm(V3s, m) + S Dom(Ads, m) + S Dom(Vss, Vm)
+Dods + Dods x m,

Vméj) =Vméj+mVsj.

(05e2(m,s, §), 85)
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Moreover, we have the following bounds:

[(Bme2(m. s. 3). sm)| 2125,

< 1V8ml o2y 13 2 3y + I8z 13120205,

+C(D*, ﬂ>(||8m||Loo<Lm>||Vs||Lz<Lz([-mumnmm + 185l Lo @) 1Sl 2 o 5 I 20 %)

HIdm| Loc ooy 1 ASIl 21 2 ) 1Ml oo Loe) + ||8m||L°“(JL°°)||VSHLoc(]L2([)))||m||L°C(]L2)>
= C(m,s, j)[6m| rq,
||(3s€2(m, s, 3), 55)||L2(L3(D))
= ”3’8SHL2(]L2(D)) + C(D*y B)(”VSS”LZ(]LZ([))) + ”ASS”LZ(]LZ(['))) + ||m‘|%%(L%)HVBSHLZ(]LZ(D))

IV 12000 V38 o2 oy I 20 ) + 100 ) A8 2025

+||SS”L2(]L2(I_))) + ”m“LOC(]LOO)”‘SSHLZ(]LZ(b))) s

||(8j e (m, s, 3), 5j>HL2(JL2([)))
< Il e oy V83 2y + IVl e ) 185 12 1 )
< Cm.s. 95517 -

Define the operator e, (m, s, §) € LM x S x J; L>(L*(D))) by
(e, ), (5m, s, 85)) = (dme2(m, s, 3), Sm) + (dse2(m, s, 5), 8s)

+ (95e2(m,5,9),83).  (4.13)

Thus, e; is Gateaux differentiable. Moreover, since e/z is continuous at (m, s, j), the
function e is continuously Fréchet differentiable and the Fréchet derivative is given
by (4.13).

Similarly, we can show that e3 and e4 are continuously Fréchet differentiable, and
their Fréchet derivatives are given by

(e5m,s, §), (dm, 8s, 89)) = sm(0) and (e}(m,s, ), (5m, 8s, 8)) = 8s(0).

Thus the function I' is continuously Fréchet differentiable. This completes the proof.
O

To apply the Lagrange multiplier theorem, one needs to check that a minimizer is
a regular point of I' defined in (4.11). We recall that a point (m*, s*, §*) is said to be
a regular point of I if €} (m*, s*, 3%), €, (m*, s*, 3%), €5 (m*, s*, 3*), ¢} (m*, s*, 3)
are linearly independent. We have the following lemma.

Lemma 4.4 Under the assumptions Dy € H*(D) and D, > 2BD*, if (m*,s*, 7*)
is an optimal solution of Problem 4.1, then it is a regular point of T.

Proof To show that (m*, s*, 5*) is a regular point of T, it suffices to show that

(m, s, 0) — (I"(m*, s*, 3%), (m, s, 0))
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is surjective. Let (), £, f3, £4) € L2(L2) x L2(L2(D)) x H' x H! (D) be given. Then
we need to show the existence of (m, s) € M x S such that

dm — Am—al(Z(Vm , Vm)m* + |Vm®*| m) —al(s—m (m* ,s))
+a2<m* x Am+m x Am* +m x s* + m* x s) +ay (m(m*, s*) + m*(m, s*)) =1, (414)
m(0) = f3,

and
s + V{mj* — DoVs + Dof[m(Vs*, m*) + m*(Vs*, m) + m*(Vs, m*)]
+Dp(s+sxm*+s* xm) =1, (4.15)
S(O) = f4

hold. We use several steps to solve the above coupled equations.
Step I (Discretization and projection in time): We use semi discretization in time
with the semi-implicit Euler method. For some N € N* = {1,2, 3, ...}, let
T

ti =ik, i=0,...,N, k:ﬁ (4.16)

be a uniform partition of [0, T]. Since m* € C(H?) and s* € C(H2(D)), see

Lemma 4.2, the evaluation of these functions at ¢; makes sense. Moreover,

I} e < Imfllgz < € and s} ooy < 157 l205) < € Vi=0,.... N.
4.17)

For f| and f5, this is not the case. Therefore, we define a projection operator in time.

To this end, let X be a Hilbert space with inner product (-, -)x. For each time step &,

we define the set

szz{(bk:(O,T)—)X: [0 38

For any f € L?(0, T; X), we define the projection IT; f € P via

| is a constant in X}
(j,tj411

T
/0 (T f — f.bi) ydt =0 Vo € Pr. (4.18)

Existence of such projection I1; follows from the Lax—Milgram lemma. In view of
the Cauchy—Schwarz inequality and (4.18) we see that

T T
e f 1220 7.5, /0 1Tk £1% dt =/O (f. T f) g di < 120,50 1Tk £ 20,7 )
and therefore we obtain

Ik fll 20,7 %) < W 20,72 %) 4.19)

forall f € L?(0, T; X).
For any py € Px, we take ¢, = Iy f — f + f — px € P in (4.18) and use the
Cauchy—Schwarz inequality to get

Tk f — f”LZ(o,T;x) <If- Pk”LZ(o,T;x)-

Since pr € Py is arbitrary and Ui~ Py is dense in L%0,T; X), we get from above
that

yf — f in L%, T; X). (4.20)
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Let ITy x, IT2x, and I13 denote the projections associated with X = L2 X =
}LZ(D), and X = H 2(D) respectively. In the following, we denote

mi =m*(t), sf=s"), f)=Th@), f=Tubh#), and 37 = D53%@).

By using (4.19), we have

A

j—1
kY U6 T < I bl a2 < Ifil170 < C,
i=0
j—1
i+12 2 2
kY IG5 < 1Mol Fs s 5 < I2ll7aga5, S € (42D)
i=0

j—1
. 2 sk 12 212
kY 13025, < IMaa3 1520005 < 13515200205y, < C-
i=0

Step II (Semi-discrete scheme and its solvability): We consider the following
semi-discrete scheme for problems (4.14) and (4.15). Starting with mg = f3 and
so=f4,for0<i<N-1,

(i) compute m; ;| € H! such that
1
(Ellﬂlw-l,(l))]Lz +ay (VmH—l, V¢>L2 -y (leflzmi+1s¢>L2 - 0!2<me+1, Vé x m?ﬂ)Lz
—(Xz(VmH—l ¢ x Vm?ﬂ)Lz + 0‘2(mi+l x (Amfyy + 7)), ¢)]L2

1 .
= (%mf + 1 +ay(si —mf(mf L s) —my(m s ) —mp ) (my st )

—oamyyy X s+ 200 (Vl, Vimgmy, . ¢) | Vg e H', 4.22)

L2

(i) computes;y] € H' (D) such that

1
(ESM , w)ILZ([)) + (D0V5i+1, V!”)]LZ([)) + <Dosi+1, 'lf)Lz _+ (D05i+l xmj, '/f)

(D) L2

~B(Pomi,y(Vsicr.miy ). VY) L

= (BDo[mis 1 (Vs mi ) il (V87 min)] 4+ mis 3. VH)

! ok i+1 1,7
(s - staoominw) Lo (579 v e E D), (423)

Existence of m;1 in step (i) given the existence of m; € H': Define a bilinear form
A:H' x H' - R as

Aip.#) = (19.9), +1(V0. V9) , —ai (1Ymi P, 8) , —ao(Vo, Ve x mi,) |

—az(V(p, ¢ x leﬁ_l)u +a2<<p x (Amj,; + 7)), ¢)]L2 .
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One can use (4.17) to show that [A(p, ¢)| < C(k, )@l |@llg . Moreover, A is
H!-coercive as

1
A@.9) = L1912 +arIVOI2, —ai (1Vm] 9. ) | —ax(Ve. ¢ x Vmi,) |

1 adl

= (¢ = IV IE = CIVmE, B ) 1912 + S IV812,
1 2 o] 2 2

> (% —C)ll + S IV8IiE. = ClgliE,.

for k is sufficiently small which can be chosen to be independent of the iteration step.
Here, in the last step we used again (4.17). Let

t9): (lmt + +a (si —myy (mi . s;) —m(my, 7y ) —my (my, sy )
— axmf | xs; + 21 (Vm], Vm;)m}_ |, ¢)]L2.
Then it is linear and bounded, since
@)l < (%Ilmillmz + Ifll2 + C(a){”Si”]Lz([)) +lsillp 2y + Iy lleee lmy 2 187 oo )
+ My e lsi llp 2 3y + 11V flp2 [ VM fiLe HmZ‘HIILw})IId)IILz < Clk, @)l Pllg -

Thus, by Lax—Milgram lemma, there exists a unique m;,; € H' such that (4.22)
holds.

Existence of sj,1 in step (ii) given the existence of m; 1 € H' ands; € H (D): The
same argument was done in step (i) can be used to obtain the existence of s; 1. The
corresponding bilinear form to (4.23) is B : H!(D) x H!(D) — R be the bilinear
form defined by

Ble.¥): = ( 2 ¢)L2(D) (DoVw, W')mb) + (Dow, 'ﬁ)U(D)
_IB(DOmi+1(V(p’ m;, ), VV’) (Dofpxm;'kﬂs'/’)

We omit the details.
Step III (A priori estimates): Let 0 < i < N — 1. We choose ¢ = m;;| and use
the algebraic identity

L2(D) L2(D)

1
(a,a—b) = E(|a|2 — > +la—b*) VabeR’ (4.24)
to get, after rearranging the terms,
1
s (i1 = my 2 4+ = m 2 ) o [V

= <|Vm;'k|2mi+la mi+1)]L2 + 062<Vmi+1, m;ij X Vmﬁll)mz (4.25)

1 * * *
+<f’1 +ai(s; —mj (m' |, s;)) —oom’ | X, mi+l)L2
—ay(m; (m},, s ) +m)  (m;, s’ ), m; + 201 ((Vm}, Vm;)m?_, m;
AR AL AR R AE | i1\ S 17, i L2 1 i LU ENERILES |

=T+ +13+1s+Is.

L2
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By using Young’s inequality and (4.17), we obtain, for any 61, 6, > 0,
1Tyl < oy V] [f imigi |3, < Cllmipy |12,

1Tol < 611V [IF, + CODIVM} [F o limipi 12, < 011Vm 117, + COD Mg 175,

1Tl = COMET 12 + i1, ) + i 122),
T4l = (i 12+ Imil2als 12 ) = € (I 12, + Imili2,),
IZs] < 60V |2, + C(62) 1V 2 mys 112,

Oall Vg1 12 + 62 (1 Vm; 12, — Vi 12,) + CO) Imis 12,
Inserting these estimates into (4.25), multiplying the resulting equation by 2k, and
rearranging the terms, we deduce

gy lFs = gl + fmig —myflF, + 2k(an — 6 — 62) [ Vmy 17
C(IE 2 + il ) + C(lmi 122 + i)

+ Ck(IVmili2, = 1Vmyg 12, ).

IA

The constant C may depend on a1, a2, 61, 02, [[m* || ¢ g2, and [|s* ”C(]HIZ([))) (which in
turn depend on [|myg||y2 and ||so [l ( 13)) but is independent of k. By choosing 61, 6, >

0 satisfying 61 + 6> < o1 and summingoveri =0, ..., j—1forj e {1,..., N} we
deduce

Jj—1 Jj—1

Imyli7, + D miy —mglf2, + k> [[Vmig 17
i=0 i=0
-1 j—1
< Clmo7, + Ck Z IE 12, + Ck Z Isillf 2 5, + Ck Z Im; 17
i=0
j—1

< c(1+k Z Isi 12, 5,) + CK Z i 12,

where in the last step we used (4.21). Applymg the discrete Gronwall Lemma, we
obtain
j-1 j—1 j—1

I, + Y lmyy —mi 2, 4k Vm |, < c(1 kY Isil ) (426)
i=0 i=0 i=0

where C > 0 is a constant independent of the time step size k.
For higher order bound, formally we choose ¢ = —Am;;; in (4.22), and use
integration by parts along with (4.24) to obtain

2 (VM2 = 1V 12, + 1V — Vg2, ) + o Ami 2

*2 * *
= -0 (lei ["m;y1, Ami+l)L2 +a2(mi+l x (Am;,y +87,), Ami+1)L2

* * * i+1
+(Otz m;, X s; —ap(s; —mj (my, g, s) =7, Ami+1)L2

4 (mi (mf, s ) +my (my,sf ), Am,url)JLZ — 2 ((ij-‘, Vm;)m;, |, Am,-+1)L2
= I6 —+ I7 —+ Ig —+ Ig —+ I](). (4.27)
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Similarly to the above estimate, by using Young’s inequality and (4.17), we have, for
any 01, ...,05 >0,

1 Zs|

IA

2 2 2
o | Amy 2 VIS [ llmig 2 < 61 Am 1125 + CODlImig],
T3] < aallAmyplip2limi e (1AM 2 + s 2 gs)
2 2
Oall Ayt 12, + CO)Imyp1 [

0311 Am; 1117, + C©03) (llsi I?

IA

|Zs|

I\

+IE12.) < OalAmigr 12, + €@ (1 + s

L2(D) JLZ(D>)

|Zo|

IA

Clisisi oo iy IMill2 | Ami gl < 04l Amiyg 12, + C O lIm; 12,
1Ziol < O5llAmi g1 [17, + CO) VM [T Vg [[7, < O5[|Am; 1117, + C(O5)[Vimy]l7 .
where all the constants may also depend on o, oy, m*, s*, and f;. Inserting all the
above estimates into (4.27) and choosing 61, ..., 65 > 0 such that Z?:l 0; < aj,we
have (after multiplying by 2k)
IVl — IVmi|3, + 11Vm o — Vg2, + k[l Am; 17

Ck(1+1Isi12,, 5,) + Ch(Imi 12, + lImi1[12,) + Ch(I1Vm; 12, + [1Vmi1[17,)

IA

L2(D)

IA

Ck(1+ lsill2, ) + Ck(1+ & Z Isel22 ) + CR(IVm 12, + [ Vmis1]2,)

where in the last step we used (4.26). By summing over i from 0 to j for j €
{1,..., N} and using (4.26) agaln we deduce

IV, 1l7, — IIVmoll]LerZIIV(m,H m,)||L2+kZ||Am,+1||L2
i=0 i=0
J+1
< (1+k2||s,||L2(D)) +c(1 +k222ns@nw)) +Ck2||Vm,||L2
i=0 ¢=0
d 2
= (i +k§nsinw~,)),
p
which implies
J J
IVmyilf, + D> IV@i —m)lE, + k> [ Am |3, (4.28)
i=0 i=0

J
= (146X I8l 5):
i=1

where the constant C depends on [[myg ||y, [[m*[|c ), ||s*||]L2([~,), and T, but it is

independent of k.
In order to derive the bound for m; from (4.26) and (4.28), we need to estimate

Zl_ 1 lIsi ||L2(D) Choosing ¥ = s;41 as test function in (4.23) and using the bound-

edness of m*, the Cauchy—Schwarz inequality, and Young’s inequality along with
(2.1), we have for any 0 > 0

12 . _
ot (15411225~ 18102 5 + st = 5125 ) + (Da = BV 125 + Dalisis 5
< 00198112 ) + 801122 5)) + COIMi I {1VSE 12 ) + I8E1 1225, + 1371122 5]

i+1
+COIG 12, 5,
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By using (4.17), we obtain after rearranging the equation

1 2 2
o2 (U812, = Isi12, 5 + Isit = sill2y ;)
2
+ (D= BD* = O Vsisil2, 5, + (Du = Olsis 2,

= COImi I (1413712 5)) + COIBT 12, 5

By choosing 6 such that D, — 8D* —6 > 0, using (4.26) and (4.28), and multiplying
the resulting equation by 2k, we deduce

+ lIsi+1 — sill? + kllsi+1 113

X 2
Hst+1”]Lz(D) lIsi ”]LZ(D)

= ck(1 +kZ el 5 ) (14 135411225, ) + CRIGT I, 5

L2(D) H!(D)

J
= k(141351 ) ) + O (1 1350122 5, ) D WsellZay ) + CHIEE 2, )
=0

for any j > i. By summing over i fromOto j — 1 for j € {1, ..., N}, we deduce

j—1 Jj—1
1713205, + D st = SillTa 5, + K D lsietllfy 5,
i=0 i=0
j—1 j—1 J
2 2
< C(1+kZIIJ,+1llL2(D))+Ck S (1155 ) 2 lselas,
i=0 =0
j—1

i+1
+ Ck Z 15712 -
By using (4.21), we have
lIs; ”i%b) +Zi:_01 lIsi+1 —si || L2(B) +kzj 0 ||Sz+1||H1(D) C+Ck Ze =0 ||Se||]Lz(D)
By using the discrete Gronwall lemma, we deduce
- i
80525y + 2020 st =812, 5, +k X/ lsietllZ 5 <€ (429)
Using (4.29) in (4.26) and (4.28), we obtain

N-1 N—-1
Jmax il + ZO Iy — my 15+ k ZO Imisilg <C. (4.30)
= 1

where C is a constant independent of the time step size k.
Hence, by choosing ¥ = —As;; in (4.23) and using integration by parts along
with (4.17), we have

S (19810112, ) = 198112, 5 4 IVt =01, ) + Dl Bt ) + Dol Vsisalls )
< (e + BDMASi 11125, + C (e B Do)mist [y + C (e B, Do) (Isist 225, + 19511125 5 )
+C@(IVmist 12213512 ) + i B 1955012 ) ) + COIET 2, 5

Note, in the calculation above, we used the boundedness of Dy (Dg € H 2(l~))) to
have
IVDgllLe < C. (4.31)
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By multiplying the above equation by 2k, using (4.29) and (4.30), we deduce, after
rearranging the equation and choosing € such that D, — € — BD* > 0,

1VSi+1lZ 25, = 1811525 + 1V i1 = SDIT s 5, +KIAS117 5 5,

. 2 i+12 2

= Ck(1+ 13502 ) + 1B 12, 5, ) + CRIVSiI2, 5

By summing over i fromOto j — 1 for j € {1, ..., N}, using (4.21), and invoking
the discrete Gronwall lemma, we deduce

j—1 j—1
12 NTY) ) 2
V871325 + 2 IV it =SDIT 2 5, + K D 14814117, 5 < €
i=0 i=0

for some constant C > 0 independent of k. Combining this equation with (4.29) gives

N-1 N—-1
12 =2 Y
max, ||s,||H1(,5)+;nsl+1 s,||H1(D)+k_X(;||sl+1||Hz(D) <C. (432
1= 1=

Step IV (Continuation and its bound): Let 0 =ty < t; <tp--- <ty =T be a
uniform partition of [0, T'] with time step size k = T/N for some N € N*, For any
sequence (X;) lN: o C X, where X is a Banach space, we define the difference quotient
dixi+1 = (Xj+1 —X;)/k for0 <i < N — 1. The global time interpolant X; € C(X)
of (x;)N o 18 defined via

=

r—1 tiy1—1
Xi (1) == - Xitl + N Vi € (&, tiy1]-

Moreover, we define the piecewise constant interpolants (in time) X,': and X as
follows:

X, () =xi11, X () =% Vi€, i) (4.33)

with x_; = xg and xy4+1 = 0.
We now show that the sequence {0;My} is bounded in LZ(JLZ). To do so, let 0 <
i < N—1andrt € (4, tj+1]- Choosing the test function ¢ = dym;y in (4.22) and

using integration by parts, we obtain (recalling (4.17) again)

23]
Idomy 117, + E(Mme 152 = IV, + 1V (my 4y — mi)n%Lz)

1 .
< SldmigI2; + Climig g, + C(nﬂ+l IF2 + lIsilI7 2 5, + I ||%Hp).

Hence, by using (4.28) and (4.32), as well as rearranging the equation, we have

1
Idomy 12+ 2 (19112, = IV + 1V —mp) )2 ) < Clame 7,

+ C(l + ||f"1+1||ﬁ2).

@ Springer



28 Page 22 of 40 X.Anetal.

Integrating over the time interval (¢, #;11) and summing over i, we obtain

tiyl 2
Z / Idomy 1112, dr

19: Myl 322,

N-1 N—-1
= O klAm P+ C(1+ Y kIR, ;) < € @434)
i=0 i=0

where we used (4.21) and (4.28) in the last step.

Next we show the boundedness of the sequence {9;Sy}x~0 in Lz(Lz(f))). For 0 <
i < N—1,lett € (t, ti+1]. Then using the test function ¥ = d;s;4 in (4.23) and
integration by parts we get (recalling (4.17) and (4.31))

ldisisi 1255, + 5z (IVD0Vsi4112:5 — 1V DoVsills )+ VD0V i1 — 50l )
—(n\/Dosmu;z@ — IWDosis1l2, 5, + IVDoGsien = D12, )
Sdisir 12, 5, + Clisisals 5, + Climisil (14137112, 5

i+1
+C(||mz+1 12+ 15712, )

or equivalently,

disi1 12, 5, + (||\/ 0Vsiil2: 5, = IVDOVsi 2, ) + IV DoV sit = sl )
4 (/D051 125 — 1D 125, + I Do = sl )

i+1
25 (1 135 ) + 112, 5))-
Integrating over the time interval (#;, #;+1) and summing over i, we get

< CllAsill?

— i1
13 Skl 2 025y = D / ldesis113 5,5, dt (4.35)
i=0 i

N—-1 N-1 N-1
< €Y KIAsiilF 5+ C (1 + D kI3l 5 + Z g5 'w») c,
i=0 i=0

where in the last step we used (4.21) and (4.32).

Step V (Solvability of (4.14) and (4.15)): In view of (4.30), (4.32), (4.34), and
(4.35), there exists a constant C > 0, independent of the discretization parameter
k > 0, such that

IMGE N 2 a2y + IMEE N oo ety + M 22 a2y + M oo ety + Mkl g1 2y < C
”S]:CEHLZ(HZ(E))) + ”S]:(t ”LW(HI(D)) + ”Sk”LZ(HZ(ﬁ)) + ”Sk”Lw(Hl(ﬁ)) + ”Sk”Hl(]L2(f))) <C.
Inequality (4.30) and simple calculations reveal

(4.36)

N—-1

2 T+l t+1 —t
IV = Mill7a 2y = D Ilmyy —my |2, / (’T) di
Jj=0

Nl
2
=3 E [lmji; —mjl;, -0
0

@ Springer



Optimal control for a coupled spin-polarized current... Page 23 0f 40 28

as k — 0. Similarly, it can be shown that M, —Mj — 0in L*(L?) and ST —S; — 0
in L2(L2(D)). Therefore, it follows from (4.36) that there exists (m,s) € M x S
(defined by (4.9)) such that the following statements hold:

M; — m in L2(H?) and H'(L?), M = m in L%(HY, M; — m in L2(L2),

M{ — m in L2(H?), M S m in L*(HD, ME — m in L*(L?),

St —~s in L2(H2(D)) and H (L2(D)), S¢ —~s in LXM (D)), Sk —s in LAL2(D)),

St —~s in L2H(D)), SF s inL®M(D)), SF-s inL2LA(D)).
(4.37)

Moreover, if Mzi are defined from m? = m*(#;) by (4.33) then, since m* €
Cc(0, 1], ]HIZ), it can be shown, using the uniform continuity of m*, that

IME —m* || 2 ap) — 0 ask — 0. (4.38)

We now prove that (m, s) given in (4.37) is a solution to (4.14) and (4.15). It
follows from (4.22) and (4.23) that My, M, M,f Sk, and S,f satisfy the following
equations

T T T
+ *— 1 2n gt
/0 (a,M,(,qs)[L2 dt + a,/O <VMk,V¢)L2 dz—a,/o (|VMk M ,¢)L2 dt

T T

faZ/O (VM Ve x M) ar f(xZ/O (VM* VML g) L ar
T T

—azf (VM{*. Vg x M{ +¢ x VM) ar +a2/ (M7 xSp*. ) di
0 0

T
= [ (P en (S = MO S0 — M MG S - MM 7))

—ax Mt x S + 201 (VM ~, VM )M, ¢)L2 dr V¢ e H! (4.39)
and
T T T
DoVS!, v DoS; 4.4
/0 (a’sk"ﬁ)Lz([))dl +_/0 ( VS, v’)n}(b)dt—i_/o ( OSk,¢>L2(5)df (440)
! + + ! + + +
3k _ *- 3k
+/0 (DOSk x M ,lll)det ,3/0 (DoMk (VSF M} >,v¢)u(ﬁ> t
T
_ / (BDO[MF (VSTT M) + M (VS M) ] + MEI V'/')w([))
0

! + + ’ + 1,73
,/0 (s <™t '/’)uus) di +[0 (F. w)ml_)) i vy e H'(D).
We discuss the passing to the limit (when k — 0) of (4.39) only. Similar arguments
hold for (4.40). The convergence in (4.37) implies, for any ¢ € C>*(C*° (D)),

T T T
/0 (0 My, @), dt — /0 (8,m, @), dr, /0 (VM. V@), ,dt — (Vm, V¢), , dt,

T
[ 0z~ o) an

The convergence of the linear term

ro o T
[ )= [ (0.0),0
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can be obtained by using (4.20) as follows:

; N=T N-1
(Fi — 1, 0);, dt| = (T1ef(e)) — £1(0), @), dt| =
I =X/ =X

j=0“1i j=0

Lj+1
| o~ g

1
T
< ||¢||JLZ/O ITLf1 (1) — 1 (Dl 2 dt < ClITkky — f1ll22) > 0, &k — 0.

The convergence of the nonlinear terms in (4.39) can be derived by using (4.36),
(4.37), and (4.38). We present detailed estimates for one term, namely

S (IVME™ M, @), » dr. We have

T
*— 1 2ng+ *(2
VO (19M M = V| m,¢>L2dt’

IA

‘for<|VMz—|z(M,j 7m),¢)]1‘2 dr| + ‘for((WM;ﬁz — |Vm*P)m, ¢)L2 dr|

IA

T
I | e ey b 11 MG — mall 2.2 +/0 / (IVM;™| + |Vm*|)[¢||[VM;~ — Vm*||m| dx dt
D

IA

C”MZ —ml 22 + 2”m*”C(H2) P lgn ||M;;7 - m*HLZ(Hl) lmll 22y

CIIM —mll2q2) + CIIME™ — m*[[ 21y = 0, k — 0.

IA

The convergence of other nonlinear terms in (4.39) can be shown in the same manner.
Therefore, by letting k — 0 in (4.39) we deduce

/OT(a,m, ¢)L2 dt + a1/0

T T
- Vm, V *)dt—/(V*V,)dz
ozz/(;<m ¢ xm 2 ozzo m* x m(b]Lz
T

—aQ/OT(Vm*,V(b xm-+ ¢ x Vm)det—l—az/O (m ><s*,¢>dt

T

(Vm, V¢)L2 dt — oc1/0T (IVm*|2m, ¢)L2 dt

T
= / (f1 +(x1(s —m*(m*, s) — m(m*, s*) — m*(m, s*))
0
—aym* x s+ 20 (Vm*, Vm)m”*, ¢)L2 dt V¢ e H',

or equivalently (by using integration by parts),

/OT(B,m, ¢)Lz di — ou/OT(Am, ¢)L2 dt—a|/0T<|vm*|2m, ¢)Lz di

T T T
* % *
+o¢2/0 (m X Am,¢)L2dt+a2/0 (mx Am ,¢)L2dt+a2/0 (mxs ,¢)dt
T
= / (fl + ai(s — m*(m*, s) — m(m*, s*) — m*(m, s*))
0
—aym* x s+ 2a; (Vm*, Vm)m*, ¢)M dt Ve e H',

which implies the first equation in (4.14).
To show the second equation in (4.14), namely m(0) = f3, we choose the test
function ¢ € C*°(C*°(D)) such that ¢(7) = 0. Then integration by parts gives

T

T
/0 (3My. §),dt = — / (M. 0,6), . dr — (£, $(0)), 2.

0

@ Springer



Optimal control for a coupled spin-polarized current... Page 250f40 28

Letting k — 0 we obtain

/ (8 m ¢)]I 2 dt = —/ (lll d ¢) 2 dt — f% ¢5 O))H 2
t b ) t I .
0 0 ( (

Using integration by parts again gives the required result. Similarly, one can easily
show that (m, s) satisfies (4.15), completing the proof of the lemma. O]

4.3 Proof of Theorem 2.3

Since (m*, s*, 3%) is a regular point of I" defined in (4.11) (cf. Lemma 4.4), one can
use Lagrange multiplier theorem [18, Theorem 1, Chapter 9] to show that there exists
(z1,22,&,,&,) € L%(L%) x LX(L%(D)) x (H?)* x H2(D)* such that the Lagrangian
functional L : M x § x J — R, given by

2 2
L(m,s,3) := F(m,s,3) + Y (7, ei(m,s,3) + ) (&, eipa(m,s, 3)),
i=1

i=1
is stationary at the point (m*, s*, 5*). In other words, DL (m*, s*, 5*) = 0, where

2
DL(m*,s*,3%) := DF(m*,s*,3%) + > (2., De;(m*,s*, 3*))

i=1

2
+ ) (&, Deiyo(m*, 5%, 5%).

i=1

Thus, by computing the directional derivative of L with respect to j, m and s, respec-
tively, we arrive at the optimality condition (2.5), the adjoint (2.6) with z;(T) =
—(1 — k)VY¥r(m™*(T))/2, and the adjoint (2.7) with z;(T) = 0 respectively.

4.4 Regularity of the adjoint and optimal control

In view of the Lagrange multiplier theorem, the adjoint variables z; and z, satisfy
(z1,22) € L*(L?) x L*(L*(D)). But one can expect better regularity properties
for these adjoint variables and the optimal control j*. Regarding this, we have the
following lemma.

Lemma 4.5 Assume that Dy € H?*(D) with D, > 28D*. Let (m*,s*, j*) be an
optimal solution of Problem 4.1, and the adjoint variables (21, 22) satisfy the system
(2.5), (2.6), and (2.7). Then

i) 22 € L (D)) N L2(H*(D)) N H'(L*(D));
ii) j* € L®(H*(D));
iii) z1 € L°MHY N L2(H?) N H'(L?).
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Proof Proof of i): Testing (2.7) formally by z; and using (2.1) along with the
Cauchy-Schwarz inequality, we get

1d
—3 2025 5y + (Dx = BDINVEL, ) = C (12217, 5, + 12111 ).

Using the terminal~ condition z;(T) = 0 (see (2.8)) and the condition (z,z>) €
L3(L%) x L*(L%(D)), we deduce after integrating over [¢, T,

7, € L¥(L*(D)) N L*(H"(D)). (4.41)

Again, testing (2.7) formally by — Az, and using Young’s inequality with some € >
0:
IIVlzll

+ DullAnall?, 5 < (e + BDY) A

L2(D) L2(D) — L2(D)

+ Cle.a (12112 + IV212, 5 (IVF [ + IV DOI, ) -

Choosing € < D, /2 and using (4.17) along with (4.41) we have, after integrating
over [t, T],

2, € L®(H" (D)) N L*(H*(D)). (4.42)
Furthermore, testing (2.7) formally by —d,z>, using integration by parts and Young’s
inequality, after rearranging the equation, we have

1d 5
Izl 5 — 5 7 IVDOVEIL, 5

+Cle.a. p)(I1622 |V Dy}

<
elldiz|? iy

+ IV || + IVm* |2

L2(D) L2(D) L2(D) (‘

2
iz, 5, + l121112,)-

Choosing € sufficiently small, using (4.42) and (4.17), and integrating over [¢, T] we
infer
7, € H' (L*(D)).

Thus, we complete the proof of assertion i).
Proof of ii): Test (2.5) with §* and —Aj* and then integrate with respect to x
along with the Cauchy—Schwarz inequality. The resulting inequality becomes

s 2
15%132 5, + 193" 3205 + 18371325, + IV AT I3, 5, < CIVRT, 5 -
Thanks to i), we see from the above estimate that §* € L (H 3(D))

Proof of iii): Testing (2.6) with z;, and —Az;, we have, thanks to the Cauchy—
Schwarz inequality, the boundedness of m*, and the embedding of . between 1.2
and Hl

2
|s™

||z.||L2 +arlVail, = elVald, + Clm—m*|2, + C (IVz? )

]LZ(D) + HZZHIL’(D)l
+ (1181 )+ Il + 137121 ) ) 112

and
d 2 2 2 * (12 * 14 *)12 2
—5 VAl Farldmlf, < eldmlf; + C (17121 5, + Il + 12 21 12

= w2, 4 17202, 5 (13510 5, + 18712 5) )
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for some € > 0. We now use part i) and part ii) above, Lemma 4.2, and the condition
on z1(T) given in (2.8) to conclude that z; € L>®°(H'") N L2(H?). As in the proof of
part i), by testing (2.6) with 9,z;, one can easily show that |9,z ||i2(L2) < C, which
completes the proof of iii). O

5 Numerical experiments

The following numerical experiments are carried out using the FEniCS auto-
mated code generation system (https://fenicsproject.org) version 2019 and the
tlm_adjoint library (https://github.com/jrmaddison/tim_adjoint). FEniCS enables
a high-level syntax representation of the complex numerical equations, as well as an
efficient implementation using automated tools. On the other hand, the tlm_adjoint
library is used to derive the associated adjoint model, which computes the required
derivatives of the cost functional [11, 15, 19, 27]. In general, the implementation
only requires the users to define a suitable finite element function space, the com-
putational domain and mesh, the weak formulation, and a few other specifics. The
FEniCS system and the t1m_adjoint library enable automatic derivation of the
finite element equation, the discrete tangent-linear and adjoint models. Nevertheless,
we would like to lay out more details for pedagogical purpose. Generally, the PDE
constrained optimization algorithm contains two main parts. The first part is to solve
the forward problem, while the second part is to achieve optimization.

We elaborate the first part here. First we note that the weak equations in
Definition 2.1 can be rewritten as

(m,, ¢)D + al(Vm, V¢>D = a1<|Vm|2m, ¢>D — o (m X (m X §), ¢)D
+a2(m x Vm, V¢)D — az(m X S, ¢)D
and
B'1p
e

(s-¥), +at.¥) = —L(mej vy) |

with
2
a(s.¥) = (Dos. ¥) , + (DoVs, V¥) . — p8'(Dom @ (Vs -m), V)
Al D D D
2
+ —<D S X m, ) ,
A2 0 4 D
where we recover the constants yy, ¢, 8/, e, g A1, and A3 as in problem (1.1)—(1.3).
The fully discrete schemes to solve these equations are (5.1) and (5.2) below. For the
time discretization, we recall (4.16) and use the backward Euler scheme. The~ spatiall
discretization is determined by a shape-regular triangulation 75, of D and 7T of D
into tetrahedra such that the two triangulations agree on D.
The finite element spaces are defined by
SYTh) = {¢, € C(D; R : ¢, |t € (P (1)) forall T € T},
SYTp) == (W), € C(D;R?) : ¥, € (P (1)) forall T € T},
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where P! (1) is the space of polynomials of degree at most 1 on t. Supposing that
the normalized magnetization m/ and spin accumulation s/ at the jth time step are
known, FEniCS uses Newton’s scheme to obtain /™! by solving the nonlinear
system (5.1). Then, m’/*! is obtained by normalizing m’ 1. Afterwards, FEniCS cal-
culates s/ ! using the value of m/*! and s/ by solving (5.2). The method here is
the implicit Euler method due to the spin accumulation PDE (1.2) being linear. The
complete algorithm reads as follows:

(i) Find m ~]+ e 8Y(7;) such that
(m{l'H - mi;

X ,¢h) + oy (Vlﬁf;ﬂy V(bh)

1 o
= (19m] P gy) o (] x mfxs]). by)

—l—ozz(m,’l+1 x Vi) ! V(/)h) —a2<m2+le£,¢h>D.

(5.1
(ii)) Normalize mh+ by
- j+1
j+l_ My -
m = : nodewise,
h ~ j+1
jmy " |

1
i.e. m{l+ is the normalized m/ A

(i) Finds, "' € 8'(7,) such that

Jj+1 J

(u 'ﬁh) -|-Cl(S/Jrl V) = ﬂ5ﬂ< i V'/’h) (5.2)

We note that (5.2) to find the spin accumulation has been used in [3].

The optimization part of the algorithm reads as follows: Given a target m, we
introduce the standard procedures for achieving the minimizer 7* of the discretized
cost functional F (i) defined in (1.6). In general, the steps are:

1. Choose an initial guess for the current density J© = { j;o)} ]J':1- The initial guess
of control variables can be chosen based on physical laws or previous studies in
order to save the computation time.

2. Fori=0,1,2,..do:

(a) Determine (M®, s®) = {(my), 31))}1 with 3@ via the fully discretized
coupled LLG-Spin accumulation system (5 1) and (5.2). The assembly code
was generated by FEniCS using Gaussian quadrature for integration. We
note that the upper index indicates the optimization step, whereas the lower
index indicates the time step.

(b) Evaluate the cost functional F(IT%¥)) defined by (1.6) at noy =
M, 5@ 30y,

(c) If the targeted value for the cost functional is fulfilled, terminate the iteration
and set IT* = 1), Otherwise, proceed to (d).

(d) Determine the next control variable JU+D {J(l+1)}

. Here, evalua-
tions of the derivative d F /dJ+1) are used to determme a search direction
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d" in which the functional F is decreasing. We used the L-BFGS-B algo-
rithm [22], which is an iterative method for solving unconstrained nonlinear
optimization problems from the Scipy library [32].

(e) Seti =i+ 1 and return to (a).

Step (d) is crucial as the main task of the gradient based optimization is to determine
an improved choice of control variable in order to achieve fast convergence to the
optimal solution.

In Section 5.1 we show the numerical results for the case of one-dimensional
domains D and D. Even though the analysis presented in previous sections does
not apply for multi-dimensional domains, we still experiment with D = D C R3;
the results are shown in Section 5.2. In all experiments in both sections, the cost
functional F (i), see (1.5), is defined with the terminal payoff

¥(m(T)) = [m(T) — m(T)]|7,

and parameters
81 =6 =83 =0.01.

We also choose ¥ = 1 in F(7r) for all simulations, except the ones in Section 5.1.4,
where we experiment on different values of «. The other parameters in (1.1), (1.2),
and (1.3) are chosen to be

)/0:(‘:/3/:6:/,[,/5:[)0:1, )\,12)\,222, ,8205

VS

V’////
TIDVAE
IS
IS

Fig.1 Example 1: j = 0 and my = (sin(x), cos(x)/ﬁ, cos(x)/ﬁ), no target. The blue arrows indicate
the magnetization m, while the green arrows indicate the spin accumulation s
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5.1 Experiments for 1D problem

In this section, we present numerical results for
D=D=[0,1] and J© =1.0.
The stopping criterion is

F(M®) — F(1t-D)
F(H(i—l))

F(IT') < 0.005 or <1070, (5.3)

We apply uniform partitions with space mesh size & = 0.01 and time step k =
0.0005. We observe that when a larger value of k is chosen, e.g., k = 0.5, the numer-
ical simulation becomes unstable and Newton’s method used to solve the nonlinear
system (5.1) fails to converge.

5.1.1 No targets

Example 1: In this example, we show the evolutions of magnetization m and the spin
accumulation s when the control variable j = 0 and there are no targets (Fig. 1), with

(1a) initial state m(0).

(1b) m(T) at 10th iteration.

< \\ S

(1c) m(T) at 25th iteration.

< — < e g
(1d) m(T) at 40th iteration. Z
Y

(1e) m(T) at 50th and final iteration.

Magnetization m

Fig.2 Example 2: mp = (1, 0,0) and m = (-1, 0, 0)
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—_— Y — —— —

(1a) initial state m(0)

— — ——— —_— _

- -

(1b) m(T) at 30th iteration
& 4 / /
.\ T/ /7

(1c) m(T) at 60th iteration

1 1) / / I
[ Y I .
(1d) m(T) at 90th iteration Y
/ L / / I
| I I . 3

(1e) m(T) at 124th iteration

Magnetization m

Fig.3 Example 3: mp = (1,0,0) and m = (0, 1, 0)

the initial data mg given by my = (sin(x), cos(x)/ V2, cos(x)/ V/2) and the terminal
time 7 = 0.3.

5.1.2 Single targets

Example 2: In this example, the initial states, total running time, and the assimilation
target are

mo(x) = (1,0,0), so(x)=(1,1,1), T =04, and m=(—1,0,0).

Figure 2 (1a)—(1e) show the progress of assimilation of m. The final iteration shown
in Fig. 2 (1e) gives a good approximation of the target magnetization m.
Example 3: In this example, the given data are

mo(x) = (1,0,0) so(x) =(1,1,1), T =04, and m=(0,1,0).

The simulation is presented in Fig. 3 (1a)-(le).
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Tf/’///

(1a) initial state m(0)

// /‘/v\_\/\/

(1b) m(T) at 31st iteration

/\/ N —~—— 7
(1c) m(T) at 62nd iteration

\7_,%?_&4/\/

(1d) m(T) at 91st iteration
——— — i —

(1e) m(T) at 115th and final iteration

Magnetization m

Fig.4 Example 4: mg = (sin(x), cos(x)/+/2, cos(x)/+/2) and m = (1,0, 0)

Example 4: In this example, the given data are

cos(x) cos(x)

V22

my(x) = (sin(x), ) , so(x)=(1,1,1), T =03, and m=(1,0,0).

The simulation is presented in Fig. 4 (1a)-(1e).

For all three examples 2, 3, and 4, we show in Fig. 5 two comparisons. The left
column (a) plots the cost functional F versus the optimization iteration. The right col-
umn (b) plots the relative change § F// F' versus the optimization iteration. A general
decreasing trend can be seen which indicates the numerical method is valid.

5.1.3 Switching type initial and target profile
Example 5: In this example, we show the numerical simulations when the switching

type initial conditions and the targets are given. The total time is chosen to be T =
0.6. The switching moment 7 = 0.3. The initial states are

» {(1, 0,0), when x € [0.0, 0.5) 5
mo(x) = . cos(x) cos(x) .
(sm(x), ) o ) when x € [0.5, 1.0).
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Fig.5 Shown are the two comparisons. (a) shows cost functional F versus the optimization iteration in all
three examples; (b) shows the relative change § F'/ F' versus the optimization iteration in all three examples

The switching targets are

a0 2 [© L0 forr€[0,03), 55)
(0, —1,0) fort e [0.3,0.6).

Figure 6 shows the evolution of the optimal m* with respect to time ¢. Figure 6 (1d)
is the simulation at the switching moment ¢ = 0.3.

5.1.4 Multiple cost functional settings

In the following two examples, we choose different values of k for the cost functional
in (1.5).
Example 6: The given data are:

cos(x) cos(x)

mo(x) = <sin(x), RN ) sox) = (1,1,1), T =023,
m(x) = (1,0,0), and « = 0.0.

Example 7: The given data are:

cos(x) cos(x)

mo(x) = <sin(x), = 7) sox) = (1,1,1), T =023,
m(x) = (1,0,0), and « =0.5.
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A A

———e—

(1a) m*(t) when t=0.0

S e et
(1b) m*(t) when t=0.1

a6 b A | 4 40 L 8 4
ARNAREAR

(1d) m*(t) when t=0.3

— e i e e e

o

(1e) m*(t) when t=0.4

PN

(1f) m*(t) when t=0.5

| z
\’/\‘/\‘/\‘r\‘/\’/\’/\‘/\ll"/v ' X

(1g) m*(t) when t=0.6
Fig. 6 Example 5: Optimal solutions m* with switching initial (5.4) and target profile (5.5)

The assimilation process for Example 6 is shown in Fig. 7 and for Example 7 in
Fig. 8.

5.2 Experiments for 3D problem
In this section, we present numerical results for
D=D=10,1° and J©=(,1,1.

The same stopping criterion (5.3) is used. We apply uniform partition with space
mesh size & = 0.2 and time step k£ = 0.01.
Example 8: In this example, the given data are

so(x,y,2):=(1,1,1), mo(x,y,z):=(1,0,0), and m=(-1,0,0).

The progress of the assimilation is presented in Fig. 9 (a)—(d).
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T r /7 7 .~

(1a) initial state m(0)
ey —_— e —

(1b) m(T) at 20th iteration

—_— — = —, —
(1c) m(T) at 45th iteration

—_— — — e —

(1d) m(T) at 70th iteration

—_— e e e

(1e) m(T) at 85th and final iteration

Magnetization m

Fig.7 Example 6: my(x) = (sin(x), cos(x)/ﬁ, cos(x)/«/i), m(x) = (1,0,0),and «x = 0.0

Example 9: In this example, the given data are
so(x,y,z):=(,1,1), mo(x,y,z):=(1,0,0), and m=(0,1,0).

It is noted that in order to achieve optimal control in this example, we need to add an
extra external field, namely the Zeeman field, to the effective field in (1.4). Other-
wise, the minimization of the cost functional cannot be obtained. The effective field
in this example becomes

Hegr .= Am — ce3,

where e3 = (0, 0, 1) and ¢ is some physical constant, chosen to be 1 in this example.
The assimilation is shown in Fig. 10 (a)—(d).
Example 10: In this example, the given data are chosen to be

cos(x) cos(x)
V2 V2

While the time step is chosen to be k = 0.01 as in the previous examples, here we
have to choose a smaller spatial step, namely 2 = 0.05. This is due to the non-
constant initial data mg which results in larger interpolation errors at non-nodal points
in D, even though at the nodal points normalization has been performed to ensure that
Im| = 1. These errors can be observed in Fig. 11 (c) (red color area). The progress
of the assimilation is shown in Fig. 11 (a)-(d).

so(x,y,z):=(1,1,1), mp(x,y,z):= (sin(x), ) , and m=(1,0,0).
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vt/ 7/ 7~

(1a) initial state m(0)

ad e o R

(1b) m(T) at 23rd iteration
—— —_— — _—

(1c) m(T) at 46th iteration

— —_— . ——

(1d) m(T) at 69th iteration

—_— e — —— —

(1e) m(T) at 92nd and final iteration

Magnetization m

Fig.8 Example 7: mo(x) = (sin(x), cos(x)/+/2, cos(x)/+/2), m(x) = (1,0,0), and x = 0.5

1.1e+00
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[ 1.02
9.9e-01

m Magnitude

z
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m Magnitude

(c)

<

()
X
1.1e+00
[ 1.08
—1.06
—1.04
1.02
[ 9.9e-01
(@

1.1e+00
':I.DG
—1.06
—1.04

[ 1.02
9.9e-01

1.1e+00
l:I.DO
—1.06
—1.04

[ 1.02
9.9e-01

m Magnitude

m Magnitude

Fig. 9 Example 8: mp = (1,0,0) and m = (—1, 0, 0). (a) shows the initial state; (b) shows the 10th

iteration; (c) shows the 20th iteration; (d) shows the 36th and final iteration
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1.1e+00
1.1e+00
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—106 32 2
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1.1e+00
[ 1.16+00
1.08 [
2 1.08
106 2 3
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s 104 g
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Fig. 10 Example 9: my = (1,0,0) and m = (0, 1, 0). (a) shows the initial state. (b) shows the 40th
iteration. (c) shows the 80th iteration. (d shows the 124th and final iteration

5.3 Discussion

The numerical simulations in Sections 5.1 and 5.2 showcase the availability of opti-
mal control for a coupled spin-polarized current and magnetization system in a simple
geometry. It is noted that, in order to provide a realistic physical interpretation and
insight, a couple of issues need to be addressed. First, a more sophisticated geometry
is needed. The typical case is a multilayer structure that consists of two ferromag-
netic layers of given thickness that are separated by a nonmagnetic layer [1, 2, 28].
Second, more external fields should be included to the effective fields in the LLG
equation. However, because this paper focuses on providing a mathematical frame-
work for the optimal control problem, we only use the simple geometry to validate
the mathematical analysis. We plan to investigate the optimal control of the coupled
system in a more complicated setting in the near future.

6 Concluding remarks
In this paper, we proved the existence of the optimal solution of a coupled spin

drift-diffusion Landau— Lifshitz—Gilbert system. We also showed the existence of the
adjoint variables which define the first-order optimality system to be solved for the
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Fig. 11 Example 10:mg = (sin(x), %2, “5%2) and i = (1,0, 0). () shows the initial state; (b) shows
the 41th iteration; (c) shows the 92th iteration; (d) shows the 115th and final iteration

optimal solution. Theorem 2.3, Lemma 4.1, Lemma 4.2, Lemma 4.3, Lemma 4.4,
and Lemma 4.5 hold only for one dimensional spatial variables, while Theorem 2.2
holds for more general dimensions.
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